Thermodynamic Consistency of

the Interaction Parameter Formalism

S. SRIKANTH and K. T. JACOB

The apparent contradiction between the exact nature of the interaction parameter formalism as
presented by Lupis and Elliott and the inconsistencies discussed recently by Pelton and Bale arise from
the truncation of the Maclaurin series in the latter treatment. The truncation removes the exactness of
the expression for the logarithm of the activity coefficient of a solute in a multi-component system.
The integrals are therefore path dependent. Formulae for integration along paths of constant X; or X; /X;
are presented. The expression for In v, given by Pelton and Bale is valid only in the limit that the
mole fraction of solvent tends to one. The truncation also destroys the general relations between
interaction parameters derived by Lupis and Elliott. For each specific choice of parameters special
relationships are obtained between interaction parameters.

I. INTRODUCTION

F REE energy interaction parameters are related to the coef-
ficients of the Maclaurin series for logarithm of the activity
coefficient of a solute in a multicomponent system. The
formalism is mathematically exact if the series is not trun-
cated as in treatment of Lupis and Elliott.' However, higher
order interaction parameters are rarely available for systems
of practical interest. Moreover, the measurement of the inter-
action coefficients beyond second order requires accuracies
of measurement which are difficuit to obtain in practice. It
is therefore often necessary to calculate activity coefficients
of solutes at finite concentrations using only the first or
second order interaction parameters. The purpose of this
communication is to show that the truncated Maclaurin
series expansion is not exact and can therefore be integrated
only along chosen paths. The general relations between
interaction parameters derived by Lupis and Elliott' are
also invalid when the Maclaurin series is truncated. For
each mode of truncation special relationships are obtained.
Pelton and Bale? have recently shown that the expression for
logarithm of the activity coefficient of a solute in a multi-
component system in terms of first order interaction parame-
ters is thermodynamically inconsistent. They have indicated
that the expression can be made consistent by adding a term
for In Ygven. Their expression for In 7y, .c, however, is valid
only for the limit that the mole fraction of solvent tends to
unity. At finite concentrations of solute the expression for
In “Yeopen is shown to be dependent upon the path of integra-
tion, when the Maclaurin series for the logarithm of activity
coefficient is truncated. Expressions for In Y,y are derived
for paths of constant X;/X; or X;.

II. EXACTNESS OF EQUATION AND
THERMODYNAMIC CONSISTENCY

From the fundamental definition, the Gibbs free energy,
G, is a state function and hence its differential is exact. In
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a mathematical sense the necessary and sufficient condition
for exactness is given by Maxwell’s relation:

o (36 _ 2 (96 -
an; \ on; on; \ dn;

for all values of i and j, where n; and n; are the number of
moles of components i and j in a multicomponent solution.
Equation [1] can be modified and rewritten in terms of the
partial property as’
dlny, dlnvy;
anj an,-

(2]
from which it follows that (Appendix I)

dlny, G,y _dlny <, 9y
— X - _ X 3
aX, ;2 “Tox, ax, ,§2 ox, B

where X; indicates the mole fraction of component i.

Any power series expansion chosen to represent the loga-
rithm of the activity coefficient should conform to Eq. [3]
and approach at infinite dilution Raoult’s law for the solvent
and Henry’s law for each solute. Noncompliance of any
formalism to relationship [3] implies that dG is inexact,
which is thermodynamically inconsistent.

Having expressed the partial property of the solutes as a
power series expansion of composition, the solvent property
is then deduced by integrating the Gibbs-Duhem equation
for an m-component system.

(1 - Xz - X3 — et = Xm)d In ¥ solvent +
X,dlny, + ..... +X,dlny,=0 [4]

The subscripts 2,3....m denote the solutes and 1 repre-
sents the solvent.

If the exactness criterion is not satisfied, then Eq. [4]
does not possess a definite integral for In .., and can be
integrated only along a chosen path in an m-dimensional
space, but the integral will in general depend on the path of
integration.

III. INFINITE SERIES
REPRESENTATION OF In y

It is conventional to express the partial thermodynamic
properties of solutes in dilute multicomponent solutions as
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a function of composition through a Maclaurin infinite series
expansion. The partial excess free energy can be accord-
ingly expressed as

RTIny, =RT X 2208 .

n,=0 nj=0 1y =0

CXPLLLXP L X [5a]
where
J(,') _ 1 an2+,,‘+nj+...+nm ln 'Yi
ECRRCAN X DU T S WA, CCIU-). ¢ ). ¢
[5b]

The coefficient J ,E"z’m,,j_‘_,,m is termed interaction parameter
of order 2%, n;.

