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The act iv i ty  of a v e r y  di lute i n t e r s t i t i a l  component  is  p ropor t iona l  to the ra t io  of f i l led to 
unf i l led i n t e r s t i t i a l  s i t e s .  In  a l iquid solut ion in which solvent  and solute  a t oms  a r e  
s t rongly  bonded to fo rm in effect mo l e c u l e s  of a solute A B  b, each solvent  a tom i s  r e g a r d e d  
as  providing b s i t e s  for B a toms .  The ac t iv i ty  of the solute and other  p rope r t i e s  of the so-  
lut ion a re  t r e a t ed  by the same equat ions a s  those desc r ib ing  the i n t e r s t i t i a l  solut ion.  Con-  
cen t ra t ions  a r e  s ta ted in t e r m s  of the ra t ios  Yi = ni/(n~ + he) where  components  1 and 2 a r e  
la t t ice  a toms  and i r e p r e s e n t s  any component .  The ac t iv i ty  coefficient  of the i n t e r s t i t i a l  
component i s  defined as  ~3 = 33/z3 where  z3 = y3/(1 - y3/b) .  H e n r y ' s  law for  the solute at 
g rea t  di lut ion is  ~s = constant .  Examples  a r e  ci ted in which log ~3 is  a l i nea r  function of 
Y3 or  in other  ca ses  of z3. A s imple  form of the Gibbs -Duhem re la t ion  for t e r n a r y  so lu-  
t ions  is  used  to deduce the effects of an in t e r s t i t i a l  solute on the ac t iv i t i es  of the individual  
la t t ice  components .  

/.-, 
k.,ONSIDERABLE p r o g r e s s  has been made in u n d e r -  
s tanding the p rope r t i e s  of i n t e r s t i t i a l  so lut ions  and 
exper imen ta l  data a r e  accumula t ing  rapidly on both 
b ina ry  and t e r n a r y  a l loys .  Recent  y e a r s  have brought  
forth a n u m b e r  of s tud ies  of the behavior  of n o n m e t -  
a l l i c  solutes  in b ina ry  l iquid meta l l i c  so lvents ,  a imed  
p r inc ipa l ly  at p red ic t ing  the act ivi ty  of the solute ,  for 
example oxygen, in the mix tu r e  from a knowledge of 
the th ree  b inary  s y s t e m s  concerned ,  for example  F e -  
O, Mn-O,  and F e - M n .  The more  l imi ted  purpose  of 
th is  paper  is  to examine  the equations for ac t iv i t i e s  
of the components  in ~ t e r s t i t l a l  so lut ions  and in l iquid 
me ta l l i c  solut ions  in which the solute i s  s t rong ly  
bonded to the solvent  m e t a l s .  The l a t t e r  inc lude  not 
only nonm'etal l ic  so lu tes  such as  sul fur  or oxygen in 
i ron  or  n i t rogen  in F e - C r  a l loys ,  but a l so  ce r t a in  in -  
t e r m e t a l l i c  pa i r s  which combine  with l a rge  evolut ion 
of heat ,  for example sodium in m e r c u r y  or  lead.  It 
wil l  be of i n t e re s t  to see  what can be l e a rned  about 
such s y s t e m s  f rom t h e r m o d y n a m i c s  without r e c o u r s e  
to qnas ichemica l  theory .  

In  express ing  the t he rmodynamic  p r o p e r t i e s  of a 
t e r n a r y  solut ion in which component 3 is  i n t e r s t i t i a l ,  
it is  convenient  to adopt as  concent ra t ion  v a r i a b l e s  
the atom ra t ios :  

nl n2 ; - n2 Y3 = n3 [1] Yl= nx+ Y2 n x + n 2 '  n~+n~ 

Here  y~ and Ye a r e  the a tom f rac t ions  in the base  1-2 
b ina ry  and Y3 the ra t io  of i n t e r s t i t i a l  to la t t ice  a toms .  
The va r i ab l e  Y3 is  usefu l  in modera te ly  dilute so lu-  
t ions ,  for example where  l e s s  than half of the i n t e r -  
s t i t ia l  s i tes  a r e  occupied.  

The Gibbs-Duhem equation may be wr i t ten :  

yldGl + y2dG2 + y3dG3 = 0 [2] 

The m o l a r  value of G mus t  be taken per  mole  of la t t ice  
a toms ,  G L r a the r  than the more  f ami l i a r  G M per  
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mole  of solut ion.  It  may be noted that ,  where both 
t e r m s  r e f e r  to the t e r n a r y  solut ion:  

G L  = G M (  1 + Y3) [3] 

and, in t e r m s  of the re la t ive  pa r t i a l  mo l a r  p rope r t i e s ,  

C L -- ylG1 + y2G2 + ysG3 [4] 

S imi l a r  equat ions may be wr i t t en  for the enthalpy, ex- 
cess  f ree  energy,  and entropy.  

Ce r t a in  fea tu res  of the use  of the atom rat io ,  r a the r  
than the a tom f rac t ion  of the i n t e r s t i t i a l  component ,  
lead to d i f fe rences  in the equat ions  re la t ing  the par t i a l  
mo l a r  p r o p e r t i e s .  Simple r e l a t ions  between the two 
v a r i a b l e s  x3 and ya for the i n t e r s t i t i a l  solute include:  
Y3 = x3/(1 - x3); x3 = 23/(1 + Y3); (1 - x3)(1 + 23) = 1; 
d.v3 = dy3/(1 + 2 Y3) ; dr3 = dxa/(1 - x3) 2. The genera l  r e -  
la t ion which is  the bas i s  for  the " tangen t  i n t e r c e p t "  
method for  evaluat ing pa r t i a l  p rope r t i e s  in a b ina ry  
solut ion may be applied to a qna s i b i na r y  of constant  
x2/xl  thus :  

Gs = C M + (1 - x 3 )  \ a x 3  /x~/x l  [5] 

By me a ns  of Eq. [3] and the s imple  re la t ions  m e n -  
t ioned above,  th is  becomes  

[6] 

Equat ions  for  the par t ia l  m o l a r  p rope r t i e s  of the sub-  
s t i tu t ional  components  a r e  more  complex.  

