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Unique Reconstruction
of Band-limited Signals
by a Mallat-Zhong Wavelet
Transform Algorithm

C. J. Kicey and C. J. Lennard

ABSTRACT.  We show that uniqueness and existence for signal reconstruction from multiscale
edges in the Mallat and Zhong algorithm become possible if we restrict our signals to Paley-
Wiener space, band-limit our wavelets, and irregularly sample at the wavelet transform (absolute)
maxima—the edges—while possibly including (enough) extra points at each level. We do thisina
setting that closely resembles the numerical analysis setting of Mallat and Zhong and that seems to
capture something of the essence of their (practical) reconstruction method. Our work builds on a
uniqueness result for reconstructing an L? signal from irregular sampling of its wavelet transform
of Grochenig and the related work of Benedetto, Heller, Mallat, and Zhong. We show that the
rate of convergence for this reconstruction algorithm is geometric and computable in advance.
Finally, we consider the effect on the rate of convergence of not sampling enough local maxima.

1. Introduction

We begin by informally discussing the general framework we will use for a version of the
Mallat-Zhong signal reconstruction algorithm introduced in Mallat and Zhong [MZ1, MZ2].

We consider a signal f € L? = L?(R) . Next we introduce a scaling or smoothing function ¢,
with corresponding wavelet ¥, about which we will say more soon. (See Figs. 2 and 3 for our main
examples.) Throughout this paper, for any function 4 : R — C, we define u,(x) := (1/s)u(x/s) for
allx € R, and all s > 0. We smooth f atlevel 1 by @ to get f x ¢; and then decompose f into J + 1
levels (J > 1): fxyq, fx¥o, ..., f*¥, f*¢y, which are the details of the signal at J coarser
and coarser levels, followed finally by the resulting low resolution signal corresponding to f.

Define Wf := (f * V2, f * ¥z, ..., f W, f *@u), forall f € L2(R). We call W f the
wavelet transform of f, and W the wavelet transform. We have

IW fllZ2 = ILf *oll2..
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This follows because we may arrange, and will always assume, that ¢ and y satisfy, for almost all
£ eR,

[0E©)1? = [¥(26) + [9Q8)I%

We remark that an orthonormal wavelet pair (g, ¥) arising from a multiresolution analysis always
satisfies this property, although the converse does not hold. We will discuss this again in §5.

The aim of the Mallat-Zhong algorithm is to record a discrete set of data, the local maxima of
the functions | f * v,;|, which contain edge information of certain dyadic frequency ranges of the
signal, and iteratively reconstruct the signal via the method of alternating projections onto convex
sets in Hilbert space. Mallat and Zhong (MZ1, MZ2] use various convex sets and settle on the Hilbert
space H'(R) of L? signals f whose distributional derivative f’ also belongs to L. A key feature of
their method is the use of dilation equations for ¢ (with a finite number of nonzero coefficients, or
with coefficients that decrease rapidly at oo and —o0) to allow fast numerical implementation of the
wavelet transform on a discrete and finite domain of regularly spaced sample points. They obtain
a computationally fast numerical algorithm, which seems to converge geometrically in [MZ1] and
[MZ2], with theoretical calculations pointing to the reason for this: A certain family of functions
related to the sampling at local maxima should be a frame (see Duffin and Schaeffer [DS], Benedetto
[Ben)).

At this point, let us remark that a variation on the theme of the Mallat and Zhong algorithm
has recently been introduced and successfully numerically implemented by Cetin and Ansari [CA].

The theoretical method in [MZ}1, MZ2], uses a wavelet transform with an infinite number
of levels. A counterexample of Meyer [Me2, Me3] shows that the theoretical Mallat and Zhong
algorithm need not converge to the original signal; that is, two different signals f € H' may have
the same local extrema at all levels f * yr,;, where j € Z, of their wavelet transform. Berman [Berl,
Ber2] showed that also in the case of the (finite number of levels) numerical Mallat-Zhong algorithm,
uniqueness of reconstruction is not generally assured.

None of these counterexamples address band-limited signals with band-limited wavelets; al-
though [MZ2] mentions the work of Grochenig. In addition, in [G2] Gréchenig suggests that the
link between band-limited signals and the method of alternating projections should be explored. The
important paper of Grochenig [G3, Theorem 1] shows that for the wavelet transform of Mallat and
Zhong with an infinite number of levels, any f € L? is uniquely determined by irregularly sampling
every level of the wavelet transform sufficiently often, when v is bandlimited. Moreover, [G3,
Corollary 1] gives a frame algorithm with a computable geometric rate of convergence for recon-
structing f from the irregular samples of W . And indeed, the generality of [G3] also allows for
the irregular sampling of the levels of the wavelet transform, as well as including adaptive weights,
so that only upper bounds (not lower bounds) of the sampling rates at each level are needed.

Our reasons for choosing our setting are the following. We look only at the wavelet transform
with a finite number of levels because this is all that is needed for practical image reconstruction.
Our restriction to band-limited signals is because the discrete signals on an evenly spaced grid (e.g.,
those considered by Mallat and Zhong) may naturally be thought of, from the point of view of image
reconstruction, as band-limited. In addition, band-limited signals often arise naturally. We stay with
dyadic levels of the (continuous) wavelet transform for simplicity and ease of comparison to [MZ1,
MZ2]. We ask for upper and lower bounds on our sampling rates at each level, again, for simplicity but
also because once we restrict ourselves to discrete signals (using the pyramid algorithm to compute
wavelet and inverse wavelet transforms), we will naturally have a lower bound on our sampling rate
at each level. Moreover, gaining estimates on the convergence rate of the reconstruction algorithm
in eZ(Pg) seems to depend on lower bounds on the sampling rates (see the proof of Theorem 4.2).

Of course, Grochenig [G3] invites comparison of convergence rates of the frame algorithm
versus the Mallat-Zhong alternating projections algorithm for signal reconstruction. Some calcula-
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tions show that the convergence rates estimates of this paper (see Corollary 4.3 and §6) are much
higher than are the actual rates gained in [MZ1, MZ2]. We mention that many other reconstruc-
tion algorithms for band-limited functions are introduced or described and numerically compared
in Feichtinger and Grochenig [FG]. We will briefly discuss why the Mallat-Zhong algorithm is not
a frame algorithm and related questions later (see Remark 3.2). Let us further remark that if the
signal f is not band-limited, and the wavelet ¥ is band-limited (as in {G3]), the convergence of the
algorithm and the errors introduced in reconstruction (such as aliasing) require further study.

