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E x p e r i m e n t a l  m e a s u r e m e n t s  a re  r e p o r t e d  on the cont ro l led  so l id i f ica t ion  of a 30 pct aque-  
ous solut ion of a m m o n i u m  chlor ide  in a t w o - d i m e n s i o n a l  s lot .  The ac tua l  m e a s u r e m e n t s  
taken  include the t r a n s i e n t  t e m p e r a t u r e  p rof i l es ,  the t r a n s i e n t  ve loc i ty  f ields (using 
t r a c e r s )  and photographic obse rva t ions .  Through the s t a t emen t  of the d i f fe ren t i a l  energy  
ba lance  and the l amina r  Nav ie r -S tokes  equat ions,  wr i t t en  for both the liquid and the two 
phase reg ions ,  a ma thema t i ca l  model  has been developed for the s y s t e m .  The theore t i ca l ly  
p red ic ted  t e m p e r a t u r e  and veloci ty  prof i les  were  found to be in good a g r e e m e n t  with the 
e x p e r i m e n t a l l y  m e a s u r e d  va lues  for  both the two phase reg ions  and the liquid reg ion .  F o r  
the e x p e r i m e n t a l  condit ions the ve loc i t i e s  in the liquid r eg ion  were  of the o rde r  of 0.4 to 
0.8 cm//s, while the co r r e spond ing  va lues  for the two phase r eg ion  were  at l eas t  an o rde r  
of magni tude s m a l l e r .  

1. INTRODUCTION 

IT is an e s t ab l i shed  fact that fluid flow phenomena  
play a m a j o r  r o l e  in affect ing m a c r o s e g r e g a t i o n  du r -  
ing so l id i f ica t ion  p r o c e s s e s .  The i n t e r ac t i on  of fluid 
flow with a sol id i fying medium is a complex,  mul t i -  
faceted p rob lem,  which involves  uns teady s ta te  n a t u r a l  
convect ion both in the bulk of the mel t  and in the in- 
t e rdendr i t i c  region ,  solute r e d i s t r i b u t i o n  due to this  
na tu ra l  convect ion  (macrosegrega t ion)  together  with 
changes in the morphology due to fluid flow, i . e . ,  the 
shea r ing  off of the dendr i t e s .  

The cons ide rab le  p r ac t i c a l  impor t ance  of m a c r o -  
seg rega t ion  in affect ing product  qual i ty  has s t imula t ed  
extens ive  r e s e a r c h  into this  f ield.  An e legant  review 
of r ecen t  work in this  a r e a  is ava i lab le  in  F l e m i n g s '  
Howe M e m o r i a l  Lec tu re ,  ' his r ecen t  text 2 and a s e r i e s  
of jou rna l  publ ica t ions .  3"~ In this work m a c r o s e g r e g a -  
t ion was usefu l ly  r e p r e s e n t e d  as the effect of i n t e r -  
dendr i t i c  flow. 

Heat and fluid flow phenomena  a s soc ia t ed  with ( lami-  
nar)  t h e r m a l  n a t u r a l  convect ion in cavi t ies  have been  
ex tens ive ly  s tudied in r ecen t  years ;  r i go rous  mathe-  
ma t i ca l  r e p r e s e n t a t i o n s  have been  developed for both 
s teady s ta te  and unsteady state sy s t ems ,  which were  
supported by m e a s u r e m e n t s  7 These  s tud ies  were  ex- 
tended to me ta l l i c  s y s t e m s  by Weinbe rg  and his co- 
worke r s  .8 

The i n t e r a c t i o n  of a t h e r m a l l y  induced convect ive  
flow field with a sol id i f ica t ion f ront  has a l so  a t t r ac t ed  
both quant i ta t ive  and qual i ta t ive  s tud ies .  

Regard ing  the quant i ta t ive  s tudies ,  the behav ior  of 
pure  subs t ances  was inves t iga ted  for both s teady  and 
unsteady condi t ions ,  9 moreove r ,  useful  work has been 
done by Koump e t  al ~~ in the m a t h e m a t i c a l  model ing  
of the so l id i f ica t ion  of b ina ry  sy s t ems ,  a lbe i t  without 
taking a deta i led  account  of the effect of t h e r m a l l y  in-  
duced flow field.  

Because  of the complexi ty  of the i n t e r ac t i on  between 
a t h e r m a l l y  induced na tu r a l  convect ive flow f ield and 
an advanc ing  so l id i f ica t ion  front  for dend r i t e s  fo rming  

J. SZEKELY is Professor, Department of Materials Science and 
Engineering, Massachusetts Institute of Technology, Cambridge, MA 
02139, and A. S. JASSAL is Research Engineer, Stauffer Chemical 
Company, Dobbs Ferry, NY 10522. 

Manuscript submitted March 12, 1976. 

METALLURGICAL TRANSACTIONS B 

in mul t i component  s y s t e m s ,  e s s e n t i a l l y  qual i ta t ive  
s tudies  involv ing  t r a n s p a r e n t  sy s t e ms  have been  ve ry  
helpful.  In this  r e ga r d ,  Work by Hul tgren and C a r l s o n  n 
with s t e a r i n e  me l t s  and the more  r ecen t  s tudies  of 
McDonald and Hunt, 12 and Copley e t  al,  ~3 who used the 
a m m o n i u m  chlor ide  water  sys t em,  a re  p a r t i c u l a r l y  
noteworthy.  

F ina l ly ,  some c o m m e n t s  should be made on r e c e n t  
work dea l ing  with so l id i f i ca t ion  in an ex te rna l ly  im-  
posed fluid flow field.  Uhlmann  e t  al,  "4 Cole and Boi l -  
ing, 15 and J a c kson  e t  al ~6 have inves t iga ted  the effect 
of ex te rna l ly  imposed  agi ta t ion  (e .g .  use of a s t i r r e r  
Or ro ta t ion  of a mold) on the s t r u c t u r e  of the sol idif ied 
s t r u c t u r e .  However ,  in this  ca tegory  the r e c e n t  work 
of T z a v a r a s  and Wal lace  17 is perhaps  the mos t  note-  
worthy; these  au thors  have shown that the dendr i t e s  
may be swept away by induct ion s t i r r i n g  and that  this  
would r e s u l t  in a subs t an t i a l l y  reduced  inc lus ion  count.  

The b r i e f  r ev iew of e a r l i e r  work may be s u m m a r i z e d  
by s t a t i ng  that  it has  been  d e m o n s t r a t e d  that the the r -  
mal ly  induced flow of the mel t  does play a ma jo r  ro le  
in m a c r o s e g r e g a t i o n ,  exper i enced  dur ing  so l id i f i ca -  
t ion.  Var ious  a spec t s  of this  complex p rob lem have 
been inves t iga ted ,  but  the ac tua l  i n t e r ac t i on  of t he r -  
mal ly  induced n a t u r a l  convect ion  with an advancing  
so l id i f ica t ion  f ron t  of a b i n a r y  mel t  has not been  quan-  
t i ta t ive ly  s tudied.  

