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O1d Friends Revisited:
the Multifractal Nature
of Some Classical Funetions

Stéphane Jaffard

ABSTRACT.  We study some explicit functions introduced by Riemann, Jordan, Lévy, Kahane...
These functions share the property of having a dense set of discontinuities. We prove that they are
examples of multifractal functions.

1. Introduction

In his famous Habilitationsshrift of 1854 on trigonometric series [15], Bernard Riemann
introduced the integral that now bears his name. To show that this new integral did in fact extend the
Cauchy integral, Riemann defined several functions that were too irregular to be Cauchy integrable
but nevertheless “Riemann integrable.” One of these examples is

o0
(nx)
R(x) = Z = )
n=I
where (x) =x—miflx —m| < 1/2and (x) =0ifx=m+1/2,m € Z.
Riemann remarked that R is continuous except at the rationals p/2q (p and 2q having no
common factor, which we denote by p A 2¢g = 1), with the following right and left limits at these

points
2 2
p- p T p+ p n
RIE J=RrR{Z&)+— R(&= J=pR[Z)-—. 2
(2q ) <Zq> * 1642 <2q ) (2q> 16¢° @

Thus R is discontinuous on a dense set; but, in contrast with the characteristic function of
rationals, the following property holds: For all € > 0, the set of points where R has a discontinuity
of amplitude larger than ¢ is finite. Thus R is Riemann integrable, and for this reason we will call
R the Integrable Riemann function. 1t is possible, however, to analyze the regulanty of R more
precisely.

Consider, for example, the neighborhood of a rational 27;% (with an odd denominator). The

function {nx) has its discontinuities at the points 2"—2"—+1 (k € Z), so the distance between Z%-—l and a
discontinuity of (nx) is at least 1/2n{2g + 1); thus (nx) is linear on the interval [z—q% —h, Z_q% +h]

provided h < Fix handtake N + 1 = [2—@;—1)—,1]. Then h < mforn =1,...,Nand

!
2n{2g+1)"
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Thus R is quite smooth at rationals with an odd denominator, and its modulus of continuity is
hlog(1l/h) at these points. So we see that the regularity of R can change completely from one point
to another; this is in sharp contrast, for instance, with the Weierstrass functions

Wap(x) = Y _a"sin(b"x)

that have a very regular irregularity. We make this point more precise.
The regularity of a function f at a point xg is measured by the C*(xo) conditions, that is, f is
C%(x9) (& = 0) if there exists a polynomial P of degree at most {«] and a constant C > 0 such that

If(x) = P(x — x0)} < Clx — xo)°.
In practice one often uses the Holder exponent of f at x( defined by
hy(xp) = sup{a : f is C%(xo)}

to measure the regularity of f at x,.

The Holder exponent of W, ; is constant (and equal to — log a/ log b), whereas we saw that R’s
can change from point to point. Such behavior of the Hélder exponent is characteristic of multifracral
Sunctions, whose Holder exponent jumps from one point to another in such an erratic way that the
set of points E, where the function has a given exponent « is a fractal set. The relevant parameters
that one tries to determine are contained in the spectrum of singularities

d(a) = dim{xo : h(xg) = @}, (3)

where dim stands for the Hausdorff dimension (and by convention dim(@) = —o0).
We will show that R is a multifractal function. More precisely, let "— be the sequence of
convergents of the continued fraction expansion of xo. We define 7, (as in [4]) by

It is an elementary result from continued fractions that 7, > 2. Let

7(xo) = limsup 1,, “
neA

where A is the set of integers n such that g, is even (if this set contains only a finite number of
elements, we set T(xg) = 2). We will prove the following theorem in §2.

Theorem 1.
The Holder exponent of the integrable Riemann function R at xg is

hgr(xo) = —,
7(xo)
and its spectrum of singularities is given by

o for «a€]0,1],
—o0 elsewhere.

d{a) = I
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FIGURE 1. Riemann’s integrabie function R.

Note that this Holder exponent is strikingly similar to the Holder exponent of another function
attributed to Riemann:

Rx) = Z %sin(nnzx).

Indeed, let

7'(xp) = lim sup 1,,,
neB

where B is the set of integers n such that p, and g, are not both odd. The Hélder exponent of R is

1 1
h ==
= {(x0) 7 + 37 (r0)

(see [4]). R is also a multifractal function with spectrum of singularities

13
4a -2 if ae[ ],

33

dr(a) = ) 3 (5)
0 if a=—,
2
—00 elsewhere.

It would certainly be interesting to determine if there is a deeper relationship between these
two functions.