We begin by recapitulating in our setting the essence of Grichenig [G3, Theorem 1], using
theorems of Benedetto and Heller [BH], Heller [He], Benedetto [Ben], and Grochenig {G1, G2]. We
show that reconstruction of a band-limited signal by a Mallat-Zhong algorithm, with both existence
and uniqueness, is possible. One should irregularly sample at the (absolute) wavelet transform
maxima (the edges) while including enough extra points at each level to ensure that sampling is
above the Nyquist rate of each level (which halves from one level to the next). Another advantage
of this framework is that we are assured that (the real and imaginary parts of) our nonzero signals
have a discrete family of positions where local extrema occur, possibly accumulating only at oo or
—00, since they have an analytic extension to the whole complex plane. (See, e.g., Rudin [R] or
Benedetto [Ben], for a discussion covering the Paley-Wiener theory that we will use.)

We give a proof of a computable geometric convergence rate by using the theorems on irregular
sampling of bandlimited functions of Benedetto and Heller [BH], Benedetto [Ben], and Grochenig
[G1, G2] and adapting the methods of [MZ2] to our framework.

Next we give a variation on this theme for real-valued L? functions involving the Hilbert
transform that allows for approximately quartering the previous sampling rates.

Continuing on, we then investigate the discrete sampling case, starting with a signal consisting
of time samples on an evenly spaced grid. Our variation on a theme, using the Hilbert transform,
allows us to use the pyramid algorithm to easily compute discrete (though infinite) wavelet and
inverse wavelet transforms. We show that all projections involved in the reconstruction algorithm
may be computed in this setting.

Finally, we show that (again subsampling on an evenly spaced grid) there is an advantage to
including the local maxima positions in our sample points. Indeed, by obtaining a lower bound on
the convergence rate of the algorithm when started at zero in ¢2(Pg), we show that not sampling in
a way that makes the total sampled energy as large as practicable (compared with the total energy of
the signal), may force the convergence to be slow.

2. Preliminaries

The real and complex numbers are denoted by R and C, respectively; Z is the set of all
integers; and N denotes the set of positive integers. Let 1 < p < 0o. We let L? = L?(R) denote
the space of all (equivalence classes) of Lebesgue-measurable functions f : R — C for which
£, == (fg 1£17 d2)""? < oo. Here A denotes Lebesgue measure on R. We have that (L?, || - [ ,)
is a Banach space, as is (L, || - |l«), defined analogously, with || |l := ess-sup,.g|f{x)|. For
any Lebesgue-measurable subset A of R, L?(A) denotes the analogous space to L?(R), with the
domains of the functions f changed from R to A. For f € L!, we define the Fourier transform f of

foy

7® I=/ fx)e ™ dx forall £ R
R
and the convolution f % u of f,u € L' by

(f *u)(x) 2=/ FMulx—y)dy forall x eR.
R
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Also, u¥(x) := (1/2m)u(-x), x € R, gives the inverse Fourier transform of a function u € L'.
Further, we define #(z) := u{—t), forallt € R and all funcnons u:R— C.

Now, if f,u € L', then f xu € L! and (f * u)(§) = F(&) W(E), for almost all £ € R. Also,
forall f € L', f € Cy = Cp(R), the space of all continuous scalar-valued functions on R that
vanish at oc and —oo, with the supremum norm || - §le. In addition, || flle < || fll;- Moreover,
Plancherel’s theorem gives us that the Fourier transform extends from the dense subset L! N L? of
L?, to a constant multiple of an isometry from L? onto L2. Indeed, for all f, u € L2,

| S 1 -~
—_— = d —_— , =
oo Ifllz=1fl2 an o (f,u) = (f,u)
Here, (f, u) fR f®) u(x) dx, is the usual inner product on L2, Note that forall f,u € L?, fxu
defined as above exists in L* and J| f * U)o < | fll2lluil2. Moreover, by Plancherel’s theorem,

(f *u)(x) = g F® ux =) dt

teR

=L [ Feae et = (F0) @,
2 Jeer
since f-# € L1. Thus we get that f *u € Coforall f, u & L2 Now suppose that we have f, u € L?
and, moreover, that @ € L. Then f -# € L% therefore( u) € L% Thus f *u € L*N Cy, and
we get the formula (f * w)" = f #, in complete analogy with the situation for L' functions. We
think of f * u as a smoothing of f by u.

We refer the reader to Rudin [R], Champeney [Cha], and Kérner [K], for example, for more
details on these and other standard facts about the Fourier transform, convoiution, and Fourier analysis
in general. We follow the above-mentioned papers of Mallat and Zhong and of Gréchenig in our
definition of Fourier transform, but differ from both Rudin and Benedetto.

Given 1 < p < o0, a set A, and a Banach space (X, | - [|x), we define £7(A, X) to be the set
of all families (functions) g = (gx)nea With values in X (i.e., each g, € X), such that

1/p
lgllerca,xy = (Z l18 uf{) < 0.

neA

This function is a norm, turning £7(A, X) into a Banach space. We make the obvious modification
to the definition above to get £°(A, X). For us, the index set A usually is simply {1, ..., N}, for
some n € N. In this case, we write EI’:,(X) (or just £7(X)) instead of £7(A, X). If (X, (-,)x) isa
Hilbert space, then so is £2(A, X), with the inner product given by (g, )z, x) = ZneA (gn» hn)x,
forall g, h € £2(A, X).

We use the notation Py to denote the orthogonal projection (or nearest point map) onto a closed,
convex subset V of a Hilbert space. A sequence (y,). in a separable Hilbert space (X, (-, -)x) is
called a frame if there exist constants 0 < A < B < 0o such that

Allx|> = D 1tx y) > < B lIx|*  forall x € X.
n

The comresponding frame operator S: X — X is given by Sx := Y {x, ¥} Y- Let ep(x) := b,
forallx andb € R. If T > 0 and (b,), is a sequence in R, then (e, ), is called a Fourier frame for
L*[—T, T] precisely when it is a frame for L2[—T, T).

For any Lebesgue-measurable set E C R, x£ is the usual characteristic function of E, which
equals 1 at any ¢ € E and 0 otherwise. We denote by supp f the support of a measurable function
f : R — C, which is the closed set K := [\ T, where I' is the collection of all closed subsets C
of R satisfying f(x) = O for almost all x € R\C. Since the real line R is second countable, every
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subset of R is Lindel6f. Therefore, K equals the intersection of only countably many members of I",
which implies that K itself belongs to I'. In particular, f(x) = O for almost all x ¢ K. We remark
that the support of f coincides with the usual definition of the support of the distribution generated
by the locally integrable function f.

Finally, we refer to elements of f € L? that are real-valued as signals. We use X to denote
the identity function on R. Also, H denotes the Hilbert transform, which as a distribution is simply
convolution by 1/7x and is given by the usual principal value integral formula. Extended to an
isometry on L?, H may be given in terms of its Fourier transform as

7"{7(5) = —i sgn(§) f(.f;') for almost all £ € R.

Here, sgnz:=1,ifr > 0; sgnt := —1,ift < 0; and sgn0:=0.

