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Values of the Taylor factor M and the corresponding lattice rotations for tension or com-
pression have been computed for grains of various orientations postulated to slip on arbi-
trary planes in (Iii) directions. The stresses in each grain were first obtained by numer-
ically maximizing the work expression subject to the constraints of the pencil-glide yield
expressions. The derived value ofMave =2.733 is slightly lower than in the case of mixed
{I I0}, {i12}, a n d {123} <iii) slip and the computed rotations are in reasonable agreement
with experiments on iron. In compression, 26 pct of the grains are predicted to rotate to-
ward <I00), although the (iii) texture component develops faster. The computational method
used can easily be applied to the determination of the mechanics of texture generation for
a r b i t r a r y deformations.

PREDICTIONS of texture development and the varia-
tion ofuniaxial yield stress with orientation of bcc
crystals subjected to axisymmetric flow have previous-
ly been performed for a number of assumedmodes of
d e f o r m a t i o n . ~-4

A l l of t h e s e d e f o r m a t i o n m o d e s - - { 1 1 0 } ( 1 1 1 ) s l i p , {112}
<111) s l i p , {123}(111} s l i p , {112}(111) t w i n n i n g , a n d v a r i -
o u s c o m b i n a t i o n s of t h e s e f o u r - - p r o d u c e c r y s t a l l o g r a p h i c
s h e a r o n a r e s t r i c t e d n u m b e r of s y s t e m s . W e h a v e n o w p e r -
f o r m e d s i m i l a r c a l c u l a t i o n s f o r the p e n c i l - g l i d e m o d e l
f i r s t p r o p o s e d by T a y l o r , s in w h i c h s l ip c a n o c c u r on
any p l a n e c o n t a i n i n g a <111> d i r e c t i o n . F o r a g i v e n (111)
s l ip d i r e c t i o n , the operative s l ip p l a n e i s that o n w h i c h
the r e s o l v e d s h e a r s t r e s s i s a m a x i m u m .

W e a s s u m e that d e f o r m a t i o n o c c u r s only by s l ip a n d
that the c r i t i c a l r e s o l v e d s h e a r s t r e s s k i s the s a m e
f o r e a c h o f the f o u r (111) s l ip s y s t e m s . The s t r e s s
s t a t e in a c r y s t a l of g i v e n o r i e n t a t i o n wi l l then be that
w h i c h o p e r a t e s e n o u g h s l ip s y s t e m s to a c c o m m o d a t e
the i m p o s e d s t r a i n a n d a t the s a m e t i m e m a x i m i z e s
the i n c r e m e n t a l e x t e r n a l w o r k d o n e , d W = N(Yij dE i j .6
T h e T a y l o r f a c t o r M is c u s t o m a r i l y d e f i n e d a s

M = - -
dE

w h e r e d~l a r e the m a g n i t u d e s o f the i n c r e m e n t a l
a m o u n t s o f s l ip o n the f o u r s y s t e m s a n d dE is t h e m a g -
n i t u d e of the a p p l i e d t e n s i l e o r c o m p r e s s i v e s t r a i n .
B e c a u s e o f the e q u i v a l e n c e of t h e m a x i m u m w o r k a n d
m i n i m u m s h e a r c r i t e r i a , 7 i t i s e a s i e r to c o m p u t e M
a s ( 1 / k ) ( d W / d e ) . W e h a v e c o m p u t e d v a l u e s of M
t h r o u g h o u t the s t e r e o g r a p h i c t r i a n g l e by a p p l y i n g c o m -
p u t e r m i n i m i z a t i o n t e c h n i q u e s t o - d W e x p r e s s e d a s a
f u n c t i o n o f the s t r e s s e s , s u b j e c t to t h e c o n s t r a i n t s o f
the yield criteria for pencil glide, Ref. 8, Table III.
The values of aij obtained through this process were
then used to compute the associated rotations of the
tensile axis.
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C O M P U T A T I O N A L M E T H O D S

Given an imposed shape change to be accommodated
by pencil glide, there is no immediate way of telling
whether it will require the operation of three or four
(111) slip systems. Thus, it is necessary to consider
both possibilities. The case of four active slip direc-
tions presents no problem, since all possible stress
states for this case have been tabulated, Ref. 8, Table
IV. However, the quadratic yield expressions for pencil
glide on only three (111> slip systems are too involved
to be handled analytically, even by the method of La-
grange multipliers. We therefore employed a pattern-
search minimization program9capable of dealing with
multimodal functions and nonlinear constraints. For
each grain orientation, we minimized the expression
for -dWas a functionof stress state under each of the
four possible assumptions that the critical resolved
shear stress is not reached on one (Iii) system, m~d
then selected the lowest of the four. In cases where
m a x i m u m w o r k w o u l d be a c h i e v e d by o p e r a t i n g a l l
f o u r s y s t e m s , t h i s p r o c e d u r e y i e l d e d the s a m e r e s u l t
f o r e a c h a s s u m e d c o m b i n a t i o n , a n d t h i s p r o v e d to be
a l m o s t i d e n t i c a l to the k n o w n a n a l y t i c a l e x p r e s s i o n
f o r the s t r e s s e s .