THE IDEAL DILUTE INTERSTITIAL SOLUTION 

An ideal  b ina ry  solution may be defined as  one having 
the following p r ope r t i e s .  The la t t ice  a toms  a r e  a r -  
ranged on a per fec t  la t t ice .  The in t e r s t i t i a l  component  
is  randomly  d is t r ibu ted  on the ava i lab le  i n t e r s t i t i a l  
s i t es .  The pa r t i a l  mo l a r  energy  and volume of the 
components are independent of concentration. It has 
been shown that in such a solution the activity of the 
interstitial component is proportional to the ratio of 
filled to unfilled interstitial sites. Thus, for an ideal 
solution of hydrogen in a "good absorber" M at a 
fixed temperature, Fowler and Guggenheim I derive 
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the express ion ,  in which N is  the number  of a t oms  of 
e i ther  kind and b is  the n u m b e r  of i n t e r s t i t i a l  s i t e s  
pe r  la t t ice  atom: 

N H 
bNM - NH - a H  x const  [7] 

A s i m i l a r  equation was  der ived  by Gurney 2 for  ca rbon  
in fcc i ron .  Dfinwald and Wagner  3 tes ted  the equation 
for  carbon in aus t en i t e  and cited e a r l i e r  r e f e r e n c e s  to 
i t s  der iva t ion .  The i r  expe r imen ta l  r e su l t s  showed sub-  
s tan t ia l  deviat ions which they a sc r ibed  to a m o r e  rapid  
dec rea se  in the n u m b e r  of avai lable  s i tes  than in the 
denomina to r  of the f r ac t ion  [Nc//(bNFe -- N C )]. Such a 
d e c r e a s e  has been the b a s i s  for  the more  r ecen t  
"b locking  m o d e l s " .  Many of the equations which have 
been der ived  by s t a t i s t i ca l  t h e r m o d y n a m i c s  for  the 
ac t iv i ty  of carbon in i ron  reduce  to this  s imple  ra t io  
at inf ini te  dilution,  and mos t  of the proposed mode ls  
a r e  concerned  with devia t ions  f rom the ideal .  

It is  convenient  to cons ide r  the t he rmodynamic  
p r o p e r t i e s  per  mole  of la t t ice  a toms and for  th is  p u r -  
pose the f rac t ion of Eq. [7] is  mul t ip l ied  by b to define 
a " l a t t i ce  r a t i o " ,  which,  for  the solut ion i - 3  is :  

Z s - -  n3 n, - [8] 

which ideally is  p ropor t iona l  to the act iv i ty ,  a3. The 
constant  of p ropor t iona l i ty  inc ludes  b and a fac tor  
which depends upon the s tandard  state adopted.  Thus  
in  an ideal  i n t e r s t i t i a l  solut ion:  

k s  
as = ka3 = ~ [9] 

In a t e r n a r y  solut ion containing two types  of la t t ice  
a toms ,  components  1 and 2, the usual  condit ion for  
ideal i ty  mus t  be imposed  on the la t t ice  i t se l f ,  and at  
inf in i te  di lut ion with r e spec t  to the th i rd  component ,  
a~ = n J ( n l  + he). The i n t e r s t i t i a l  component 3 behaves  
in  the same  way as  be fore ,  provided the n u m b e r  of in -  
t e r s t i t i a l  s i t es  is  una l t e r ed ,  and, for a fixed a tom 
f rac t ion  in the b ina ry  la t t ice ,  

as = kzs = kr~/ (n l  + ne - r~/b)  = ky3/(1 - y3/b) [10] 
It i s  poss ib le  to v i sua l i ze  a par t i a l ly  ideal t e r n a r y  so-  
lu t ion in which the i n t e r s t i t i a l  component f o rms  an 
ideal  solut ion in a nonideal  la t t ice  of fixed composi t ion .  
In  such a case the r e l a t ion  between a3 and zs may be -  
come a complex funct ion of the la t t ice  composi t ion .  

The use  of z i as  a concen t ra t ion  p a r a m e t e r  and the 
appl ica t ion  of Eqs.  [9] and [10] as  l imi t ing  equat ions  
in  ce r t a in  dilute l iquid me ta l l i c  solut ions  such a s  F e -  
S, F e - C r - C ,  and Hg-Na has been suggested.  4-6 These  
a r e  solut ions  in which the solute e lement  is  s t rongly  
bonded to the solvent  me ta l l i c  e lement .  This  app l i ca -  
t ion may be jus t i f ied  by the following a r g u m e n t .  Con- 
s i de r  the solute B s t rongly  bonded to the solvent  A. 
The AB bonds a r e  ve ry  much s t ronge r  than the AA 
bonds while at g rea t  d i lu t ion the BB bonds a r e  u n i m -  
por tan t .  Belton and Tank in s  7 suggested the fo rma t ion  
of mo lecu l a r  spec ies  such as  FeO, thus rev iv ing  the 
m o l e c u l a r  theory  of so lu tes  in a new fo rm.  More  r e -  
cently Jacob and Jef fes  8 have proposed a model  based  
on the format ion  of poss ib l e  spec ies  of the type of X20. 
Severa l  were  cons ide red  by Jacob and Alcock,  9 who 
d i sca rded  the concept of a constant  coordinat ion  n u m -  
b e r  for  the a toms  X, Y, and O and found mos t  satiN- 
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factory r e s u l t s  when O was a s s igned  a coordinat ion of 
4. These  au thors  have been i n t e r e s t e d  in predic t ing  
the ac t iv i ty  of the solute in the mixed X-Y solution 
f rom data on the X-O, Y-O, and X-Y solut ions .  The 
p re sen t  object ive  is  the more  l imi t ed  one of c o r r e -  
lat ing ac t iv i ty  and composi t ion in a sys t em which has  
been s tudied exper imenta l ly .  