For any A > 0, we define the Paley-Wiener space PW, = P, to be the setof all f € L*(R)
such that f(£) = 0 for almost all {£] > A. We remark that from the Paley—Wiener theory (see, e.g.,
[R]or [Ben)), every f € Pa agrees almost everywhere with the restriction to the real line of an entire
function F : C — C such that |F(z)| < C 2, forall z € C, for some C € (0, 00). The converse
fact that all such analytic functions, with restriction to the real line in L2, have the support of their
Fourier transform contained in [—A, Al], is an important theorem of Paley and Wiener [PW]. With
the inner product inherited from L2, P, is a Hilbert space.

For any Lebesgue-measurable subset B of R, we also denote by PR(B) the Paley-Wiener
space {f € L% : supp f € B and f is real-valued}. Fix0 < y <8 < oo andset A := (§ — y)/2.
Let u := (y+48)/2and B := [-§, —yJU[y, 8]. Itis straightforward to verify that, as real subspaces
of L%, PR(B) and P, are Banach space isomorphic under the mappings ® and ®~! given by

(PF)() == e ™ (f(t) +i(Hf)(®)) forall t e Rand all f € PR(B),
(@~ 'u)(t) := Re(e™ u(t)) forall t € Rand allu € P,.
Indeed, @ is an isometry, up to a multiplicative constant that is independent of y and §. We finally
introduce the modified Paley-Wiener space, PH 4, given by
PHa:={f+iHf: f € Pyand f is real-valued}.

PH, is a closed (complex) subspace of Pj.

3. Uniqueness of Reconstruction in Paley-Wiener Space

Throughout this section we fix > 0. We also fix a function ¢ € L? such that § € L™ and
I > |@(&)] > C > 0on[—2, Q). We further assumne that there are functions G and H in L™ such
that (&) = H(&/2) $(£/2) and |G(&)|? + |H(§)* = 1, for almost all & € R. We then define
v(§) := G(§/2) $(£/2) for all § € R. Since v € L2 N L™, it follows that y := v belongs to L?,
with ¥ € L™ and, moreover, for almost all £ € R,

PO = 1 @& + 1961
We also fix an integer J € N. Just as in the Introduction, we introduce the (dyadic) wavelet transform
W (of length J) by defining
Wf:=(f*1ﬁ2,f*d122,...,f*'g[/z.r,f*gozl) forallfePg.

We remark that more information on wavelet transforms may be found, for example, in Chui [Chu].
We also note that in electrical engineering terminology, W f is a decomposition of f with respect to
an “octave filter bank.”

From §2, forall f € Pg, f x ¢ € L? N Cy, and |[(f * )" (&)| = lf(é)g'b‘(é)l forallé e R. 1t
follows, via Plancherel, that

Clfllz = IWSflleay = If *ellz < 1 f1l2-
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Therefore, W : P — ¢2(L?) = £2_ (L?) is an isomorphism. Define %%/ for j = 1,..., J and
0.
@™ by

¢’0\-i(g) = ACA Y if¢£ € [—Q,Q2], with 1/7&'(&) := 0 otherwise,

[@®)?
—_— J —
%I (&) = ;p(p((zg)slz if§ €[-Q,Q], with ¢%/(§) := 0 otherwise.

Next, forall g = (g1, ..., gs+1) € £2(L?), define

J
Mg := Zgj * YOI + grp1 x 907
j=1

Fix f € Py. Then MW = f * h, where h := °7_, %07 % vz + ¢% % o1 Now,
- 1 I~ .
hE) = —— | Y WO+ 1B 6HF ) =1 forall £ e[-Q, 9],
PEF \ &

and ﬁ(&) 0, otherwise. Therefore, MW f = f.

In the rest of the section, we fix ; > Q and suppose that supp@ C [~Q;, Q,]. Note
that @ and y’f both belong to L2. We know that 1//(5 ) = G(&/2) p(&£/2) for almostall § € R and
P(E/2) =Ofor almost all |§| > 2. Therefore, supp 1// C [—29,,29,]). Againfix f € Pg. Then
(f *a)™(E) = fF E)Y(28) =0, for almost all |§] > Q) A Q. Similarly, forall j =1,...,J,

(f *¥y) (€) = f“(g)$(2/‘5) =0 foralmost all |§| > % AR,

while
(f *e2)"(€) = F(©)PQ'E) =0 forall |§| > % NS
From above, if we define Z; := (,/27-HAQ, forall j e {l,...,J + 1}, then
W:Po— [Py, ®P;, @@ P5, @ Ps,, ], =Y C X:=0(Py),

and W is a Banach space isomorphism of Py onto V := W(Pg). Also, M : V — P, and
MW = f forall f € Pg; thatis, M is a left inverse of W. Further, M is bounded. Indeed, fix
g € £2(Pg). Then

IMgli2, = —nnMgniz

1 e &) 7078
=5z d
7 e ,Z 8 ey + B @ | dE
e LT [ FOR + 180276
= Z' e 2N
1 e 4l , ) J+1 )
-~ E=_9;'g"(§)' 2®)] d;si—af > B ds
J+1 J+1

= EZ—;an,an == leg,lle <zl



Unique Reconstruction of Band-limited Signals 69

Since W takes Py, into £2(Pg), while M maps £2(Pg) into Pg, we see that WM maps £2(Pg)
into £2(Py). We now check that P := WM is the orthogonal projection (in the Hilbert space
X = £3(Pg)) of £3(Pg) onto V; that is, P = Py. We denote the Hilbert space adjoint of a bounded
linear operator L by L*. It is easy to see that Range W = Range P and that P> = P. Now define
A: Po — Poby Af := f*@x@. Then A is an invertible linear operator on Pq, A is self-adjoint, and
both A and A~! are bounded. Moreover, forall f € Poand g € £2(Pg), (W, 8)e2(py) = (f, AMg).
Therefore, W* = AM and M* = WA~!. Hence P* = (WM)* = M*W* = WM = P.

Now let &; := (Qy/2/"") A Qforall j =-1,...,J + 1. Next fix a function f € Pq. Let
t! = (1))nez be a sequence in R that is strictly increasing, limy—, 0 2} = +00, lim,—, -0 ! = —00,

b4

0 <m := inf (tryy—t)) and sup (o —th) =M, < =
Choose ] € (£, m/M;). Then, by Benedetto [Ben, Theorem 51], which depends on Gréchenig
[G2, Theorem 1], (e_;i )nez is a Fourier frame for L[-%1, Z); therefore, by a result of Benedetto
and Heller [BH] (see also [Ben, Theorem 46}), Py, is determined by (tn’),,ez and the frame operator
S for (e_;))nez. However, f % Y € Py, = Pq. Therefore gy = f * v is determined uniquely
among the g in Py, by (t,ll Jnez and also, via [BH] (see also [Ben, Algorithm 50]), by the sequence
of sampled values (g (¢!))nez.