We quote from [9]: the function R “is exactly what Paul Lévy called a compensated jump
function: all jumps are negative and their sum is infinite but the continuous parts of (nx) provide a
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shift such that the series converges. Paul Lévy considerd the simpler function

oo 2n
LGx) = Z (2:)

n=0

as an illustration of what occurs frequently in the theory of stochastic processes with independant
increments.”

We will study the pointwise regularity of Lévy’s function £ and prove in §5 that it is another
example of a multifractal function. Can we infer from Lévy’s intuition that there are natural examples
of stochastic processes with independant increments that are multifractal? It is actually the case for
Lévy processes; see [6]. Note also that in [5] we prove that the simplest model of (random) lacunary
wavelet series yields almost surely multifractal functions.

In a note to Compte Rendu [8] published in 1881, Jordan introduced the notion of bounded
variation and proposed the following example of a function of bounded variation, which is nonetheless
discontinuous on a dense set.

Let Y (m,n) > 0 (m,n € Z) such that }_ ¥ (m, n) < oco; Jordan’s example is

J(x) = y(m,n).

D oex
n

In [9], Kahane remarks that Jordan could have used the following (slight) modification of R
as well
o (nx)
K(x) = ; —
Indeed, this example of Kahane fulfills Jordan’s purpose as well, for the following reason. Let us
compute the amplitude of the jump of J at (2k + 1)/2n (2k + 1 and 2» having no common factor).
All the functions (mx) that have a jump at (2k + 1)/2n satisfy

I+ !
7 2k+1
Jez 2=
m 2n
som = An and 2/ + 1 = A2k + 1). The possible values of A are exactly the odd integers, so the

total jump at (2k + 1)/2n is

> 1__1_i 1 1713
gaAn? T i 2p )P 8

K can almost be considered as a particular case of the example proposed by Jordan using

v ) -3 if misodd,
m,n) = m

0 otherwise.

K is the sum of this function composed of pure jumps and a linear compensation term.
The study of Kahane’s example is quite similar to that of Riemann, and X is another example
of a multifractal function. We will prove the following theorem in §3.

Theorem 2.
The Holder exponent of Kahane's example K at x is

hg(xo) = rpos
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except when x is a rational with an odd denominator, in which case

hi(x0) = 3.
The spectrum of singularities of K is given by
2 3
) —;i if ae [o, -2-],
HOEE I ©)

—0o0  elsewhere.

The only qualitative difference from R is the regularity at rationals with an odd denominator.
(Note that the resemblance to R is even more striking here.)

One can see Kahane’s example as a2 modification of Riemann’s function R. But an important
property that is not shared with Riemann’s function is that it is the primitive of a singular measure
(up to a linear term). Indeed, the derivative of Kahane’s example is

n? 7¢£(3)
oy —
8n3

6

St
2
2k+1A2n=1
We can thus reinterpret Theorem 2 as follows. The measure

g = Z ia%z_l @)

3
Ut tron=1 T

is a multifractal positive measure whose spectrum is given by (6). We will explain this assertion.
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FIGURE 2. Kahane’s example X.
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The Holder exponent of a measure w at xq is defined by
hu(xo) = supfe : 3C > 0; Ve <1 pu(lxo—€,x9+€]) < Ce”}. ®)
The spectrum of singularities of w is then defined as in (3). If f is the primitive of the measure y,
H(lxo — €, x0 + €]) = f(xo +€) — flxo — €)

and the exponents of u and f at x; are the same as long as one can choose P(x — xg) = f(xp) in
(2).This is always the case if 0 < A(xg) < 1. If 1 < h(xp) < 2, the two exponents will coincide
for an important class of functions: purely singular increasing functions (as called by Lebesgue and
later by Salem). By definition, these functions are differentiable almost everywhere with a vanishing
derivative at every point of differentiablility. (Actually, these authors require f to be continuous; we
do not make this asumption here.) The Devil’s staircase is an example of a purely singular increasing
function. We will see that % — J(x) is another example.

Properties of such functions, or equivalently of their derivatives, have been extensively studied
by many authors, starting with Jordan and Lebesgue and including Denjoy, Rajchman, and Salem.
These authors often considered examples of specific functions, many of which we can now interpret
as multifractal functions. We will examine some of them.

