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An optimized set of thermodynamic functions for the Cu-Zr system was obtained by the least squares 
method from phase diagram and thermodynamic data available in the literature. The excess Gibbs 
energies of the solution phases, liquid, and three terminal solid solutions, were described by the 
Redlich-Kister formula. All the intermediate compounds were treated as stoichiometric phases. The 
calculated phase diagram, as well as the thermodynamic properties vs compositions, agree well with 
the experimental values. The reliability of the optimized parameters was examined using ~t-T plots. 

1. I n t r o d u c t i o n  

Copper and its alloys are used extensively in electrical and 
electronic applications where conductivity, strength, and for- 
mabil i ty are required. Examples  include electric connectors, 
thermal conduction plates, and welding electrode tips. Several 
alloys are available that utilize precipitation or dispersion 
hardening, but the accompanying electrical conductivity is 
low. As a further limitation, these alloys usually contain expen- 
sive and/or hazardous elements, such as silver, cadmium, and 
beryllium, in order to produce an acceptable level of proper- 
ties. It has been found that using zirconium as the primary al- 
loying element in the copper alloys can achieve useful 
combinations of  strength and electrical conductivity. 1,2.3,4 
Knowledge of the phase relations in the copper-base alloys 
containing zirconium and their thermodynamic behavior is es- 
sential for improving the properties of  these alloys and opti- 
mizing the production techniques. 

The Cu-Zr phase diagram is characterized by several intermet- 
allic compounds. However, there is much confusion regarding 

the composit ions of  these phases in the literature, particularly 
the Cu-rich ones. This confusion is also reflected by the pre- 
vious calculations of  the system.5,6 Since the accuracy of  the 
thermodynamic description of a binary system is crucial for 
the prediction of  ternary and higher order phase diagrams, a 
new thermodynamic description of  the Cu-Zr system is devel- 
oped here. 

2. P r e v i o u s  C a l c u l a t i o n s  

The Cu-Zr system has been thermodynamically analyzed three 
times.5,6, 7 In order to quantitatively predict the glass formation 
range of  the Cu-Zr system, Saunders 5 calculated the Cu-Zr 
phase diagram based on the old version of  compilations of  the 
system by Hansen, s Elliott, 9 and Shunk l0 and the thermody- 
namic studies by Kleppa and Watanabe 11 and Ansara  et al.12 
Unfortunately, the Cu-richest compound phase CusZr, which 
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Table 1 Comparison between the Measured and the Calculated Enthalpies of Formation of the Compounds in the Cu-Zr 
System 

Calculated enthalpies, J/mol Measured enthalpies, J/mol 
Compound Ref. 5 Ref. 6 This work Ref. 11 Ref. 12 

CusZr . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  -2 207.24 -10 299 00 .. 
Cu51Zr14 . . . . . . . . . . . . . . . . .  -11 230 -2 905.94 -12 975.58 -14 070 ... 
CusZr3 ............................... - 15 816 -3 245.93 - 13 4 6 0 . 2 9  . . . . . .  
Cul0Zr7 ............................. 21 226 ~ 735.12 -14 220.59 -12 310 ... 
CuZr ............................... -24 012 -7 337.17 -10 052.12 -9 050 -24 400 
CuZr2 .............................. -17 167 12 726.92 -14 634 67 -10 950 -17 300 

Note: Mol is mole of atoms. Some stoichiometnes used m the cited references are different from those hsted here. 
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lS an important strengthening phase in Cu-Zr based electrical 
and electronic materials, was not included. The 
stoichiometries used for the five compound phases included 
are Cu4Zr, CusZr 2, Cu loZr7 , CuZr, and CuZr 2. The general fea- 
tures of the then-accepted phase diagram were reproduced, ex- 
cept for the compound CUloZr7, which was predicted to be 
formed peritectically. The calculated liquidus of Cu4Zr is more 
rich in copper than the measured one. The optimized enthal- 
pies of  formation of  the congruent melting compounds differ 
largely from the experimental data reported by Kleppa et a1.,11 
but those of  CuZr and CuZr 2 are very close to the values of  An- 
sara et al. 12 (see Table 1 ). 