Moreover, the work of Heller [He] (see also [Ben, Lemma 47]), tells us that even if ¢! = (tn')
is so oversampled that m; = inf,ez(z),, — t!) = 0, we may pass to a (constructable) subsequence

n

of (tn’),,, also denoted (z!),, so that (e~1))n 1s @ Fourier frame. Therefore, f * ¥ is still uniquely
determined in Pg, by (¢, )nez and ((f * ¥2)(t))nez.
Fixj € {1,..., J}.Lett/ = (t] ),z be astrictly increasing sequence in R, with lim,_, 1o # =
+00 and
J j T
sup(t; =) = M; < —.
neZ Zj
Choose 2} € (Z;, m/M;). Thenby an argument similar to that for ¢!, fx; is uniquely determined

in Pg, by (t)mez and ((f * Yy )(td))nez. Next, let 17+ = (t/*1),¢z be another strictly increasing
real-valued sequence, such that lim,_, +00 2/ ! = %00 and

J+1 J+ly .
sup(t, ) — ) =1 M <
neZ JF+1

Then we also have that f ;. is uniquely determined in Py, by (t/ 1) ez and ((f 92 ) (! * D)) pez.
For our fixed function f in Pg, we now introduce the set I":= 'y C £2(Pg) given by

M= {g=1(g;)]2] € &(Po): forall jefl,...,J}
gt = (f % y)(t)) =: Ci, forall n e Z
and gy (5] = (f x @) (8] ™) =: CJ*!, foralln € Z}.
It is easy to see that I'is an affine closed subspace of £2( Pg), which from the definition above satisfies
TNV ={Wf}.
Using the notation for projections from §2, let us now define T : £2(Pg) — €2(Pg) by T := PyPr.
Then T is nonexpansive, and by a result of Youla and Webb [YW] (using the work of Opial [O]), for
all g € £2(Py), the sequence (T"g),en converges weakly in £2(Pg) to a member of I'N V that is,
to W f. However, I'is affine. By a result of von Neumann [N] (or see, e.g., [YW], [Hul), (T"g)neN

converges in norm to W f (Fig. 1).
We summarize the discussion of this section as a theorem.
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FIGURE 1.

3.1. Theorem

Let > Oand f € Po. Let J,2;, W and V be as described previously. For each j €
{1,...,J + 1} fix a strictly increasing sequence t/ of real numbers, accumulating at 0o and —00
and with M := sup,c; ()., — t3) < /%, where each T; = (Q1/27"") A Q. Let the dffine set
" C (2(Pg) be defined in terms of each t/, as above. Also let T := PyPy. Then, forall g € £2(Pg).
(T" g)nen converges innormto W f.

3.2. Remark. Inthe limiting case of the main wavelets of this paper, to be introduced in
85 (see Figs. 2 and 3), when Q; = Q, (g, ¥) is the Shannon or sinc wavelet pair, corresponding
to the ideal low and high pass filters on the frequency range [, 2]. In this case the formulas
for M and W in §3 show that Pyg = WMg, for g € £2(Pg), projects each coordinate g; of g into
the Paley-Wiener subspace Py,. Consequently, the Mallat-Zhong reconstruction algorithm proceeds
in parallel on each level. However, when Q, > €, the algorithm introduces partial mixing of
information from different (adjacent) levels on each application of Py, and therefore each iteration
of T = PyPr. Thus each level of W f is not recovered independently of the others. Moreover, the
algorithm is not a frame method, even in the sinc case. The frame method iterates an operator of the
form I — p S, where p is a positive constant defined in terms of the frame bounds and S is the frame
operator, which is positive and self-adjoint. Consequently, / — oS is a self-adjoint, linear operator.
On the other hand, the Mallat-Zhong operator T = PyPr, is the product of a linear and an affine
projection, which is not generally linear. Evenif O € T, so that T is linear, T can only be self-adjoint
if Py and Pr commute. This means that T = Pynr, which is generally not true. Hence, we can see
that the Mallat-Zhong algorithm is not a frame algorithm.

4. Geometric Convergence with a Computable
Convergence Rate
We begin by recalling some general facts about Hilbert space geometry. Let (X, (-, -)) be a

complex Hilbert space with corresponding norm || - |f. Suppose that V and S are closed subspaces
of X such that

I{s, v)|
— <1
seS,veV ||S” "U"
It is easy to verify that ||Pys|| < K5 vlls]| and ||Psv]l < Ksvlv|, foralls € Sandv € V.
Thus for U := PyPs, we have that |Uv|| < K2, |lv]l, forallv e V.

Next, suppose I is a closed affine subspace of X; that s, I' is a translation of a closed subspace §
of X. Suppose that thereexistsg € 'NV. ThenS =I'—~gandPrh =Psh+g—Psq,forallh € X.

KS.V =
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Let T := Py Pr. Again assume that Kg < 1. It follows readily that [|[T"v—gq| < (Kg‘v)" tv—ql,
forallv e V.

The following resuit is well-known and can be proven in a straightforward manner. Mallat and
Zhong [MZ2] use a variation of this result to show that under certain circumstances their algorithm
converges geometrically. Our work follows their lead. When combined with the band-limited
notions of [G2] and [Ben], we will get that our algorithm always converges geometrically, with a
computable estimate for the rate of convergence in terms of the irregular sampling rates at each level
of the wavelet transform.

4.1. Lemma

Let (X, (-, -)) be a complex Hilbert space with corresponding norm || - ||. Suppose that V is a
closed subspace of X and I is a translation of a closed subspace S of X, withq € I N V. Then the
Sfollowing are equivalent:

1. There exists C € (0, 1] suchthat |h—g|| > C |lg — gl forallheT andg e V.
2. Ks'v < 1.

Moreover, if C is given as above, then Ksy < /1 — CZ.

We refer the reader to Bauschke and Borwein [BB] for recent work on von Neumann'’s alter-
nating projection algorithm. For the remainder of this section we use the setting and notation of §3.
Our next result is an analogue of [MZ2, Appendix F].

4.2. Theorem
Let Q2> 0and f € Pg. Let J,2,, W, V, and X; be as in Theorem 3.1. Let g := W f. For
each j € {1,...,J + 1}, fix a strictly increasing sequence t/ of real numbers, accumulating at 0o
and —oo, with M; = sup,; (11, —t3) < 7/ Z; and m; := infoez(t),, — 17) > O. Let the affine
set T C £2(Pg) be defined in terms of each t/ as above. Then there exist positive constants Cy and
Cy such that forallh € T and g € V we have that
J+1 .
Ih—gl>=C1 Y D IC] ;P 0))
neZ j=1
while
J+1

lg—gli> < C2 D> ICI - g; (eI @)

nel j=1

Proof. Fix j € {1,...,J + 1}. By aresult of Plancherel and Pélya [PP] (see also, e.g., [Y,
§2.2.3], [Ben, Lemma 42(b)]), since h; — g; € Pg, it follows that

Iy — g} 2 8 Y 1th; — gD,

neZ
where
n an?
6= 8 (/2 @m 1)’
Therefore,

Iy = g3 = ¢ D 1€ — gD
neZ
On the other hand, q; — g; € Pg,. By Benedetto [Ben, Theorem 51], which uses Grochenig {G2,
Theorem 1],
lgj — gl <m; 3 la; — gD,
nelZ
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where
M;

(1-42)"
n

nj =

Consequently,
la; = g;l3 <n; D 1C) - g; 6D
neZ
Let C; := minj<j<s41 ¢; and C; := max;<j<y+17;. Then Cy, C2 € (0, 00); and statements (1) and
(2) of the theorem now clearly follow.