Lupis and Elliott' assume the existence of a Maclaurin
infinite series for the logarithm of the activity coefficient
of solvent also and derive reciprocal relationships between
the interaction parameters of the solute and solvent through
the Gibbs-Duhem equation. The general relationship is
given by,

_ n; +1 )

(i) =g =
an..njun,,, - an..nj‘.nm an..n,-+l..nm

INZE

n;
2

J

[6a]

As shown in Appendix II, an algebraic manipulation of
Eq. {6a] leads to:

(ni + l)Jrsé)..ni+1..nm -

; 1 .
(nj + 1)J52.4nj+l..n,,, = (Jy;..n,-..n,,, - Jrglz)‘.n}-.,nm)

j=2
[6b]

Expression [6b] shows the interrelationship between the in-
teraction parameters of solutes. As shown in Appendices I1I
and IV, the formalism of Lupis and Elliott' satisfies the
condition for exactness and the Gibbs-Duhem equation.

IV. CONSEQUENCES OF
POWER SERIES TRUNCATION

Very often higher order interaction parameters are not
available for systems of practical interest and precise mea-
surement of the interaction coefficients beyond second order
must await major improvement in high temperature experi-
mental techniques. Hence frequently the partial properties
of solutes are expressed only in terms of the first order
interaction parameters, i.e., Maclaurin series truncated to
first order.

In Yi = In 'y:) + 8,2X2 + E?X3 ...... + S;HX,,,
i=2,....m) 7]

The first order interaction parameter formalism was first
proposed by Wagner® and extensively used by Chipman.*
Sometimes a second order interaction parameter formalism
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is chosen to represent the logarithm of the activity coeffi-
cient of solutes.’

Iny, =lny?+ 2 elX; + 2 piX? + 2 X plX X

Jj=2 j=2 j=2 k>j
(8]

Equations [7] and [8] do not satisfy Eq. [3] and so both the
first order and second order interaction parameter formal-
isms are thermodynamically inconsistent except at infinite
dilution, i.e. , Xsem —1, as discussed by Pelton and Bale.?
Any truncation of the infinite series expansion of In Y.
renders Eq. [4] inexact at finite solute concentrations. Also,
upon truncation of the Maclaurin infinite series, the general
reciprocal relationships derived by Lupis and Elliott' be-
come invalid and one obtains a set of special relationships
between interaction parameters for each specific choice of
parameters.

As an example, consider a ternary system and a second
order Maclaurin series expansion for the solutes as well as
solvent. The reciprocal relationships between interaction
parameters can be derived through the Gibbs-Duhem equa-
tion. A second order Maclaurin series expansion for In 7,
and In vy; where subscripts 2 and 3 denote solutes yields:

Iny, =1Iny5 + &}X, + e3X; + piX3 + p3Xj
+ p%3X2X3 [9]

Iny; =Inys+ e3X, + e3X; + p3X3 + p3X3
+ pPX, X; [10]
Similarly,
In Yoowen = J(l)o + J(lnxs + J(‘)2X§ + J{oxz + J}1X2X3
+ Jh X3 [11]

The Gibbs-Duhem equation for a ternary system, after some
modification, can be written as

d In Ysolvent d In Y2 d In Y3
- X, - + X + X
(1 2 — X3) aX, *ox ToX

i =23 [12]

=0

Differentiating expressions [9], [10], and [11} with respect
to X, and substitution into [12] yields

Jio + Xp(2J3 — Jho + €3) +

Xs(Jhy — Jio + £3) +

X, X3(p3 + 2p3 — Jh — ) +
X32p3 — 20%) + X3P —J1w) =0 [13]

Since X, and X, are independent variables, each term in
Eq. [13] is null and hence the following relationships resuit:

I — O - 2 _ 2. 1 o2 = 23
Jy = 05 J = ——¢€7; = p3; Jiu = —€5 = p;3

2
p¥ + 2p3 = pP + 2p5 = —&f — & (14]
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Similarly, differentiation with respect to X; and application
of Gibbs-Duhem equation yields the relationship

1
Jo = 0; Jo = _‘2‘83=P§; Ji=—g =p¥

pP + 20} =203 + pP = —&} — &3 [15]

Equations [14] and [15] are different from the general re-
lationships derived by Lupis® for a ternary system. If the
expressions for In y, and In v, are approximated by a first
order interaction parameter formalism and if a Maclaurin
series expansion is assumed to exist for In Ypen, applica-
tion of a similar procedure results in:

2

el=el=el=¢€1=0

which is absurd, a result of the inexactness of the first
order representation. The convention adopted here for
superscripts and subscripts is the same as that of Lupis
and Elliott.'

