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Stability Theorems for Fourier
Frames and Wavelet Riesz Bases

Radu Balan

ABSTRACT.  In this paper we present two applications of a Stability Theorem of Hilbert frames to
nonharmonic Fourier series and wavelet Riesz basis. The first result is an enhancement of the Paley-
Wiener type constant for nonharmonic series given by Duffin and Schaefer in [6] and used recently
in some applications (see [3]). In the case of an orthonormal basis, our estimate reduces to Kadec’
optimal 1/4 result. The second application proves that a phenomenon discovered by Daubechies and
Tchamitchian [4] for the orthonormal Meyer wavelet basis (stability of the Riesz basis property under
small changes of the translation parameter) actually holds for a large class of wavelet Riesz bases.

1. Introduction and Statement of the Results

Let H be a separable Hilbert space and I a countable index set. A set of vectors F = { f;}, |
in H is called a (Hilbert) frame if there are two positive constants 0 < A < B < oo such that for all
x € H we have:

AlxIP <Y I <x, fi> P < Blx)?
iel
If A = B we call the frame tight. The constants A and B are called frame bounds. A set of vectors
F = {fi);c1 in H is called Bessel set (if I = N, itis called Bessel sequence) if there exists a positive
constant B > 0 such that for any x € H we have:

Y I <x fi> P <Blxl?
iel

If the set F is a (Schauder) basis as well as a frame in H, then F is called Riesz basis.

The following result is the stability theorem for Hilbert frames:

Stability Theorem for Hilbert Frames [Paley-Wiener-Kato-Christensen] Suppose H a
separable complex Hilbert space, 1 a countable index set, and F = {fi};.1 a frame in H with
bounds A, B. Consider G = {g;},.1 a family of vectors in H. If one of the following two conditions
is fulfilled:

1/2 12

(Tpe 1) [ I<x.fi—gi>P| =rMD I<xfi>F| +ulxl,VxeH (1D
iel iel
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(Tpe2) | D ci(fi—gd| <] afl+u| X lal?] ,vnz0eC @2

nely nely nely

where (1,)n>0 is an increasing sequence of finite subsets of 1: I C 1) C Iy C ... C I such that
Iimpysco In =L and A + % < 1; then {g;}; ] is also a frame in H with bounds A(1 — A — %)2,
B(1+ A1+ —"ﬁ)z. Moreover, if F is a Riesz basis then G is also a Riesz basis.

This result was first stated by Paley and Wiener in their celebrated paper [11]. They con-
sidered only the stability of Riesz basis and the type 2 condition. Later on, in a different context,
Kato [9] proved a perturbation theorem which basically incorporates the above theorem. Recently,
Christensen and Heil [1, 2] established the link between Kato’s perturbation theorem and frames in
both Hilbert and Banach contexts. We are going to use this result in studying the stability of two
particular frames under parametric perturbations.

Consider ¥ > 0 and L?[—y, y] with the usual scalar product inherited from L2. Consider
a sequence {A,},.7 of complex numbers and construct the sequence of functions 7 = {fs},.7
by fu : [=y.v] = C, frolx) = —j;;eil"x. We call {1,},.7 a frame sequence if F is a frame

for L2[—y, y1, in which case F is called a Fourier frame. Our problem is the following: given a
frame sequence of real numbers {,},.7 with bounds A, B, find a positive constant L such that any
sequence of real numbers {u,}, .7 With |1, — X,] < 8 < L is also a frame sequence. An extension
of this problem will take into account the complex case.

In the context of an orthonormal Fourier basis (A, = n, y = ), this problem was first
considered by Paley and Wiener. By using their stability result, they obtained a first value for L,
L= ”—lf Later on, Duffin and Eachus in [5] improved this constant to L, = ‘—"”—2 = 0.22.... Finally,
Kadec in [8] proved that the optimal value of this constant (called the Paley-Wiener constant) is
Lg = 41 (earlier, Levinson in [10] proved that for § = 41 one can perturb the orthonormal Fourier
basis to a noncomplete set).