The work which is d e s c r i b e d  in the p r e se n t  paper  
was under taken  with the object ive  of provid ing  an im-  
proved quant i ta t ive  unde r s t and ing  of the uns teady  state  
fluid flow phenomena  that occur  both in  the mel t  and 
in the two-phase  r eg ion  dur ing  the so l id i f ica t ion  of a 
b i n a r y  mel t .  

The  r e s e a r c h  involved both e x p e r i m e n t a l  and theo- 
r e t i c a l  work with emphas i s  on the c o m p a r i s o n  be tween 
the m e a s u r e m e n t s  and the p red ic t ions .  In o r de r  to 
allow ready  v i sua l  obse rva t ions  and ve loc i ty  d e t e r -  
mina t ion  us ing  t r a c e r s ,  a t r a n s p a r e n t  model  s y s t e m  
has been  se lec ted  for the e x p e r i m e n t a l  work.  

Regard ing  the o rgan iza t ion  of the paper  the appara -  
tus ,  the e x p e r i m e n t a l  p r oc e du r e  and some qual i ta t ive  
obse rva t ions  wil l  be given in Section 2, while the 
ma thema t i ca l  f o r mu l a t i on  is p r e se n t e d  in  Sect ion 3. 
A compar i son  of the e x p e r i m e n t a l  m e a s u r e m e n t s  and 
the t heo re t i ca l  p r ed i c t i ons  is  given in Sect ion 4 and the 
concluding  r e m a l  xs a r e  conta ined in Sect ion 5. 
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2. APPARATUS AND EXPERIMENTAL 
PROCEDURE 

2.1. The Appara tus  

The object ive of the e x p e r i m e n t a l  p r o g r a m  was to 
c a r r y  out cont ro l led  so l id i f ica t ion  s tudies ,  us ing  a 
b ina ry  melt ,  under  condi t ions  such that the v i sua l  and 
opt ical  obse rva t ion  of the s y s t e m  could be comple-  
mented by both t e m p e r a t u r e  m e a s u r e m e n t s  and by the 
d i r ec t  e s t ima t ion  of the ve loc i ty  f ields,  through the use 
of dye t r a c e r s .  M e a s u r e m e n t s  were made both under  
condit ions when the flow f ield was induced by ( thermal)  
n a t u r a l  convect ion and in the p r e s e n c e  of an ex t e rna l ly  
imposed flow field.  The ac tua l  phys ica l  s y s t e m  em-  
ployed for the study was a 30 wt pct solut ion of a m-  
monium chlor ide in water ,  which was thought to be a t -  
t r ac t ive ,  because  due to i ts  low ent ropy of fus ion this 
m a t e r i a l  so l id i f ies  ve ry  much like meta l l i c  a l loys .  
F u r t h e r m o r e ,  the t r a n s p a r e n t  na tu re  of the solut ion 
and the t r a n s l u c e n c y  of the a m m o n i u m  chlor ide den-  
d r i t e s  a l low ready  v i sua l  examina t ion  of the sol id i f i -  
cat ion p r o c e s s .  

A schemat ic  d i ag ram of the appara tus  is shown in 
Fig .  1. The appara tus  cons i s t ed  of a r e c t a n g u l a r  
p lexiglas  con ta iner  40.6 cm • 6.35 cm • 15.2 cm, into 
which two s t a in l e s s  s tee l  tanks  (7.6 cm • 6.35 cm 
• 15.2 cm) were  inser ted ;  the inner  sur face  of these 
fo rmed  the two ve r t i ca l ,  opposing ends of the mold.  
The t e m p e r a t u r e  of these v e r t i c a l  su r faces  was ma in -  
ta ined at p r e d e t e r m i n e d  leve ls  by c i r cu la t ing  f luids 
f rom t h e r m o s t a t i c a l l y  con t ro l led  r e s e r v o i r s  through 
the s t a i n l e s s  s t ee l  cav i t i es .  In p rac t i ce  one of the 
su r f aces  was cooled, u s ing  methanol  as a coolant,  
while the other  sur face  was main ta ined  above room 
t e m p e r a t u r e  by c i r cu l a t i ng  hot water .  The appara tus  
was insula ted  us ing s ty ro foam sheets ,  which were  r e -  
movable ,  so as to fac i l i ta te  v i sua l  and photographic 
obse rva t ions .  

The t e m p e r a t u r e  within the s imula ted  mold was 
moni to red  by twelve s t a i n l e s s  s tee l  sheathed copper 
cons tan tan  the rmocoup les ,  the output of which was r e -  
corded on a po ten t iomet r i c  r e c o r d e r .  These  t he r mo-  
couples were p repos i t ioned  for each run  at given hor i -  
zonta l  and v e r t i c a l  locat ions  with the help of a t r a ve l -  
ing mic roscope .  

! 

Fig. 1-Diagramatic sketch of the apparatus for natural con- 
vection study. A-Plexiglass mold, B-stainless steel tanks 
C-sub-zero chamber, D-coolant reservoir,  E-water circu- 
lator, F-top plate for thermocouple insertion and dye injec- 
tion. 

An impor tan t  pa r t  of the study was to obtain in forma-  
t ion on the fluid flow fields,  both in the bulk of the 
" m e l t "  and in the mushy zone.  In  the p r e se n t  work 
Sch l i e ren  photography complemented  by due t r a c e r  
s tudies ,  was chosen f rom the ava i lab le  techniques ,  is 

A schemat ic  layout of the Sch l i e ren  technique em-  
ployed is shown in Fig .  2. It is s een  that the sys t em 
cons is ted  of a light source  (a m e r c u r y  vapor  lamp) 
two parabol ic  m i r r o r s ,  a knife edge and a viewing 
s c r e e n .  This  technique r e l i e s  on the fact that densi ty  
changes in a t r a n s p a r e n t  fluid r e s u l t  in changes in the 
r e f r ac t i ve  index, which in tu rn  cause  a deflect ion of 
the light beam.  Movement  of the mel t ,  as i n t e r r e l a t ed  
to the densi ty  changes,  could be read i ly  observed  and 
photographed on the s c r e e n .  In the p re sen t  work both 
s t i l l  photographs and motion p i c tu r e s  were taken. A 
deta i led  d i scuss ion  of the Sch l i e ren  technique is ava i l -  
able in Ref. 19; here  we note that this p rocedure  is 
p a r t i c u l a r l y  a t t r ac t ive  in the v ic in i ty  of sol id sur faces ,  
such as the dendr i t i c  region,  because  the m e a s u r e m e n t  
does not i n t e r f e r e  with the flow field.  

The actual  quant i ta t ive  ve loc i ty  m e a s u r e m e n t s  were  
c a r r i e d  out with the aid of dye t r a c e r s  (a methylene 
blue chloride solution),  by t im ing  the passage  of a 
s ingle  s t r eak  l ine between two gr id  point  marks  on the 
f ront  face of the plexiglas  con ta ine r .  In us ing this 
t r a c e r  method, ca re  was taken to e n s u r e  that both 
the t e m p e r a t u r e  and the dens i ty  of the t r a c e r  were 
ve ry  close to that of the mel t  so as to avoid any 
spur ious  ex te rna l  na t u r a l  convect ion effects .  