Let us try to differentiate Riemann’s function R. If we are not careful, we obtain the difference
between -an infinite linear function (3 i)x and an infinite measure

1
n 2n
2k+1A2n=1
Of course, this calculation should be given credibility by differentiating R in the sense of

distributions. Thus, if ¥ is a C*°, one-periodic function, we obtain

M1 Y1
<R'|'”)=,}i§‘w/(z;> 1lf(x)dx—<(Z;5 > a%>‘w>. (10)
n=1

n=1 2k+1A2n=1

The limits of the two terms usually do not exist independently, except if [ ¢ = 0. Thus (9)
makes sense when integrated against functions with a vanishing integral and we can interpret (10) as
the correct way to renormalize the infinite measure (9) by substracting the correct floating constant.

We will study measures (finite or infinite) similar to (9) in §4. We can actually slightly simplify
the model given by (9) or by u ¢ without changing the specific properties of these measures as follows.
Consider the expressions

1
Hp = Z ;‘553; a1

mAn=1

these are real measures if § > 2, but they need to be renormalized if 8 < 2. We will explain how one
can define a Holder exponent for the measure ug when 1 < g < 2. When using this generalization,
all measures 1 g will be multifractal (1 < 8 < 00).

Theorem 3.
If B = 2, the spectrum of singularities of (11) is

2

Z forae [0, E],
dp(@)=1 B 2
—o0 elsewhere.
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FIGURE 3. Rajchman’s function.

If1 < B < 2, the spectrum of singularities of (11) satisfies

—23 for ¢ €[0,8-1),
dyay =1 *

—00 for a > 5

Note that, in the case 8 = 3, (11) is the derivative of

R,(x) = Z E(nx)

n3

n=1
(up to the numerical factor ¢ (3)). This function appears in a paper of Rajchman [ 13], where he studied
purely singular increasing functions and proved that a convergent series of such functions is still
purely singular. As an example he considers R, and thus obtains directly that it is almost everywhere
differentiable. The proof of Theorem 3 will actually yield a more precise result: Rajchman’s function
R, is differentiable except on a set of Hausdorff dimension 2/3.

Other functions that have been introduced in the past as examples or counterexamples of
functions with unexpected properties turn out to be multifractal, for example, Polya’s “triangle-
filling” function, studied by B. Mandelbrot and the author in {7] and de Rham’s function, studied by
Y. Meyer in [12].

The motivation to consider multifractal functions came from physical problems [2, 11]. Within
mathematics, it leads one to reconsider the historical examples we have mentioned with a new eye;
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and by extending our understanding of these functions, we are able to perceive similarities and
recurrent structures in what was before a collection of unrelated curiosities.

2. The Integrable Riemann Function

2.1. Upper Bounds of the Holder Exponent

We start with an easy lemma that yields an upper bound for the Hélder exponent of any function
having a dense set of singularities.

Lemma 1.

Let f be a function discontinuous on a dense set of points; xo € R; and r, be a sequence
converging to xq such that, at each point r,, f has right and left limits; denote by s, the jump of f
atr,. Then

log s,

h¢(xo) < liminf ————.
S log |r, — xol

Proof. Let P be a polynomial; since
!(f(r:) - P(rn "x())) - (f(r"_) - P(I',, —'XO))‘ = Sn,

there exists r, arbitrarily close to r, such that
0
|f(r) — P(r, — x0)| > 7"
and |r; — xo| > $rs — xo|. We choose h = |r, — xo| and deduce Lemma 1. (O

We will now apply this lemma to Riemann’s function R. Since R has discontinuities at the
rationals p/2g, we expect R to be irregular at points well-approximated by these rationals and to
be smooth at points badly approximated. (Actually we used this property of bad approximation to
prove regularity at rationals with an odd denominator.) The Holder regularity of F at a point xq will
thus depend on properties of diophantine approximation of xp.

Proposition 1.
Let xo be an irrational number; then

hr(xo) < - o)

(in particular, for any x, 0 < h(x) < 1).

Proof. First we consider the case where A is infinite. Let n € A;

R(2)-x(2) =5
an n 8q;

Since |xg — gfl = 1/g*, Lemma 1 implies that

2 2
h(xg) < liminf — = .
T,  T(x0)

Suppose now that g, is odd for all n > N. In that case we consider

— DPn + Pn41
qn + Gni1

n
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SinCe PpGni1 — GnPni1 = (—1)"T1, this fraction is under irreducible form; thus it has an even
denominator. The jump of R at r, is
2
1
T > (12)
8(qn + qn+1) 4q,,+1
On the other hand,
1
X0 = ra] = ————[(Pn — x0gn) + (Pn+1 — X0qn+1)|;
n + Gn+1
but |p, — X0gnl < 1/qn41, 50
1 1 1 2
lxo ~ ral < ( + )5 —. (13)
Gn+1 \4Gn+1 4n+2 9ni1
Using Lemma 1, we obtain 1z (xp) < 1, hence Proposition 1 in this case. d

