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The Banach Algebra A*
and Its Properties

E.S. Belinskii, E. R. Liflyand, and R. M. Trigub

ABSTRACT.  Beurling's algebra A* = (f : Y o, SUPgcm | f (m)| < oo} is considered. A*
arises quite naturally in problems of summability of the Fourier series at Lebesgue points, whereas
Wiener's algebra A of functions with absolutely convergent Fourier series arises when studying
the norm convergence of linear means. Certainly, both algebras are used in some other areas.
A™ has many properties similar to those of A, but there are certain essential distinctions. A* is a
regular Banach algebra, its space of maximal ideals coincides with [—r, ], and its dual space
is indicated. Analogs of Herz's and Wiener-Ditkin's theorems hold. Quantitative parameters
in an analog of the Beurling—Pollard theorem differ from those for A. Several inclusion results
comparing the algebra A* with certain Banach spaces of smooth functions are given. Some special
properties of the analogous space for Fourier transforms on the real axis are presented. The paper
ends with a summary of some open problems.

1. Imtroduction

1.1

The algebra that we are going to consider is closely related to Wiener’s algebra A, which is
well studied (see, e.g., Kahane’s book [K]). In what follows we will consider continugus functions
f onR = (—00, c0) that are the (inverse) Fourier transforms of integrable functions f :

FO0) = @)~ [ Aw)e™ du,
R

As is well known, not every continuous function is such. Frequently the (direct) Fourier transform
Jf can be reconstructed from f as

fuy= / fx)e ™ dx.
R

So in the case of R the Wiener algebra is defined by
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AR) = { f: I fllagw = f |f )l du < o0
R
In the case of 2 -periodic continuous functions we have

A<T>=If-.ufum>= > \f(mn<oo|,

m=--00

where T = [—m, m) and

Fm) = @)™ f Flwyem™ du
T

is the mth Fourier coefficient of f. This means that integrability of the Fourier transform and abso-
lute convergence of the sequence of Fourier coefficients, respectively, define these spaces. Let us
introduce the regularized integrability of a function and the regularized absolute convergence of a
number series as

o<

L*(R) = gIIIfHL'(R)=[eSSSUP lg(w)ldx < oo,

x<|ul<oo

o0
I = {d ={d):lldllr =Y sup ldnl < oo] ,

k=0 k<|m|<oco

and consider two spaces of continuous functions

AR = | £ 1l = 1Al = / esssup | /W dx < oo )
AY(T) = {f N f sy = L )l = Zk sup |fm)l < oo] : @)
k=0 k=|m]<oco
The norm || f | o« (r) is equivalent to
2 sup |f(m)l 3)

=0 2k <|m|<2¥+!

It will be very convenient to compare properties of A* with the corresponding properties of A.
Evidently a function from A* belongs also to A. While A arises naturally when studying the norm
convergence of linear means (see, e.g., [T2]), A* arises analogously in problems of summability at
Lebesgue points.

1.2

The spaces A* were introduced by Beurling for establishing contraction properties of functions,
namely [Be, Theorem 5], Ler

f= i ane™,  ap=0,

n=-—oQ
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be an absolutely convergent Fourier series such that lay,| < ay,n > 1, where {a}} isa nonincreasing
sequence of numbers with a finite sum. Then if

0
gy~ D be™,  bo=0,
n=—00
is a contraction of f(t)—that is, for any pair of arguments t|, t» the inequality |g(t;) — g(t;)| <
[ f(t1) — f(t2)| holds—the Fourier series of g(t) also converges absolutely, and, setting a*, = a;;,
aj =0, we have

o0 o0
D lbal<5 Y ar
n=—00 n=—0oo

In [Be] an analogous result is established for A*(R) as well.

It turned out that the consideration of summability of Fourier series by linear methods at
Lebesgue points leads to the same spaces of functions (see, e.g., [SW, Chapter IJ; [T1]).

Let us mention two other papers where A* appeared in connection with certain problems
of summability as well. These are the paper of D. Borwein [Bo] (somie results from this paper
were independently obtained in [BT1], but they were applied to other problems) and the paper of
Telyakovskii [Te] (in this paper one condition of Sidon is given in the terms of A*). This space, even
in the multidimensional case, appears in the paper by H. Feichtinger as E”(see [Fe, Theorem 3]).

1.3.

In this work properties of A* as an algebra of functions are studied, some necessary (and, sep-
arately, sufficient} conditions of belonging to A* are found, and criteria of summability at Lebesgue

points are given.
We will concentrate on A*(T) and, after detailed study of it, give a certain comparison with

A*(R) as well as some special properties of the latter.
The same letter, say C, will be used to denote different universal constants in different parts

of the text.
We give the proofs both of unpublished results and of some results already published but not

in the accessible literature.

2. Properties of A*(T) as an Algebra

2.1.

We begin with the following proposition . Recall that the local property means that a space can
be characterized by local membership to this class; that is, for each point there exists a neighborhood
on which the given function coincides with a function from this space. The definitions of the main
notions and facts from the theory of the Banach algebras can be found, for example, in [GRS]; for
instance, the radical can be identified with the intersection of all maximal ideals.

Proposition 1.
The following statements hold.

i. A* s a Banach algebra with the local property.
ii. The space of maximal ideals of A* coincides with T .
iii. A* is a regular Banach algebra with trivial radical.
iv. If f € A* and F(2) is defined and analytic on a neighborhood of the set of values of the
function f,then F o f € A* (in particular, if f does not vanish anywhere, then 1 /f € A*).
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Proof. i. Itis obvious that A* is a normed linear space over the field of complex numbers.
Completeness may be proved by the usual argument. Let us prove that A* is an algebra. It suffices
to prove the numerical inequality

N
sup D |aybnsl

m=0MmZn|<N N

s( dolad Y sup |bal+ D IBal D sup |ak|).
[kl=N/2

0<m<(N+1)/2 mSini<3N/2 nI<2N  0<m<(N+1)/2MSKI=N

N

C))

Let us decompose the inner sum on the left-hand side of (4) into two summands corresponding to
lk] < m/2 and to |k| = (m + 1)/2, respectively. We have

N N
sup Y laellbael €Y sup bl D il
m=0 m=ZIn|<N Ik|<m/2 m=0"m/2=In|<3N /2 |k|<m/2

N

< Y lal). sup bl

Ik|1<N /2 m=0m/2=n|<3N/2

<2 ) al ) sup |by-
[kI<N/2 0sm<(N+1)/2msInl=3N/2

The remaining part is estimated analogously.
Passing to the limit as N — oo in (4), we obtain for each f, g € A*

I £glasery <2 (1 lamlglasery + 1glaen Il Fllacemy) < 4l fllasmlgllascry- &)

Hence, A*(T) is an algebra with respect to the usual product of functions.

