An Experimental and Analytical Study of the
Solidification of a Binary Dendritic System

J. SZEKELY AND A. S. JASSAL

Experimental measurements are reported on the controlled solidification of a 30 pct aque-
ous solution of ammonium chloride in a two-dimensional slot. The actual measurements
taken include the transient temperature profiles, the transient velocity fields (using
tracers) and photographic observations. Through the statement of the differential energy
balance and the laminar Navier-Stokes equations, written for both the liquid and the two
phase regions, a mathematical model has been developed for the system. The theoretically
predicted temperature and velocity profiles were found to be in good agreement with the
experimentally measured values for both the two phase regions and the liquid region. For
the experimental conditions the velocities in the liquid region were of the order of 0.4 to
0.8 cm/s, while the corresponding values for the two phase region were at least an order

of magnitude smaller.

1., INTRODUCTION

IT is an established fact that fluid flow phenomena
play a major role in affecting macrosegregation dur-
ing solidification processes. The interaction of fluid
flow with a solidifying medium is a complex, multi-
faceted problem, which involves unsteady state natural
convection both in the bulk of the melt and in the in-
terdendritic region, solute redistribution due to this
natural convection (macrosegregation) together with
changes in the morphology due to fluid flow, i.e., the
shearing off of the dendrites.

The considerable practical importance of macro-
segregation in affecting product quality has stimulated
extensive research into this field. An elegant review
of recent work in this area is available in Flemings’
Howe Memorial Lecture,® his recent text® and a series
of journal publications.*® In this work macrosegrega-
tion was usefully represented as the effect of inter-
dendritic flow.

Heat and fluid flow phenomena associated with (lami-
nar) thermal natural convection in cavities have been
extensively studied in recent years; rigorous mathe-
matical representations have been developed for both
steady state and unsteady state systems, which were
supported by measurements.” These studies were ex-
tended to metallic systems by Weinberg and his co-
workers.®

The interaction of a thermally induced convective
flow field with a solidification front has also attracted
both quantitative and qualitative studies.

Regarding the quantitative studies, the behavior of
pure substances was investigated for both steady and
unsteady conditions,® moreover, useful work has been
done by Koump et al*° in the mathematical modeling
of the solidification of binary systems, albeit without
taking a detailed account of the effect of thermally in-
duced flow field.

Because of the complexity of the interaction between
a thermally induced natural convective flow field and
an advancing solidification front for dendrites forming
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in multicomponent systems, essentially qualitative
studies involving transparent systems have been very
helpful. In this regard, work by Hultgren and Carlson™
with stearine melts and the more recent studies of
McDonald and Hunt,'? and Copley et al,’® who used the
ammonium chloride water system, are particularly
noteworthy. .

Finally, some comments should be made on recent
work dealing with solidification in an externally im-
posed fluid flow field. Uhlmann et al,"* Cole and Boll-
ing,'® and Jackson ef al'® have investigated the effect
of externally imposed agitation (e.g. use of a stirrer
or rotation of a mold) on the structure of the solidified
structure. However, in this category the recent work
of Tzavaras and Wallace'’ is perhaps the most note-
worthy; these authors have shown that the dendrites
may be swept away by induction stirring and that this
would result in a substantially reduced inclusion count.

The brief review of earlier work may be summarized
by stating that it has been demonstrated that the ther-
mally induced flow of the melt does play a major role
in macrosegregation, experienced during solidifica-
tion. Various aspects of this complex problem have
been investigated, but the actual interaction of ther-
mally induced natural convection with an advancing
solidification front of a binary melt has not been quan-
titatively studied.

The work which is described in the present paper
was undertaken with the objective of providing an im-
proved quantitative understanding of the unsteady state
fluid flow phenomena that occur both in the melt and
in the two-phase region during the solidification of a
binary melt.

The research involved both experimental and theo-
retical work with emphasis on the comparison between
the measurements and the predictions. In order to
allow ready visual observations and velocity deter-
mination using tracers, a transparent model system
has been selected for the experimental work.

Regarding the organization of the paper the appara-
tus, the experimental procedure and some qualitative
observations will be given in Section 2, while the
mathematical formulation is presented in Section 3.