2.2. An Estimate of the Holder Exponent

In this section, we show how the determination of the Hoélder exponent at irrationals can be
reduced to a problem of Diophantine approximation that we will solve in the following section.
Since iz < 1, we have to estimate R(xy + 4) — R(xg). Suppose that # > 0 and let N = [1/A];

o0
Z (nx) < £ <C h‘
2 N —

n=N+1 "
SO
N
h) —
Rxo+h) — Ry = 3 20t n)2) %) + o

n=]

(and the term O (h) can be neglected since the Holder exponent of R is at most 1).
Let E(xg, h) be the set of rationals r = p/q such that

g iseven,

r € [xg, xo + Al (14)

< ()

Each function (nx) is linear on [xq, xo + 4], with perhaps one jump (at most) of amplitude 7°/8¢2
if r € E(xg, h). Thus

N onh  n? 1 n? 1
REo+m-Ru) =) — = > —+0MW=~7 3 —+O0Glogh). (15
n=1 reE(ro.h) reEoh 4
The determination of the Holder exponent of R at xg is thus reduced to the estimation of
I
- (16)
reEGo.n 4

‘We separate two contributions in this sum. The first one comes from the rationals that are convergents
of xp, and the second one from the other rationals.

Let us first compute the contribution of the convergents. Since the g, grow at least geometri-
cally, the order of magnitude of the sum is given by its first term; so, if & = |xp — 57""

o= L < > 1 < £ _cne (17
2 2 2
9n reE(xq,.h) q9 9,
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(where the sum in the middle is restricted to convergents). And the estimate

> g

reE(xp,h) q
a fortiori holds if
X()—& <h< xO_Pn—l .
qn qn—-1

We denote by E’(xo, h) the subset of E (xo, k) composed of rationals that are not convergents.
If p/q is not a convergent,

S 1
...2q2‘

-
q
Furthermore, if p/q € E'(xo,h), then ¢ > 1/+/2h. Thus the denominators of the rationals of
E’(xg, h) satisfy

1 <, < 1

VA
In order to estimate ) _, E'(xo.h) L, we take a large integer m and split the interval [1/2, 1] of the
exponents of & into m subinterv;ls

1 k1 k+1
1k=[Vk,}’k+1)=['2“+2—,,,v5+ o )

The following proposition will be proved in the following section.

Proposition 2.
Denote by E(m, k) the set of rationals r € E’'(xg, h) such that
1 1

;,75‘15hn+,'

The number N (h, k) of elements of E(m, k) is bounded by

1

1
22— —
Yi+1

(18)

hi=2ven

Using Proposition 2, 37, ¢ pm 4 77 is bounded by

2 2

A= pl-i/m

2— — 2- —

Vi+1 Y+t
and the following bound holds:
1
> = = Cmh'
reE(mk)
Using this bound, we deduce that

> L <ccemmd

re£'{xp,h}
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for all integers m, so
1
Y. S =0@"% Ve>0.
q
reE’(xg,h)

This estimate, together with (18), proves the first part of Theorem 1 (the proof is exactly the
same if 2 < 0). In order to determine the number of rationals satisfying (18), we need to make an
excursion into diophantine approximation.

2.3. Some Diophantine Approximation

The results we use in this section can all be found in Serge Lang’s book [10]. Let xy be an
irrational number and g an increasing function, larger than 1.

Definition 1. The number xj is said to be of type less than g if for any B large enough,
there exists a solution of the system

1
X0 = 5} <= (19)
q q
B
——<q<8B (20)
g =7

(p and g having no common factor).  []

First note that the convergents 5% satisfy (19). If B = g,+1, then (20) holds if g(—%; < g, and,

hence, if g{gn+1) > Q;L‘. But

Pn
xXp— —

an

& = Pn+1
4n Gn+1

""‘llnﬂ <2/q; 01 gni1 = %q,f"“‘; thus
8(gns1) = 2gns)) " V/EY, @)

If we choose g increasing and satisfying (21), a fortiori,
g(B) > 2B(@=D/(%-1)

<2

’

which can also be written

if B € (g, gn+11. Thus, the following corollary holds.
Corollary 1.

Let ' > 1(x0); the number xy is of type less than t -

=2
Let () be a positive decreasing function such that
x>
> ¥(g) = +oo.
g=1

Let
(N = /mwm dr,
1

and A(N) be the number of solutions of the inequalities

0<x0—£<£(—ql,

q q
Finally, let w(¢) = t¥(z). The following result holds {10, Theorem 8].