The local property may be proved by repeating the argument for the analogous Wiener’s
theorem for A (see, e.g., [K, Chapter II]).

ii. This statement can be proved by standard argument (see, e.g., [GRS]) taking into account
that

"ei’u"A'(T) = ‘fll‘l'l, n =:El,:t2,

iii. Since every maximal ideal in A* is the set of functions f € A* that are vanishing at some
xg € T, the radical of A* is trivial.

The regularity of A* follows trivially from the fact that all the functions with two continuous
derivatives are in A*.

iv. This statement is a direct analog of the Wiener-Levy theorem for A. It follows imme-
diately from ii, but Wiener’s proof may be repeated to the letter as well (see, e.g., [K, Chapters 1
and V]). O

2.2.

Let us describe the dual space of A*(T).

Proposition 2.
A space PM” of all the sequences d = {dx}3o _ ., with the finite norm

1 n
d . = SU d,
Idllem nzgnﬂk;n' il

is the dual space of A*(T).
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Proof. The proof of this result is based on the following lernma.

Lemma 1.
For any two sequences x = {X;}x>1, ¥ = {Yi)kz1 the inequality

el
Z Xk Yk
k=1

< llxte iy llem (6)

holds. Moreover,

sup me = Iy llpm, )
lixll 51 | 221

sup Zxk)’k llxie. @®)
Byllem= <t { 2=

Proof. Define x; = sup,,»; |Xn|. Then

o0 )
Y x| < ) Xl
k=1 k=1

Applying Abel’s transformation, we obtain, for each N,
N N=1 1 & 1 &
le:l)’kl = ZkAX;E Z V| + NX;,N Z [Ym]
k=1 k=1 m=1 m=1
N-1 N
< 1y llpme (Z kAx) + Nx;) =y lemr D %
k=1

k=1

The last equality follows from the monotonicity of x;. It remains now to pass to the limitas N — oo,
and (6) is proved.

Let us go on to (7). For the rest of the proof we can restrict, without loss of generality, to
nonnegative sequences. By considering the particular sequence x, = 1/nforl <k <nandx; =0
for k > n, we obtain

= —Z)’k,

Z Xk Vi
k_

sup
llxli= <1

and (7) holds because of arbitrarity of n.
If Y02, x¢ = oo, then (8) is obvious with y; = 1 for all k. Otherwise we build an extremal
sequence as follows. Let n; be the largest number for which x, = x|, n, (p > 2) is the largest

number for whichx, = x; . Puty, =ni, ¥a, =np—np_1 (p 22), 5k = O when k # n,p,
=1,2,.... Then || yllpM. = 1 for this sequence and
Z"ky’f =xim + Z"np_x+1("1’ np-1) = Zxk»
p=2

and the proof is complete. [l

Since the vectors e; = {0, . 1,0,...,0} form the basis in the space A*, every functional
f can be represented in the form

(fx)=) xw

for a sequence {y;}. Proposition 2 follows from this and Lemma 1 immediately. O
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Remark 1. The space PM* is not separable. The following argument was suggested to
the authors by M. Dveirin.

Let o be areal number, 1 < o < 2. Consider, for all such «, the set of sequences c® = {cﬁ."’)}
with
@ _ |2 J=12%],

c | .
0, otherwise.

The sequence {c;-“)} € PM* for each . When o’ # o”, then [[c®? — ¢®”||py+ > 1/2. Therefore we
have continuum different elements in PM* distant more than 1/2 one from another. This just means
that the space PM* is not separable. ~ [J

Remark 2. This idea, namely, take cf‘.") = 1 for j = [2**] and O otherwise, also gives a
proof, different from the common one, of nonseparability of the classical space m of all bounded
sequences.  [J

Remark 3. We have that the space A* is not reflexive as well as A. Indeed, it is known (see,
e.g., [Ro, Theorem 2.5.13]) that if the dual space to a normed space X is separable, then X itself is
separable. [l

Remark 4. D. Borwein [Bo, Theorem 1] proved that A* is dual of the separable subspace
of PM* defined as follows. For each sequence d = {d} there is a number / = /; such that

N
S lde-ll=o(v). O

k=—N
23.

Let us now give some spectral properties of A*.

The following result on approximation by piecewise linear functions in the A*-norm is an
A*-analogue of Herz’s theorem [K, Chapter V].

Let fx be a function, coinciding with f at each 2xk/N point, where k, N > 0 are integers,
k < N, and fy is linear on intervals.

Proposition 3.
Let f € A*(T). Then

Nh_r)ﬂoo Nf— fvllaem =0

Proof. Let us calculate the mth Fourier coefficient of fy. Integrating by parts the piecewise
linear function fy we obtain

fwim)y = @ry™! / Fv(e ™ dt
T

= Q2mim)~! f fa®e ™ dt
T

o () ( (252) s () e

k=0
Taking into account that
=, N L3 is integer,
Z S2TikIN _ N >
k=0 0, otherwise,
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we get

R in’ N) &
fu(m) = __—S‘:’”Z'/’"N/)z) > Fom+kn).

k=—00

Then

o]

W= fvllam = Z sup

n=0 n<im|<co

sinz(rrm/N)

E—y > flm+kN)

k=—00
B sin®(rm/N)
(mm/N)?

fomy—

o0

<> sup |fm)l (1

n=0 n=<|m|<oo

N i sin®(rm/N)

=1Iy+1Iy.
= nsiml<co  (TM/N)? N Ty

> fm+kN)

k#0

Let us show that I, Iy — 0 as N — oo. Let M be a positive integer.

2
Iy< ) sup |f(m) (1—M)+Z sup | f(m)l.

0<n<M n<Imi<oo (7tm/N)2 no M n<iml<oo

In view of the inequality

sin?(rm/N) - 2m?
Gtm/N)2_ = 3N?

we have (M < N)

2
zpsc(}: sip = 1fml+ Y. s 1fm)+ Y sup If(m)l).