2.2. The E x p e r i m e n t a l  P r oc e du r e  

After  a s s e m b l i n g  the appara tus  and posi t ioning of 
the the rmocouples  a 30 wt pct a m m o n i u m  chloride 
so lu t ion  was poured into the p lex ig lass  chamber .  After  
a few minutes  when tu rbu lence  due to pour ing had sub-  
sided,  the coolant was pumped through a s t a in less  s tee l  
tank, to e s t ab l i sh  a p r e d e t e r m i n e d  t e m p e r a t u r e  at the 
cold face of the mold.  The t e m p e r a t u r e  of the hot face 
was a lso  adjusted,  by c i r cu l a t i ng  w a r m  water .  The 
following m e a s u r e m e n t s  were made in course  of a 
given run:  

1) The t e m p e r a t u r e s  were cont inuously  recorded .  
2) The advancement  of the sol idus  and liquidus 

boundar i e s  was de t e rmined  v i sua l ly  us ing  a Gae r tne r  
X - Y  t r ave l ing  mic roscope  by r e f e r e n c e  to the grid 
m a r k s  engraved  upon the front face of the plexiglas  
con ta ine r .  

3) The advancement  of the sol idus  and liquidus f ronts  
was also recorded  photographical ly ,  us ing  a Leica  

" F 

Parabolic Mirror 

Viewing Screen 

I0  2 cm X~2 
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I I i 

Fig. 2--Schematic diagram of the Schlieren apparatus. 
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c a m e r a  with a c lose -up  lens;  p a r t i c u l a r  a t ten t ion  was 
paid to obta in ing photographs of the dendr i t e s .  

4) When the so l id i f ica t ion  front  advanced to a given 
pos i t ion  within the sys t em,  dye t r a c e r  techniques  were  
used to e s t ima te  the f luid ve loc i t ies  within the mel t  
and in the i n t e rdend r l t i c  r eg ions .  

5) In o rder  to obse rve  the c i r cu la t ion  pa t t e rn s  and 
in pa r t i cu l a r ,  the flow phenomena  in the v ic in i ty  of the 
dendr i t e  t ips,  Sch l i e ren  motion p ic tu re  photographs 
were  taken with the aid of a Bolex C a m e r a .  

2.3. Some Qual i ta t ive  Obse rva t i ons  

The qual i ta t ive  m e a s u r e m e n t s  r e g a r d i n g  the de- 
ve lopment  of the so l id i f ica t ion  front ,  the t e m p e r a t u r e  
p rof i l e s  and the veloci ty  f ields wil l  be p r e sen t e d  sub-  
sequent ly  in Sect ion 4. 

However,  at this  s tage it may be worthwhile to s u m -  
m a r i z e  some of the qual i ta t ive  obse rva t ions  that were  
made,  us ing  s t i l l ,  motion p ic ture  and Sch l i e ren  pho- 
tography.  

These  obse rva t ions  a re  s u m m a r i z e d  in the follow- 
ing: 

i) Dendr i t i c  growth was observed  in a l l  cases ,  with 
the exception of the forced flow m e a s u r e m e n t s ,  in 
which case the s o l i d - m e l t  in te r face  was r e l a t i v e l y  
smooth.  This  behavior  is i l l u s t r a t ed  in Fig .  4. 

ii) It was found, in a g r e e m e n t  with the obse rva t ions  
of p rev ious  i nves t iga to r s  that even in case of na t u r a l  
convect ion,  the flow was s t rong  enough to shea r  off 
some of the dendr i te  a r m s ,  which then accumula ted  in 
the fo rm of a debr i s  at the bot tom of the con ta ine r .  
The fine c r y s t a l s  that were  b roken  off s e rved  as 
" t r a c e r s "  indica t ing  the c i r cu la t ion  of the liquid 
phase .  

iii) The Sch l i e ren  m e a s u r e m e n t s  taken provided 
useful  in fo rmat ion  on the flow field within the s y s t e m  
without the need for ex te rna l  s e n s o r s  or t r a c e r s .  
F i g u r e  5 shows a se lec t ion  of s t i l l  Sch l i e ren  photo- 
graphs;  in these  p i c tu re s  the sol id r eg ions  appear  
dark,  whereas  the bulk liquid shows local  va r i a t i ons  
in light in tens i ty  which a re  due to the local  va r i a t i ons  
in the r e f r ac t ive  index.  Here f r a m e s  (a) and (b) show 
an appearance  which is  quite s i m i l a r  to " s a l t  f i n g e r s "  
produced in ocean wate r s  due to the t he rmoha l ine  ef- 
fect,  as pointed out by T u r n e r .  e~ F r a m e  (c) indica tes  
the d i r ec t ion  of flow in the bulk of the liquid, which is 
somewhat  ampl i f ied  by the a r r o w s .  

It is noted that a mot ion p ic ture  taken  of the l iquid 
movement  ahead of the so l id i f ica t ion  front ,  which 

j A~ ......... 

Fig. 3--Schematic diagram of the apparatus for induced flow 
study. 
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(a) 

(b) 
Fig. 4--Photograph illustrating the structure of the mushy 
zone, (a) absence of forced flow, and (b) after inducing flow 
through the system. Notice the smooth structure in (b). 

cannot  be r ep roduced  here ,  p rov ides  a r a t h e r  be t t e r  
indica t ion  of the dynamic  na ture  of the flow field even 
in the v ic in i ty  of the dendr i t i c  reg ion .  

However,  the Sch l i e ren  technique was found to be 
p a r t i c u l a r l y  helpful  for r e c o r d i n g  the jet  like e rup t ions  
of l iquid (par t ia l ly  denuded of a m m o n i u m  chloride) ,  
r e j ec t ed  by the advanc ing  so l id i f ica t ion  front ,  as i l lus -  
t ra ted  in F ig .  6 which shows ascending  l iquid en t i t i es  
which tend to r i s e  because  of the i r  lower a m m o n i u m  
chlor ide  content  and hence lower dens i ty .  

3. FORMULATION 

In order to develop a quantitative representation of 
the transient development of the temperature and fluid 
flow fields within the system let us consider the soli- 

dification of a binary melt, placed in a rectangular 
container, extending from x = 0 to x = W and from y 
= 0 to y = L and which is large in the z direction. 
Initially the whole space is occupied by molten mate- 
rial at a uniform temperature Tin, i. Then at time = 0 
the plane corresponding to x = 0 is suddenly brought 
to a temperature Tc, which is well below the eutectic 
temperature TE, while the surface corresponding to 
the x = W plane is maintained at a temperature TW, 
which is well above the liquidus. At the same time the 

surfaces corresponding to the y = 0 and y = L planes 

are insulated. 
As a result natural convection currents will be set 

up in the molten region. Moreover, a solidification 
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f ron t  wi l l  f o r m  and e x p e r i e n c e  growth  in the x d i r e c -  
t ion .  More  s p e c i f i c a l l y ,  two r e g i o n s  may  be iden t i f i ed ,  
n a m e l y  a c o m p l e t e l y  so l i d i f i ed  zone (below the eu tee t i c  
t e m p e r a t u r e  in the  p r e s e n t  ea se )  and a two phase  or  
" m u s h y "  r e g i o n  within the t e m p e r a t u r e  r ange  T E <- T 

<- T L where  the  so l id  and l iquid p h a s e s  coex i s t ,  a l be i t  
the  f r a c t i o n  of so l id  is  a funct ion of the a c t u a l  t e m -  
p e r a t u r e .  Th i s  s y s t e m  is  ske t ched  in F ig .  7. 