A comparison of the experimental measurements and
the theoretical predictions is given in Section 4 and the
concluding remaz &S are contained in Section 5.
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2. APPARATUS AND EXPERIMENTAL
PROCEDURE

2.1, The Apparatus

The objective of the experimental program was to
carry out controlled solidification studies, using a
binary melt, under conditions such that the visual and
optical observation of the system could be comple-
mented by both temperature measurements and by the
direct estimation of the velocity fields, through the use
of dye tracers. Measurements were made both under
conditions when the flow field was induced by (thermal)
natural convection and in the presence of an externally
imposed flow field. The actual physical system em-
ployed for the study was a 30 wt pct solution of am-
monium chloride in water, which was thought to be at-
tractive, because due to its low entropy of fusion this
material solidifies very much like metallic alloys.
Furthermore, the transparent nature of the solution
and the translucency of the ammonium chloride den-
drites allow ready visual examination of the solidifi-
cation process.

A schematic diagram of the apparatus is shown in
Fig. 1. The apparatus consisted of a rectangular
plexiglas container 40.6 cm X 6.35 cm X 15,2 cm, info
which two stainless steel tanks (7.6 cm X 6.35 cm
x 15.2 cm) were inserted; the inner surface of these
formed the two vertical, opposing ends of the mold.
The temperature of these vertical surfaces was main-
tained at predetermined levels by circulating fluids
from thermostatically controlled reservoirs through
the stainless steel cavities. In practice one of the
surfaces was cooled, using methanol as a coolant,
while the other surface was maintained above room
temperature by circulating hot water. The apparatus
was insulated using styrofoam sheets, which were re-
movable, so as to facilitate visual and photographic
observations.

The temperature within the simulated mold was
monitored by twelve stainless steel sheathed copper
constantan thermocouples, the output of which was re-
corded on a potentiometric recorder. These thermo-
couples were prepositioned for each run at given hori-
zontal and vertical locations with the help of a travel-
ing microscope.
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Fig. 1-Diagramatic sketch of the apparatus for natural con-
vection study. A—Plexiglass mold, B—stainless steel tanks
C—sub-zero chamber, D—coolant reservoir, E—water circu-
lator, F—top plate for thermocouple insertion and dye injec-
tion.
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An important part of the study was to obtain informa-
tion on the fluid flow fields, both in the bulk of the
‘‘“melt’’ and in the mushy zone. In the present work
Schlieren photography complemented by due tracer
studies, was chosen from the available techniques.'®

A schematic layout of the Schlieren technique em-
ployed is shown in Fig, 2, It is seen that the system
consisted of a light source (a mercury vapor lamp)
two parabolic mirrors, a knife edge and a viewing
screen. This technique relies on the fact that density
changes in a transparent fluid result in changes in the
refractive index, which in turn cause a deflection of
the light beam, Movement of the melt, as interrelated
to the density changes, could be readily observed and
photographed on the screen. In the present work both
still photographs and motion pictures were taken. A
detailed discussion of the Schlieren technique is avail-
able in Ref. 19; here we note that this procedure is
particularly attractive in the vicinity of solid surfaces,
such as the dendritic region, because the measurement
does not interfere with the flow field.

The actual quantitative velocity measurements were
carried out with the aid of dye tracers (a methylene
blue chloride solution), by timing the passage of a
single streak line between two grid point marks on the
front face of the plexiglas container. In using this
tracer method, care was taken to ensure that both
the temperature and the density of the tracer were
very close to that of the melt so as to avoid any
spurious external natural convection effects.

2.2. The Experimental Procedure

After assembling the apparatus and positioning of
the thermocouples a 30 wt pct ammonium chloride
solution was poured into the plexiglass chamber. After
a few minutes when turbulence due to pouring had sub-
sided, the coolant was pumped through a stainless steel
tank, to establish a predetermined temperature at the
cold face of the mold. The temperature of the hot face
was also adjusted, by circulating warm water. The
following measurements were made in course of a
given run:

1) The temperatures were continuously recorded.