It was f o u n d t h a t t h i s p r o c e s s , w h i l e n o t d i f f i c u l t t o
c a r r y o u t f o r t h e l i m i t e d n u m b e r o f g r a i n o r i e n t a t i o n s
s h o w n in F i g . 2 w o u l d be p r o h i b i t i v e l y e x p e n s i v e in
t e r m s o f c o m p u t e r t i m e i f a p p l i e d to c o m p l i c a t e d p r o b -
l e m s i n v o l v i n g t h o u s a n d s o f g r a i n s . W e t h e r e f o r e d e -
v e l o p e d a f a s t e r a p p r o x i m a t e m e t h o d c a p a b l e o f d e a l -
i n g w i t h m o r e l e n g t h y p e n c i l - g l i d e t e x t u r e p r o b l e m s .
By m e a n s o f the p a t t e r n - s e a r c h p r o g r a m w i t h the
s t r a i n s u n s p e c i f i e d , we g e n e r a t e d a l a r g e n u m b e r of
s o l u t i o n s to t h e y i e l d e q u a t i o n s s e l e c t e d a t r a n d o m
from five-dimensional stress space. Because of the
symmetry of the yield expressions for the four sys-
tems m~d the fact that each stress state could have
positive or negative signs, each of the solutions ac-
tually corresponded to eight stress states. For a
grain of given orientation subjected to a given strain,
we then examined only a limited number of stress
states to find that which would produce maximum
work. In terms of the stress state notation of Ref. 8,
we tested only the stress states in Groups I, II, III
(the only ones that operate all four systems), and V
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(the only ones operating three systems and yielding
zero shear stress on the remaining system), plus a
specifiednumber of the stress states randomly se-
lected from Group IV.

With an imput of a sufficiently large number of
GroupIV stress states, this latter technique gave es-
sentially the same results as the former in much less
computer time. Using40 "random stress states"
with Groups I, II, Ill, and V, lattice rotation andM
values were computed for about fifty orientations on
a UNIVAC 1108 in 17 sec. Noticeable discrepancies
between rotations foundby the two methods were ob-
served only near border zones where the mode of de-
formation changes from the operating of three systems
to four; even here only the magnitude, not the direc-
tion, of rotation was much different. When 125 Group
IV solutions were used, the two methods were almost
indistinguishable. Thus, in more complicatedproblems
where only the approximate method could be used, the
resulting inaccuracies would be expected to be small.

RESULTS AND DISCUSSION

M Factor

Contours of constant M within the basic triangle are
shown in Fig. i. The coordinates 0 and q)(the same as
those used by Taylor) represent the colatitude and
longitude, respectively, of the tensile or compressive
axis with respect to the crystallographic axes. The
four m a r k e d r e g i o n s in the d i a g r a m a r e a r e a s w i t h i n
w h i c h the s t r e s s s t a t e s of o n e p a r t i c u l a r g r o u p o p e r -
ate. T h e s t r e s s s t a t e s of G r o u p s I a n d I H b o p e r a t e all
four s y s t e m s ; t h o s e of I V a o p e r a t e all b u t the [ i i i ]
s y s t e m ; t h o s e of I V d o p e r a t e all but the [ 1 1 1 ] s y s t e m .
A s w o u l d b e e x p e c t e d f r o m s y m m e t r y c o n s i d e r a t i o n s
a l o n e , the [i i I] slip d i r e c t i o n c a n n o t b e a c t i v a t e d b y
t e n s i o n a l o n g a n a x i s c l o s e to the [111], but all f o u r
( i i i > d i r e c t i o n s a r e a c t i v a t e d b y t e n s i o n a l o n g a x e s
n e a r the [ 1 0 0 ] o r [ i 0 1 ] d i r e c t i o n s .

T h e c o n s t a n t - M c o n t o u r s w i t h i n the t r i a n g l e c l o s e l y
r e s e m b l e t h o s e p r e v i o u s l y c o m p u t e d b y a r o u g h a p p r o x i -
m a t e method~°and formixed{ii0}( i II), {i12}(11I>, and
{123}(Iii) slip. Furthermore, theaverage valueofMac-
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Fig. 1--Contours of constantM for pencil glide. The h e a v y
sol id lines s e p a r a t e regions wi th in which s t r e s s s t a t e s of one
g r o u p operate. Roman numerals r e f e r to the s t r e s s s t a t e
groups .

cording to the present calculations, 2.733, is not much
less than values computed by restricted-glide models
with large numbers of slip systems. Chin and Mammel
obtaineda value of 2.754 for their mixed slip model;
Hutchinson computeda value of 2.748 for the case of
twenty equally spacedplanes for each(111> slip direc-
tion.II The magnitude of the difference between pencil
glide (the limiting case of an infinite number of possi-
ble slip planes) and Hutchinson's model is less than
the 1pct he estimated. These results are summarized
in Table I.