All  of these  developments  a r e  based  on the idea that 
each solvent  a tom provides  a n u m b e r  of s i tes  for solute  
a toms ,  and consequent ly  the s i tua t ion  in this  kind of 
l iquid solut ion i s  analogous to that  in the solid i n t e r -  
s t i t ia l  solut ion.  Hoch I~ has applied the s ta t i s t i ca l  
mechan ic s  of i n t e r s t i t i a l  so lut ions  to carbon  and oxy- 
gen in l iquid i ron  and has concluded that the liquid has 
the bcc f e r r i t e  s t ruc tu re .  A somewhat  different  view 
has  been  developed n with the aid of equations of the 
p r e se n t  pape r .  

F o r  the kind of l iquid solut ion in quest ion,  we may 
say that each a tom of solvent  p rov ides  on the average  
b i n t e r s t i t i a l  s i t e s .  The re  is  no geomet r i ca l  guide to 
the value of b and va lues  that have been cited or i m -  
pl ied in the foregoing d i scuss ion  a r e  in tege r s  or  f r a c -  
t ions  not fa r  f rom unity.  If we have nl moles  of solvent  
and ~ moles  of solute ,  the re  a r e  bnl s i t e s ,  of which n3 
a r e  f i l led.  The entropy of random mixing of ns f i l led 
s i tes  and bnl - m vacant  s i t es  is  

A S =  ~n~ I b n ~ - n ~ )  ln b n ' - r ~  + r~ ln [11] 

which by d i f ferent ia t ion  gives the pa r t i a l  mo la r  config- 
u ra t iona l  ent ropy of component  3 

el l ~C = aS = - R l n  b n , - n s  
n l  

In the ideal  case  the par t i a l  heat of mixing is  constant  
and the pa r t i a l  mo l a r  f ree  energy is  

G3 = ~3 + R T  In n3 [13] 
bm - ns 

And the ac t iv i ty  is  

ns • const = kZs [14] 
a s=  bnx - r~ 

which is ident ica l  with that of the ideal  i n t e r s t i t i a l  
solute,  Eq. [7]. 

Eq. [9] or  i ts  equivalent  Eq. [14] wil l  be taken as  
the l imi t ing  law at grea t  di lut ion,  the p rope r  form of 
H e n r y ' s  law for in t e r s t i t i a l  and s t rong ly-bonded  l iquid 
solut ions .  The cor responding  fo rm of Raou l t ' s  law in 
the b ina ry  solut ion 1-3 is  found by in tegra t ion  of the 
Gibbs -Duhem equation: 

Y3 

in  al = - f y3d In a3 = b In (1 - y3/b) [15] 
o 

These  equat ions a r e  appl icable  only at great  di lut ion.  
F o r  f ini te  concen t ra t ions  devia t ions  wil l  occur .  It i s  
to be expected that the devia t ions  f rom a co r rec t  l i m -  
it ing law wil l  be s i m p l e r  than the devia t ions  f rom an 
i nc o r r e c t  one. 

The ac t iv i ty  of an ideal  i n t e r s t i t i a l  solute ,  compo- 
nent  3 in the b ina ry  1-3 is  shown in Fig .  1 as  a function 
of x3 the a tom frac t ion,  Ys the a tom rat io ,  and zs the 
la t t ice  ra t io .  The value of b is  t aken  as  one. The r e l a -  
t ions  in the ideal  t e r n a r y  1-2-3  a r e  i l l u s t r a t ed  in Fig.  
2, where  composi t ions  a r e  expressed  in a tom ra t ios  
as  defined in Eq. [1]. 
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Fig. 1--Activity of an ideal interstitial solute as a function of 
its atom fraction x 3, atom ratio Y3, or lattice ratio z 3 

DEVIATIONS FROM HENRY'S LAW 

In the nonideal  solut ion a3 t kz3, and the ra t io  an~z3 
- ~3 approaches  a cons tant  l imi t ing  value ~I,~ at inf ini te  
di lut ion with respec t  to component  3 in an  a l loy  of 
fixed Y2. In the b ina ry  i n t e r s t i t i a l  so lu t ions ,  a s  well  as  
in l iquid solut ions containing s t rong ly-bonded  so lu tes ,  
the devia t ions  f rom the ideal  of Eqs.  [10] and [14] a r e  
adequate ly  represente~i  by an  empi r i ca l  l i n e a r  r e l a t ion ,  
for  example in the sys t em 1-3:  

In ~3 = 1~ a3/z3 = in ~ + 03y 3 [16] 

where  83 is  an in t e rac t ion  coefficient  which i s  cons tan t  
at  constant  t e m p e r a t u r e .  Th i s  is i l l u s t r a t ed  in the fol-  
lowing examples .  In the i n t e r s t i t i a l  solut ion,  aus t en i t e ,  
the act ivi ty  of carbon has been m e a s u r e d  by a n u m b e r  
of o b s e r v e r s ,  the widest  range  of concen t ra t ion  being 
that covered by Ban-ya ,  El l io t t ,  and Chipman 12 at  
1150~ The i r  r e s u l t s  a r e  shown in Fig .  3 in the form 
of a plot of log K'(z)  vs  YC where K'(z)  is  the equi l ib -  
r i um value  of P ~ O / ( P c o  2 "zc ) and log K'  = log a c / z  C 
+ constant .  The l i n e a r  r e l a t ion  fi ts  the data within ex-  
p e r i m e n t a l  e r r o r s  and has the advantage that it i s  
read i ly  i n t e rp re t ed  in t e r m s  of some of the proposed  
s t a t i s t i ca l  models .  T h e i r  equation desc r ib ing  the a c -  
t iv i ty  coefficient  is  a s imple  one, graphi te  be ing the 
s t andard  s ta te ,  and the t e m p e r a t u r e  1423 K: 

log ~2 C = log a C / z  C = 0.685 + 2.76y c [17] 