2) The advancement of the solidus and liquidus
boundaries was determined visually using a Gaertner
X-Y traveling microscope by reference to the grid
marks engraved upon the front face of the plexiglas
container.

3) The advancement of the solidus and liquidus fronts
was also recorded photographically, using a Leica
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Fig. 2—Schematic diagram of the Schlieren apparatus.

METALLURGICAL TRANSACTIONS B



camera with a close-up lens; particular attention was
paid to obtaining photographs of the dendrites.

4) When the solidification front advanced to a given
position within the system, dye tracer techniques were
used to estimate the fluid velocities within the melt
and in the interdendritic regions.

5) In order to observe the circulation patterns and
in particular, the flow phenomena in the vicinity of the
dendrite tips, Schlieren motion picture photographs
were taken with the aid of a Bolex Camera.

2.3. Some Qualitative Observations

The qualitative measurements regarding the de-
velopment of the solidification front, the temperature
profiles and the velocity fields will be presented sub-
sequently in Section 4.

However, at this stage it may be worthwhile to sum-
marize some of the qualitative observations that were
made, using still, motion picture and Schlieren pho-
tography.

These observations are summarized in the follow-
ing:

i) Dendritic growth was observed in all cases, with
the exception of the forced flow measurements, in
which case the solid-melt interface was relatively
smooth. This behavior is illustrated in Fig. 4.

ii) It was found, in agreement with the observations
of previous investigators that even in case of natural
convection, the flow was strong enough to shear off
some of the dendrite arms, which then accumulated in
the form of a debris at the bottom of the container.
The fine crystals that were broken off served as
“tracers’’ indicating the circulation of the liquid
phase.

iii) The Schlieren measurements taken provided
useful information on the flow field within the system
without the need for external sensors or tracers.
Figure 5 shows a selection of still Schlieren photo-
graphs; in these pictures the solid regions appear
dark, whereas the bulk liquid shows local variations
in light intensity which are due to the local variations
in the refractive index. Here frames (a) and (b) show
an appearance which is quite similar to ‘‘salt fingers”’
produced in ocean waters due to the thermohaline ef-
fect, as pointed out by Turner.”® Frame (c) indicates
the direction of flow in the bulk of the liquid, which is
somewhat amplified by the arrows.

It is noted that a motion picture taken of the liquid
movement ahead of the solidification front, which

Fig. 3—Schematic diagram of the apparatus for induced fiow
study.
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(b)
Fig. 4—Photograph illustrating the structure of the mushy
zone, (a) absence of forced flow, and (b) after inducing flow
through the system. Notice the smooth structure in (b).

cannot be reproduced here, provides a rather better
indication of the dynamic nature of the flow field even
in the vicinity of the dendritic region.

However, the Schlieren technique was found to be
particularly helpful for recording the jet like eruptions
of liquid (partially denuded of ammonium chloride),
rejected by the advancing solidification front, as illus-
trated in Fig. 6 which shows ascending liquid entities
which tend to rise because of their lower ammonium
chloride content and hence lower density.

3. FORMULATION

In order to develop a quantitative representation of
the transient development of the temperature and fluid
flow fields within the system let us consider the soli-
dification of a binary melt, placed in a rectangular
container, extending from x = 0 to x = W and from y
=0 toy = L and which is large in the z direction.
Initially the whole space is occupied by molten mate-
rial at a uniform temperature T,, ;. Then at time = 0
the plane corresponding to x = 0 is suddenly brought
to a temperature 7', which is well below the eutectic
temperature Tg, while the surface corresponding to
the x = W plane is maintained at a temperature T,
which is well above the liquidus. At the same time the
surfaces corresponding to the ¥y = 0 and y = L planes
are insulated.

As a result natural convection currents will be set
up in the molten region., Moreover, a solidification

VOLUME 9B, SEPTEMBER 1978-391



front will form and experience growth in the x direc-
tion. More specifically, two regions may be identified,
namely a completely solidified zone (below the eutectic
temperature in the present case) and a two phase or
““mushy’’ region within the temperature range Tp = T
= Ty, where the solid and liquid phases coexist, albeit
the fraction of solid is a function of the actual tem-
perature. This system is sketched in Fig. 7.