The  ob jec t ive  of the f o r m u l a t i o n  to be deve loped  h e r e  
i s  to obta in  e x p r e s s i o n s  for  the t e m p e r a t u r e  d i s t r i b u -  
t ion within the s y s t e m ,  toge the r  with the d e s c r i p t i o n  
of the  ( t rans ien t )  ve loc i ty  f i e lds  both in the mol t en  and 
in the  two phase  r e g i o n s .  In o r d e r  to al low the s t a t e -  
ment  of the p r o b l e m  in a m a t h e m a t i c a l l y  m a n a g e a b l e  

form, the following simplifying assumptions will be 
made: 

1) Except for the effect of the density difference in 
driving the natural convective flow, the physical prop- 
erties of the molten and the solid phases are assumed 
to be constant. 

2) The density of the liquid in the two phase (mushy) 
zone is assumed to depend on the temperature and on 
the fraction of solids. 

3) The entrained crystallites in the liquid are as- 
sumed to have no effect on the physical properties. 

Within the framework of these assumptions the prob- 
lem may be stated by writing the unsteady state ther- 
mal energy balance for the solid, mushy and the liquid 

Ca) (b) 

Fig. 5--Schlieren photographs ahead of the solidification front showing the flow patterns in the bulk liquid as a result of natural 
convection; (a) and (b) indicate density variations, magnification 115 times. 
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Fig. 6--Photograph reproduced from the Sehlieren movie 
showing the jets ascending opposite to the direction of gravity 
ahead of the mushy zone. Magnification 0.82 times. 

r eg ions ,  together  with the appropr i a t e  fo rms  of the 
equat ion of motion.  

ENERGY BALANCES 

Thus  we have ene rgy  ba lance  in the sol id  reg ion:  

- "[a~rs a~Ts~" 0 < - x < - - X l ( t ) "  OTs 

at as  t--~x2 + o y 2 ) ' O < y <  L 
[1] 

Energy  ba lance  in the two phase reg ion:  

(r + (q.p  l O max + 0r ay ) 

: km ( ax 2 Oy~ / 

Xx(t) < x < Xz(t) 0 <--- y <-- L 

[9] 

where,  

A =Pm M-I ( ors �9 OT m 
8Trn at / k 

[3] 

r e p r e s e n t s  the r a t e  of heat genera t ion  in the two phase 
r eg ion  due to sot id i f ica t ion.  

P m =  Psfs + PL( 1 - / s ) ;  

is  the dens i ty  of the two phase reg ion ,  f s  is the 
f r ac t ion  of sol ids ,  while the s u b s c r i p t s  m,  and l r e f e r  
to the solid,  two phase and the l iquid reg ions  r e s p e c -  
t ive ly .  

Energy  ba lance  in the l iquid r eg ion  

at +"~ ax ay m ax2 + OY2J 
x~(t) -< x < w 

O < - - y ~ L .  

[4] 

T=T c T:T E . . T = T L  T=T H 
X o o  o..4_ 

o o 4;,  ~ / \ 
o o  ~  / 1 . 

o o o  o 
- r o o o O\~ / ; -~ 
" . u s H  ~\~ / I 

oooo o/~ / / 
o oo  o ~ oq  i f 

o oo SOLID 0!! \ / / I~ 
o + o 1; \ / / x 
Li~u,o ol] \ / / 
oooo O:o  / 

. :oo:o$I \  / 
O O  O O 

O o  o % l  
O o  O o O  [ 

0 x:X, ( t )  x:Xz(t)  

�9 t ,  W ~1 
X 

Fig. 7--Schematic representation of the coordinate system in- 
dicating the thermal boundary conditions. 

F lu id  Flow Equat ions  

The two components  of the equat ion of motion in the 
two-phase  reg ion  may be wr i t t en  as:  

OUx, m aUx, m 1 op v aUx,m + Ux~ m ~ + Uy~m 
at ax ay 

and 
x d t )  <- x <- x2( t )  

Prn aX Kp ux~m 

iN 

OUy,m OUy,m - 1 8p V aUy~m + u x + Uy 
at 0• Oy Pm ay Kp Uy,m - g  

[6] 
Xl(t)  <- x <- Xz(t).  

Here  g is  the a c c e l e r a t i o n  due to g rav i ty  ac t ing  in the 
y d i r ec t ion .  

In wr i t ing  Eqs .  [5] and [6] the i n t e rdend r i t i c  reg ion  
was r ega rded  as a porous  med ium and thus the v i s -  
cous t e r m s  in the Nav ie r -S tokes  equat ions  were  r e -  
p laced  by the r e s i s t a n c e  t e r m s  in D a r c y ' s  equation; 
here  Kp, the p e r m e a b i l i t y  of the medium,  was con- 
s i de r e d  a funct ion o f f s  , the f r ac t ion  of so l ids .  

Accord ing  to accepted convent ion  in  the f ield of 
na t u r a l  convect ion heat t r a n s f e r ,  the p r e s s u r e  t e r m s  
appea r ing  in Eqs .  [5] and [6] were  cons ide red  to ac-  
count for the sum of the s ta t ic  p r e s s u r e  and the in-  
c r e m e n t a l  p r e s s u r e  change due to dens i ty  va r i a t i on  
and fluid motion.  

The two components  of the equat ion of motion in the 
liquid r eg ion  may be wr i t t en  as :  

OUx, 1 + Ux,i ~ + UY, L OUx,____~l 1 0_19 
at Ox ay Pl ax 

F O2Ux~l 1 < + V + 02Ux'l ; X2( t ) - -  x < W 
L 8x 2 OY 2 

[7] 

OUy,l + Ux, l auy,l + uy,l  aUy,l - 1 8P 
at Ox Oy Pl Oy g 
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02$ty,l q �9 < 
+ v ~ t + x 2 ( t ) -  x<-  w .  [8] ox2 o - ~ - J  ' 

F i n a l l y  the equat ion of cont inui ty  may  be e x p r e s s e d  
as : 

OUx'rn + OUY, m = 0 [9] 
Ox Oy 

(for the t w o - p h a s e  reg ion)  

OUx'l + OUy'I = 0 [10] 
Ox Oy 

(for the l iquid r eg ion ) .  