The proof of Theorem 4.2, together with Lemma 4.1 and the discussion preceding it yield the
following corollary.

4.3. Corollary
Under the hypotheses of Theorem 4.2, with {; and 1; defined as in the proof of Theorem 4.2,

let B := mini<j<y+1(¢;/n;). Thenforallh e Tand g € V, |h — gllery = VB g — gllecry)-
Moreover, for T := PyPr, forall v € Vand n € N, we have that
IT"v — gllepgy < (1 — B)lIlv — qllez(py)-

We remark that there is only a small loss of generality in starting the alternating projections
algorithm in V, rather than in £2( Pg). Indeed, if we start at g € £2(Pg), then v = Tg belongs to V.
Further, since 0 € V, this natural and simple choice is often made. Second, note that the estimates
in the proof of Theorem 4.2 resemble those gained by Mallat and Zhong [MZ2, Appendix F], using
a Sobolev norm and a calculus of variations argument.

5. A Useful Sharpening of the Reconstruction Theorem

Theorem 3.1 is not sharp enough to enable implementation of a discrete version of the Mallat-
Zhong algorithm. We specialize the setting of §3 in this section, in order to do this. First, we remark
that a function u € L? is real-valued (i.e., is a signal) if and only if u(—&) = #(&) for almost all
EeR

Fix A > 0. Note that if u € L?, then u € P, implies that f = Re u € P,. On the other
hand, if f € P, is real-valued, then H f € P, and is real-valued, so that u := f +iH f € P, and
f = Re u. Moreover,

u) =2f(&) xi0.000() foralmostall § € R.

Next we fix Q > 0 and Q; > Q with Q; < 2Q and v € N U {0}. We then choose functions
c and s mapping [2, ©;] — R such that both are v times continuously differentiable on [Q, 2]
(ie., ¢, s € CV[RQ, Q1)), with all one-sided derivatives at Q and Q2 equal to 0, such that c strictly
decreases from 1 at 2 to O at Q;, whereas s strictly increases from 0 at Q2 to 1 at £, and such that
cE) +s(€)? =1forall§ € [Q, Q).

We continue by defining two functions w and v (using the fact that Q; < 2Q):

w(§):=1 if [§] €0, L],
w(§) :=c(§) if [§] €(Q, 2], and
w(€):=0 forallother £ € R.

v(§) :=s(g]) if l§l e[, ],

v():=1 if [§] € (Qy,2Q],

v(€) :==c(l§1/2) if &) e (2Q,221], and
v(§):=0 forall other £ € R.
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We now define ¢ := w" and ¢ := v" (Figs. 2 and 3). Since w and v are even, real-valued functions,
@ and ¥ are also real-valued. Moreover, by our choice of s and ¢, w and v are C ™ functions on
R. In particular, they each have v distributional derivatives in L2 N L' and therefore x“¢ and x*
belong to L2 N Cy. We will return to the rapid decay of ¢ and ¥ in §6. We remark that we could also
arrange for v = oo. The construction above closely resembles that of Meyer [Mel], who produced
the first band-limited, orthonormal wavelet basis of L2, with decay at oo and —oo faster than the
reciprocal of any polynomial.
It is easy to check that for almost all £ € R,

1BE)* = 19281 + [9026) .

We note that both @ and ¥ vanish outside of a bounded interval, while @ is continuous at 0 with
$(0) = 1. Consequently, ¥ satisfies the identity 3~ ., [%(27€)|? = 1 for almost all £ € R, which s
the condition assumed by Mallat and Zhong in [MZ1]. Moreover, @ is continuous on Rwith g(0) = 1,
and for all Qo € [Q, Q) there exists 0 < Ag < By < 00 with Ag < Y 4z 1P + 2kQ0)|*> < By
for almost all £ € R. By, for example, Daubechies {D, §5.3.2], it follows that the translates of ¢ by
all integer multiples of Ty := m /S are a Riesz basis for a closed subspace Vj, which generates a
multiresolution analysis of L2(R). However, due to the fact that 3, ., 1@(€ +2kSQ0)|? is not usually

£ -axis
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identically equal to 1, (¢, ¥) may not be an orthonormal wavelet pair based on the integer grid
(kTp)rez- Onthe other hand, it is easy to choose the functions ¢ and s satisfying c(§) = s(2)+ Q&)
for all £ € [2, ], which gives us Ay = By = 1 for the value 2y = (2 + Q;)/2. _

Now, let us fix a signal f € Pg. We formu := f + iHf € Po. We know that supp ¢ €
[-2Q,, -QlU [, 222,]. We define

By = [ Q 2 U e Q
1 .= | 3y 2 27 y
T el . [e2 @ .
Bj = __F’_E]U[Z’F] forall j € {2,...,J},
o o
BJ+1 = “2—1, Ej— .

Thus, f * ¥ € PR(B;)forall j € {1,..., J},and f * g € P®(B,4). Define

Q
El = -,
4
1/ Q Q .
Ej =§(2;_—T_2—j) forallje{z,.,J},
1 @
X4 =597

As noted above, each PR(B ;) is real Banach space isomorphic to Pg; via the isomorphism ®; given
by
(D;k)(1) == e~ (k(t) + i(Hk)(r)) forall t € R and allk € PR(B,-).