The objective of the formulation to be developed here
is to obtain expressions for the temperature distribu-
tion within the system, together with the description
of the (transient) velocity fields both in the molten and
in the two phase regions. In order to allow the state-
ment of the problem in a mathematically manageable

(a)

form, the following simplifying assumptions will be
made:

1) Except for the effect of the density difference in
driving the natural convective flow, the physical prop-
erties of the molten and the solid phases are assumed
to be constant. '

2) The density of the liquid in the two phase (mushy)
zone is assumed to depend on the temperature and on
the fraction of solids.

3) The entrained crystallites in the liquid are as-
sumed to have no effect on the physical properties.

Within the framework of these assumptions the prob-
lem may be stated by writing the unsteady state ther-
mal energy balance for the solid, mushy and the liquid

(h)

Fig. 5—S8chlieren photographs ahead of the solidification front showing the flow patterns in the bulk liquid as a result of natural
convection; (a) and (b) indicate density variations, magnification 115 times.
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Fig. 6—Photograph reproduced from the Schlieren movie
showing the jets ascending opposite to the direction of gravity
ahead of the mushy zone. Magnification 0.82 times.

regions, together with the appropriate forms of the
equation of motion.

ENERGY BALANCES

Thus we have energy balance in the solid region:

8Ts _ *Tg  8Ts\.
ot _as<ax2 Ty fosa=x0) )
0=y=1L

Energy balance in the two phase region:

8T aT aT
(Copplm 257 + (Cpp) 1 (1, 5 * iy m )

8T T
- m % im
—km( ISR )+A [2]
Xi(t) = x = X(?) 0=y=1L
where,
of, aT
AszAH(aT;' atm) 3]

represents the rate of heat generation in the two phase
region due to solidification.

Pm = Psfs + PLL— fs);

is the density of the two phase region. f is the
fraction of solids, while the subscripts m, and ! refer
to the solid, two phase and the liquid regions respec-
tively.

Energy balance in the liquid region

2 2
oT, 8Ty Ty _ [ 8T, , 9Ty
R T T AT [4]
O0=y=1L,
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Fig. 7T—Schematic representation of the coordinate system in-
dicating the thermal boundary conditions.
Fluid Flow Equations

The two components of the equation of motion in the
two-phase region may be written as:

My ,m du 1 8p v
T U iy m g = e R m
and [5]
Xi(t) = x = X(8)
du 8 u 1 3 v
V™M 4y VM 4+ y yym . _EF_ u
at * Ty ay pm 8y K, 9m &

X, () = x = X().

Here g is the acceleration due to gravity acting in the
y direction.

In writing Eqs. [5] and [6] the interdendritic region
was regarded as a porous medium and thus the vis-
cous terms in the Navier-Stokes equations were re-
placed by the resistance terms in Darcy’s equation;
here Kj, the permeability of the medium, was con-
sidered a function of fg, the fraction of solids.

According to accepted convention in the field of
natural convection heat transfer, the pressure terms
appearing in Egs. {5] and [6] were considered to ac-
count for the sum of the static pressure and the in-
cremental pressure change due to density variation
and fluid motion.

The two components of the equation of motion in the
liquid region may be written as:

8ux’l +uxlauxl Yuy g aux’l =_l_3_li
at v ¥, pp 9x
2 2
+ V[Bux,l + 8ux,l:|; X =x=W [7]
ax® 8y°
auy’l +”xl 8uy’l +uy l auy,l =_i 8_P_
ot SaFY” * ey py 3y
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2 2
+ v 9 uy;l + 9 uy;l ; Xz(t) =x=W, [8]
8x? 3y

Finally the equation of continuity may be expressed
as:

3ux’m - 3uy’m =0 [9]
ax 9y

(for the two-phase region)

Suy + 8uy’l -0 [10]
ax 9y

(for the liquid region).

Equations [1] through [10] express the conservation of
thermal energy, the momentum balance and the con-
servation of matter (continuity) in the system.

The statement of the problem may now be completed
by writing down the boundary conditions and by speci-
fying certain functional relationships between the proc-
ess variables in the ftwo-phase zone.