1<g<N.
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Theorem 4.
Let xq be an irrational of type less than g. If w satisfies the three following properties:

* g=o(w)
e w is increasing and tends to 400
o Jw(t)g(t)/t is decreasing for t large enough.
Then
A(N) =08(N) + 0(8(N)).

Recall that we want to estimate the number N (4, k) of rationals r = p/q satisfying

1 1
r € [xg,xo+h] and x <g< P
These two conditions imply that
P 1 Ty
0<x— -c; < ;I- , 22)
so N (h, k) is bounded by
1
Mt ) (23)

where Ar+1(N) is the counting function associated with
1 "t
Yie1(9) = ¢ 7 .

First, when 7(xp) > 2, we will estimate A (V) using a function g of the form g(¢) = 1.
Let us check the hypotheses of Theorem 4. First y;.; € (1/2, 1], so ¢ is positive decreasing

and satisfies Y_ ¥ (g) = +00. Since w(t) = i ot , the hypotheses of Theorem 4 will be satisfied if
1 1
ﬂzov 2- >ﬂ, 2“‘_——'>0,
Yie+1 Vie+1
t(xp) — 2
T(xg) — 1

1 1 @4
-(2———+ﬂ>—150, B <
2 Vi1

Since 1/2 < y4+1 < 1, we can choose any B satisfying
t(xp) — 2 5_ 1 )

T(x0) — 1’ Vi1

O<ﬂ<inf(

(as long as t(xp) > 2).

Thus A 1(N) ~ mN b ; 50, using Theorem 4, A¢+1(577) is bounded by
o
— (;Tl—) B
21— 21— —
Yi+1 Yi+1

Hence, Proposition 2 follows in this case.
If 7(x0) = 2, we take for g an increasing function satisfying
8(gnser) 2 2L,

n
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g increases slower than any positive power of ¢, so the hypotheses of Theorem 4 still hold and
Proposition 2 holds in this case.
2.4. The Spectrum of Singularities of R

Let H, be the set of all real numbers p such that

ac > 0, ‘p—&

for an infinity of values of n such that g, is even (and if there is only a finite number of values of n
such that g, is even, we decide that p € Hs). Let us prove that the H*/* Hausdorff measure of H,
is positive.

First, if v = 2, then H; = R and the result holds. If T > 2, one uses the following classical
lemma.

Lemma 2.

If p and q have no common factor and if

1
lgxo — pl < Z'

then p/q is a convergent of x.

Let F, be the set of all real numbers xp such that

3C > 0,

Xp— —

for an infinity of values of n such that p, and g, are both odd.
The H** Hausdorff measure of F, satisfies (see [4])

HY*(F,) > 0.

But, if xg € F;, x9/2 € H, then p,/2q, is an irreducible fraction,

C

X Pn|_
~2pt’

2 2q,

and Lemma 2 implies that p,/q, is a convergent of xo/2; thus H*/*(H;) > 0.
Consider the set
H, - | J He.

T'>T

The H**™ measure of | J,.., H, vanishes; since H, has a H?/* measure positive, H; — |J,.., Hr
has dimension 2/t.
If xo € H; — |J,.., Hr, since xo € F;, the first part of Theorem 1 implies that R is not

smoother than % at xo and, since xo ¢ | J,.., Hr, @ is C e (xp) Ve > 0; thus hg(xg) = % and the
dimension of {xp : Ag(xo) = %} is atleast 2/7.
Suppose that hg(xg) = % Then Ris C+~¢ (xp) Ye > O and thus xo € Hy Vi’ < 1) thus

2
[xo: hr(xg) = —] C U H

T y
>t

and the dimension of {xg : hg(xg) = %} is bounded by 2/t, hence the second part of Theorem 1.
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3. Jordan’s Function

The study of Jordan’s function differs from the study of Riemann’s integrable function only at
rationals with an odd denominator, and we will detail that point.
Recall that

J(x):Z(’:l—);)

is continuous except at rationals p/2g, where J has right and left limits, the jump of J at such a
point being 7¢(3)/84>. Letr = p/(2q + 1) be a rational with an odd denominator. In order to
bound the regularity of J at r, we use Lemma 1; since J has a discontinuity at a distance 2 = C/n
of r, the jump being of C’/n?, we obtain that the Holder exponent of J at r is at most 3. In contrast
with Riemann’s function R, this upper bound will turn out to be the right exponent at these rationals.
Indeed, using the same notation as in §2.2,