Recently Pelton and Bale? have indicated that thermo-
dynamic consistency can be achieved by adding a term for
In Yqven in the expression for In y,, where i is the solute.
They have derived expressions for In ¥en by solving the
Gibbs-Duhem equation for a first and higher order inter-
action parameter formalism for In ;. Their expression for
In Yeuem, however, is valid only for the limit that the mole
fraction of solvent tends to unity.

Differentiation of Eq. [7] yields:

> eldx; [16]

j=2
At Xven —1, the Gibbs-Duhem relation takes the form

dlny, =

dIn Yuew + 2 XidIny, =0 [17]

i=2

Combining Egs. {16] and [17] and after some modification

d I Yven + 2 efX;dX; + X X £ldX,X;) =0 [18]
j=2 i=2 j>i

where &/ = &/. Integration of [18] yields an expression for

ll'l Y solvent at the hmlt Xsolvem —1

In Vsolvent — — XlXj [19]

"Mi
it

i
2
Similarly, it can be shown that with a second order inter-

action parameter formalism for In y; (i = solute) and at the
hmlt Xsolvcm _")1

~|~

In Y¥solvent = =

m

2plx?+ i > Zp"xxxk)

=2 i=2 j=2 k#i

wlt\)
U

[20]

For binary systems even with a truncated Maclaurin series
approximation for In y;, a precise expression for In Yen
can be derived through the Gibbs-Duhem equation, given by

METALLURGICAL TRANSACTIONS B

ln Y solvent = 8%[111(1 - XZ) + XZ]

: X3
+ 2p3[ In(1 - X;) + X, +3

X3 X3
+372|:1n(1—X2)+X2+_§‘+ 3]""‘..

[21]

where €3, p3, and 73 are the first, second, and third order
free energy interaction parameters, respectively. Hence
there is no justification for including a term for In yen in
an expression for In v; in a binary.

V. PATH DEPENDENT
INTEGRALS FOR In ysoLvent

The truncated Maclaurin series for the solutes is inexact
at finite concentrations and hence In vy .n i dependent
upon the path of integration.

A. Path X,‘/Xj = Ky

For simplicity an expression for In e Will be derived
initially for a ternary system and later generalized to a
multicomponent system.

Along the path X,/X; = K,; (Figure 1(a)) the Gibbs-
Duhem equation can be written as

[1 — X3(Ks + D]d In Yeoem +

K23X3d In Y2 + X3d In Y3y = 0 [22]

If a first order Maclaurin series expansion is considered for
the logarithm of the activity coefficient of solutes:

Iny, =In¥ys + £2X, + £} X, [23a]

Inys =1n9y5 + &3X, + 31X, [23b]

and these expressions are differentiated along the path
X,/X; = K,; and substituted into Eq. [22], one obtains:

d In Yoiven — _K23X3[5§K23 + 5%] - X3[5§K23 + Eg]

dX, [1 = X5(Ky + 1)]

[24]

Integrating Eq. [24] along the path X,/X; = Ky between the
limits A (pure solvent) and an arbitrary point E (Figure 1(a)),
an expression for In ygen is derived as

ln ¥ solvent = |:

E%X% + 83X2X3 + 8§X2X3 + e%X%
X; + X5)°

[+ X3) + In{l - (X, + X))} [25]

Similarly, if a second order Maclaurin series expansion is
considered for In Y., it can be shown that along the path
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Solvent (1)
A

2 Xy /X3 = kos 3
(a)

Solvent (1)

2 —X;— 3
()]

Fig. 1—Paths of integration in a ternary system. (a) Path of constant
X,/X5; (b) paths of constant X;.