STANDARD STATE 

If it be des i r ed  to employ the r e f e r ence  s ta te  of in -  
f ini te  di lut ion,  the s t andard  state then b e c o m e s  a hypo- 
the t ica l  s ta te  in which z c = 1 and al l  o ther  p r o p e r t i e s  
of the solut ion co r r e spond  to inf ini te  di lut ion.  Th i s  is  
a point at z C = 1 on the i m a g i n a r y  l ine a '  C = z C. F o r  a 
solut ion so di lute that H e n r y ' s  law is  val id ,  the concen-  
t r a t i on  being z~ ,  the ac t iv i ty  r e f e r r e d  to graphi te  is  

o , a C = ~ c Z c  . The ac t iv i ty  r e f e r r e d  to inf ini te  di lut ion 
is  a~ = z~ .  The ra t io  of the two is  a c / a '  C = ~ .  Thus ,  

Y3 

0.4 

0.2 

a 3 = 0.429 

a 3 = 0.250 

a3=O. I I I  

0 I I I I 
0 0.2 0.4 0.6 0.8 1.0 

Y2 

1.0 x, x I I I I 

o.8 \ \ ,y =o.i 

y 3 = 0 . 2  

= 0 . 5  
O I 

0 . 2  

0 . -  I r ~ I " %  
0 0.2 0.4 0.6 0.8 1.0 

Y2 
Fig.  2 - - A c t i v i t i e s  in an i dea l  i n t e r s t i t i a l  so lu t ion .  The a c t i v i t y  
of the i n t e r s t i t i a l  c o m p o n e n t  i n c r e a s e s  m o r e  r a p i d l y  than i t s  
c o n c e n t r a t i o n .  

log a c -  log a~ = log ~ h  and the s t andard  f ree  energy 
of t r a n s f e r  between the two s tandard  s ta tes  is  

G~ (gr) - G~(inf.  dil.) = - R T  In ~ [18] 

It is  noted that th is  hypothet ical  s t andard  s ta te  c o r r e -  
sponds to a f i l l ing ra t io  of 1/(b + 1) of the i n t e r s t i t i a l  
s i t es  or  a ra t io  of f i l led to unf i l led s i t e s  of 1/b .  By 
r e f e r e n c e  to Eq. [17] the f ree  energy change between 
the two s t anda rd  s ta tes  is  

C(gr) = C(y, inf. dil .);  

s 2423 = 2 . 3 R T .  0.685 = 4460 cal [19] 

and 

' - 2.76y c + log z c [20] log a C - 

LIQUID SOLUTIONS 

An example  of the use  of z i in l iquid solut ions  is  
found in the work of Ban-ya  and Chipman 13 on ac t iv i -  
t i es  in Fe -S  solu t ions .  They m e a s u r e d  the equ i l ib r ium 
ra t io  defined as  K'(z)  = PH2S/(PH 2. ZS) which is  obvi-  
ously p ropor t iona l  to the ac t iv i ty  coefficient  ~S.  In the 
absence  of any geomet r i ca l  c r i t e r i o n  the va lue  of b 
was a s s u m e d  to be one. The va lues  of log K'(z)  were  
plotted aga ins t  z S as  shown in Fig.  4 and a s t ra ight  l ine  
re la t ion  was found. The re  is  no theore t i ca l  r eason  for 
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Fig. 4--Equilibrium ratio K' (z) = p~t~s/PH~ �9 z C as a function oI 
z s in liquid iron (Ref. 13). 

supposing that a plot of log ~Pi vs z i should be m o r e  
nea r ly  l i nea r  than a plot of log ~i  vs Yi.  In aus ten i t e ,  
the l inear i ty  of log ~I' C vs  YC appea r s  in some of the 
m o r e  acceptable  s t a t i s t i ca l  t r e a t m e n t s  (models  II and 
XI of Ref. 12) and i ts  poss ib le  appl icat ion to l iquid so-  
lu t ions  needs  fu r the r  inves t iga t ion .  The s impl ic i ty  of 
the mathemat ica l  t r e a t m e n t  p resen ted  he re  would tend 
to encourage the use  of Yi.  The following t r e a t m e n t  is  
based  on the constancy of 03 in Eq. [16]. 

REAL TERNARY SOLUTIONS 

In the t e r n a r y  solut ion the va lues  of ~ and of 03 a r e  
funct ions of the base  composi t ion  Y2. They a r e  des ig-  
na ted  [~]Y2 and [Oa]y 2 and the equation is  

In k i / ( 1 2 3 )  -- [In ~]Y2 + [03]y223 [21] 

The ac t iv i t i es  of components  1 and 2 in the b i n a r y  so-  
lut ions  1-3 and 2-3 a r e  found by subst i tu t ing a3 = ~3z3 
f rom Eq. [16] and in tegra t ing  as  in Eq. [15] to obtain 

In a[la) _ 1 ~ ( 1 3 )  2 = -fft~3 Y3 + b In (1 - ya/b) [22] 

and a cor responding  equation for In a2 r 
In de te rmin ing  a~ in the t e r n a r y  solut ion,  the in t e -  
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Fig. 5--Schematic representation of the activity coefficient of 
a solute and its effect on the excess free energy of the solution. 