T e x t u r e P r e d i c t i o n

P r e d i c t e d lattice r o t a t i o n s for c o m p r e s s i o n of o r i e n -
t a t i o n s a g a i n r e p r e s e n t e d in the 8-(p c o o r d i n a t e s y s -
t e m a r e s h o w n in Fig. 2. T h e p e n c i l - g l i d e h y p o t h e s i s
u n i q u e l y p r e d i c t s lattice r o t a t i o n s w i t h o u t r e c o u r s e
to a n y a d d i t i o n a l a s s u m p t i o n s e x c e p t the p r i n c i p l e of
m a x i m u m w o r k . In this r e s p e c t , p e n c i l g l i d e d i f f e r s
c o n s i d e r a b l y f r o m r e s t r i c t e d g l i d e , for e v e n the as-
s u m p t i o n ofm i x e d{110} (111> {112} (111), and {123} (Ii I>
slip fails to predict unique slip combinations over half
the stereographic triangle. 2'3The reasons for this
have been pointed out by Piehler and Backofen. 8

As expected, the results show that, in compression,
(110> is a point of unstable equilibrium and all grains
rotate to (Iii> or (100>. Since the slip process is as-
sumed to be reversible, the results for tension are
exactly the reverse of those for compression and all
grains tend to rotate toward (110>. Where unique re-
sults are predicted for mixed {110, 112, and 123}(Iii>
slip,3the lattice rotations are almost exactly the same
as those calculated here. The data of Ref. 3 predict a

TableI.Average ValuesofMforVariousSlip Modes

No. of Slip Planes
Slip Mode per <111> D/rection Maye Ref.

{110}<111> 3 3.067 6 ,2
{112} <111> 3 2.954 2
{123}<111> 6 2.803 2
mixed {110,112, and 123}<111> 12 2.754 2
approximatepencil glide 20 2.748 11
pencilglide ~ 2.733 present work

I
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Fig. 2--Computed rotat ions of the compressive axis for 5 pct
compression. The dot ted l ine s e p a r a t e s t h o s e grains that ro-
ta te toward (100~ from those that r o t a t e t o w a r d(111).
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final texture that is 24 pct (100), ?6 pct (111); Fig. 2
predicts a 26 pct (I00>, 74 pct (111) texture, which is
not significantly different.

Experimental texture determinations for compres-
sion might therefore be able to determine how accurate
the pencil-glide model is for various metals. However,
any data are necessarily complicatedby the fact that
d i f f e r e n t t e x t u r e c o m p o n e n t s d e v e l o p at d i f f e r e n t r a t e s .
T h u s , f i n d i n g s of l a r g e r a t i o s of ( 1 1 1 ) to <100) c o m -
p o n e n t s m a y be due to the f a s t e r d e v e l o p m e n t o f ( 1 1 1 )
t e x t u r e s . It w o u l d b e i n t e r e s t i n g to s e e i f the r e l a t i v e
s t r e n g t h o f the ( 1 0 0 ) c o m p o n e n t a c t u a l l y i n c r e a s e s
wi th the t o t a l a m o u n t o f c o m p r e s s i o n .

S i n g l e c r y s t a l e x p e r i m e n t s c o u l d also be u s e d to
c h e c k t h e s ef i n d i n g s , but not m a n y have been p e r f o r m e d
to date.'z Our Fig. 2 and Fig. 4 of Ref. 3 agree about
equally with the rotations measured by Mayer and
B a c k o f e n f o r i r o n . ' °

SUMMARY AND CONCLUSIONS

Values ofMand lattice rotations for grains of vari-
ous orientations subjected to axisymmetric flow have
been computed on the basis of Taylor's pencil-glide
model for bcc metals. The results are generally sim-
ilar to those obtained under the mixed{Ii0} (Ii1),
{112} (111>, and {123}(111> slip assumption, with the
exception that values of the rotations are necessarily
unique. The calculated rotations seem to be in good
agreement with single-crystal experiments. The com-
puted value ofMave, 2.733, is necessarily a lower val-
ue than that computed from previous models, since it
represents the limiting case of an infinite number of
slip planes for each (Iii) slip direction.

The numerical methodused to compute the stress
state in a grain is fast and general enoughto be applied
to the prediction of texture in any material subjected
to any shape change, provided that the pencil-glide ap-
proximation is a good one. If twinningcould be incor-

porated into the model, this technique could be expected
to yield even more realistic information about texture
development in bcc metals. We are currently engaged
in making texture calculations for rolling, cross-
rolling, and simple shear and comparing the results
with the known textures of iron and other bcc metals.
We hope also to suggest means of deforming bcc met-
als to produce textured aggregates with desired aniso-
tropic properties.
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