Equa t ions  [1] th rough  [10] e x p r e s s  the c o n s e r v a t i o n  of 
t h e r m a l  ene rgy ,  the m o m e n t u m  b a l a n c e  and the con-  
s e r v a t i o n  of m a t t e r  (continuity)  in the s y s t e m .  

The  s t a t e m e n t  of the p r o b l e m  may  now be c o m p l e t e d  
by  wr i t i ng  down the boundary  condi t ions  and by s p e c i -  
fy ing  c e r t a i n  func t iona l  r e l a t i o n s h i p s  be tween  the p r o c -  
e s s  v a r i a b l e s  in the t w o - p h a s e  zone .  

Boundary  Condi t ions  

The  bounda ry  condi t ions  have to e x p r e s s  the fo l low-  
ing c o n s t r a i n t s  i m p o s e d  on the s y s t e m .  

Boundary  Condi t ions  on T e m p e r a t u r e .  1) The  t e m -  
p e r a t u r e  is  s p e c i f i e d  a t  the s u r f a c e s  c o r r e s p o n d i n g  to 
x = 0 and x = W, 2) i n i t i a l l y  the whole  s y s t e m  is  mo l t en  
and at  a cons tan t  t e m p e r a t u r e ,  3) the s u r f a c e s  c o r -  
r e s p o n d i n g  to y = 0 and y = L a r e  i n su la t ed ,  and 4) 
the  t e m p e r a t u r e  and the hea t  f lux a r e  cont inuous 
a c r o s s  the X~(t)  and the X2(t) p l a n e s .  

We note h e r e  that  b e c a u s e  of the way in which the 
hea t  ba l ance  equat ions  were  wr i t t en ,  the r e l e a s e  of 
the la ten t  hea t  o c c u r s  in the t w o - p h a s e  zone (see  Eqs .  
[2] and [3]). It fo l lows that  the c h a r a c t e r i s t i c  moving  
bounda ry  type  bounda ry  condi t ions  did  not have to be 
invoked,  r a t h e r  the pos i t i on  of the l iquidus  and so l idus  
l ines ,  X~(t)  and  X2(t) is  def ined i m p l i c i t l y  by:  

T m = T s = T E a t x = X l ( l )  [11] 

and 

T m = T L at x = X2( t ) .  [12] 

The  B o u n d a r y  Condi t ions  on Ve loc i t y .  The  bounda ry  
condi t ions  on ve loc i ty  have to e x p r e s s  the fol lowing:  
5) both  v e l o c i t y  componen t s  a r e  z e r o  at  a l l  the so l id  
bounding s u r f a c e s ,  i . e . ,  at  y = 0, a t  y = L,  a t  x = X~(t)  
and at  x = W, 6) the ve loc i ty  i s  a cont inuous  function of 
d i s t a n c e  at  the b o u n d a r y  be tween  the l iquidus  f ront  
and the bulk  f luid,  i . e .  at x = X2(t) ,  and 7) the in i t i a l  
v e l o c i t y  within the f lu id  is  z e r o .  The  m a t h e m a t i c a l  
e x p r e s s i o n  of the boundary  condi t ions  is  not r e p r o -  
duced  h e r e ,  but  i s  a v a i l a b l e  in the t h e s i s  upon which 
th i s  p a p e r  i s  b a s e d .  2~ 

fs = i -  $ - : - y  | ~  

where ,  

f s  is  

i s  

t a L C ~  ] [13] 
T--:- ~ J 

the f r ac t i on  of so l i d s ,  

the e q u i l i b r i u m  d i s t r i b u t i o n  coe f f i c i en t  which 
v a r i e s  with compos i t i on  of l iquid  (CE <- C1 
- Co), 

m L is  the s lope  of the l iquidus  l ine,  
Co is  the in i t i a l  compos i t i on  of the NH4C1-H20 so lu-  

t io n , 
CE is  the eu tec t i c  compos i t i on ,  
T* is  the t e m p e r a t u r e  r e p r e s e n t e d  by the i n t e r c e p t  

of the l iquidus l ine on the t e m p e r a t u r e  axis ,  
and 

Kp i s  the p e r m e a b i l i t y  of the i n t e r d e n d r i t i c  r eg ion  
was a p p r o x i m a t e d  by the fo l lowing  e x p r e s s i o n  
(Ref. [21]): 

(1 - f s ) 6  2 [14] 
K p -  32 

where  -~ the a v e r a g e  d e n d r i t e  a r m  spa c ing  was e s t i -  
m a t e d  a s  a round  100 /~. 

Equa t ions  [1] through [14] t oge the r  with the a s s o c i a -  
t ed  bounda ry  condi t ions  p r o v i d e  a c o m p l e t e  def ini t ion 
of t he  p r o b l e m .  

Be fo re  p r o c e e d i n g  with the  n u m e r i c a l  so lu t ion  of 
th is  s y s t e m  of equa t ions ,  i t  i s  convenien t  and cus to-  
m a r y  to r e c a s t  the f luid flow equat ions  in t e r m s  of the 
v o r t i c i t y  and the s t r e a m  funct ion.  F o r  a t w o - d i m e n -  
s iona l  s y s t e m  in c a r t e s i a n  c o o r d i n a t e s  t h e s e  quant i -  
t i e s  a r e  def ined  as  fo l lows:  

= O u y _  OUx [15] 
Ox Oy 

(vor t i c i ty )  

_ 0~b. 0~ [16] and [17] 
u x - - ~ ,  Uy - OX 

( s t r e a m  function).  

M o r e o v e r ,  ~ and ~ a r e  r e l a t e d  by:  

~ = - [ a 2 5  + Oz--~]. [18] 
Ox 2 ~}yZ 

T h e s e  def in i t ions  a r e  va l id  for  both the two-phase  and 
for  the l iquid r e g i o n s .  

Through  the use  of the s t r e a m  funct ion the equation 
of cont inui ty  i s  a u t o m a t i c a l l y  s a t i s f i e d ,  f u r t h e r m o r e ,  
the v o r t i c i t y  enab le s  one to combine  the two com-  
ponents  of the equat ion of mot ion  in a s ing le  e x p r e s -  
s ion .  

Thus ,  a f t e r  some  s t a n d a r d  man ipu la t ion  22 Eqs .  [5] 
and [6] may  be w r i t t e n  a s :  

S u b s i d i a r y  R e l a t i o n s h i p s  

The  p r i n c i p a l  s u b s i d i a r y  r e l a t i o n s h i p s  needed  a r e  
the r e l a t i o n s h i p  be tween  the f r a c t i o n  of so l i d s  in the 
t w o - p h a s e  r e g i o n  and the t e m p e r a t u r e  t oge the r  with 
an equat ion  f o r  K p ,  the p e r m e a b i l i t y  of the po rous  
m e d i u m  which a p p e a r e d  in Eqs .  [5] and [6]. The  fo l -  
lowing e x p r e s s i o n  was  d e r i v e d  f r o m  the phase  d i a -  
g r a m :  

O~r n + O~ O~ OT m _ v 
Ot Ux 'm f i x  + u y , m  " ~  = gx f l  OX ~ ~ 

where  13 is  the coef f ic ien t  of t h e r m a l  expans ion .*  

[19] 

*A full discussion of the steps involved in transforming Eqs. [5] and [6] to 
Eq. [10] is available in Refs. 22 and 23. 