2
onzm nsimi=u N 0<n=m M<imi<oo > M n<im| <00

The second sum is equal to

2 ) s |f(m)

M/ZS'ISM M<|ml<oo

and does not exceed

2 ) swp [fm).

n>M/28<Im| <00

Therefore

/ M R
I, =<C (ﬁ”f"A'(T) + Z sup !f(m)l) .

nSH /2 nEimi<oo

For M large the second sum is small as a remainder of the convergent series. Then choosing N > M

sufficiently large we get that 7} is small.
Let us pass to the estimation of I};. Without loss of generality we may consider m > 0. Any

m > 1 can be written in the formm =rN + j,r =0,1,2,...,j = 1,..., N — 1. Taking into



110 E. S. Belinskii, E. R. Liflyand, and R. M. Trigub

account that sin(xm/N) = 0 for j = 0 we obtain

0 sin?(rm/N) 2
el At A (m+kN)
n= N<m<co (JTm/N)Z k;é(),—Xr,:—r—l f

00 22 :
_ sin“(wj/N) 2 .
<nx~? sup ———— [ f((r+ PN + ))I
z_; rn<NI:+j1 (r +]/N)2 k;&O;r—
1,..N

RN MZ sup £ (p)|

<7
470 n=Ng Tn<Nrej (r + J/NY? & Nksipl<co
j=LenN =1

Zq‘zz sip  |F(pI<CY. sup |f(p)l,

%=1 Nk<lpl<oo >N k<lpl<oo

and so this value is as small as we please, provided N is sufficiently large. It remains to consider
k = —r, —r — 1. In this case we have to estimate
e sin?(zrj/N)
sup e
n=0 rn<N;v+j ( + /N)

AfDI+1FG = ND

o (p+DN-1 sinz(rrj/N) R n
_ SIWRIIA) A i — N)|).
Z Z rnil;/pr+j T /N7 fDI+1fG )b

=0 =
P=0 m=pN N1

It is obvious enough to prove estimates for only one case, f (j)or f (j — N); the other is analogous.

oo (p+I)N-1 .2 .
sin“(wj/N)  ~ .
sip  SRUIIN) i~ wy)
rin<Nr+j (r+.]/N)
j=l.,N=1

p=0 n=pN

N sin®(rj/N)  »
z At Lk i— N
= o ,nilzlv%,l( r+j/N)? G =Ml

ad sin?(zj/N)
+ N su sup ————
; p5r£oo j=l....BV—1 (r+j/N)?

2

. ; A, 2 2 8,
<2N sup sin’(nj/N) |f(=Dl= =5 sup P
O<j<N O<|j|<N

1fG =N

<27r2 sup 2j Z suj If(m)l
N p <J p

O<j<N jr2<n<j n<|mj<oo

472
SF(OSUP + sup )J 2. suwp |fm)l

<j<M M<j<N R>}/2u<tm]<oo

M 3
<47 flae 5 +47° > sup 17 (ml,
n>M n<Imj<oo

and the right-hand side is small by the argument like above. a

Let A (t) = (1—]t|/e)4 fort € Tande € (0, w/2), A (t+27) = Ac(t),and V, = 2A,.—A,.
A, is a so-called triangular function, and the graph of V, on T is a trapezoid with the unit height.
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Proposition 4.
Let f € A*(T) and f(0) = 0. Then

tim | Vellaocry = 0.

Proof. This result is a direct A* analogue of the Wiener-Ditkin theorem for A (K, Chapter
V] and means that f is a limit in A* of the functions f(1 — V,), which are vanishing in the &-
neighborhood of the origin. It is not difficult to calculate that

cosme — cos 2me

V.(m) = m #0,

wem?

and V,(0) = 3s/(2). Thus, |V.(m)| < 3e/(2) for each m. Let us estimate |V, |x~r)- We have

2sin(me/2) sin(3me/2)
Vellasm <
” E"A ™ = 05;/5 k<m<oo 71'€m2
3¢ 1 2 7
+ S < — = —_— = —,
Z upoorremz —2r ¢ +71'88 27

k>1/e ksm<
Further, let N < w/e < N 4 1 for some integer N. We have

1 fVellaeery < N — W) Vellarery + 1 v Vellaseny
S 4 Vellasmlf — fvllasey + 1fn Vellae ey

where fy is the same as in Proposition 3. Proposition 3 gives the estimate needed for the first

summand on the right-hand side. Let us now estimate the numbers ¢,, = f/NVs(m). Since f(0) =0,
on the interval (—2¢, 2¢) the function fy consists of two lines connecting the origin and the points
@2n/N, f(2n/N)) and (=27 /N, f(—2m/N)), respectively. Estimates for positive and negative
parts are similar. Thus,

& 2¢

N 2n —imx X —imx
Ef<7) /xe dx+/x(2—;)e dx
0

£

N 27 582 1 . . 2 ) .
< = : = _ ~2ime —imeg -~ —2ime __ ,—ime
_2x|f<N)mm[3,m2|1 2e +e |+€m3!e e t}
- N P 2 i 5¢2 6
=2 N 3 'm2|’

Therefore,
00 N N
sup leml < Y. sup eml+ sup lcml+ Y. sup cml
k=0 k<im|<oo k=0k<|m|<N k=0 N<jm|<oco k>N k<|m|<oco
27 N2 3N? N
< max +— 5 )
- f( N)'( 67 +nN2+,;v37tk2>

and max | f(£27/N)| = 0 as N — oo while the expression in parantheses is bounded.  [J
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Remark 5. 1t is not difficult to see that something more was obtained when proving these
two propositions. Indeed, the following quantitative estimates hold:

I f — fyllaseny

IA

M n
inf [—+Z sup If(m)!]. ©

O<M<N N n>M”S|m|<°°

A

> M n<lml<oo

IIVefllAam_le(:i:2€)|+ii1{f{Ms+Z sup If(m)l]- O a0

24.

Let us go on to some problems of synthesis for A*(T). For the classical case of synthesis in A
we can refer a reader to several well-known books [Bd, Part 3.2]; [GM, Chapter 3]; [K, Chapter V];
{Kz, Chapter VIII]. We introduce several definitions similar to those for A.

Definition 1. A function f € A* admits synthesis, denoted f € S, if it is limit in A* of a
sequence of functions that are vanishing in a neighborhood of the set N (f) of zeros of f. ]

Definition 2. A closed subset of T, say E, is a set of synthesis if the closed ideal consisting
of functions that vanish on E is equal to the closed ideal generated by functions that vanish on a
neighborhood of E. [

The so-called Ditkin sets may be defined in just the same way as for A (see, e.g., [K, Chapter
V], and every such set will be a set of synthesis in A*. Let us define another type of sets.