Boundary Conditions

The boundary conditions have to express the follow-
ing constraints imposed on the system.

Boundary Conditions on Temperature. 1) The tem-
perature is specified at the surfaces corresponding to
x =0 and x = W, 2) initially the whole system is molten
and at a constant temperature, 3) the surfaces cor-
responding to y = 0 and y = L are insulated, and 4)
the temperature and the heat flux are continuous
across the X,(¢) and the X,(¢) planes.

We note here that because of the way in which the
heat balance equations were written, the release of
the latent heat occurs in the two-phase zone (see Eqgs.
[2] and [3]). 1t follows that the characteristic moving
boundary type boundary conditions did not have to be
invoked, rather the position of the liquidus and solidus
lines, X, () and X,(¢) is defined implicitly by:

T, =Ts =Tg at x = X:(t) [11]
and
Ty =Tr at x = X:(4). [12]

The Boundary Conditions on Velocity. The boundary
conditions on velocity have to express the following:
5) both velocity components are zero at all the solid
bounding surfaces, i.e., at y =0, aty = L, at x = X;(¢)
and at x = W, 6) the velocity is a continuous function of
distance at the boundary between the liquidus front
and the bulk fluid, i.e. at x = X;(#), and 7) the initial
velocity within the fluid is zero. The mathematical
expression of the boundary conditions is not repro-
duced here, but is available in the thesis upon which
this paper is based.?®

Subsidiary Relationships

The principal subsidiary relationships needed are
the relationship between the fraction of solids in the
two-phase region and the temperature together with
an equation for Kp, the permeability of the porous
medium which appeared in Egs. [5] and [6]. The fol-
lowing expression was derived from the phase dia-
gram:

394-VOLUME 9B, SEPTEMBER 1978

A L 1 mLC
Y )

where,

fs is the fraction of solids,

T is the equilibrium distribution coefficient which
varies with composition of liquid (Cg = C;
= CO),
myp, is the slope of the liquidus line,

C, is the initial composition of the NH,C1-H.0 solu-
tion,

Cr is the eutectic composition,

T* is the temperature represented by the intercept
of the liquidus line on the temperature axis,
and

Ky is the permeability of the interdendritic region
was approximated by the following expression
(Ref. [21]):

K, = (a —f?fz)s2 [14]

where 3 the average dendrite arm spacing was esti-
mated as around 100 u.

Equations [1] through [14] together with the associa-
ted boundary conditions provide a complete definition
of the problem.

Before proceeding with the numerical solution of
this system of equations, it is convenient and custo-
mary to recast the fluid flow equations in terms of the
vorticity and the stream function. For a two-dimen-
sional system in cartesian coordinates these quanti-
ties are defined as follows:

g oy o [15]
ax 3y
(vorticity)
] /]
"y = a_i; 1y = _59.4; [16] and [17]

(stream function).

Moreover, £ and ¢ are related by:

gz_[ﬂ+ﬁ]. 18]

ax” ayz

These definitions are valid for both the two-phase and
for the liquid regions. .

Through the use of the stream function the equation
of continuity is automatically satisfied, furthermore,
the vorticity enables one to combine the two com-
ponents of the equation of motion in a single expres-
sion.

Thus, after some standard manipulation®® Egs. [5]
and [6] may be written as:

at at ot T v
_agn+ux’mgc+uy,m3§—gxﬁ—a;m—l{—pg [19]

where 8 is the coefficient of thermal expansion.*

*A full discussion of the steps involved in transforming Egs. [5] and [6] to
Eq. [10] is available in Refs. 22 and 23.

The equivalent expression of Egs. [7] and [8] is
given as:
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The governing Eqgs. (1], [2], [4], [18], [19] and [20] were
put in a finite difference form and were solved numeri-
cally. An 11 X 11 grid was employed for each, the
two-phase, the liquid and the solid region; the al-
ternating direction implicit method®®** was used for
solving the parabolic Egs. [2], [4], [19], [20] while the
technique of successive over-relaxation®® was used for
integrating the elliptic Eq. [18].