Using the phase equilibrium information in the published 
phase diagram 13 combined with the experimental results of  
Kneller et al. 14 and the thermodynamic data measured by 
Kleppa et al., ll Bormann et al. 7 calculated the free energies of  
the metastable amorphous phase and equilibrium solution 
phases in the Cu-Zr system. The curves of Gibbs energies of  
these phases have been presented, but the thermodynamic pa- 
rameters have not been reported. 

Since the calculation by Saunders, 5 more reasonable phase sta- 
bilities of elements have been published, 15 and new experi- 
mental results have become available on the phase diagram in 
copper-rich region 16 and the thermodynamic properties of  liq- 
uid alloys. 17, J8 Luoma and Talja 6 recalculated the system in- 
corporating more experimental data 16-19 but using the same 
model s as Saunders.5 The phase diagram evaluated by Lou and 
Grant 20 was used as the basis. The stoichiometries of the com- 
pounds were taken as CusZr, Cu36Zrlo , Cu72Zr28 , CUloZr7, 
CuZr, and CuZr 2. Although the calculated phase diagram 
agrees excellently with the experimental data, and a good fit 
has been obtained to the measured thermodynamic properties 
of the liquid phase, the assessment is open to two concerns: (a) 
the assessed enthalpies of  formation of  the four Cu-rich com- 
pounds are too small (see Table 1), and (b) the ~t-T diagrams 
calculated by using their parameters show that all the com- 
pound phases, except for CuZr 2, tend to decompose at room 
temperature. 

3. Exper imenta l  Informat ion  

The extensive literature survey for the Cu-Zr system by Arias 
and Abriata 2l was utilized as the basis in the present work. The 
most recent information was scanned from the database 
THERMET at LTPCM in Grenoble, France. 

3.1  S t o i c h i o m e t r i e s  o f  t h e  I n t e r m e t a l l i c  
C o m p o u n d s  

It is generally accepted that there are six intermediate com- 
pounds in the Cu-Zr system. 13.16,20,21,22 Arias and Abriata 21 as- 
sessed the stoichiometries of these compounds as Cu9Zr 2, 
Cus1Zr14, Cu8Zr3, CuloZr7, CuZr, and CuZr 2. Kneller et al. 14 
reported four extra phases: Cu2Zr , Cu24Zr13 , CuZrl+v, and 
CusZr 8, but Arias and Abriata 2 t supposed that the experimental 
procedure followed by Kneller et al. 14 is open to several ques- 
tions. In accord with their opinion, these four compounds were 
omitted from the present work. For the detailed discussion 
about this point, readers are referred to Arias and Abriata. 21 

Table 2 Experimental Methods Employed in the Study 
of the Cu5Zr Phase 

Reference Sample 

20 ................................ Extracted preclpllate 
34 .............................. Diffusion couple 

35 ................................ Diffusion couple 

36 ................................ As-cast alloy 
37 ................................. Aged alloy 
38 ............................. Aged Cu5Zr alloy 
39 ................................ Aged alloy 
40 .................................. Spray-cast alloy 

Method 

XRD 
Metallography, 
mlcrohardness, EPMA 
Metallography, 
microhardness, EPMA 
Metallography, EPMA 
Electron microscopy 
XRD 
EDS 
Electron diffraction 

The formulas of the compounds used in the present work are 
CusZr, Cus1Zrl4, CusZr 3, CujoZr 7, CuZr, and CuZr 2, of  which 
the CusZr is different from the assessed CugZr 2 by Arias and 
Abriata, 21 and the first three are different from those employed 
by Luoma and Talja. 6 Therefore, it is necessary to give a review 
on the stoichiometries of  these three phases. 