Definition 3. 'We say that a closed set E satisfies Herz’s condition if there exists a sequence
of integers N, — oo such that for each v every point of type 27k /N, is either in E or is distant less
than 27 /N, from E. O

Proposition 3 has the consequence that a set E satisfying Herz’s condition is a set of synthesis.
Let E, be the set of points distant less than ¢ from E and V be the space of functions of bounded
variation.

Proposition 5.
If f € A*, then the following statements hold.

i. If felLipl,then f € S.

ii. IffeVAOLipa (a > 1/2),then f € S.
fii. If f € Lipa,a > 2/3, then f(t) — x € S for almost all x.

iv. Ifsup,cz, |f(D)] = O(e) (E=N(f)) then f 5.

v. Iflim,0((1/&) sup,cg, | f(1)l/meas(E\E)) = O(E = N(f)), then f € S.

Remark 6. Proposition 5 is an A*-analogue of the Beurling—Pollard theorem for A. Let
us compare the conditions in the two theorems. We have:

i. Lip(1/2) for A and Lip 1 for A*;

ii. Vfor Aand VNLipe, (@ > 1/2) for A*;
ili. o> 1/3for A and o > 2/3 for A*;

iv. O(/¢) for A and O(¢) for A*;

v. 1//eforAand1/eforA*. [
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Proof. We will give a part of the proof (cf. [K, Chapter V]) that differs from that for A. A
complete proof of ii will be given because such argument, different from Katznelson’s proof, may

be applied to A as well.
Let f(x) =Oforallx € E. LetT € PM*,andsupp T C E. The property f € S is equivalent
to the fact that

(T. /=) Tmf(-n) =
We have

sin(en/2)

(T, f) = lim(T;, f)=sli_{%z":”")f(—") (en/2)r

The function T, (x) = 3 _, f‘(n)(sin2 (en/2)/(en/2)?)e'™* is supported on E,. Therefore,

lim |(7;, )] = lim / f)T(x)dx

E\E
1/2

slir% sup | f(x)] /ITs(x)l dx vmeas(E; \ E)

£ X€E,

\E

12
< lim { sup | f(x)| fITe(x)Izdx) ymeas(E, \ E)
T

£>0 | xeE,

Let us estimate ||7,},. Applying Parseval’s equality, the evident inequality lf'(n)l < |n}, and (6),
we obtain

B . 2 sin*(en/2) 72
ITel, = (Z":IT(n)I P

4 172
sin”(en/2)
< IT o {ij:mm—*—(a,, T2y ]

The second multiplier on the right-hand side may be estimated by
172
Z sup m+ sup e4m™3 ) + Z sup e 4m3
I<k<l/e k<m<l1/e I/e<m<oo k>l/€k5m<oo

172 C
< E E “‘k < —
B [l<k 1 <E ) ) ] T e

<k<l/e k>1/e

Now the rest of the proof, say, given in (K, Chapter V, 5], may be repeated, but we will prove ii in

another way.
Let f € V. The set E, \ E is open. It may be represented as a union of at most a countable

number of intervals (a;, be). Each interval has a length not greater than 2¢, and there exists at least
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one point from E in the closure of each interval. We can consider the end points a; of these intervals
as those points from E. Then

bk 00 bk
[ renaz=Y [1rwiax=3 [1760- saoiax
k=1 k=1 a

E\E

byl x o by b
=Zf /df(t) dx sZ/Idf(t)I/dx
k=1 k=1 t

i
by
oQ
<) / (b — anldf ()] < 26V,
k=1
a

Now ii follows from the above estimates. 0

Observe that as in the case of A, Proposition 5 v yields all the others.

3. Comparison of A* with Spaces of Smooth Functions

3.1

The following statements describe structural properties of functions in A*(T). Let us recall
some well-known notions.

wi(g; h)p = sup | A gllLoer),
|x|<h

where Alg = A,g = g(- +x) — g(-), Akg = A,(A%~1g) is the kth difference, with step x, of the
function g, 0 < & < &, defines the modulus of smoothness of order k = 1, 2, 3, ... of the function
g in the L?-space (g is considered to be 2 -periodic). We call w; = w the modulus of continuity.
We say that g € B;,g, 1 < p < oo, r > 0 (the Besov space, see, e.g., [N]),if g € L? and
oS
/t"l‘g’w[,ﬂl(g; t)?, dt < 00, 1 <6 < o0,
0 (11

supt~ wpr411(g; 1)y < 00, 0 = o0.
>0

Theorem 1.

i. B,CA*C B;/lz and the embeddings are both continuous.

ii. If f is absolutely continuous and

: 1\
/w(f’; )p (m ?) t71dt < (12)
0

forsome p € [1,2), p’ = p/(p — 1), then f € A*.
iii. There exists a continuously differentiable function f & A* for which

1\ "2
o(fi ) =0 (ln -t-)



Banach Algebra A* and Its Properties 115

Proof. i. We have (cf. (3))

o0 o 172
Iflamy = Y 2¢  sup |f<m>|zzz"/2{ > If(m)lz}
k=0

2k <|m| <2k+! k=0 2 <|m|<2k+!

5 £/2 1 5 -172 1
2) o(fig) 2 kol fiz
par L A= k/a

1/k

e

1
1
k3 (f ; E) dx > f xR (f; x), dx,
2
0

N -
i hgt

1/(k+1)

and the right embedding is proved. For the left embedding, it is enough to take into account that

1= |[[£(s+ ) ~20@+ 1 (x= T)] e ax < Gren (f [-k—])

T

and to estimate from above the usual norm (2) as it was done for the right embedding.
ii. Let us use the equivalent norm (3). We have

o0
I flasmy <CY_ 2 sup |f(m)l
k=0

2k5|m|<2k+l

X o) 1/p
<C>  sup If"(m)lsCZ[ > |f"(m)|P']

k=0 2¢<Im]<2t+! k=0 {2t <m|<2t+1

1/p
cy X [ > If"(mw"]
k=0 2k <p <2k+1

2n5|m|<2n+l

1y
"“’{ > > |f’(m)|"’]
k=i

2k <p < 2kH) 20 < || <20F)

1774

SC;?‘“’ Y. Ifem”

22 <|mj<o0

I/\

It follows from the Hausdorff—Young inequality and usual estimate of the remainder of a series that
the right-hand sum does not exceed