The CDC 6400 digital computer of the State Univer-
sity of New York at Buffalo was used and the total
computer time requirement was of the order of 60
seconds per run. The property values used in the
computation are summarized in Section 6. The com-
plete listing of the computer program is available in
Ref. 26.
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4, RESULTS

The following figures (8 to 11) show a selection of
the computed results depicting the development of the
temperature profiles solidus and liquidus fronts and
the circulation patterns in the system.

Figure 8 shows the computed isotherms after an in-
terval of 30 min. The steep temperature gradients in
the solid, the relatively uniform temperature fields
in the bulk of the melt and the existence of a thermal
boundary layer in the vicinity of the liquidus isotherm
are all readily discernible from this graph.

Figure 9 shows an example plot of the computed
solid fraction profiles as a function of the distance
from the chill face, at a constant vertical height of
10 cm from the bottom with time as a parameter; the
substantial width of the two-phase zone is readily
seen in this graph.

Figures 10 and 11 show the computed streamline
patterns, which indicate the direction of the circula-
tion; it is of interest to note that the absolute veloci-
ties appear to be much larger in the bulk liquid than
in the two-phase region, moreover, the circulation
pattern in the two-phase region seems to be profoundly
influenced by the flow field in the melt. Of much
greater interest, however, is to compare the predic-
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tions made on the basis of the analysis with actual
measurements. This is done in the following Figs.

12 to 20.

Figure 12 shows a comparison between the meas-
ured and the predicted positions of the solidus and the
liquidus fronts, as a function of time at a height of
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in the bulk liquid at 0.5 h.
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Fig. 17—Computed plot of the magnitude of the velocity field

(em/s) in the mushy zone at 0.5 h.

some 10 cm from the bottom of the container, where
the effect of erosion or debris deposition are thought
to be the least significant. The agreement between
measurements and predictions is thought to be reason-
able; however, this is not a very critical test of the
model because the advancement of the solidus and
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Fig. 19—Computed plot of the magnitude of the velocity field
(cm/ s) in the bulk liquid at 1.25 h.

liguidus fronts is probably controlled largely by con-
duction rather than the convection phenomena.

Figure 13 shows a comparison between the meas-
ured and the predicted temperature profiles after a
time of 30 min at a height of 10 cm. Figure 14 shows
a comparison between the measured and the pre-
dicted temperature profiles after a time of 75 min
and here the agreement is very good indeed.

One of the principal objectives of the investigation
was to develop predictive expressions for the velocity
fields in both the bulk liquid and in the two-phase zone,
and to compare these predictions with measurements.

Figore 15 shows a plot of the experimentally deter-
mined values of the velocity field in both the two-phase
and in the liquid regions after a lapsed time of 30 min.
The corresponding computed values of the velocity
field in the bulk liquid and in the two-phase zones are
given in Figs. 16 and 17 respectively, It is seen that
the agreement between measurements and predictions
is quite good both with regard to the qualitative nature
of the circulation patterns and the absolute magnitudes
of the velocity vector.

Figure 18 shows the measured map of the velocity
vectors after a time lapse of 75 min, while the cor-
responding predictions are given in Figs. 19 and 20
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Fig. 20—Computed plot of the magnitude of the velocity field
(cm/s) in the mushy zone at 1.25 h.

for the bulk liquid and the two-phase zone respectively.
The agreement is again quite reasonable; moreover,
both predictions and measurements are consistent in
giving lower absolute values for the circulation rates.

The discrepancy between the measured and the pre-
dicted values of the velocity vector in the two-phase
zone seems greater in this case, but this may be at-
tributable to the increased experimental uncertainty
involved in measuring the very low velocities.

5. CONCLUDING REMARKS

Experimental measurements were made of the
transient development of the temperature and the
fluid flow fields in the controlled solidification of a
30 pct ammonium chloride-water mixture. Further-
more, a mathematical representation was developed
for describing the unsteady state temperature and
velocity fields in the controlled solidification of an
ammonium chloride water mixture in a rectangular
cavity,

The statement of the problem involved the estab-
lishment of differential thermal energy balances in
the solid, ‘‘two phase’’ and in the liquid regions to-
gether with the appropriate equations of motion for
both the two phase and the liquid zones. The qualita-
tive observations made, through the use of Schlieren
photography regarding the shearing off of the dendrite
arms and the jetlike eruption of the interdendritic
fluid were in general agreement with the findings of
previous investigators. The resultant, simultaneous,
partial differential equations were solved numerically
using a digital computer.