Here,

1/Q . S
U~j:=§<§;+2T,T) fOI‘jE{Z,...,J},,uJ.}.l.:W.
In using the Hilbert transform in this context we follow many authors, notably Logan [L]. Fix
jefl,...,J+1}).Lett/ = (t])nez be a strictly increasing sequence in R, with lim,, 10 # = o0
and

sup(t! , ~th) = M; < z
nb1 T I) =M<

neZ J
We now consider the modified Paley—Wiener space PHq. PHg and £2(PHg) are closed
(complex) subspaces of Pg and £2(Pg), respectively. Let Q denote the orthogonal projection onto
PHg in Pg and let P be the orthogonal projection onto 2(PHg) in €2(Pg). Note that QM = MP.
For the ¢ and v of this section, the wavelet transform W, restricted to PHg, maps PHgq into
£2(PHg), and is an isometric Hilbert isomorphism. This is because ¢ and y are real-valued and
the Hilbert transform commutes with convolution. Similarly, the inverse wavelet transform M maps

£2(PHg) into PHg. We now redefine V as

V := W(Pg) N 2(PHg) = W(PHa).
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The calculations of §3 now show us that WQM is the orthogonal projection onto V in the Hilbert
space £2(Pg). Note that u, as defined above, is in PHgq. Now define I':= T, C £2(Pg) given by

M= {g = (g,)]1] € £2(Po): forall j {l,...,J}

gt = ()t} =:C/, forall n e Z
and gy1(t]*) = (u* @)™ = CJ¥!, foralln e Z}.

n

5.1. Theorem

Let Q,7,Q1, W,V and X; be as described previously, with the modifications of §5. Fix a
signal f € Po. Letu := f +iHf. Foreach j € {1,...,J + 1}, fix a strictly increasing sequence
t/ of real numbers, accumulating at oo and —oo and with M; := sup,z(t),, — 1) < 7/ Z;. Let
the affine set T =T, C £*(Pg) be defined in terms of each t/, as in this section. Also let T := PyPp.
Then for all g € £2(Pg), (T"g)neN converges in norm to Wu. Moreover, f may be recovered by the
formula f = Reu.

Proof. Uniqueness is the only issue here. We wish to show that TNV = {Wu}. Now
suppose that # € 'N'V. Then h = Wu,, where u; = f) +iH fi, fi € Pq and f is real-valued,
since h € V. Now fix j € {1,...,J +1}. Since & € T, (Wuy);(t2 ez = (Wu);(t3))nez.
Consequently, (W f1);(t1))nez = (W £); (td)nez and (WH 1) ; (11 Dnez = (WHf); (t1))nez.
Hence, from above, ((®;(W 1) )81 Dnez = (®;(W £) ) (t))nez. 4

By a similar argument to that in §3, ®;(W f); is uniquely determined in Pg; by ) ez and
((<I>j(Wf)j)(t,{)),,€z. Thus ®;(Wf1); = ®;(Wf);. Since ®; is an isomorphism, we see that
(Wf); =(Wf);. Andsince j € {1,..., J + 1} is arbitrary, we see that W f; = W f. Therefore,
fi = f. At last we arrive at the fact that u; = u, or equivalently, s = Wu. [l

The usefulness of Theorem 5.1, as we shall soon see, derives from the fact that we have roughly
quartered the sampling rate used in Theorem 3.1, when Q; is close to 2.

5.2. Remark. With the modifications to our setting of this section, if in Theorem 4.2 and
Corollary 4.3 we replace the original £ ;’s by the new sharper X;’s of this section, while changing
f everywhere to u, where u := f + i’H f for some given real-valued f € Pq, then we get two new
true statements. We will call them Theorems 5.3 and 5.4, respectively. Moreover, the constants ¢;
and n; are given by the same formulas in terms of m; and M, respectively.

6. The Algorithm for Discrete Signals

We continue with the notation and definitions of §5. We further restrict $2; to be such that
Q, < 4Q/3. Now we define a function H with some of the properties of the H mentioned in §3,
and two functions G® and G%, which are modifications of the G discussed there. We introduce the
notation y* = (1/2)(y +iHy)and y~ := (1/2)(y — i'Hy) for all real-valued L? functions y. Note
that y*+ =5+ x[0.00) ad y~ =¥ - X(=c0,0}> for all such y.

Recall the functions c, s, ¢, and v introduced in §5. We suggest that the reader quickly sketch
the functions H, G, and G’ that are introduced subsequently in terms of ¢ and s, and that are
closely related to ¢ and . Also refer to Figs. 2 and 3 for illustrations of @ and .

Let e := Q — Q4/2, and note that £ > 0. For all £ € [—2, 2] define

HE) =1 if |§l€10,Q/2],

H(E) :=c(§) if 1] € (R/2,,/2], and

H(E):=0 forall other § € [-2, Q2].
Next, extend H by periodicity to a 2Q2-periodic function on R. Note that Q + ¢ > £, because
Q) < 4Q/3. It follows that (&) = H(5/2) ¢(§/2) for almost all £ € R.
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The 2Q-periodicity of H implies that H(§) = Y, 5 cke ~*T%, & € R, with convergence in
LY-Q,Q); where T :=n/Qand ¢, = T(H - Xi-e.9) (kT), k € Z, is the £2(Z, C) sequence of
Fourier coefficients of H. Applying the inverse Fourier transform to the previous equation for §(§),
and using the fact that, by its definition, }_, ., |@(§ + 2k<)| is uniformly bounded in £ from above
by 2, it follows that ¢ satisfies the dilation equation

o(t) = 2cep(2t —kT),  t€R, )
kel
with convergence in L2 N Cy. Also, by our choice of s and ¢, H - (.0 € C). Consequently,
(ct)rez s o(1/k") as [k| — oo.
Inaddition, He, ¢, and ¢~ each satisfy a dilation equation with precisely the same coefficients
cx. We denote these equations by (#H), (#+), and (@—), respectively.
Lete; := (2; — 2)/2. Forall & € [Q; + &1 — 282, Q) + £,] define

GR &) :==s(26) if &e[Q/2,Q/2],

GR® =1 if &e(Q/2.Ql,

GRE) =c(26 —2Q,+Q) if £€(Q,Q2+¢], and
GR(&):=0 forallother £ € [Q, + & — 2R, Q; + 1]

Next, extend G® by periodicity to a,Z\Q-periodic functigg on R. Note that Q; + ¢ — 22 < 0,
because Q; < 4€2/3. It follows that ¥+ (&) = GR(£/2) ¢+(£/2) for almost all £ € R.
The 2Q-periodicity of G® implies that ¥+ satisfies the following equation:

Y =) 2dfeT (2 —kT), teR, ©+)
keZ

with convergence in L2 N Cy. Here df = T(G® - x(q, +s,-20.9,+¢,)" (kT) for each k € Z. We also
have that (d; )icz is o(1/ k") as [k| — oo.

Letting G- (§) := GR(—¢), forall £ € R, and replacing p*, ¥+, and GR by o=, ¥, and G*
(respectively) in the immediately preceding discussion results in an equation for ¢ ~ with coefficients
d; = d7,, which we label (O—). Some simple algebra gives

Vi)=Y (df +d0)p@t —kT)+i ) (df —d7)(He)(2t —KT), (©)

keZ keZ

HY)@) = =i Y_(df —d)eQ —kT) + Y_(df +d)(He)2t —kT),  (OH)
keZ keZ

for all + € R, with convergence in L2 N C,.
Now, let us recall Shannon’s sampling theorem, due to Whittaker [W] and Shannon [S] (see
also, e.g., Young [Y], Marks [Ma)). Fix u € Py, with T = 7/ Q. Then

u=y u(nTsin(Q(- —nT)),
nel
with convergence in L2 N Cy. As usual, sinc (¢) := sinz/¢ if ¢ 0 and sinc (0) := 1. Moreover,
S:u—> WT utn T))nez is a Hilbert space (isometric) isomorphism of Pg onto £2(Z, C), and
(p = (I/JT—) sinc (2(- — nT))),¢z is an orthonormal basis for Pg.