Boe(rid), zefon(r3)
cefrin(rd)

1

! 1 -1/p
< C/w(f’; Ny <ln ;) t~1ds.
0

The statement is proved.
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fii. Let us use the following result of Banach (see, e.g., [Ba, Chapter IV, §16). If {n;} is an
arbitrary lacunary sequence, and numbers oy and By are arbitrary, satisfying only Z(af + ﬂ,f) < 00,
then it is always possible to find a continuous function f(x) ~ Zfzo cxe'** for which Rep, = o,
SC,,,‘ = ﬂk-

Setn; = 2%, and By = 0, > Osuchthat Y ;2 & = 0o. Thus, we have a continuous function
f with caxx = ay. Letcg = 0. Then F(x) = 3, 2olck/1 k)e'** is continuously differentiable, and
as above

o0 o0

IFlem=Y" sw [%[22Y sp

m=0 m<lk|<oo m=0 2™ <lk]<2m+i

1<X>
=;2.2" ) s al

m=0 2m <[k|<2m ! 2m < k| <2m+!
1S e
-3 2" Y oml=5) an =00
4 m=0 27 < k| <2m+! 2 m=1

Therefore, F ¢ A*. Now consider the function

o
p(x) ~ Z(In k)% coskx.
k=2

Let us find its modulus of continuity in L. The series converges everywhere except O (see, e.g., [Ba,
Chapter I]). So, we obtain, after applying Abel’s transformation twice, that

D kA ((Ink)TVH[De(x) — Pilx + )] dx,
k=2

lo(x) —@(x + M)l < f

T

where $y(x) = sin® (kx/2)/(2mk sin? (x/2)) is the Fejer kernel. The right-hand side is not less than

> kbR + Y 2 nk) T,
2<k<l/h k>1/h

where the first term was obtained by using Bernstein’s inequality in L' for the Fejer kernel. It is
easy to see now that w(¢; h); = O((In(1/k))~"/?). Consider the convolution H = f * ¢. We have

1\~12
W(H' h)oo = | f'llcw(p; )y = O ((ln ;1-) ) .

Taking o = k~2(Ink)~'/2~¢, with 0 < & < 1/2, one can see that H ¢ A*. Indeed, H(2}) =
k~'(ink)~!/27¢, and the proof is complete.  [J

3.2.

The following examples show that the second inclusion in Theorem 1 i is sharp and that A*(T)
does not imply bounded totat variation.

Remark 7. For each & > O there exists a function f ¢ B./>* such that f € A*(T).

2,00
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For this, consider the function f(x) = x® sin{(w?/x) when0 < x <mand 1/2 < < 1, odd
and defined at zero by continuity. Integration by parts yields

T

N 7{2
fu) =2/x"sin——sinuxdx
x
0
n

24 2
b4
-1 a—1 : d
+u ax SIn — cosux ax
X
0

- .
= —u~! cos(ux)x® sin —
X

b4
2

_ _ 7
— 724t | x*2cos — cos ux dx
X
0

I’y 2
- 1.
=au"! | x*'sin — cosuxdx
X
0

X 2
2 -1 a=2 T -2
—Tu x* 7 cos —cosuxdx + O(u™°).
p e
0

The values of integrals are calculated explicitly via Bessel functions in [BE, Chapter I]. It is enough
for us that f(u) ~ u=3/4=%/2 for large u. Hence, f € A* for the range of @ claimed. In view of
Parseval’s equality

1 N i 12 N 1/2
w <f1 _) > [N—2 Zkzlf(k)lzl > [N—2 Zkzk—z—d+1/2] > CN—a/2‘I/4.
N 2 k=1 k=1
The statement follows now from (11). O

Remark 8. There exists a function f € A*(T) that is not a function of bounded variation.
Indeed, the example from Remark 7 gives such a function even for o = 1:

2
f(x) = xsin n—.
x

This example shows that a summability method (generated by f) may be regular at every Lebesgue
point, but not regular in Toeplitz sense.

3.3.

The following theorem says that ii is sharp for p = 1.

We call w a modulus of continuity if it satisfies all the usual properties sufficient for w to be
the modulus of continuity of a continuous function (see, e.g., (L, Chapter 3]): It must be a positive,
nondecreasing, subadditive function, which is approaching zero at the origin.

Theorem 2.
Let w be a concave modulus of continuity. If

1
/ () dt = oo, (13)
0

then there exists a function f such that w(f’;t); < w(t) and f & A*(T).
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Proof. Consider the function 4 (z) = w(¢~2) and build the convex function

= np OOV O =0
Isx<t<y y—x

which is a minimal convex majorant of the modulus of continuity  (such a construction may be
found, e.g., in [L, Chapter 3]). It is evident that 2*(¢) < p(t). On the other hand,

(t — D) 212 /y)) + (y — Do 2(1?/x?)

w@ = inf
l<x<t<y y—=x
t—x)2 /(2 + 12 — D12/ (x% 4+ ¢*
> inf (t=x)/(y*+ )+ (y—e)/(x* + )w(t-z)
I<x<t<y y—x

i 1 t—-0)G+x) |,
‘52{9 [XZ +12 P+ )2 +12) }t 0t

2 t —x){y+x)
> 2ot inf |—  _ ( )
z o™ léxsr '{xz + 12 tss)‘zl<poo 2+ 1)(x2 4+ 12)

The expression under the sign of the least upper bound decreases as a function of y. Therefore, we
obtain

1 t—x t+x
(1) > Lo@™?) inf - .
i) z o )lér:ﬂ[xz-l-tz x24+12 212 ]
T 1 _ w(t)
2 2 P 2_ 1 2y _ _
= t‘w(t )lgfgzt 2a)(t ) —

Consider a function
o0
@~ Z w* (k) coskx.
k=1

Since {i*(k)} is convex and monotone decreasing to zero, ¢ is a function whose Fourier series is
integrable and converges to the function everywhere except zero (see, €.g., {Ba, Chapter I]). Let us
estimate its modulus of continuity in L!. As in iii of Theorem 1 we have

lo(o) = pCx + )l < 3 kA" (k) / |i(x + h) — Do)l dx,
k=1 T

where @, (x) is the Fejer kernel. Thus, denoting 1 + [1/h] = M, we obtain

1<k<M

h
o) = oG +mh = 3 kst [ ax [ 1004+ widu
T 0

k>M

+ ¥ k@ [(0u6s + 01+ 104D dx
T

1 242, 2 % _Sl
SHMZ;M/CAM(k)+21§4kAu(k)—ﬁ+ZSz-

Let us estimate firstly the second sum as-

So= ) k(Ap'(k) = Ap(k+ 1) = WM + 1) + MAp*(M).
k>M
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Because of convexity,
M
MAu (M) <2 E Ap*(M) <2 _5_ Ap*k) <2 (,u* (—) +u (M + 1)) .
2
Mi2<k<M M[2<k<M

So the final estimate for S, is

§ < 3u* (g) <3w (}Tj'i) < 3w(4h?).