The  equ iva len t  e x p r e s s i o n  of Eqs .  [7] and [8] is  
given as  : 
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Fig.  8 - -Computed  plot  of the two d i m e n s i o n a l  i s o t h e r m s  in 
the s y s t e m  at 0,5 h. 
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Fig.  10- -Computed  plot  of the s t r e a m l i n e s  in the bulk liquid 
at 1.25 h. 
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d i s tance  f r o m  chil l  face  at va r ious  t i m e s  and at a height  of 
10 em in the s y s t e m .  

o~t + a~ o~ 
at Ux,t T ;  + uY, t T~ 

ox L Ox z aY 2 J " 
[20] 

The govern ing  Eqs .  [1], [2], [4], [18], [19] and [20] we re  
put in a f ini te  d i f f e r e n c e  f o r m  and were  so lved  n u m e r i -  
c a l l y .  An 11 • 11 g r id  was e m p l o y e d  for  each,  the 
t w o - p h a s e ,  the l iquid and the so l id  reg ion ;  the a l -  
t e r n a t i n g  d i r e c t i o n  i m p l i c i t  method  23'24 was used  for  
so lv ing  the p a r a b o l i c  Eqs .  [2], [4], [19], [20] while  the  
technique  of s u c c e s s i v e  o v e r - r e l a x a t i o n  z5 was used  for  
i n t eg ra t i ng  the e l l i p t i c  Eq.  [18]. 

The  CDC 6400 d ig i t a l  c o m p u t e r  of the S ta te  U n i v e r -  
s i ty  of New Y o r k  at Buffalo was used  and the t o t a l  
c o m p u t e r  t ime  r e q u i r e m e n t  was of the o r d e r  of 60 
seconds  p e r  run .  The  p r o p e r t y  va lue s  used  in the 
computa t ion  a r e  s u m m a r i z e d  in Sec t ion  6. The  c o m -  
p le te  l i s t ing  of the  c o m p u t e r  p r o g r a m  is  ava i l ab l e  in 
Ref .  26. 

1 5 , 2 0 . , L / j l l l l l l l l l l l l l l l l l l l l l l i i / / i / l l i l ~ , J _ l l l l l l l l l l l l l l l l l [ t i l l / i i l  

L 

912 w = ~1 
E o ~ ~1 

>_ Z60 d ~ r ~b: ~11 SQUID 
= ~. -- " --xl()-I = ] MELT 

504 I I 

152 I 0 -11 

O/~TA~/ / J I / / , ,H /HI / IHHI / / eH/ / I I / / / / / I I /~ / I I I I /HH/ / / / / I / / / I I  ~TTOM 
d 4 

2.8 3.3 X (cm) 

Fig. ll--Computed plot of the streamlines in the mushy zone 
at 1,25 h. 

4. RESULTS 

The fo l lowing f i g u r e s  (8 to 11) show a s e l e c t i o n  of 
the computed  r e s u l t s  dep i c t i ng  the deve lopmen t  of the 
t e m p e r a t u r e  p r o f i l e s  so l idus  and l iquidus  f ron t s  and 
the c i r c u l a t i o n  p a t t e r n s  in the s y s t e m .  

F i g u r e  8 shows the computed  i s o t h e r m s  a f t e r  an in-  
t e r v a l  of 30 min .  The  s t e e p  t e m p e r a t u r e  g r a d i e n t s  in 
the so l id ,  the r e l a t i v e l y  un i fo rm t e m p e r a t u r e  f i e lds  
in the  bulk of the me l t  and the e x i s t e n c e  of a t h e r m a l  
bounda ry  l a y e r  in the v i c i n i t y  of the l iquidus  i s o t h e r m  
a r e  a l l  r e a d i l y  d i s c e r n i b l e  f r o m  th is  g raph .  

F i g u r e  9 shows an e x a m p l e  plot  of the computed  
so l id  f r a c t i o n  p r o f i l e s  as  a funct ion of the d i s t a n c e  
f r o m  the ch i l l  face ,  at  a cons tan t  v e r t i c a l  height  of 
10 c m  f r o m  the bo t t om with t ime  as  a p a r a m e t e r ;  the 
s u b s t a n t i a l  width of the t w o - p h a s e  zone i s  r e a d i l y  
s een  in th is  g raph .  

F i g u r e s  10 and 11 show the computed  s t r e a m l i n e  
p a t t e r n s ,  which ind ica te  the  d i r e c t i o n  of the c i r c u l a -  
tion; it  is  of i n t e r e s t  to note that  the  abso lu t e  v e l o c i -  
t i e s  a p p e a r  to be much l a r g e r  in the bulk  l iquid than 
in the t w o - p h a s e  r eg ion ,  m o r e o v e r ,  the c i r c u l a t i o n  
p a t t e r n  in the t w o - p h a s e  r e g i o n  s e e m s  to be profoundly  
inf luenced  by the flow f i e ld  in the m e l t .  Of much 
g r e a t e r  i n t e r e s t ,  however ,  is  to c o m p a r e  the p r e d i c -  
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l ions  made on the b a s i s  of the a n a l y s i s  with actual  
m e a s u r e m e n t s .  This  is  done in the fo l lowing  F i g s .  
12 to 20. 

F igure  12 shows  a compar i son  between the m e a s -  
ured and the predicted  pos i t ions  of the so l idus  and the 
l iquidus fronts ,  as  a function of t ime  at a height of 
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bulk liquid at 0.5 h (measured,  cm/s )~  
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Fig. 17--Computed plot of the magnitude of the velocity field 
(cm/s )  in the mushy zone at 0.5 h. 

some  10 cm from the bottom of the container ,  where 
the effect  of e r o s i o n  or debr is  deposi t ion are  thought 
to be the l eas t  s igni f icant .  The  agreement  between 
m e a s u r e m e n t s  and predic t ions  is  thought to be reason-  
able; however ,  this  i s  not a very  c r i t i c a l  t e s t  of the 
model  b e c a u s e  the advancement  of the so l idus  and 
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Fig. 18--Velocity distribution in the mushy zone and in the 
bulk liquid at 1.25 h (measured cm/s) .  
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Fig.  19--Computed plot of the magnitude of the velocity field 
(cm/s) in the bulk liquid at 1.25 h. 

l iquidus  f ron t s  i s  p r o b a b l y  c o n t r o l l e d  l a r g e l y  by  con- 
duet ion r a t h e r  than the convec t ion  phenomena .  

F i g u r e  13 shows  a c o m p a r i s o n  be tween  the m e a s -  
u r e d  and the p r e d i c t e d  t e m p e r a t u r e  p r o f i l e s  a f t e r  a 
t i m e  of 30 rain at  a height  of 10 era .  F i g u r e  14 shows 
a c o m p a r i s o n  be tween  the m e a s u r e d  and the p r e -  
d i c t ed  t e m p e r a t u r e  p r o f i l e s  a f t e r  a t ime  of 75 min 
and h e r e  the  a g r e e m e n t  is  v e r y  good indeed.  