X,/X; = K»
e3X3 + £3X:Xs + e1XoXs + €3X12
ln ‘YSolvcm =

Xz + X5)?
[(X: + X5) + In{l ~ (X; + Xa)}]

) szz + X2X3p2 + X X:;pz3 + X2X3p3 + X2X3p33 + X3p3
(X2 + X3)°

[ln{l - (X2 + X3)} + 02 + X3) + &—;—X—)—] [26]

At infinite dilution, approximating the logarithmic term by
a truncated power series expansion, Eqs. [25] and [26] re-
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duce to the form given by Egs. [19] and [20], respectively,
for ternary systems (m = 3). For a multicomponent sys-
tem, an expression for In Y. along the path X; /X, = K,
with first order Maclaurin series approximation for In v; is

given by
1n<1 - 2xi> + > X
X X i=2 i=2

)

and with second order Maclaurin series approximation for
In y; by

M=
Ms

ln 7solvent = [27]

i=2 j

1{1—§x)+éx

- 2
@

pIX. X X,

[N

y
F23 0 +23 3

i=2 i=2 j=
m 2
< 4(5)
i=2

e-50)
B

At infinite dilution, Egs. [27] and [28] reduce to Eqs. [19]
and [20], respectively, and are identical to those derived by
Pelton and Bale.’

nMg

ln levent =

Ms

3

[N

X
I

i
2

nMa
IIM§

||M5

B. Path of Constant X;

Analysis of a multicomponent system along paths X; = K;
is complex and hence only a ternary system is considered
(Figure 1(b)). Along the path AD, X, = 0 and the Gibbs-
Duhem equation reduces to,

(1 - X3)d In ¥ solvent + X3d In Y3 = 0 [29]

Differentiating Eq. [23] along the path X, = 0 and com-
bining with [29] yields:

<d ln 7mlvcnt> - _ X3 Eg [30]
dX3 X5=0 (1 - X3)
Integrating Eq. [30] between the limits A to D gives:

(In ‘)’solvem]xz=0 = ei{In(1 — X3) + X;] [31]

Along DE, X; = K, and the Gibbs-Duhem equation takes

the form
(1 - X2 - KS)d In ¥ solvent +
X;dlny, + KsdIny; =0 [32]

Differentiating Eq. [23] along X; = K; and substituting into

[31] yields:

<d In YSolvenl> —
dX 2 X3=K3

Integrating Eq. [33] between the limits X, = 0 at D to
X2 = X2 at E

"b’%Xz - K; 8%

33
a-x-k) D)
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e3X; + £3X,

+ (63 — 62+ Xse2 — X;e3) In(1 — X;)

+ (e - X;el + X;e) In(1 — X; — Xy)
[34]

[ln ysolvem]E =

Similarly, if we consider the path AFE it can be shown that

e3X; + €2X,

+ (63 — X3 — €3 + Xy63) In(1 — X,)

+ (X3 + &5 — X,63) In(1 — X; — X;)
[35]

[ln 7solvem]E =

VI. EXAMPLE: SYSTEM Ni-Fe-Cr AT 1873 K

Activities of all components for Ni-Fe-Cr alloys at
1873 K have been measured by a Knudsen effusion—-mass
spectrometry and analysis of condensed vapors by Gilby and
St. Pierre.® The first order interaction parameters for Fe- and
Ni-base alloys were deduced by these investigators. The
function In yy; was calculated employing Egs. [25], [34],
and [35] in the range 0.5 < Xy < 1.0 at several composi-
tions along the paths Xg./X¢, = constant, Xg, = constant,
and X, = constant using interaction parameters of Gilby
and St. Pierre.® The value of In yy; was also calculated using
Eq. [19] which is identical with the equation proposed by
Pelton and Bale.? The calculated values for In yy; along
various paths are shown in Table I, along with the experi-
mental data.

It is seen that integration along paths using interaction
parameters given by Gilby and St. Pierre® gives values for
In yenen in closer agreement with experimental data than
Eq. [19]. It is also observed that the difference in the loga-

VII. CONCLUSIONS

The general interaction parameter formalism presented by
Lupis and Elliott' is thermodynamically consistent. Trun-
cation of the Maclaurin series removes the exactness of the
equations for logarithm of the activity coefficient of the
solutes. The activity coefficient of the solvent derived by
integration of Gibbs-Duhem equation will therefore depend
on path of integration. Formulac have been derived for
calculating the activity coefficient of the solvent along de-
fined paths. The expression given recently by Pelton and
Bale? for In y,gen is valid only in the limit that the mole
fraction of solvent tends to one. The general relationships
between interaction parameters derived by Lupis and Elliott'
based on infinite series are also invalid when only the first
and second order terms are employed. For some modes of
truncation special relationships have been derived. It is
shown that the expression for the activity coefficient of the
solute employing only first order free energy interaction
parameters leads to relationships between parameters that
are difficult to accept from a conceptual point of view.