Let us go on to the estimation of S;:
D BAW R = ) Baptk - Yo KAptk+1)

1<k<M 1<k<M 1<k<M
M+1
= ) At~ ) (k—~17Au"k)
I<ksM ka2
M
= Z(Zk — DAp*k) + Ap*(1) — MPARY(M +1).
k=2

The value Ap*(1) is bounded; the last summand was previously estimated. Further,

Z(Zk—l)Au ) = Z(zk—nu *) - Z(zk-nu k+1)

k=2
M+1

—Z(zk—lm k)~ Z(zk 3t

=2M Z wr (k) +3u%(2) — @M — D" (M + 1).
=3

The last two values give the estimate needed. We have }:,f; prk) < Yo, o(k™?). Since w is
concave, we have by virtue of Jensen’s inequality that

M
(}é{-) M}:w(k'z) <Cw (%) < Co(h).

k=3

Since the integral j;) k™ w(h) dh diverges, the integral f t~w(2?) dt diverges as well, and therefore
the series Y po, @(27%) diverges. Consider the function f with the Fourier series

f(x) ~ Zk"p.*(k) sinkx.
k=1

We have f'(x) = p(x) and w(f’; 1), < Cw(r), and

00 >
1flaey =) sup Ifem)=7" sup m™'u"(m)
k=1 kSm<oo k=1 ksm<oo
(o] i . 1 oo
=) 20 sup moutm)z - sup  u'(m)
Zl 2k+l<m22§+2 4 kzzgztﬂfmgzk-pz

o0
Z 2 *FH =00
k=1

=
S 1
-8
The proof is complete. [
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34.

Let us give some other necessary and (separately) sufficient conditions for belonging to A*.
Theorem 3.

i. For each positive integer N

2k "%
H)f ( <x+u+7vz>—f(x—u+-1—v£))du < Cl flla-ny-

ii. Iff' € A(T), then f € A*(T). If the Fourier series of f is lacunary in the Hadamard sense,
then the converse statement holds.

Proof, i. Assume
2k A - )
gn(x) = Z f (1 ~ —”) —NFO =Y NGNS,

k£0
Then "gN”A‘(T) =< 2“f”A'(T)' Indeed

Igwllaer =N sup |f<kN)|+ZN sup | F(kN)|

k| <00 m=1 m<lk|<oc -
o0
<2) N sup |f(kN)
m=1 m=lki<oo
=) mN

<> Y s M =20l
m=1 p=(m—1)N+1 P<lkl<co

But analogously ||gn (Nx)llary = lignllaem = 2llgnllascmy < 4l flla~(T)> and it is enough to apply
the necessary condition for belonging to A (see, e.g., [K, Chapter II, §10]).

ii. Indeed,

> swp |f)l <Z Yo Iftl < Zj | £ W10K] + 1).

m=pm=k<oo m=0m<[k| =—00

Conversely, if |m(pj+1ysign p! = ¢|mp|, where mp = 0and g > 1, and f(k) = Ofork # m,, then

o0

2 sup If(k)I>— Z (1mapi+n sign pl — My D1 f ()]

m=0Mm<k<co p=—oo

> Z Impl1 £ (mp),

p=—

and the boundedness of the right-hand sides of both inequalities is equivalent to the fact that
ffeam. 0O

4. On Some Properties of A*(R)

4.1.

As in the case of A there are many properties which hold both for A*(R) and A*(T). This is
so because the two spaces coincide locally.
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Proposition 6.
A function belongs locally to A*(T) if and only if it belongs locally to A*(R).

Proof. Because the norm in A* is invariant with respect to shift, we can restrict to a neigh-
borhood of the origin. If supp f C T and f € A*(R), then

o0 e

Iflaem =Y sup [fI<D sup |

m=0 M=<lk|<oo m=0 Mm=lx]<co
00

SSUP!f(X)I+/ sup | f(x)du <20 flla-w)-

u<l|x)<oo

Ifnow f € A¥(T)and supp f C [—n + &, 7 — ¢}, € € (0, ), then f € A*(R). This statement,
similar to Wiener’s well-known result for A (see [W, Chapter II]) may be proved analogously. In
this case, f is an entire function of exponential type less than or equal to ¥ — . We have (see, e.g.,
[W, Chapter II, §11])

2y N g, ST = €/2)(x — k) sin (e(x — k)/2)
foy = 2;@ f Py :
Therefore,
[ s 1fenausy s ifeo
u<|x|{<oo m=0m=lxj<o0

o0

<Y s Y Ifwl

,,,._.OMSIX|<°° k=—00

But for x € R the inequality [sinax/(ax)| < (4 + [a])/(Ja]({[x]| + 1)) holds, and inequality (5)
completes the proof.

sin(mr — &/2)(x — k) sin(e(x — k)/2)
(x —k)2e/2 )

An integral analogue of Proposition 2 (in slightly weaker form) may be found in [Bo].

4.2.

Let us give one more result. Consider for @ > O the following integral operators on A(R):
x 1
Hyf = Ho(f; x) = x| signx/ Ix =t () dr = /(1 -0 f(xe) dt,
0 0

integral means of fractional order «, and
Auf = Au(fix)=x""f(x), kI f(x)  (orlx|™f(x)/signx),
for & integer or noninteger, respectively, the operator of division by the power function.
If f = g, then we consider the fractional derivative of f
FO) = / (—it)® g ()™ du.
R
Theorem 4.

i. Hy is a linear bounded operator taking A(R) into A(R) for a > 0, and A(R) into A*(R)
fora = 1.
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ii. Iffand f® e AR), and f®(0) = 0 for integer v € [0, @), then Ao f € AR). Ifa > 1
then A, f € A*(R).