3.1.1 CusZr. Because of  its importance in strengthening the 
electronic conductor of  copper alloys, the most copper-rich 
compound in the Cu-Zr system was subjected to many investi- 
gations. A number of structure-property relationship studies on 
Cu-Zr and Cu-Cr-Zr alloys identified Cu3Zr as the Zr-contain- 
ing precipitate phase,2, 23-26 This is in agreement with the re- 
sults of  some other investigations. 27-31 On the basis of  electron 
probe microanalysis of as-cast alloys near the composition of 
Cu4Zr, Donachie 32 stated that the first phase was Cu4Zr. Using 
the empirical method of  Ziebold and Ogilvie, Vitek22 evalu- 
ated the compositions of  the intermediate phases in the Cu-Zr 
system and suggested that the first compound has a composi- 
tion between Cu9Zr 2 and Cu4Zr, slightly favoring the Cu9Zr 2 
composition. Afterwards, the analysis results of  metallogra- 
phy, X-ray, and electron probe microanalysis (EPMA) by Gli- 
mois et al., 16 Kuznetsov et al., 19 and Forey et al. 33 established 
the stoichiometry of this compound as Cu9Zr 2. However, Gli- 
mois et al. 16 also determined that the room temperature crystal 
structure of  this phase is a tetragonal long-period superlattice 
derived from the AuBes-type structure, and more investiga- 
tions determined this compound as Cu5Zr.20,34-40 The experi- 
mental methods used in these investigations are listed in Table 
2. 

Because the Zr weight percentages of  the first compound ob- 
tained by different electron probe microanalysis show a large 
scatter(28.1, 32 25.0, 22 25, 34 unknown, 35 21.736), Lou and 
Grant 20 assumed that electron probe microanalysis is not well 
suited for resolving detailed compositional differences. In- 
stead of  EPMA, they used electrolytic extraction to isolate the 
Cu-Zr precipitate phase from the matrices of aged copper al- 
loys with a dilute addition of Zr, and used X-ray diffraction 
(XRD) to analyze the extracted phase. Their diffraction pattern 
clearly matches those calculated and observed for polycrystal- 
line CusZr by Forey et al. 38 Recently, by using selected area 
diffraction (SAD) and energy dispersive X-ray analysis, Singh 
et al.40.55 confirmed the presence of  the CusZr phase in the Cu- 
Zr alloys in the composition range of  0.1 to 0.8 wt.% Zr, and 
concluded that the first compound phase of the Cu-Zr system is 
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CusZr. Therefore, the formula CusZr was accepted in the pre- 
sent work. 

3.1.2 CuslZr14. Various stoichiometries for the second com- 
pound of  the Cu-Zr system have been suggested in the litera- 
ture. It was identified as Cu4Zr by means of  electron probe 
microanalysis. 32.34-35,36 On the basis of  experimental results of  
metallography, X-ray, and thermal analysis, Lundin et al. 3~ 
supported the existence of  an intermediate compound close to 
Cu3Zr, which was reported previously by Allibone and 
Sykes, 27 Pogodin et al., z8 and Raub and Engel.29 Vitek22 as- 
sumed that the second compound was Cu36Zrlo, which was af- 
terwards accepted by Lou and Grant. 20 Kuznetsov et al. 19 used 
Cu7Zr 2 to describe the phase with the highest congruent melt- 
ing point in the Cu-Zr system. Gabathuler  et al. 41 determined 
by means of XRD the crystal structure of  the isostructural 
phase in the Cu-Hf system and found it to possess the Ag 5 ~Gd14 
type structure; hence the composit ion of  the corresponding 
Cu-Zr phase was determined as Cu51Zri4. This composition 
was confirmed independently by Bsenko. 42 

3.1.3 CusZr J. Luoma and Talja 6 used Cu72Zr28 for the third 
compound in this system. In the present work, however, the 
formula Cu8Zr3 was preferred. Lundin et al. 30 made the first 
observation of a peritectic phase at - 3 0  at.% Zr in the Cu-Zr 
system. The phase was then tentatively assigned the formula 
Cu5Zr2 . Hillmann and Hofmann 34 and Meny et al. 35 proposed 
Cu3Zr for this phase, but the evidence obtained by Perry and 
Hugi 36 and Phillips 37 indicates that CusZr 2 may be more cor- 
rect. Kuznetsov et al.19 and Vitek 22 supported this viewpoint. 
Later, Bsenko 42,43 showed that this peritectic compound has an 
orthorhombic structure and is isostructural with CusH ~.  
Bsenko 43 also stated that the formula CusZr 3 is in better agree- 
ment with the microprobe results of  Vitek 22 than CusZr~. In the 
Cu-Zr phase diagram revised by Lou and Grant, 20 the formula 
Cu72Zr28 was used for this phase, but no experimental evi- 
dence was reported. 