One of the p r i n c i p a l  ob j ec t i ve s  of the i nves t i ga t i on  
was  to deve lop  p r e d i c t i v e  e x p r e s s i o n s  for  the ve loc i t y  
f i e lds  in both the bulk l iquid and in the t w o - p h a s e  zone,  
and to c o m p a r e  t hese  p r e d i c t i o n s  with m e a s u r e m e n t s .  

F i g u r e  15 shows a plot  of the e x p e r i m e n t a l l y  d e t e r -  
mined  va lues  of the ve loc i ty  f i e ld  in both the t w o - p h a s e  
and in the  l iquid  r e g i o n s  a f t e r  a l a p s e d  t ime  of 30 min .  
The  c o r r e s p o n d i n g  computed  va lue s  of the v e l o c i t y  
f i e ld  in the bu lk  l iquid and in the t w o - p h a s e  zones  a r e  
given in F i g s .  16 and 17 r e s p e c t i v e l y .  It is  s e e n  that  
the  a g r e e m e n t  be tween  m e a s u r e m e n t s  and p r e d i c t i o n s  
i s  qui te  good both  with r e g a r d  to the qua l i t a t i ve  na tu re  
of the c i r c u l a t i o n  p a t t e r n s  and the abso lu te  magn i tudes  
of the ve loc i t y  v e c t o r .  

F i g u r e  18 shows the m e a s u r e d  map  of the ve loc i t y  
v e c t o r s  a f t e r  a t i m e  l apse  of 75 min,  while  the  c o r -  
r e spond ing  p r e d i c t i o n s  a r e  given in F i g s .  19 and 20 
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Fig. 20--Computed plot of the magnitude of the velocity field 
(era/s) in the mushy zone at 1.25 h. 

for  the bu lk  l iquid and the t w o - p h a s e  zone r e s p e c t i v e l y .  
The  a g r e e m e n t  is  aga in  qui te  r e a s o n a b l e ;  m o r e o v e r ,  
both p r e d i c t i o n s  and m e a s u r e m e n t s  a r e  c o n s i s t e n t  in 
g iv ing  lower  a b s o l u t e  va lues  fo r  the  c i r c u l a t i o n  r a t e s .  

The  d i s c r e p a n c y  be tween  the m e a s u r e d  and the p r e -  
d i c t ed  va lues  of the v e l o c i t y  v e c t o r  in the t w o - p h a s e  
zone s e e m s  g r e a t e r  in th is  ca se ,  but  th is  may  be a t -  
t r i b u t a b l e  to the i n c r e a s e d  e x p e r i m e n t a l  u n c e r t a i n t y  
involved  in m e a s u r i n g  the v e r y  low v e l o c i t i e s .  

5. CONCLUDING REMARKS 

E x p e r i m e n t a l  m e a s u r e m e n t s  we re  made  of the 
t r a n s i e n t  d e v e l o p m e n t  of the t e m p e r a t u r e  and the 
f luid flow f i e lds  in the  c on t ro l l e d  s o l i d i f i c a t i o n  of a 
30 pc t  a m m o n i u m  c h l o r i d e - w a t e r  m i x t u r e .  F u r t h e r -  
m o r e ,  a m a t h e m a t i c a l  r e p r e s e n t a t i o n  was deve loped  
for  d e s c r i b i n g  the uns t eady  s t a t e  t e m p e r a t u r e  and 
v e l o c i t y  f i e lds  in the c o n t r o l l e d  s o l i d i f i c a t i o n  of an 
a m m o n i u m  c h l o r i d e  wa te r  m i x t u r e  in a r e c t a n g u l a r  
cav i ty .  

The  s t a t e m e n t  of the p r o b l e m  involved  the e s t a b -  
l i s h m e n t  of d i f f e r e n t i a l  t h e r m a l  e n e r g y  b a l a n c e s  in 
the  so l id ,  " two  p h a s e "  and in the  l iquid r e g i o n s  to -  
ge the r  with the a p p r o p r i a t e  equa t ions  of mot ion  for  
both  the two phase  and the l iquid zones .  The  qua l i t a -  
t ive  o b s e r v a t i o n s  made ,  th rough  the use  of S c h l i e r e n  
pho tography  r e g a r d i n g  the s h e a r i n g  off of the d e n d r i t e  
a r m s  and the j e t l i ke  e rup t ion  of the  i n t e r d e n d r i t i c  
f luid we re  in g e n e r a l  a g r e e m e n t  with the f indings  of 
p r e v i o u s  i n v e s t i g a t o r s .  The  r e s u l t a n t ,  s i m u l t a n e o u s ,  
p a r t i a l  d i f f e r e n t i a l  equa t ions  we re  so lved  n u m e r i c a l l y  
us ing  a d i g i t a l  c o m p u t e r .  

The  t h e o r e t i c a l l y  p r e d i c t e d  t e m p e r a t u r e  p r o f i l e s  and 
v e l o c i t y  f i e lds  in the bulk l iquid and in the two phase  
r e g i o n  we re  found to be in r e a s o n a b l y  good a g r e e m e n t  
with m e a s u r e m e n t s .  An i m p o r t a n t  f inding of i n t e r e s t  
was  the fact  that  for  the  e x p e r i m e n t a l  condi t ions  the 
v e l o c i t y  f i e ld  in the bulk  l iquid  had a m a r k e d  ef fec t  on 
the v e l o c i t y  f i e ld  e s t a b l i s h e d  in the two phase  r eg ion .  
It is  s u g g e s t e d  tha t  the  mode l ing  of s o l i d i f i c a t i o n  p r o c -  
e s s e s  th rough  the combined  s t a t e m e n t  of the equat ions  
of mot ion  (in the me l t  and in the two phase  zone) and 
the e n e r g y  b a l a n c e  equat ion  is  a sound and f e a s i b l e  
a p p r o a c h  which should  p rov ide  an i m p r o v e d  ins igh t  
into the m i c r o s c o p i c  b e h a v i o r  of the s y s t e m .  The  fo l -  
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l o w i n g  q u a l i f y i n g  o b s e r v a t i o n s  s h o u l d  b e  m a d e ,  how-  
e v e r :  

1) I f  t h e  s o l e  p u r p o s e  of  m o d e l i n g  w e r e  to  p r e d i c t  
t h e  s o l i d i f i c a t i o n  r a t e s ,  t h e  p r o b l e m  w o u l d  b e  g r e a t l y  
s i m p l i f i e d  b e c a u s e  f l u i d  f low i s  u n l i k e l y  to  p l a y  a 
m a j o r  r o l e  in  a f f e c t i n g  t h e  r a t e  of s o l i d i f i c a t i o n .  