Proof. Let us introduce a multiplicative convolution for functions from L![0, oo)

(f *g)(x) =/f (;) gt tdt = /g(?) fde
0 0

o0
and assume L*[0,00) ={f : || fllz = fesssup,s)mo° | f(x)|dt < 00}
0

Lemma 2.
i. Iff.geL'0,00),then f*xgeL'0,00)and]|f =gl <Iflclgle.
ii. IffeLlandgeL*,thenfxgeL*and|f*gli- <Iflloligles.

Proof of Lemma 2. Applying Fubini’s theorem and then changing variable we obtain

o0

/

0

o0 o o0

fg(f:-) Fo)"de| dx S/dx /t"lf(t)||g (;)‘dr

0 0 4]
=[|f(t)|dtf’g (3)] v ax = 1 b g
0 0

which proves i, and

o0 [» o] o0 o
fesssup /g(i) f(t)t“dt du 5/du /t‘llf(t)lesssuplg (i)‘dt
USx <o t U<x<oo 14
0 )} [} 0
o0 [o <]
=/|f(t)|dt / ess sup gt~ du
o o uft<v<oo

x<p<00

=/|f(t)|dt feSSSUPIg(v)Idx = [ fllelgle-,
0 0

which provesii.  [J

Let us prove the first part of Theorem 4. If f = g and g € L' (R), we obtain by the substitution
of v for ut that

1
H,f = f (1 =0)*ldr / glw)e " ' du
0

R
i
=/(1 —z)“-'dz/g(-t'f) e gy
0 R

1
= —ixv _ el B -1
—/e dv-/(l 0 g(t>t dr.
0

R
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The right-hand side is the Fourier transform of the convolution of functions g € L' and ¢, (t) =
(1=0)*"forz € [0, 1] and @,(t) = O fort > 1. Itis clear that ¢, € L' for each @ > 0 and that
¢, € L* for ¢ > 1 only. Nothing remains as to apply Lemma 2.

Let us prove the second part of the theorem. Since £ € A, we have [u|®g(u) € L'(R),
and f(0) = 0 (0 < v < «). Consider the function

_ (tx)"
Pax) = Jx|76(0) 3 =+
k>a
where @ > 0, §(x) = 84(x) = signx when « is odd, §(x) = 1 when « is even, and §(x) = signx
or 1 when « is not integer. If ¢, = g, with g, € L(R), and

ha(t)=/lu|°_'8(u)g(u)g,, (i—t) du,
R

o (x) = / he(t)e ™ dt = f [u|®8(u) g (u) du / ga( )e‘“*lurldt
R R

= f [u|*8(u)g(u) du / g(y)e'"* dy / |ue|*8(u)g (1) dugy(—ux) du.
R R R
Taking into account that §(xy) = 8(x)é(y), we obtainfora =n+¢e (¢ € (0,1))

then

=

(—iux)"

h}(x)=/txr"’g(u) [e""“" —-1—-e- = - ]8(—x)du
J !

= |x|7*8(~x) / gwye ™ du = |x|7*8(—x) f(x).
R

Thus we see from the definition of &, and Lemma 2 that the question is whether ¢, belongs either
to A or to A*. In fact, ¢, € A*(R) for @ > 1 only. For o = 1 it may be verified immediately since
the Fourier transform of ¢, is bounded. When @ = n + ¢, the function

n . k

Palx) = [6”‘ - Z ——-(l;:') ] [x17*8(x)
k=0 :

is absolutely continuous, and for each r the rth derivative is estimated as (p(’) = O(x|~1%) as

x| = oo. Now we can apply Theorem 3 (see ii, « = 1). When o € (0, 1) we have ¢,(x) =

Ix|~®(e’* — 1)8(x) € A(R) (it may be shown by various methods, for example, by applying Boman'’s

result [Bn}), but ¢, & A*, because lim,_,; |¢, (x)| = 00. Indeed, for x € (0, 1)

t ™ *[cost(l —x) — costx]dt

/Itl““ltl'“e’i”‘ dt =2

R

o0
=[(1=-x)*"1-x*"112 / u~%cosudu.
0

Theorem 4 is proved. [

Let us note that H, is sometimes called the Hardy operator, and that ii of Theorem 4 is an
analog of well-known Hadamard’s lemma on division by the power function in the C-space.
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S. Summability at Lebesgue Points

5.1.

The following Lebesgue theorem is very well-known.

If f is integrable, then
h
flf(x:i:t)—f(x)ldt:o(h) as h—>0 (14
0

for almost all x. Every point x for which (14) holds is called a Lebesgue point.

Let f € L(T) be a 2 -periodic function with the Fourier series

Y fuoe*. (15)
k
Let A be a continuous function on R representable as

AG) = f e du o),
R
where u is a finite Borel measure. Assume that

f du@) = 1.

R

Consider the means
xX—u

(f xdww & lim f fh( - )dmu),

R

where

Ju(x) =h‘1f¢(%) flx —1)dt.
R

Here ¢(2) is infinitely differentiable, equal to 1 for {¢| < 1, vanishing for {¢| > 2, and such that

/(p(t)dt =1

R
For f sufficiently smooth it is possible to take the limit inside the integral, yielding

- k ~ .
(f *+dp)n(x) = / f (" N“) dp@) =y A (‘ﬁ) fle™,
R k

so the linear means of the series (15) are considered. These means are generated by the function A.
The following theorem investigates the behavior of (f «du)y, as N — oo, at Lebesgue points
of integrable functions f. It has an exact form and, in certain sense, is the most general in this field.

Theorem 5.

The linear means (f * du)n{(x) converge to f(x) as N — oo at all the Lebesgue points of
each f € L\(T) if and only if the measure u is absolutely continuous with respect to Lebesgue
measure and p’' € L*(R).
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Proof. Let us note that the sufficient part of this theorem was known earlier (see [SW,
Chapter I}). Therefore, we will only give a proof of the necessity.