3 . 2  P h a s e  D i a g r a m  D a t a  

The liquidus investigations of  the Cu-Zr system are summa- 
rized in Table 3. The liquidus appears to be reasonably well de- 
termined for the composit ions between 10 and 30 at.% Zr. 
Although the work of  Lundin et al. 3~ covered the whole sys- 
tem, only a few points were determined on the liquidus. Gli- 
mois et al. 16 and Kuznetsov et al. 19 measured the liquidus 
curve by means of  thermal analysis and metallography in the 
approximate composition range 10 to 30 at.% Zr. Their results 
are in good agreement with those of  Lundin et al. 30 All the 
measured liquidus points by Pogodin et al. 28 agree quite well 
with the above-mentioned experimental  results except one 
point, which was claimed as the melting point of  Cu3Zr. In the 
approximate composition range of  0 to 36 at.% Zr, there is gen- 
eral agreement among the data from Raub and Engel, 29 Po- 
godin et al., 28 Lundin et al. 30 Kuznetsov et al., 19 and Glimois 
et al. 16 In the rest of  the range, the measured liquidus by Raub 
and Enge129 is located much higher than that by Lundin. 3~ 
Therefore, the values of Raub and Enge129 in this range were 
not used in the present optimization. The liquidus data of  
Auguston 44 on the Zr-rich side scatter widely and were not 
considered in the present work. 

Because of  its technological importance, the solubility of  Zr in 
(Cu) has been examined many times (Table 4). Limited results 
obtained by Raub and Enge129 indicated that zirconium solu- 
bility in copper is <0.091 at.% at 1213 K. On the basis of  a met- 
allographic examination of equilibrated copper-rich Cu-Zr 
alloys, Saarivirta23 determined both (Cu) solidus and solvus 
and placed the maximum solubility of  zirconium in copper at 
0.105 at.% and 1253 K. By means of metallographic and elec- 
trical measurements,  Zwicker 24 determined the (Cu) solvus. 
Analyzing metallographically the (Cu) alloys, which were 
cold worked, solution treated, and quenched, Kawakatsu et 
al. 25 determined the solubility of Zr in (Cu) at 1173 and 1223 
K. These four experimental results 23.24,25,29 are in very good 
agreement. The (Cu) solvus determined by Showak 45 using 
metallographic and electrical measurement agrees generally 
with the four results, but in the higher temperature region close 
to the eutectic temperature, his values are larger. Pogodin et 
al. 2s reported a much larger solubility of Zr in (Cu). Their data 
were discarded from the present work. 

There is limited information on the solid solubili ty of  Cu in 
([3Zr) or (o~Zr). Lundin et al. 30 examined metal lographical ly 
the phase boundaries of  (~Zr) and (c~Zr) using equilibrated al- 
loys. Based on the measured volume fraction of  CuZr 2 in the 
equilibrated alloys in ( I ]Zr )+CuZr  2 two-phase region, 
Douglass and Morgan 46 calculated the solubilities of  Cu in 
(13Zr) by applying an analytical treatment. The results agree 
generally with the metallographic observation by Lundin et 
al.30 

Table 3 Summary of Cu-Zr Liquidus Investigations 

Approximate 
Reference Experimental method composition range 

16 ................................... Thermal analysis. 14 to 22 
metallography 

19 .................................. Thermal analysis, 10 to 30 
metallography. EPMA 

28 .................................... Thermal analysis. 0 to 27 
metallography 

29 .................................... Thermal analysts 0 to 60 
30 ................................... Thermal analysis, 0 to 100 

metallography 
44 ................................. Thermal analysis. 40 to 100 

metallography 

Table 4 Summary of Solid Solubility Investigations 

Reference Experimental method Solid solution phase 

23 .................................... Metallography (Cu) 
24 ................................... Metallography, electrical (Cu) 

remstivlty 
25 .................................. Metallography (Cu) 
28 ................................... Thermal analysis, (Cu) 

metallography 
29 ................................. Thermal analysis. (Cu) 

metallography 
30 ................................. Metallography ([3Zr), (c~Zr) 
45 .................................. Metallography, electrical / Cu / 

resistivity 
46 ............................... Quantitative (~Zr) 

metallography 
47 .................................... Microhardness, electrical (Cu) 

resistivity 
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Table 5 Comparison between the Measured, Assessed, and Calculated Temperatures of  the Three-Phase Equilibria in 
the Cu-Zr System and the Compositions of the First Phase in the Equilibrium Reaction Formulas 