gra t ion  of Eq. [15] has as  i t s  lower  l imi t  not pure  1, 
but the b i n a r y  1-2 of composi t ion Yl in which the ideal  
ac t iv i ty  is  Yl. Hence,  in the ideal  t e r n a r y  solution 

In a~ id) = In Yl + b i n  (1 - y3/b)  [23] 

It i s  noted that  for va lues  of b not fa r  f rom unity and 
for the sma l l  va lues  of Y3 encounte red  in mos t  i n t e r -  
s t i t ia l  so lu t ions ,  the las t  t e r m  is  approx imate ly  equal 
to In (1 - Y3). Now if we define the act ivi ty  coefficient  
as  the ra t io  of the act ivi ty  to i t s  ideal  value,  we may 
define ~ as  

~Pl = al /y~(1 - ya/b)  b ~ at/y~(1 - Y3) [24] 

and a co r respond ing  defini t ion for ~P2. 
In t e r m s  of ac t iv i t i e s ,  Eq. [4] may be wr i t t en  

G L / R T  = y, In al + Y2 In a2 + Y3 In a~ [25] 

where  a~ is  based  on inf ini te  di lut ion and is  defined as  
a~ - (~Pa/~)za and ~Pa and ~P~ a r e  for a specif ied value  
of Y2. The  ideal  f ree  energy is :  

G L ( i d ) / R T  = yt  In [y~(1 - Ya)] + Y2 In [y2(1 - Y3)] 

+ Ya In za [26] 

The excess  f r ee  energy above that of an  ideal  t e r n a r y  
in t e r m s  of the act ivi ty  coeff ic ients  defined in Eqs.  
[16] and [24] i s  found by sub t rac t ing  the above to give: 

G E / R T  = y ,  In ~ ,  + Y2 In ~2 + [Ya In ~ a / ~ ] y  2 [27] 

The s i tua t ion is  i l l u s t r a t ed  in Fig .  5 where  the up-  
per  por t ion  A r e p r e s e n t s  hypothet ical  de t e rmina t ions  
of the ac t iv i ty  coefficient of a solute at severa l  concen-  
t r a t i ons  in the b ina ry  solvent .  The excess  f ree energy 
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of the  solut ion i s  shown in the  lower  por t ion ,  B.  One 
would l ike  to be ab l e  to compute  the c u r v e s  of B f rom 
the da ta  shown in A,  but t h e r m o d y n a m i c s  does  not  of- 
f e r a  method  for  doing t h i s .  It i s  p o s s i b l e ,  howeve r ,  
g iven the da ta  of A and the curve  for  the  e x c e s s  f r e e  
energy  of the  b i n a r y ,  to ca l cu l a t e  the  c o r r e s p o n d i n g  
v a l u e s  fo r  the  t e r n a r y  so lu t ion .  Th i s  may  not be  done 
by the s i m p l e  add i t ion  of RT In q~a/~  to the  v a l u e s  for  
the  b ina ry .  The add i t ion  of component  3 a l t e r s  the  
v a l u e s  of g~ and ~I,~ and,  t h e r e f o r e ,  the  cons t ruc t i on  of 
the  b roken  cu rves  of B r e q u i r e s  the app l i ca t i on  of 
s o m e  fo rm of t e r n a r y  Gibbs -Duhem equat ion.  

ACTIVITIES OF THE SOLVENT COMPONENTS 

In h is  o r ig ina l  t r e a t m e n t  of the app l i ca t i on  of the  
G ibbs -Duhem equat ion to t e r n a r y  so lu t ions ,  Da rken  x4 
showed that  the t h e r m o d y n a m i c  p r o p e r t i e s  of the  s o l -  
vent  components  can be  ca l cu l a t ed  f rom tha t  of a t h i r d  
component  p rov ided  the  l a t t e r  i s  known a t  a l l  c o m p o s i -  
t ions  of the  t e r n a r y .  Th i s  method obvious ly  i s  not  a p -  
p l i c a b l e  in the  p r e s e n t  context  s ince  Y3 a p p r o a c h e s  in-  
f in i ty  a s  x3 a p p r o a c h e s  uni ty .  Darken  showed f u r t h e r  
tha t  in the  c a s e  of a d i lu te  solut ion of the  t h i r d  compo-  
nent the  a c t i v i t i e s  of the  so lvent  componen t s  can be  
e s t i m a t e d  with a r e a s o n a b l e  d e g r e e  of c e r t a i n t y  p r o -  
v ided  a m a t h e m a t i c a l  m o d e l  of the b i n a r y  i s  a v a i l a b l e .  
S e v e r a l  e x a m p l e s  w e r e  c i t ed  and c h e m i c a l  in tui t ion 
was  sus t a ined .  M o r e  r e c e n t  a t t e m p t s  to app ly  r e g u l a r  
so lu t ion  t heo ry  ~5 o r  a q n a s i c h e m i c a l  mode l  ~6'9 o r  h id -  
den a s s u m p t i o n s  of a mode l  x7 have y i e lded  only qua l i -  
f ied s u c c e s s ,  but have  not obta ined  quan t i t a t ive  con-  
f i r m a t i o n .  It would a p p e a r  i m p o s s i b l e  to  so lve  th i s  
p r o b l e m  by thermod~n_amics a lone .  