It will be convenient for us to assume x = 0 to be a Lebesgue point and f(0) = 0. It follows,
from the existence of (fy * du)y(0) for every h and from the Banach-Steinhaus theorem, that

(f *du)n(0) is a bounded linear functional on
PM*(R) = {g lgllem®) = SUDt'I/ [flx)ldx < 00]
t txj<t

(see [Bo, BT2]). Using the condition of convergence of (f * du)y(0) for every f € PM* and
applying the Banach~Steinhaus theorem to this sequence, we obtain

sup sup |(f *du)n(0)| < oo;
N I fllpms <1

this value is not less than

sup  sup  |(fi * du)n(0)],
N il flpms <C

where _f;, (x) = fo(x) — f»(0). Indeed, the equaligy fa(0) = 0 is obvious, and it is easy to verify
that || fullpae < (1/C)l fllpy-. Thus substituting f), by the explicit representation we have

t
sup sup /h-1/¢(ﬁ) f(;vi—) drdu(u)| < oo.
N 1S lewe <C | 4 i

Expanding f, into the Fourier series and using the inverse formula for the Fourier transform we
obtain

X - k -~ ikx
sup sup /f (TV_) N lzk:A (R’_) (k)N dx| < oco.
T

N 1 flipme <C

Put 4 = &¢/N. Then the left-hand side is not less than

o0
f sup f o(tle)A(t)e"™ dt| du

u<|x|<oo

(see [B2]). Substituting the definition of A and using the inverse formula, we obtain that

[vo]

f sup e“/w('—-;—x) dut)| du < 0o (16)
u<ixl<oo

0 R

uniformly with respect to £ > 0. Let us show that u is absolutely continuous everywhere except
a neighborhood of the origin. Let r > 0. Then for each continuous function g(x), vanishing for

|x] < r, we have
/g(x)du(x) = /gii%s“/¢(£-;—x) g(t)dtdu(x)|.

R R R
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Using step by step the Lebesgue theorem and Fubini’s theorem we obtain

lin"ée'I/g(t) /w(%) du(x) | dt
R

R

Sflg(t)lsup S'I/q)(t:x) du(x)| dt
R

R

t —
< supsup |¢”! [ w(—") du(x) [ 1g()l dr.
& |tl>r 4 & 1t|>r

Because of (16) this value is less than or equal to C, fm” lg(t)]dt. Hence, the functional
flxl>r g(x)du(x) may be extended by continuity to the space of all the functions integrable in the
domain {x : |x| > r}. Taking into account a general form of the linear functional in this space (see
[DS, Chapter IV, Theorem 5]), we obtain that there exists a function W, withess sup, .., [W(x)| < oo,
such that

/|| g(x)du(x) =/|| g(x)W¥(x)dx.

This means that the measure  is absolutely continuous. Now we complete the proof by substitution
of W(x)dx for du(x) in (16), lettinge — 0.  []

5.2

In the assumption that u is absolutely continuous, Theorem 5 was obtained earlier by E.
Belinskii [B1, B2] and P.-A. Boo [Boo]. Observe that Theorem 1 from the paper of Oberlin {O] is
contained in these papers (and, of course, in Theorem 5). We must say a few words about Theorem 2
in [O], which establishes necessary and sufficient conditions of summability at L?-Lebesgue points.
This result is contained in the paper od Dyachkov [Dy] among many other interesting results (for
example, necessary and sufficient conditions of summability at the points at which a function is the
derivative of the indefinite integral of the function).

5.3.

The following statement establishes certain relations between A*(T) and A*(R) for functions
of compact support.

Proposition 7.
If suppA C T, then the condition A € A*(R) is equivalent to the following two conditions:
after periodic continuation A(x) € A*(T) and xA(x) € A*(T).

Proof. 1Let) € A*(R). Then A{x + 27) € A*(R) yields A(x) + A(x + 27) € A*(R),
and hence A*(R)jc. Therefore, we can continue A periodically such that it is in A*(T)je, and
consequently A € A*(T) in virtue of Proposition 1 i. Since X is boundedly supported, xA(x) € A*(R),
and this yields xA(x) € A*(T) as above.

Now let A(x), xA(x) € A*(T). Set

2x, xl < 3.
£Lx) = -
wsignx, 3 < |x] <m,
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and continue this function 27 -periodically. Then
LA (x) = (€(x) = x)A(x) + xi(x) € A*(T)
since £(x) — x is piecewise linear and equals O at the points —7 and 7.
Li(x) = Qu) ™ + LE)AR), h(x) = Qr) 7' — £(x))A(x) € A*(T) and A*(T)jec.

If we consider a function A(x) on T, as vanishing outside T, then within T we have, by virtue of
Proposition 6, that A € A*(T)j, is equivalent to A € A*(R)o. In neighborhoods of the points —»x
and , zero-continuation of A coincides with /; and /3, respectively. Membership of A in A*(R)oc
follows from Proposition 6. Since A has compact support, A € A*(R). O

6. Concluding Remarks

We finished our survey of the main results around A*, both published and unpublished. We
tried to give only such results that have some difference with A (either by their formulations or by
their proofs). Of course, various results may be formulated and proved completely analogously as
their A-prototypes. In particular, this may be done for many results from [K] or, for example, [Ru,
Chapter 7].

Let us introduce clarity into authorship, make some additional remarks, and point out several
open problems.

Propositions 1, 2, and 7 and Theorem 3 obtained by RMT were the first results by which a
systematic investigation of A* [T1, T3] was begun. The short proof of Proposition 7 may be applied
to obtaining the A-prototype (see {T2]) as well. To prove Proposition 2 we follow the method
proposed in [T3, BT1]. Note that exact constants are what is significant in this proof. A very short
proof without exact constants, given in [BT1], uses the equivalent norm (3).

Proposition 4 was obtained first by RMT [T1, T3], and Proposition 3 is obtained by ERL.
Both proofs are slightly modified in order to give quantitative estimates (9) and (10). It will be very
interesting to find some applications of these estimates.

We must note that the central problem of spectral synthesis, that is, existence of sets that are
not of synthesis as well as existence of functions not admitting synthesis, is still open for A*.

Another question is connected with Beurling’s result [Be]. It would be interesting to know
whether the following statement, converse to that in §1.2, is true or not:

Ifforevery f € A*we have Fo f € A, then F € Lip 1.

In Proposition 5 certain alterations in comparison with the proof known earlier, and, in partic-
ular, the proof of ii, which gives another method of proving Katznelson’s corresponding result for
A, were made by ESB. Theorem 1 as well as the construction in Theorem 2 were found by ESB. It
is very probable that ii in Theorem 1 issharpfor p > l aswellas for p = 1.

Theorem 4 was obtained by RMT [T3, T5]. Theorem 5 was obtained jointly by ESB and
RMT [BT2).

We can add that the asymptotic behavior of Fourier transforms of functions with a derivative
from A*(R) was studied by different methods in [T6, L.2]

Some of the results presented have already been generalized to the multidimensional case,
but they are not of special interest and do not demonstrate an essential difference between the one-
dimensional and the multidimensional cases. So, we do not formulate them and can refer a reader
to the papers [B1, BT2, T4, T6, L1-L3].
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