The theoretically predicted temperature profiles and
velocity fields in the bulk liquid and in the two phase
region were found to be in reasonably good agreement
with measurements. An important finding of interest
was the fact that for the experimental conditions the
velocity field in the bulk liquid had a marked effect on
the velocity field established in the two phase region.
It is suggested that the modeling of solidification proc-
esses through the combined statement of the equations
of motion (in the melt and in the two phase zone) and
the energy balance equation is a sound and feasible
approach which should provide an improved insight
into the microscopic behavior of the system. The fol-
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lowing qualifying observations should be made, how-
ever:

1) If the sole purpose of modeling were to predict
the solidification rates, the problem would be greatly
simplified because fluid flow is unlikely to play a
major role in affecting the rate of solidification.

2) While the mathematical representation developed
here was able to predict reasonably accurately both
the solidification rates and the velocity fields, the
modeling of other important facets of the problem,
such as the erosion of dendrites, instabilities result-
ing in jetlike fluid emissions from the two-phase zone
and intensive local circulation rates in the interden-
dritic spaces would require much greater mathemati-
cal sophistication.

3) The natural convection driven fluid flow pheno-
mena in ingot solidification are likely to be rather
more complex than the somewhat idealized system
examined in this work. These additional complexities
would be attributable to the fact that the flow field
would be turbulent (because of the larger physical
size) moreover, the circulation in the bulk melt would
be much more strongly time dependent than in the
case examined here.

It is thought, nonetheless that the quantitative ap-
proach developed in this paper, which is supported by
experimental measurements, should provide a first
step toward the tackling of these much more complex
problems, usefully augmenting earlier work by Wein-
berg?’?® and Szekely.”

6. PHYSICAL CONSTANTS USED

k; = thermal conductivity of liquid phase = 0.468
W/m K,

kg = thermal conductivity of solid phase = 0.393
W/m K,

ps = density of solid phase = 1102 kg/m?®,

p; = density of liquid solution = 1013 kg/m®,

T, = temperature of solidus (eutectic) = 257.4 K,

Ty; = initial temperature of melt (solution) = 313.2 K,

Cps = specific heat of solid = 1.87 KJ/kg K,

Cp; = specific heat of liquid = 3.249 KJ/kg K,

AH = latent heat of fusion or crystallization 313.8
KJ/ kg,

p; = viscosity of liquid = 1.3 X 10~ kg/ms,

B = temperature coefficient of cubical expansion
= (18.6 X 10®)/K,

% = equilibrium distribution coefficient ~ 3,333,

my, = slope of the liquidus line = 8.6 K/(wt pct NH,Cl),

C = initial concentration of solution (melt) = 30 wt

pct NH.C1, and
T* = temperature represented by the intercept of the
liguidus line on the temperature axis = 222.8 K.

NOMENCLATURE
Symbol Definition
Co = initial concentration of the melt,
Cp = specific heat of the liquid,
g = gravitational constant,
Is = fraction solidified,
AH = latent heat of fusion of crystallization,
k = thermal conductivity,
L = height of container,
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my, = slope of the liquidus line on the phase dia-

gram,

P = pressure,

t = time,

T = temperature,

T, = initial temperature of the melt,

Tgo = solidus temperature of system,

Tg = eutectic temperature of system,

Tr; = liquidus temperature of system,

Uy = velocity of the fluid in the x direction,

Uy = velocity of the fluid in the y direction,

X,(t) = reference position of the solidus boundary
from chill face, and

X.(f) = reference position of the liquidus boundary
from the chill face.

Greek

Symbols Definition

a =% = thermal diffusivity,

B = temperature coefficient of cubical expansion,

3 = yorticity,

w = viscosity,

v = kinematic viscosity,

P = density, and

P = stream function.

Subscripts m, [ and s refer to the two-phase, liquidand
solid regions respectively.
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