Thus prepared, we turn to the discrete algorithm. Let us suppose that we have a one-dimensional
signal, sampled on an evenly spaced time grid, 0 = (o6 (nT))nez € £*(Z, C), where T > 0 and
Q = w/T. We know that o interpolates a band-limited signal f € Pq. Therefore, f(nT) =
(l/ﬁ)a(nT), for all n, and f = S~'o. If we only know the values o (nT) for » in a finite set
E ={0,..., N} of consecutive integers, then we could assume, for simplicity, that o (nT) = 0, for



Unique Reconstruction of Band-limited Signals 77

alln ¢ E. Alternatively, we could extend o to a signal in ¢2(Z, C) in ways that would allow fto
have more smoothness.

Letu := f 4+ iH f. Now we turn to the construction of Wu, or equivalently W f and WH f,
using a variation on the usual pyramid algorithm. This amounts to calculating all J + 1 levels of
these transforms at each grid point nT. From Shannon’s formula, for all m € Z,

(Hf)mT) =) fKT)Bus, (H)
kez
where
1= (=D B
ﬁm,k— n(m—k) lfk7émandﬁm.m—'0-
By our choice of ¢, f * ¢ = f and H f * ¢ = H f. It follows from equation (#) that
fromTy=) o flm—kT), mel, (Pol)
keZ
Hf % @(mT) =) e (Hf)(m —0T), meZ. (PHepl)
kel
Using equations () and (OH), we also see that for all m € Z,
df +d;
frvamty = Y EEDD f(n - o)
keZ (d+ ) (Pl//l)
+ Y = (HO(n = 0T,
kel
df —d;
Hf*da(mT) = =i y_ SL?—"—zf((m ~0T)
keZ
- (PHY1)
df +d
+ 3 L 1y (m - 0T,
keZ

Continuing inductively, again applying (#), we deduce that

frop(mT)=) o fxp((m—-20T), mel. (Pg2)
kel
At this second stage we can also similarly write equations for H f x ¢(m7T), f * ¥2(mT), and
Hf * Y (mT), for each m € Z. Continuing further, by induction, we produce for each level
Jjel{l,..., J}, equations for f x @y, Hf * @y, f * Yo, and H f * ¢, evaluated at each point mT
in terms of f % @aj-1, H f % @gi—1, f % Ypi-1, and H f * ¢q;-1 evaluated at all the points k7. We label
these equations (Pgj), (PHej), (Pyj), and (PHyj), respectively.

The previous algorithm is the complete modified pyramid algorithm for calculating the wavelet
transform of u = f+iH f € PHg withrespect to the dilation equation solution-wavelet pair (¢, ¥)
on the discrete grid k7. It can also be viewed as a simultaneous calculation of the (g, ¥)-wavelet
transform of f and the (He, H)-wavelet transform of f. The calculation of a second transform is
the price we pay to ensure convergence of our reconstruction algorithm in the discrete setting, using
the lower sampling rates from §5. We choose G¥, instead of the usual G, to ensure that our filter has
smaller period, equal to 29, with sufficient (C?) smoothness. Thus we ensure that our coefficients
cx and d; have rapid decay, and we expect this to facilitate the minimization of numerical errors
when the pyramid algorithm is inevitably restricted to a time grid of finite length. We remark that
when Q, = 4Q/3, Q) + & — 2Q = —£/2 and the functions ¢ and s may be chosen so that G¥ is
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an even function. In this case, f/: (&) = GR(£/2) $(&/2) for almost all & € R, therefore the pyramid
algorithm above for u simplifies to the usual one [MZ2] for each of f and H f.

We now fix g € £2(Pq) and describe the calculation of QMg via the pyramid algorithm. In
the current setting, which was introduced in §4, Mg may be given by

J
Mg:=2g,-*w2;+g,+1*g3{1. D
j=l1

Now, QMg = MPg =M ((ng)”'l). Each Qg; € PHgq, and therefore Qg; * 17/?, = (()Ej * o)

j:l
and Qg4 * P20 = (6;,:1 * g0 )~may be calculated from the values of Qg; at each kT, via the
modified pyramid algorithm. Then, invoking equation (), we can calculate ((MPg)(mT))mez.

Here, each

ng = (é; X[O,oo))v ,

and therefore each grid point evaluation Qg;(mT) can be calculated from the values of g;(kT), via
Shannon’s theorem, in a manner similar to the calculation of the discrete Hilbert transform described
above.

We can now see how to calculate Py = WQM in the discrete setting. And what of T' =T,
and the projection Pr? Let us define M| := 3T, M;. = y((6/5)2/) T and M, = v((3/2)2)T.
Here, y (¢) := the greatest integer less than ¢, forallreal ¢. Fix j € {1, ..., J+1}. Itiseasy to check
that since 2, < 4€2/3, we have that M < /Z;. We choose a strictly increasing sequence t/ of
real numbers from (m T )mez, accumulating at 0o and —oo and with M; :=sup, (], | —H) < M i

Define I':= T, C £2(Pg) given by
M= {g=(g){}] € (Po): forall je(l,..., J}
gty = (u*yu)t]) =:C/, forall neZ
and gy ()1 = (u* o)) = C/™, foralln € Z}.
Also let T := PyPr. Then, for all g € £2(Pg), (T"g).en converges in norm to g = Wu, with a
geometric convergence rate computable from Theorem 5.3 (where we may take m; := T for each
Jj). For example, we may start the reconstruction algorithm at g = 0 € £2(Py).
Now let us calculate the orthogonal projection Pr. Fix & € £2(Pg). Next, fixje {1,...,J+

1). Let E; be the set of all m € Z such that mT appears in the sequence #/. Then by Shannon’s
theorem, the jth coordinate of Prh is given by

(Prh); = Y _ CJ sinc(Q(- — ) + Y nj, sinc(Q(- — mT)).
neZ m¢E;

Here / = n/(h) € £2(Z, C) is chosen subject to the constraints that nj, := (W) imT) = o/
wheneverm € E;, sothat mT =t for some n € Z; and ¢{ = 7/ minimizes

D" em = hj(mT)?

mﬁE,-
as ¢ varies over all ¢ € £2(Z, C). It follows that for all k1 € £2(Pg) and foreach j € {1,...,J +1},

Pri); =Y CJsinc(Q(- — ) + Y h;(mT) sinc(Q(- — mT)).
neZ m¢E;
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7. Local Maxima and their Significance

Let us continue with the setting of §§5 and 6. In particular f € P is a signal and our wavelet

¥ is such that supp 17; C [-29Q4, —QJU[22, 2Q2;]. Also, ¢ € L. Under these circumstances,

ul(S) = w—.(s—)" E €eR
i§

shares the properties of f/;, and 6 == u; € L?N Cyis such that (f *6)'(t) = f =y (), forallt € R
(since ¥ = @’). Therefore, the local maxima of | f * ¥| occur at those places where the signal f,
smoothed by 8, is varying most rapidly. This is similar for | f * ¥, j € {1, ..., J}. Thus we may
interpret the positions of the local maxima of | f x Y] to be the edges (points of sharp variation)
of the signal f, smoothed by 6,;, where f * 68,; is a smoothing of the signal f, restricted to the
frequency range [—Q/2/7}, —Q/2/TU [Q/2/, Q,/2/71].