Nl (n <2 p+1 h)) (nz p+l)
P 14 q q
Jl——+h)-J[|—— ) = E — 4+ E - 25
(2t1+1 ) <2q+1> en? = n3 (25)

We split each term (n(555 +h)) — (n z—q’;—l)) as a sum of a linear term nA and a certain number

&(n) of jumps; thus (25) is the sum of two terms, the first one being
N-1 00 2

h h hm
Shii -2

n n 6
and the second one being

i 5, (26)

Since (x) has discontinuities at (2k + 1)/2 (k € Z), t is a point where (n(52= + t)) jumps if there

29+1
exists k such that
)4 2k+1
t = —
(n (2q +1 * )) 2

hence
1
q—np+ 5+k(2q+ 1)
=
n(2g + 1)
Suppose that 2 > 0. The numerator is always larger than 1/2; thus if
1
(= A4),

eIy

the function ("(z'q% + ¢)) has no jump on [0, A].
If A < n < 3A, the only contributions to (26) come from the values of n satisfying

qg—np=0 mod 2q + 1. 27

There exists a unique solution of (27) between A and A + 2g; the other solutions form an arithmetic
sequence of reason 2g + 1. The contribution of this whole sequence to (26) is thus between

i 1 and i 1
L (A+m2g + 1))} L (A+2g +m(2q + 1))’
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FIGURE 4. Jordan's function near 1/3.

and the value of these two sums is

1 1
_ 10| —Y).
20q + DAz T (,A3>
If 3a < n < 5A, the values of n satisfying
g—np=1 mod2g+1 (28)

also contribute to (26). As above, this contribution amounts to

1
+ 0 .
2(2q + 1)(34)? ((3A)3)
The same argument works for all possible values of ¢ — np + 1/2, and finally (26) is equal to

3 1 1 n?Q2q¢+1) , 3
= h* + O(h).
; 2(2q + (21 + 1)2A2 +0 ((21 + 1)3A3) 2 + O(h”)

We just proved the following proposition.

Proposition 3.

The Hélder exponent of J at 2_q%-T is 3, and the following expansion holds:

2 2
p )/ b4 n°(2q+1),, 3
J hl=1J —h - ———h oh).
<2q+1+) (2q+1>+ 6 4 +0W)
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Suppose now that xg is an irrational number. Proposition 1 becomes

h{xo) < 29
7(x0)
The Holder exponents at irrationals are thus between 0 and 3/2.
Since
o0
SO on
mon N

it follows that

+0(h?)

N
) —
Joo+h) =Ty =Y (n(xo + n>3) (nxo)

n=1
and (15) becomes
u 7 2 T3 1
J(xo+h)—1(x0)=sz’-_£@ > i3+0(hz)=”—6—h_i(-2 Y. S +omd.

3
=1 8 Lefmnmd 8 ko

The contributions of the convergents to

Y - (30)

3
reE(ro.n) 9

are bounded by Ch3/%; using the same method as in §2.2, the contribution to (30) of the rationals
satisfying (22) is bounded by

 J——

Ch3yk ( 1 ) Yk41 S Chyk+l_#.

hVe+t

Since y, > 1/2,

i3 < Chi~=.
reEm.n 4

We deduce Theorem 2 as in the case of Riemann’s function.

Note that the derivative of J (x) — ’%zx vanishes at the points where it exists, so it is an example
of increasing singular function. However, the term in /2 in the Taylor expansion of J at rationals
with an odd denominator does not vanish, so the the spectrum of the singular measure ux differs
slightly from the spectrum of K: they are the same except that the value d(3) = 0 in the spectrum
of K is replaced for ug by d(2) = 0.

4. From Rajchman Function to Renormalized Measures

We now consider the Rajchman function R,, its derivative, the measure £(3) 3 prg=1 ;—38 p/g>
and more generally the distributions

1
up = Z _,g‘sp/q-
pAg=1 q

The study of the pointwise regularity of R, is very similar to the study of Jordan’s function.
The exception is that, here, we do not have to make a specific study at rationals. The reader will
easily check that Theorem 2 must be reformulated as follows.
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If xq is an irrational number, let

7" (x0) = lim sup 1,;
n—oo

the Holder exponent of Rajchman’s function R, at xg is

hr. (x0) = T"(x0)

More generally, if 8 > 2, the same analysis as above yields the exponent
B
g (0) = . 31)
Using Lemma 1, (31) is also an upper bound for the Holder exponent of the primitive fg of ps, so

the Hélder exponents of fp and yg coincide everywhere.
The spectrum of singularities of 1 is calculated using the following remark. Let E, be the

set of all real numbers xy such that

C

Gni 4y
for an infinity of values of n . The H?/* Hausdorff measure of H, satisfies
HY*(H,) > 0
(see [1] or [4]). The spectrum of singularities of g is thus obtained exactly as in the case of
Riemann’s function R:

3C > 0

20 B
- f Oy P
h@=] B ora € [ 2]

—o0 elsewhere.