The stability question of Fourier frames was considered by Duffin and Schaeffer in their seminal
paper [6]. They used a type (1.1) inequality with &4 = O and they obtained L ps = % In[1+ \/% ] (see
proof of [12, Theorem 13, §4.8]). This value has been used recently by [3] in a quantization error

analysis of Weyl-Heisenberg frame expansions. For y = 7 and A = B, one can obtain Lps = ln2

g
which is less than Kadec’ estimate. A better estimate for L is given in Theorem 1:

Theorem 1.
Suppose {r,}, .7, a frame sequence of real numbers for L%[—y, y] with bounds A, B. Set:

L) = :17_;7 - %arcsin (_\_15 (1 - —2—)) (1.3)

Consider the sequence {p"}neZ of complex numbers pp = pp + 0y suchthatsup, |pp —ip| =8 <
L(y) and sup, |o,| = M < cc. Then, the following two conclusions hold true:

1. The sequence {p,), .7, is a frame sequence for L -y, v}

2. The real sequence {iin}, .7 is a frame sequence with bounds:

2
A
A (1 - \/;(1 —cosy8 + sin y&)) , B(2 = cosyd + sin y§)? (1.4)

We now turn to the statement of our second application. Consider two positive numbers ag > 1
and by > 0 and a function ¥ € L2(R). We set H = L2(R), I = Z? and define the set of functions
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—m/2 _ .
fll!:aobo = {\pmn:aobol(m’ n) € I} by qjmn:aobu(x) = a m/ “I"(ao Mx — nbo). If the set f‘«ll:aubo 18

a frame in H we call it a wavelet frame; likewise, if it is a Riesz basis in H we call it a wavelet
Riesz basis. Our problem concerns the behavior of the set Fy.q; when a = ag and b runs through
a neighborhood of by. This problem was first considered by Daubechies and Tchamichian in 1990
for the Meyer orthbgonal wavelet basis (see [4]) where ap = 2, bg = 1. They proved that for all b
in some nontrivial interval [1 — &, 1 + ¢£], the corresponding Fy .25 constituted a Riesz basis. We
are going to extend this stability result to a more general class of wavelet Riesz basis. The precise

statement is given in Theorem 2:

Theorem 2.
Suppose that the function ¥ & L*(R) generates a wavelet Riesz basis with bounds A, B for

some ag > 1,by > O (i.e., Fu.qup, is a Riesz basis with bounds A, B). Furthermore, let b, the
Fourier transform of W, satisfy the following requirement: W is of class C! on R and both ¥ and ¥’
are bounded by:

; 3 1€1*
N, V()] =< C(1 ey VE €R (1.5)

Jorsome C > 0andy > 1+a > 1. Thenthere exists an & > 0 such that for any b with |b — by < ¢,
the set Fy.aqp is a Riesz basis.

2. Proof of the Theorems

Proof of Theorem 1

By Theorem II from [6] (see also [12, Theorem 14, §4.8]) we need to prove Theorem 1 only
for real sequences p, = f,. On the other hand, if we scale the sequence, we can reduce the problem
to the case ¥ = m. Indeed, if {A,}, .7 is a frame sequence for L%[—y, y], then (L, = %k,, bz 1sa

frame sequence for L2[—n, ] with the same bounds (in the former case f,(x) = —=¢/**  in the
q =

latter f)(x) = f#z;eik;-x). Thus, L(y) = JL(7) and we have to prove:

L) = % - %arcsin (:/l_f (1 - %)) 2.1

Observe that this is consistent also with the frame bounds because 8 = md’.

To prove (2.1), we shall use Kadec’ estimations from his theorem and then the Type 2 form of
the Stability Theorem with A = 0. Let N € Nand ¢, € C, n € Iy be arbitrary. Set 8, = u, — A,.
We obtain:

| S I 1 . :
U= 0| e - ——e'#n") = —=| 2 cne™ (1= ) 2.2)
HEZIN "(v2n V2 V2 HEZ]N "

By expanding 1 —¢%* into a Fourier series relative to the orthogonal system {1, cos vx, sin(v — %)x},
v =1,2,... we obtain:

. sinms 2\ (—1)¥28, sin w3,
1~ euS,,x = <1 bt -————i> + —r—ee—ee—— COS( VX
8y § T R

& (—=1)V28, cosm8, | 1
NP D hr 52 ((V B 5) x) @3

v=|

We plug (2.3) into (2.2), we change the order of summation, we use the triangle inequality, and then
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we use the bounds {[ cos(vx)e(x)|| < ll¢] and || sin((v — %)x)go(x)!l < |l¢ll. We obtain:

sin 7 8, o 28, 8in7éy o
U< Z <1 s, ) Cne +Z Z _—N(V2—5,12)C"e

nely nely

28, cos s, irx
Z 1\2 N
w((v — ’2‘) —8,%)

nely

Now we use that {A,},.7 is a frame sequence with upper bound B. Therefore, each norm can be
bounded as:

> awene™*|| < VBll{anca}ll < VB sup lay| e}

nely
and we have:
1 sin 7t d, 1 sinwé
Tén - b )
28, sin T, < 28sinms
(2 -g&H T w0 -4
26, cos dy < 28 cosméd
T(v—2=8Y| T mv-Hr-8

(the last inequality holds because § < }1) and thus:

1/2

U = VE(Re(1=e) = 1m(1=¢)) | 3 laul?

nely

or:
1/2

U < «/1—9_(1 —cosd +sinmd) Z Ic,,l2

neiy
Now we can apply the Stability Theorem (Type 2) with A =0 and u = VB(l —cos 8 + sinw8).
The condition of that theorem turns into 4 < +/A or 1 —cos 78+ sin 78 < \/% and then, by a little

trigonometry we get:
1 1
8<L=—-—larcsin o 1—,/é
4 = V2 B

2 2 H
neZ, come from A(1 — %) and B(1 + —\7—3) . This ends the proof.

To prove Theorem 2, we shall use the Type 1 criterion of stability together with an upper bound
estimation given by Daubechies in [4] Theorem 2.7, 2.8. This estimate reads as follows: Consider
f € L%(R) and, for some a > 1, b > 0 construct the set of functions Fr.ab as before. Then, a
sufficient condition for F.,, to be a Bessel set for L%(R) is that:

The frame bounds for {i,}

1/2

2 o0 /2
B:= 2% sup Z lf(a”’&)‘ +ZZ (ﬂ (%gk) B (—%k)) <00 2.4)
k=]

N/
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where B(s) = SUP| <it<a Y meZ [f(a””;‘)[ . lf(a’"E + 5)|. Moreover, the constant B in (2.4) is an
upper bound of the Bessel sequence. A sufficient condition for (2.4) to hold for is that the function
f(&‘) has good decay, for instance |f(§)| < C(]—f'%)—y, forsomey >l +a>landC > 0.

Now we return to the proof of the theorem:

Proof of Theorem 2
Consider ¥ and ap > 1, bp > 0 and b > 0 as in hypothesis and denote by U, : L*R) —

L%(R) the unitary operator (Up f)(x) = \/%f(b%x). We define & = U, W, or more specific

O(x) = \/g\ll([%x). One can easily check that U, Wnzagh = Pmnzaghys therefore, Up maps Fy.q,p
into Foaqb, unitarily. Thus, Fy.q,p» is a Riesz basis (frame) if and only if Fe.qp, is a Riesz basis
(frame). Moreover, they have the same bounds. In order to prove that Fy .4, is a Riesz basis, we
show that Fo. 4,5, is a Riesz basis by comparing it with Fy.,,s,. We note that:

lI/mn:a(,h() - (Dmn:a(;l)n = (V- (D)mn:a()b()

Therefore, the condition (1.1) with A = 0 is equivalent with the condition Fiy _¢. s, to be a Bessel
set with upper bound less than A, the lower frame bound of the Riesz basis Fuy. gy,

Let us denote by By, the constant B given by (2.4) for f(.{-‘) = % It is simple to

check that I@'(S) — &(E)I < C1,%. Therefore, an upper bound for the Bessel set Fy_a.q4p, 1S

given by Cp, By . On the other hand, using the Ascoli-Arzeld lemma and the hypotheses on \i’({,—‘)

and \il’(s), we obtain that g, (§) = “E'ﬁ,”y Ci>(§) converges uniformly to gp, (&) = L%J_)y_@(g) as

b — bgp. Thus, we may choose Cj, to depend continuously on & around bg and Cp, = 0. Then, for
some neighborhood of by for which Cy By, < A we may set 4 = ,/Cp By, in (1.1) and we obtain
that Fo.q.h, is a Riesz basis. Now the proof is complete.

3. Conclusions

The first theorem proved in this paper gives a better stability bound of Fourier frames than
known previously in literature. This result covers also Kadec’s theorem and extends its conclusion
to Fourier tight frames. One can check that:

il la in ] 1 A ll 1+‘/—X
— — —arcsin { — — = > —In —
4y vy V2 B Y B

which means that the stability margin given by Theorem 1 is larger than L ps.

The second result shows that wavelets Riesz bases are stable under translation parameter
perturbations provided some mild regularity and decaying conditions are satisfied by the wavelet. In
particular, it applies also to Meyer’s orthogonal wavelet basis and thus extends a previously known
result.
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