We remark that we may think of 8 as generating an integrated wavelet transform or smoothing
transform I, given by

Iiu—> (uxOu,u*xbn,...,ux0p,ux*xepy), u € Pq.
It is easy to check that JI - ||,2¢p,, is equivalent to || - {|,.

Mallat and Zhong [MZ1, MZ2] only sample f * yr,; values at the edges and, indeed, discard
all such local maxima values below a threshold. This corresponds to only keeping the sufficiently
sharp edge features of the signal at each level j. Mallat and Zhong find that their reconstructed
signal is visually close to (or hard to distinguish from) the original signal. We discuss one advantage
of keeping sample values whose total energy is large (in our one-dimensional setting) in the next
section.

8. Not Choosing Local Maxima Slows
the Rate of Convergence

As in §4, let (X, (-, -)) be a complex Hilbert space with corresponding norm || - ||. Suppose
that V and S are closed subspaces of X. Define U := PyP;.

8.1. Lemma
Let X, S, V, and U be as defined previously. Then foralln € NU {0},
(Psh, k)
Il
Proof. Fix A € X\{0}. From the positive homogeneity in 4 of the inequality to be shown,

we may assume that ||#]] = 1. Define the one-dimensional subspace A := {ah : « € C} of X. Of
course,

on
NUZ k|| > ||kY ( ) forall h € X\{0}.

Pyx=(x,h)h forall x € X. ®
Note that P, Py = P,. We proceed via induction on n. Let n = 0. By equation (}), for all x € X,
|Ux}} = |PAPyPsx|| = [PAPsx|| = |(Psx, h)|. @

Therefore, |UR| > |{Psh, h)|. Note that, for all k € N,
PyU* = PP, PU*! = P, P;U! = U,
Py[U*11Pg = Py[(PyPs)* )~ 'Ps = Py[PsPy 1 'Ps = [Py Ps}t = UX.

Now assume that n € N and
WU Ry = |(Psh, BYF
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Then, from inequality (#) and the identities above, we have that
WUT Rl =\ UUT k| = |(PsU~"h, b))
= |(PsU" 1Py U ", h)| = (U h, Py(U*)* ~'Psh)|
= U U ) = 1UP h)? > [(Psh, ). OO

8.2. Lemma

Let (X, (-, -}) be a complex Hilbert space with corresponding norm || - ||. Suppose that V is
a closed subspace of X and U is a closed affine subspace of X such that there existsqg € T N V.
Define T := PyPr. Then foralln € NU {0},

ITx —ql) = lix — qll (Z),
where
_ Prx—g,x — g}l
lx —qll?

Proof. Now, I' is a translation of a closed subspace S of X. Moreover, S = I" — ¢ and
Prx=Psx+q—Psqg,forallx € X. Let U := PyPs. Applying Lemma 8.1 to this choice of V,
S, and U, Lemma 8.2 easily follows. O

Z, : forall x € X\{q}.

We apply Lemma 8.2 to prove our final result concerning our Mallat-Zhong algorithm, in the
setting of §§5-7.

We may again consider that our signal f € Pg is discrete and of the form ( f (kT ))rez, where
T = 7/, and may apply Shannon’s theorem to each level of Wf. Letu := f 4+ iH f. Once
again, we sample each (Wu); at a sequence t/ from (mT)mez such that t/ has all the properties
of §5, for each j. By Theorem 5.4, the Mallat-Zhong alternating projection algorithm converges
geometrically in the norm to some point of I'N V. The following result gives a lower bound on this
geometric convergence rate.

8.3. Theorem
With the discrete setting of this section, let f be a signal in Po and u := f + iHf. Let
T:=T, C ¢*(Pg) and set T := PyPr. Then forallin € NU [0).

ITZ0 — Wullepy = 1Wullepy) (Zo),

where
J+1

D03 (W) (mT)?

j=1 m¢E;
J41

33 1(Wu)mDP?

Jj=1 meZ

Here, foreach j € (1,...,J + 1}, E; is the setof all m € Z such that mT appears in the sampling
sequence t/.

0=

Proof. Letg := Wu. We need only calculate Z,, as defined in Lemma 8.2, forx =0 €
£2(Pg). By Shannon’s theorem, for all & € £2(Pq) and foreach j € {1,...,J + 1},

®rh); =Y Cl sinQ(- — 1)) + Y h;(mT) sinc(Q(- — mT)).

neZ mgE;
Fix j € {1,...,J +1}. Then
(Pr0); = Y C] sinc(Q(- — £})),

nel
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g; =Y Clsinc(Q(-—1))+ Y q;(mT) sinc(Q(- — mT)).
neZ m¢E;

However,
l{g — Pr0, q)|
ligll?

Therefore the result follows from Shannon’s theorem and the definition of the norm in £2(Pg). [

Zo=

8.4. Remark. Theorem 8.3 tells us that for each level j of our wavelet transform, if we
sample (Wu); on our discrete grid (mT) ez at a family of points (mT)mc, that allows for unique
reconstruction at a geometric rate (as described above), and such that the total energy of all the sampled
points at all levels is small compared with the total energy of the signal, then the lower bound on the
geometric rate of convergence of our Mallat-Zhong algorithm with initial point O, is large, that is,
closeto 1. Choosing a sample pointm T inside a neighborhood U of a point kT where |(Wu) ; (kT)] is
locally maximum, instead of choosing & T itself (with all other sample points remaining unchanged),
is thus certain to increase our lower estimate on the convergence rate. Of course, we can often
simply choose two points mT and nT in U so that |(Wu);(nT)| + [(Wu) ;(mT)| > (Wu);(kT)|;
however, the choice of an extra point (or points) increases the total number of sample values and
sample points that need to be transmitted to the remote site where reconstruction is to occur. Thus
there is some kind of balance going on locally, between sample size and number of samples, that
needs to be explored further by numerical and theoretical means.

Theorem 8.3 may therefore be viewed as some theoretical progress in the direction of the well-
tested computational facts (see MZ1, MZ2) that sampling at as many local maxima as is practicable
gives a better reconstructed image in fewer iterations of the algorithm.
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