W a g n e r  ~8 has  d i s c u s s e d  the  app l i ca t i ons  of the  G i b b s -  
Duhem equation to t e r n a r y  s y s t e m s  and has  deduced  a 
n u m b e r  of usefu l  equa t ions  which m a y  be  s i m p l i f i e d  
somewhat  by  us ing  Y3 r a t h e r  than x3 and subs t i tu t ing  
s o m e  of the  r e l a t i o n s  men t ioned  above .  It should  be  
r e m e m b e r e d  that  W a g n e r ' s  t h i rd  component  (in our  
sense )  was  n u m b e r e d  2 and h is  b ina ry ,  l ike  D a r k e n ' s ,  
was  s y s t e m  1-3 .  R e w r i t t e n  in our  nota t ion h i s  Eq.  
[1-72] b e c o m e s :  

-g-~y~ / = -Y~ k~~yf l -  Y~k-a-~y~ ] [28] 

This  and the  c o r r e s p o n d i n g  equation fo r  a G2/OYa a r e  
r e g a r d e d  by W a g n e r  a s  the  mos t  p ro f i t ab l e  f o r m s  fo r  
a t e r n a r y  s y s t e m .  The  in t roduc t ion  of ya, h o w e v e r ,  
l i m i t s  t h e i r  use  to c o m p o s i t i o n s  in which x3 i s  sub -  
s t an t i a l l y  l e s s  than uni ty and the above  equat ion cannot 
be  used  fo r  the  full  i n t e g r a t i o n .  

If the t h e r m o d y n a m i c  funct ions of the b i n a r y  s y s t e m  
a r e  known, the  equat ion may  be i n t e g r a t e d  with  Y3 = 0 
a s  the  lower  l imi t  to f ind the  effect  of component  3 on 
the p a r t i a l  m o l a r  p r o p e r t i e s  of each of the o the r  c o m -  
ponents .  In t e r m s  of e x c e s s  p r o p e r t i e s ,  W a g n e r ' s  Eq.  
[1-80] r e d u c e s  to:  

G~(Y2' Ya) = GE(y2' Y3 =O) + E--y2 -'g-~-Y~ _l 

x - y a:t [29] 
JY2 

The quant i ty  in b r a c k e t s  m a y  be  eva lua ted  a s  the  o r -  
d ina te  i n t e r cep t  of the  tangent  l ines  fo r  s t a t ed  v a l u e s  
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of Y3 on a plot  of G 3 E vs  Y2 a t  a p a r t i c u l a r  va lue  of Y2. 
On the  o the r  hand, if the  ac t i v i t y  coef f ic ien t  ~I'3 has  

been  e x p r e s s e d  a s  an a l g e b r a i c  funct ion of Y2 and Y3 
an a n a l y t i c a l  solut ion may  be  ob ta ined  for  the  effect  
of component  3 on the a c t i v i t i e s  of the  o ther  compo-  
nen t s .  A s  an example ,  the  r e c e n t  da t a  of Wada,  Wada,  
E l l io t t ,  and  Chipman 19 on the  ac t i v i t y  coeff ic ient  of 
ca rbon  in F e - N i  a l l o y s  up to  YNi = 0.25 at  1000~ a r e  
e x p r e s s e d  by  the equation:  

log q 'c  = 0.887 + 1.87YNi + 3.03y C [30] 

and log  g ~  i s  the  va lue  of the  above  at  YC = 0. Eq. 
[29] i s  r e a r r a n g e d  and a p p l i e d  to the  ac t iv i ty  coef f i -  
c ient  ~I, c / ~  and i s  then so lved  fo r  the  i n c r e m e n t  
6 log ~Fe : 

log ~Fe(YNiYc) - - l og  ~Fe(YNi ,Yc = 0) ---- 6 log ~I'Fe 

{:C[l ~C 8 l~ ff'C/~C] ~I'c }y 
= og ~-~--YNi - ~ "  J dyc-ycl~ N, 

[31] 
A c c o r d i n g  to Eq. [30] the  va lue  of log ~ c / ~  i s  i n d e -  

pendent  of YNi and i s  equal to 3.03y C . Subst i tu t ion in 
Eq.  [31] g i v e s  

Yc 
l o g * r e  : f 3.03yc dyc-  3.03y  : -t.51y  [32] 

0 

Thus,  the  effect  of ca rbon  on the a c t i v i t y  coef f ic ien t  of 
i r on  i s  independent  of YNi up to YNi = 0.25. Because  of 
the  d e c r e a s e d  so lub i l i ty  of g r a p h i t e  the  m a x i m u m  effect  
of ca rbon  d e c r e a s e s  s h a r p l y  with i n c r e a s i n g  n icke l  con-  
ten t .  In the  b i n a r y  F e - C  the so lub i l i t y  of g r a p h i t e  i s  
YC = 0.0725 while  a t  YNi = 0.25 i t  i s  r e duc e d  to YC 
= 0.030. Max imum va lues  fo r  6 log ~I'Fe a r e  r e s p e c -  
t ive ly  -0 .0080  and -0 .0014.  It i s  to be  r e m e m b e r e d  tha t  
t h e s e  a r e  only the  i n c r e m e n t a l  e f fec t s  of ca rbon ,  to 
which m u s t  be  added  the va lue  of ~Fe  fo r  the  ac t iv i ty  
coef f ic ien t  in the  F e - N i  b i n a r y .  

Schuhmann ' s  2~ method of i n t eg ra t i on  i s  e s p e c i a l l y  
des igned  fo r  use  with t r i a n g u l a r  c o o r d i n a t e s  and i s  not 
r e a d i l y  a p p l i c a b l e  to the k inds  of s y s t e m s  c o n s i d e r e d  
h e r e .  An a l t e r n a t i v e  method which,  l ike  Schuhmann ' s ,  
u t i l i z e s  i s o a c t i v i t y  l ines  and i s  a p p l i c a b l e  to s y s t e m s  
such a s  a gas  in a me ta l  p a i r  o r  ca rbon  in a b i n a r y  
i ron  a l l oy  i s  deve loped  a s  fo l lows .  F o r  s i m p l i c i t y  the  
equat ions  wi l l  app ly  to a so lu t ion  in which b = 1. 