APPENDIX I
Thermodynamic requirement for exactness of dG

From [2] one obtains

9 In vy, _ d 1In vy, (Al]
ani nyR Ry anj ny..n..ony,

Expressing the mole fraction X; as,
Xi=mn/(ny + ny + 00+ nyp) [A2]

and differentiation with respect to n;’s yields,

rithm of the activity coefficient of the solvent, derived along X, _ X, 9Xi _ a-X) Xi _ X
different paths, is not very significant. A closer conformity an; n an, n ' on; n’
to the experimental In vy, may be achieved by adopting X, (1-X)
a second order interaction parameter formalism for In vy, i BE S 4 [A3]
followed by integration along the various paths. on n
Table I. Comparison between Computation and Experimental Values for In yx; (Ni = Solvent)
ere = 1.929;  £& = 1.859;  £& =2.19¢
In YNi
Composition Path of Integration ];gl E)S;] Experi-
Xcr Xre Xni Xee/Xe = K Xo = K Xr. = Approx. ment®
0.05 0.2620 0.6880 -0.1234 —0.1232 —0.1238 —0.0969 —0.1385
0.05 0.1560 0.7490 —0.0497 —0.0497 —0.0498 —0.0428 —0.0517
0.05 0.0988 0.8512 —0.0250 —0.0250 -0.0251 —0.0225 —0.0432
0.05 0.0528 0.8972 —0.0116 —0.0116 -0.0116 —0.0108 -0.0135
0.10 0.2080 0.6920 —0.1222 —0.1223 —0.1226 —0.0963 —0.1561
0.10 0.1570 0.7430 —0.0816 —0.0817 ~0.0818 —0.0673 —0.0842
0.10 0.1050 0.7950 —0.0498 —0.0499 —0.0498 —0.0428 —0.0650
0.10 0.0530 0.8470 —0.0263 —0.0263 —0.0263 —0.0236 —0.0348
0.20 0.2060 0.5940 —0.2341 —0.2350 —0.2346 —0.1680 —0.2341
0.20 0.1030 0.6970 —0.1166 -0.1171 —0.1165 —0.0923 —0.1399
0.20 0.0545 0.7455 —0.0771 ~0.0775 —-0.0770 —0.0637 -0.1030
0.30 0.1040 0.5960 —0.2253 —0.2270 —0.2248 —0.1620 —0.2504
0.30 0.0541 0.6459 —0.1619 -0.1607 -0.1216 -0.2340

—0.1610

METALLURGICAL TRANSACTIONS B

VOLUME 19B, APRIL 1988273



where

n=n +n+ e + ny, [A4]
Now,
dlny;, dlnvy(dXy +
on; X, an; ny.n. o
aXi ani LR T ™
dlnvy [0X,
+ — | == A5
a‘Xm < ani)nl n, [ ]
Combining [A5] with [A3],
dlny, 1 d In v, 0 ln vy
— N |-y o Mgy
on; n [ X, 2 aX, ( 2
dIn vy,
- Xn A6
» 2y, | (A6)
Similarly,
dlny, 1 dlny; dlny;
—— | - X — v 4 ——— 1 — X
on; n [ ax, 1.€ ( )
d1ln vy;
-—X, AT
a ] (A7)
Substituting [A6] and [A7] into [A1]:
dlny, S, d0lny, dlnvy d In v,
—_— = > X = X
X, Ez “ax, X, ,(22 “ax,

APPENDIX II
Interrelation between the interaction parameters of solutes

We have from Eq. [5]

i — 1
Jr(zlz)..n,»..nm - Jrgz)..n,-..nm -

[(nl 1) 2"] ny..mt+l..n,

[A8]
Therefore,

i

()
an..nj+l“n,,,

- [(nl + 1) En + I]an ool oy,
i=2
[A9]

Jrslz) L ny

Similarly,

(1)
an gt oongy,

- [(nj + 1) 2” + I]an Ll ny,
j=2

[A10]

Multiplying [A9] by (n; + 1) and [A10] by (n; + 1) and
subtracting one from the other,

(ni + I)Jrg)..nﬁl..n,,, -
(nj + 1).],52_',,#1“,‘”1 =

an L ny,

(n; + 1)-’5;) ntl. ng,
- (n I)an Ly,
[All]
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Now,

= J(l)

ny-- RNy

I i n

[("j + 1) Enjjl-]rg)..njﬂ..nm

=2
[A12]