2) W h i l e  t he  m a t h e m a t i c a l  r e p r e s e n t a t i o n  d e v e l o p e d  
h e r e  w a s  a b l e  to  p r e d i c t  r e a s o n a b l y  a c c u r a t e l y  b o t h  
t he  s o l i d i f i c a t i o n  r a t e s  a n d  t h e  v e l o c i t y  f i e l d s ,  t he  
m o d e l i n g  of o t h e r  i m p o r t a n t  f a c e t s  of t h e  p r o b l e m ,  
s u c h  a s  t h e  e r o s i o n  of d e n d r i t e s ,  i n s t a b i l i t i e s  r e s u l t -  
i ng  i n  j e t l i k e  f l u id  e m i s s i o n s  f r o m  t h e  t w o - p h a s e  z o n e  
a n d  i n t e n s i v e  l o c a l  c i r c u l a t i o n  r a t e s  in  t h e  i n t e r d e n -  
d r i t i c  s p a c e s  wou ld  r e q u i r e  m u c h  g r e a t e r  m a t h e m a t i -  
c a l  s o p h i s t i c a t i o n .  

3) T h e  n a t u r a l  c o n v e c t i o n  d r i v e n  f l u i d  f low p h e n o -  
m e n a  in  i n g o t  s o l i d i f i c a t i o n  a r e  l i k e l y  to b e  r a t h e r  
m o r e  c o m p l e x  t h a n  t he  s o m e w h a t  i d e a l i z e d  s y s t e m  
e x a m i n e d  in  t h i s  w o r k .  T h e s e  a d d i t i o n a l  c o m p l e x i t i e s  
w o u l d  b e  a t t r i b u t a b l e  to  t h e  f a c t  t h a t  t h e  f low f i e l d  
wou ld  b e  t u r b u l e n t  ( b e c a u s e  of t he  l a r g e r  p h y s i c a l  
s i z e )  m o r e o v e r ,  t he  c i r c u l a t i o n  in  t h e  b u l k  m e l t  wou ld  
b e  m u c h  m o r e  s t r o n g l y  t i m e  d e p e n d e n t  t h a n  in  t h e  
c a s e  e x a m i n e d  h e r e .  

I t  i s  t h o u g h t ,  n o n e t h e l e s s  t h a t  t he  q u a n t i t a t i v e  a p -  
p r o a c h  d e v e l o p e d  i n  t h i s  p a p e r ,  w h i c h  i s  s u p p o r t e d  by  
e x p e r i m e n t a l  m e a s u r e m e n t s ,  s h o u l d  p r o v i d e  a f i r s t  
s t e p  t o w a r d  t h e  t a c k l i n g  of  t h e s e  m u c h  m o r e  c o m p l e x  
p r o b l e m s ,  u s e f u l l y  a u g m e n t i n g  e a r l i e r  w o r k  b y  W e i n -  
b e r g  27'~8 a n d  S z e k e l y .  29 

6. P H Y S I C A L  C O N S T A N T S  USED 

k l = t h e r m a l  c o n d u c t i v i t y  of  l i q u i d  p h a s e  = 0 .468  
W / m  K, 

k s = t h e r m a l  c o n d u c t i v i t y  of s o l i d  p h a s e  = 0 .393  
W / m  K, 

P s  = d e n s i t y  of s o l i d  p h a s e  = 1102 kgc/m 3, 
Pl  = d e n s i t y  of l i qu id  s o l u t i o n  = 1013 k f f / m  3, 
T s o  = t e m p e r a t u r e  of s o l i d u s  ( e u t e c t i c )  = 257.4  K, 
T l i  = i n i t i a l  t e m p e r a t u r e  of m e l t  ( s o l u t i o n )  = 313.2  K, 
C o s  = s p e c i f i c  h e a t  of s o l i d  = 1.87 K J / k ~  K, 
C p l  s p e c i f i c  h e a t  of l i q u i d  = 3 .249 K J / k g  K, 
AH = l a t e n t  h e a t  of f u s i o n  o r  c r y s t a l l i z a t i o n  313 .8  

KJ/kg, 
/z I = v i s c o s i t y  of l i q u i d  = 1.3 • 10 -3 k g / m s ,  
/3 = t e m p e r a t u r e  c o e f f i c i e n t  of  c u b i c a l  e x p a n s i o n  

= (18.6  • 10-~)//K, 
= e q u i l i b r i u m  d i s t r i b u t i o n  c o e f f i c i e n t  - 3 .333,  

m L = s l o p e  of t h e  l i q u i d u s  l i n e  = 8 .6  K//(wt  pc t  NH4C1), 
C = i n i t i a l  c o n c e n t r a t i o n  of s o l u t i o n  ( m e l t )  = 30 wt 

p c t  NH4C1, a n d  
T* = t e m p e r a t u r e  r e p r e s e n t e d  by  t h e  i n t e r c e p t  of t h e  

l i q u i d u s  l i n e  on  t h e  t e m p e r a t u r e  a x i s  = 222 .8  K.  

N O M E N C L A T U R E  

S y m b o l  D e f i n i t i o n  

Co = i n i t i a l  c o n c e n t r a t i o n  of t h e  m e l t ,  
Cp = s p e c i f i c  h e a t  of t he  l i qu id ,  
g = g r a v i t a t i o n a l  c o n s t a n t ,  

f s  = f r a c t i o n  s o l i d i f i e d ,  
AH = l a t e n t  h e a t  of f u s i o n  of c r y s t a l l i z a t i o n ,  
k = t h e r m a l  c o n d u c t i v i t y ,  
L = h e i g h t  of c o n t a i n e r ,  
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s l o p e  of  t he  l i q u i d u s  l i ne  on  t he  p h a s e  d i a -  
g r a m ,  
p r e s s u r e ,  
t i m e ,  
t e m p e r a t u r e ,  
i n i t i a l  t e m p e r a t u r e  of t he  m e l t ,  
s o l i d u s  t e m p e r a t u r e  of s y s t e m ,  
e u t e c t i c  t e m p e r a t u r e  of s y s t e m ,  
l i q u i d u s  t e m p e r a t u r e  of  s y s t e m ,  
v e l o c i t y  of t he  f l u i d  in  t he  x d i r e c t i o n ,  
v e l o c i t y  of t he  f l u i d  in  t he  y d i r e c t i o n ,  
r e f e r e n c e  p o s i t i o n  of t he  s o l i d u s  b o u n d a r y  
f r o m  c h i l l  f a c e ,  a n d  
r e f e r e n c e  p o s i t i o n  of t he  l i q u i d u s  b o u n d a r y  
f r o m  the  c h i l l  f a c e .  

D e f i n i t i o n  

= t h e r m a l  d i f f u s i v i t y ,  

= t e m p e r a t u r e  c o e f f i c i e n t  of  c u b i c a l  e x p a n s i o n ,  
= v o r t i c i t y ,  
= v i s c o s i t y ,  
= k i n e m a t i c  v i s c o s i t y ,  
= d e n s i t y ,  a n d  
= s t r e a m  f u n c t i o n .  

S u b s c r i p t s  m,  l a n d  s r e f e r  to  t h e  t w o - p h a s e ,  l i q u i d a n d  
s o l i d  r e g i o n s  r e s p e c t i v e l y .  
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