_ Eq. [4] i s  d i f f e ren t i a t ed  with r e s p e c t  to Y2 keeping  
G3 cons tan t .  

+ &(o_z:A 
[33] 

Eq. [2] i s  d iv ided  by dy2 aga in  keeping  G3 constant  

y,~-~y2]_~3 + y2\-~y2].~3 = 0 [34] 

Sub t rac t ing  the above  

 /ay3   Tydr -- + [35] 

which i s  combined  with Eq. [4] and r e a r r a n g e d  to give 
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0 .0  I I r I (a (a r. _ y3~3)~ [36] G2 = G L - Y3Ga + Yl \ ay2 ] ~  

Now if the  va lue  of (G L - yaG-a) f o r  a spec i f i c  cons tan t  
va lue  of the  chemica l  po ten t i a l  Ga of component  3 i s  
p lo t t ed  aga ins t  Y2 and a t a n g e n t i s  drawn a t  any  va lue  
of Y2, the  i n t e r c e p t  a t  Y2 = 1 i s  G2 and the i n t e r c e p t  at  
yl  = 1 i s  G1. 

In o r d e r  to ca l cu l a t e  the  a c t i v i t i e s  of componen t s  1 
and 2 by m e a n s  of Eq. [36], i t  i s  n e c e s s a r y  to  know the  
f r e e  ene rgy  of the whole  so lu t ion ,  G L conta in ing 1 
m o l e  of the  l a t t i ce  e l e m e n t s  and Ya m o l e s  of the  i n t e r -  
s t i t i a l .  If G M, the m o l a r  f r e e  energy ,  i s  known for  a l l  
c o m p o s i t i o n s  of the  b a s e - b i n a r y  1-2,  the  va lue  of G L 
fo r  any q u a s i b i n a r y  of f ixed  Y2 is  by Eq.  [6] 

Y3 

G L = G M + f ( G 3 0 Y a ) y  2 [37] 
o 

Since  G3 i s  a function of y3 t h e i n t e g r a l  of Eq. [37] m a y  
be  r e p l a c e d  by [Y3G3 - fY3(Y3 dG3).v~]. This  i s  s u b s t i -  
tu t ed  in Eq. [36] to y i e l d  Eq.  [38fwhich  a p p l i e s  to  a 
s e r i e s  of va lues  of Y2: 

Io j Y' ~ M _  f (Y3 0G3)y C~ G2 = GM-- f (yaOG)y2 +yt 0ye 
o o 

[38] 
Thi s  equat ion i s  b a s e d  on t h e r m o d y n a m i c s  a lone  and 
m a y  be  so lved  when suf f ic ien t  data  a r e  a v a i l a b l e  without  
r e c o u r s e  to m o d e l s  o r  e m p i r i c a l  equat ions .  However ,  
suf f ic ien t  data  a r e  r a r e l y  a v a i l a b l e  and e m p i r i c a l  equa-  
t ions  may  be v e r y  helpful .  

It wi l l  be convenient  to d iv ide  Eq. [38] by 2 .3RT and 
to in t roduce  the def ined t e r m  E which can be eva lua ted  
fo r  each spec i f i c  va lue  of y2: 

Y3 

E = G M / 2 . 3 R T -  f (Ya 0 log a3)3, 2 [39] 
o 

T h i s  p r o c e d u r e  g ives  the  usefu l  r e s u l t s :  

log a 2 :  E +  yl (SmyE2)aa 
[40] 

S i m i l a r l y  

[41] 
If i n fo rma t ion  on the  b a s e - b i n a r y  is  l ack ing ,  Eqs .  

[40] and [41] give us  only the  i n c r e m e n t  in log a.  o r  
log az due to the  p r e s e n c e  of component  3. Th i s  i n c r e -  
men t  i s  des igna ted  5 log al o r  5 log a2. Since the  va lue  
of G M i s  unknown and we a r e  conce rned  only with in -  
c r e m e n t a l  va lues  in tog al  o r  log a2, we s i m p l y  le t  G M 
equal  to  0 fo r  a l l  va lue s  of Y2. Then,  if E i s  to  be  used  
only in an i n c r e m e n t a l  ca l cu la t ion ,  we may  ca l l  i t  E a 
and w r i t e  

Y3 

E6 = - f (Y3 0 loga3)y  2 [42] 
o 

T h i s  i s  to  be eva lua ted  f r o m  e x p e r i m e n t a l  da ta  on a3 a t  
v a r i o u s  va lues  of Y2. The ac t i v i t y  a3 i s  r e p l a c e d  by 
~ 3 Z 3 .  

We now in t roduce  the e m p i r i c a l  o b s e r v a t i o n  that  
log ~a i s  a l i n e a r  function of Ya fo r  a f ixed va lue  of Y2, 
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Fig. 6--Determination of the effect of carbon on the individual 
activities in liquid Fe-Cr solution at 1660~ 

Table I. Effect of Graphite Saturation on the Activities of Iron and 
Chromium at 1660~ 

yQ 0 0.1 0.25 0.50 0.75 I 0 
(extrap) (extrap) 

YC sat 0.275 0 306 0.355 0.429 0.484 
y :  C 0.0756 0.094 0.126 0.184 0.234 

0C/2.303 2.48 2.68 2.98 3.48 3.99 

-�89 -0.094 -0.126 -0.188 -0.320 -0.467 

l o g o  -Yc)  -0.140 -0.161 -0.191 -0.243 -0.287 

E~ -0.234 -0.287 -0.379 -0.563 -0.754 

6 log aFe -0.234 -0.232 -0.217 -0.17 -0.13 -0.1 

5 log ac t  -0.75 -0  79 -0.87 -0.95 -0.97 -0.98 

Eq. [21]. The  in t eg ra t ion  fol lows the s a m e  cou r se  a s  
that  used  in obtaining Eq. [22] and the r e s u l t  i s  s i m i l a r ,  
n a me ly ,  