Subtracting [A8] from [A12] and substituting [A11] into the
resultant equation, one obtains,

(ni + 1)\,15;) mtl.on, T

(nj + I)Jrgiz)..njﬂ..nm = [Jrg)..n/unm - Jrsiz)“nl-..nm]

[A13]

APPENDIX III

Conformity of the formalism of
Lupis and Elliott to Maxwell’s relation

Equation [5a] gives

Iny = 2 E EJ,S';" Xp. . XN X

n=0 n=0 n,=0

[A14]
d1In vy, - - S
: "Isl) n;..n
n]Xz .Xj"f X m [A15]
0 In vy, i i i
= J'EJ) .
aXi ny=0 n=0 n,= :
X, XEU L X [A16]
S.oolny, X &
Sx =3 3 2 2 V.
k=2 an k=2 n,=0 =0 Rpy=
-nkXSZ... ...X,:‘,'" [A17]
m a 1 m ® £ 0 )
SKESU =Y TS T I0
k=2 0X, k=2 n3=0  m=0  n,=0 !
m X2, XEL L X {A18]
The coefficient of the general term X5 ... X/ ... X" in the
expression,
d1Iny, alny, dlny, 0dlnvy
—_— - X - Al9
X, ax; kEQ ‘| ax, 39X, (A1)
is,
[(n I)an cmtllong, (nj + 1)-’:524.nj+1..n,,,]
+ 3 IS g = I ] [A20]
=2
Subtracting [A12] from [A8] we have,
kzznk[‘]nz RO ™ - Jrg).4nj4.nm] = (nj + I)Jrg)..nﬁl..n,,,

- (nl 1)"712 n+l..ny,
[A21]
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Substituting [A11} and [A21] into [A20]
[(ni + I)Jr(l?..nﬁl Y (nj + l)JrEiz)..nj+l4.nm] +

"

2T e = T

k=2

1=0

[A22]

Hence each coefficient of the general term in expression
[A19] is null which implies that,

In v; . . ,
6ny,_61ny,+2Xk dlny, dlny -0
aX; 0X; =2 90X, 2.6

APPENDIX 1V

Conformity of the formalism of Lupis
and Elliott to the Gibbs-Duhem equation

The coefficient of the general term X52. . . X ... X = in
the Gibbs-Duhem equation,
d1n vy,
s yfjl = 0is

a1l = ;
ny1+2Xi alny,_
aX; P aX; 0X;

(nj + l)Jrslz)A,nj*H.,nm

m
+ E[Jn(iz)“n,»—l,nﬁl..nm - Jrg)..n,»—l,nj+l4.nm] (nj + 1)
i=2

[A23]

The reciprocal relationship [5] after some modification can
be written as,

() =7
anun,»—l,nﬁl..nm - anun,-—l,njﬂ..nm

m
1
- [ni/E nj]‘]rgz)..n,-,n}-+l“nm

j=2

[A24]

METALLURGICAL TRANSACTIONS B

Substituting [A24] into [A23] we get,

(nj + l)Jr(tl_X.nj+1..nm +

E[‘]r{viz)..n,-—l,nﬁl..nm - Jrg)“ni—],n,vﬂ..n,,,] (nj + 1) =0
i=2
[A25]

Hence the coefficient of the general term in the Gibbs-
Duhem expression is null, which implies that

aln'yl+zxi dlny, dlny; -0
0X; = aX; aX;

i.e., Gibbs-Duhem relation is satisfied.

ACKNOWLEDGMENT

The authors are grateful to Mrs. R. Sarojini for prepara-
tion of the manuscript.

REFERENCES

1. C. H. P. Lupis and J. F. Elliott: Acta Metall. , 1966, vol. 14, pp. 529-38.

2. A.D. Pelton and C.W. Bale: Metall. Trans. A, 1986, vol. 17A,
pp. 1211-15.

3. C. Wagner: Thermodynamics of Alloys, Addison-Wesley, Cambridge,
MA, 1952. -

4, J. Chipman: J. Iron Steel Inst., 1955, vol. 180, pp. 97-106.

5. C.H. P. Lupis: Chemical Thermodynamics of Materials, Elsevier Sci-
ence Publishing Co., New York, NY, 1983.

6.S.W. Gilby and G.R. St. Pierre: TMS-AIME, 1969, vol. 245,
pp. 1749-58.

VOLUME 19B, APRIL 1988 —275