We now consider the renormalized measures
' 1
Y 58 when 1<p=2
pAg=l q

Recall that this must be understood as the distribution
N

. 1 1 .
Jim 3 (;1-; <;ap/q|w>— = / x/f) (= lim(Sy|¥)) (32)

q_
(if ¢ is C™ and 1-periodic). In order to be able to define an Holder exponent of this distribution, we
must check if we can take for v the characteristic function of an interval. If ¥ = 15,4,

1 1 b — _
;F<Z<3p/q|¢>—qﬂ—_1f‘/f=' algtr Boal_ T wih re(-1,01} (33
q

qﬂ qﬂ—l qﬂ
and the limit in (32) exists. We can now try to determine the order of magnitude of (32) when

V¥ = Lixga0+h)-
Thus, we denote by A(xg, &) the limit of (32) when ¥ = 1y, x,+#) 2and define the Holder

exponent of the measure 3, _ qlﬂé p/q DY

.. . log|A(xo, A)l
h =1 e 34
p(xo) llw_ljéf log 1] (34)

Of course, this is the same as computing the Holder exponent of the function
A(x) = (Svl1p.x1),

lim
N>
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which is the “renormalized primitive” of ug. Furthermore, it coincides with the usual definition of
the Holder exponent of a measure when 8 > 2. Let us first show that A is continuous at irrationals
and estimate its Holder exponent.

As usual, ;L: denotes the convergents of xy, and we consider an increment

n 1
h= X0 — E— =
gn dn
Note first from (33) that we deduce
1 h 1 RA!
> |5 <Z al’/qlllxo.xo+h]> -5l ) STt oM. (35)
azi/n |4 p q o=t/ 4
Of course,
h h 1\ -1
Y = ((-) + 0(1)) = 2— +0(). (36)
g<i/n 4 -B\\h -

We must stil] estimate
1
z v <Z 8P/q'1[xo.xo+h]> .
PRIV

o If g < gy, because of the best approximation properties of convergents, no Dirac mass d,,
is supported in [xg, xg + h].

e The contribution of g = ¢, is

= hP/™, 37

e Ifg > g,, we have

As usual, we split the intervals [1/2, 1] of the exponents of 1/ k into arbitrarily small subinter-
vals [y, yx+1] and apply Proposition 2 to each of these subintervals. We obtain a contribution
bounded by

Cih!"npbrn < c pP-L,
We see that the contribution of the convergents dominates when
P <Bf-1
7" (xo)

in this case, the Holder exponent is 8/t. (The estimation for values of h different from [x¢ — %l =

1/ is straightforward.) When t—f;o—)- > B — 1, we can only say that the Holder exponent is larger
than B — 1 (and smaller than 8/7"(x0)), hence Theorem 3. Note that the method we use cannot yield
the spectrum between 8 — 1 and 8/2.
5. Lévy’s Function
Paul Lévy introduced

=D

n
n=0 2
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as an illustration of the type of discontinuities that a stochastic process with independent increments

can have. £ is clearly continuous at nondyadic points and discontinuous with right and left limits at

dyadic points; at A = %!, the jump of £ is 27"

The regularity of £ at a nondyadic point xo will clearly depend on the quality of approximation
of xy by dyadics. Let us introduce the notation

Ap(x) = dist(x,27"Z).

Proposition 4.
The Holder exponent of L at xg is

n
h = liminf ———M—, 38
£(x¢) = limin log; A () (38)

and the spectrum of singularities of L is
de(@) =a for o €]0,1]. (39

Proof. Let xo be given. Since £ has, at a distance of h = A, (x) from x, a jump of size at
least 27", Lemma 1 implies that

n
h < liminf ——;
c(x0) < limin o8, An (%)

in particular, he(xg) <1 Vxq.
Note that for & = A, (x),

[L(x0 +h) — L(x0)| <27" + O(h) (40)

IIﬁ—l‘llll|T111—|—r1trllvvllvv-rr|l|rr]lll|llrrx—[—rr

y(10)

e b by v by by Lo o Uy v a s g e by by

0 0.1 02 0.3 04 0.5 0.6 0.7 0.8 0.9 1

X

FIGURE 5. Lévy’s function.
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(if n is the first index such that A = A,(x)) and (40) is a fortiori satisfied if h lies between two
values A,,.