1 2 
E6 - 4.6 [03]yzY3 + log (1 -Y3) [43] 

The increment in log er attributable to the presence of 
component 3 at the fixed activity aa is: 

5 log a2 = E 6 +  yl ~(~Ye)a3 [44] 

A s  an e x a m p l e ,  le t  i t  be r e q u i r e d  to f ind the effect  
of g r a p h i t e  s a t u r a t i o n  in the  l iquid  s y s t e m  F e - C r - C  
on the a c t i v i t i e s  of the  two m e t a l l i c  componen t s .  The  
ac t iv i ty  of c a rbon  has  been d e t e r m i n e d  by R icha rdson  
and Dennis  21 fo r  a number  of q u a s i b i n a r i e s  whi le  
g raph i t e  s o l u b i l i t i e s  a r e  i n t e r p o l a t e d  f rom Gri f f ing ,  
F o r g e n g ,  and Hea ly .  22 T h e i r  da ta ,  a s  a n a l y z e d  by the 
au thor ,  6 a r e  shown in Tab le  I a long with the  t e r m s  r e -  
qu i r ed  for  so lu t ion  of Eq. [44]. A plot  i s  shown in F ig .  
6 with t angen ts  d rawn at  the e x p e r i m e n t a l  c o m p o s i -  
t ions .  Their intercepts, tabulated as 5 log aFe and 
6 log acr , represent the effect of graphite saturation 
on the activities of the two components. 

Let it be understood that the methods here suggested 
are not of broad general usefulness, but are speci- 
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f ica l ly  appl icable  to in ters t i t ia l  so lut ions  and to c e r -  
tain liquid so lut ions  which a r e  found by e x p e r i m e n t  to 
conform to Eq. [21]. 

ACKNOWLEDGMENTS 

The au thor  w i shes  to thank J .  F .  E l l io t t  and L.  S. 
Da rken  fo r  c r i t i c i s m  of an e a r l y  d ra f t  and R. Benz ,  
M. B. B e v e r ,  and G. C. Das  fo r  helpful  c o m m e n t s  on 
the m a n u s c r i p t .  Th i s  s tudy was  suppor t ed  by the  A r m y  
R e s e a r c h  Off ice ,  D u r h a m ,  Nor th  Ca ro l ina ,  and by the 
A m e r i c a n  I ron  and Steet  Ins t i tu t e .  

REFERENCES 
1. R. H. Fowler and E. A. Guggenhelm: Statistwal Thermodynamics, The Mac- 

Millan Co., New York, 1939. 
2. R W. Gurney: Introduction to StatisttcalMechanics, Sec. 100 and 121, pp. 

132 and 160, McGraw-Hall Book Co., New York, 1949. 
3. H. Dunwald and C. Wagner Z Anorg. Allg Chem., 1931, vol. 199, pp. 321-46. 
4. J. Chapman: Trans. TMS-AIME, 1967, vol. 239, pp. 1332-36. 
5. J F. Elhott and J Chipman. Composition Coordinates for the Acttvities of 

Solute Elements in Dilute Liquid Metallic Solutions, presented at the Int. 

Symp. on Met allurglcal Chemistry, She ffield, England, July 14-16, 1971. 
6. J. ChJpman: lnt. Con]" on the Science and Technology of lron and Steel, 

Tokyo, Japan, 1970. 
7. G. R. Belton and E. S. Tankins: Trans. TMS-AIME, 1965, vol. 233, p. 1892. 
8. K. T. Jacob and J. H. E. Jeffes: Trans. Inst. Min. Met. (London), 1971, vol. 80, 

pp. 000-00. 
9. K. T. Jacob and C. B. Alcock: Acta Met., 1971. 

10. M. Hoch: Trans. TMS-AIME, 1964, vol. 230, p. 138. 
11. J. Chipman: Met. Trans., 1970, vol. 1, p. 2163. 
12. S. Ban-ya, J. F. Elliott, and J. Chipman: Trans. TMS-A1ME, 1969, vol. 245, p. 

1199; (b)Met. Trans., 1970, vol. 1,p. 1313. 
13. S. Ban-ya and J. Chipman: Trans. TMS-AIME, 1968, vol. 242, p. 940. 
14. L. S. Darken" J. Amer. Chem. Soc, 1950, vol. 72, pp. 2909-14. 
15. C. B. Alcock and F. D. Rachardson: ActaMet., 1958, vol 6, p 385. 
16. C. B. Alcock and F. D. Richardson Acta Met., 1960, vol. 8, pp. 882-87. 
17. K. W. Lange and H. Schenck: Met. Trans., 1970, vol. 1, p. 2036. 
18. C. Wagner: Thermodynamics of Alloys, Addison-Wesley Press, Inc., Cam- 

bridge, Massachusetts, 1952, pp. 19-21. 
19. T. Wada, H. Wada, J. F. Elliott, and J. Chipman: Met. Tram, 1971, vol. 2, p. 

2199. 
20 R. Schuhmann, Jr.: Acta Met., 1955, vol. 3, pp. 219-26. 
21. F. D. Richardson and W. E. Dennis: J. Iron and Steel Inst., 1953, vol. 175, pp. 

257-63. 
22. N. R. Griffing, W. D. Forgeng, and G. W. Healy: Trans. TMS-AIME, 1962, vol. 

224, pp. 148-59. 

M E T A L L U R G I C A L  TRANSACTIONS VOLUME 3, APRIL 1 9 7 2 - 8 8 5  