We still have to calculate the dimension of the set of points where £ has a given Holder
exponent.

Ifa > 1,let

E, =limsup|_Jik2™" — 27", k27" +27™].
n—-oo k

Clearly, dim E, < 1/e; the converse inequality is almost as easy. We pick a very lacunary sequence
N, (nm = 2", for instance), and we construct a probability measure 1 supported by

Fo=[) (U[kZ”'"' R 7a R 2-"m"]) :
k

m

If m = 0, we put on each interval [k27"% — 2770 k27" — 27"%] the same mass 2~™. Each
of these intervals contains A(k, np) = 2.27"0*(2" + O(1)) intervals [[127" — 27 [27M 4 27Me];
on each of these intervals, we put the measure 27"/ A(k, ng). We iterate this construction and thus
obtain at the limit a probability measure y supported by F,. One easily checks that Vx € F,

u(lx — h,x + h]) < ch'/™,

We use Proposition 4.9 of [1}, which implies that

Hie(Fo) > 0. 41)
Since F, C E,,
1
dim (Ey) = —. 42)
o

Using (38), Az (xp) = B if and only if

Xp € ﬂ El/y - U E]/y.
y>p y<B
From (41) and (42) we deduce that the dimension of the set of points where h;(xg) = B is §; hence
Proposition 4 is proven. O

6. Concluding Remarks: Direct Methods vs. Wavelets

Lévy’s function can be seen as a modification of the Weierstrass function

Z 27" sin2"x,

where the sine function is replaced by (x). Let us compare the determination of the pointwise
regularity of these two functions. As regards Lévy’s function, Lemma 1 immediately yields the right
upper bound for the Holder exponent. As regards the Weierstrass function, the oscillations of the sine
functions make it difficult to obtain upper bounds for the Holder exponent. Actually, Weierstrass,
using only ‘by hand’ methods did not get optimal results; Hardy in 1916 had the idea of estimating
a convolution product of the analyzed function with a well-localized function having one vanishing
moment (the derivative of the Poisson kernel). This idea, which announces wavelet methods, yields
optimal results (see [3, 4]). Up to now, wavelet methods were used to study multifractal functions (see
{4, 5, 7] and references therein). However, wavelet methods cannot be applied to the functions we
study in this paper, since these functions have a dense set of discontinuities; and all existing criteria
on the wavelet transform that imply a pointwise Holder condition also imply that the function is
continuous in a small neighborhod of the point that is considered. Thus no existing wavelet criterium
could possibly give the pointwise regularity of functions that have a dense set of discontinuities.
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Roughly speaking, if f is a series of piecewise linear functions, direct methods for estimating
the modulus of continuity usually yield optimal results; and if f has a minimal regularity, one should
probably use wavelet methods.

Of course, particularly simple cases are the functions that belong to both of these categories.

An example is the Takagi function

o0 2n
T =Y 2 43)

n=0

(Note that [(x)| is the “hat function,” which is the first function of the Schauder basis.) This func-
tion was introduced by Takagi in [15] as a particularly simple example of a continuous nowhere
differentiable function, and it was rediscoverd by de Rham later [14]. To study this (monofractal)
function, we can either compute directly the increments of the function or notice that (43) yields
immediately the expansion of 7 (x) in the Schauder basis and use a wavelet criterion. Both methods
give hy(x) = 1 everywhere.

More interesting is the case of functions that belong to none of the categories we mentioned.
Consider, for instance,

o] o
=% ¢(2"x)’ ”

n=1
where ¢ is one-periodic, discontinuous, piecewise smooth, but not piecewise linear; and suppose, for

instance, that it is discontinuous at 1/2. None of the methods we considered applies. The situation
is not desperate however, we can write ¢ as a linear combination of the function (x) and a Lipschitz

0-7 LA AL LA N L N N T e B L B S N B M L L Y AL L L N L AL B B B LN £
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FIGURE 6. Takagi’s function.
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function. The Holder exponent is thus the same as for Lévy’s function. That is, the only problem
might be at the points where both functions have the same exponent; but, in this case it is equal to
1, so that the exponent of F is larger than 1; and it is actually equal to 1 because of Lemma 1. We
leave to the reader the amusing cases where the discontinuity of ¢ is not at 1/2.
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