Equilibrium Method 

L <--+ (Cu) + CusZr ................. Measured 

Assessed 
Calculated 

L + Cu51Zrl4 <---> CusZr ............ Measured 

Assessed 
Calculated 

L + CuslZrl4 <--> CugZr3 .......... Measured 

Assessed 
Calculated 

L <---> CusZr3 + CuloZr7 .............. Measured 
Assessed 

Calculated 
L ~ CuloZr7 + CuZr .............. Measured 

Assessed 
Calculated 

L ~ CuZr + CuZr2 .................. Measured 
Assessed 

Calculated 
L ~ CuZr2 + ([3Zr) .................... Measured 

Assessed 
Calculated 

(~Zr) <---> CuZr2 + (otZr) ............. Measured 

Assessed 
Calculated 

CuZr <--> CujoZr7 + CuZr~_ ......... Measured 
Assessed 

Calculated 

Temperature, Composition of the 
K first phase, at. % Zr Reference 

1253 9.35 28 
1250 9.95 29 
1237 9.1 27 
1238 6.5 30 
1253 ,,. 23 
1253 ... 45 

N1243 9.8 32 
1244 8.9 36 
1240 -8.2 19 
1250 -8.8 16 
1245 8.6 21 
1241 7,69 This work 
1283 -10.7 19 
1287 ... 16 
1285 -11,5 21 
1288 10.7 This work 
1343 30.81 30 
1248 19 
1248 -36 21 
1195 38.8 This work 
1158 38.2 30 
1158 ~38.2 21 
1164 40.8 This work 
1163 44 30 
1163 -44 21 
1163 42.5 This work 
1201 54.3 30 
1201 -54 3 21 
1197 53.8 This work 
1271 73.95 44 
1268 72.4 30 
1268 -72.4 21 
1270 70.0 This work 
1189 93 44 
1095 97.8 30 
1095 97.8 21 
1089 97.6 Tins work 
988 50 48 
988 50 21 
977 50 This work 

The exper imenta l  data for the three-phase equil ibria  and the 
mel t ing points o f  congruent  compounds  are listed in Tables 5 
and 6, respect ively.  The invest igat ions were concentrated on 
the Cu-r ich side. The  equi l ibr ium temperature o f  L <--> (Cu) + 
CusZr as wel l  as the mel t ing  point  o f  Cu51Zr14 have been wel l  
determined.  

The exper imenta l  work  o f  Augus ton  44 probably had a serious 
oxygen  contamina t ion  problem because his reported eutectoid  
temperature (1189 K) o f  (~Zr) ~ CuZr  2 + (c~Zr) is even  much  
higher  than the t ransformat ion temperature of  (ccZr) ~ (~Zr). 
These data were  not  incorporated in the optimization.  

The h igh- temperature  magnet ic  susceptibili ty measurements  
and the meta l lographic  studies carried out by Carvalho  and 
Harris 4s indicate that the compound  phase CuZr  decomposes  
eutectoidal ly at 988 + 5 K. The Cu-50  at.% Zr alloy annealed 
at 900 K for 24 h and then furnace-cooled  to room temperature  
shows a typical  eutec to id  structure with alternative areas o f  the 
component  phases. Because  this is the only data concern ing  

the react ion CuZr --+ Cu10Zr7 + CuZr>  it was used in optimi- 
zation with  a small weight  factor. 

There  is a great difference be tween  the equi l ibr ium tempera-  
tures o f  L + Cu51Zr14 +--> CusZr  3 measured  by Lundin  et al. 30 
and Kuzne t sov  et al. 19 The data o f  Kuzne t sov  et al. 19 were  used 
in opt imizat ion  but were  g iven  a small  weight.  The  three-phase 
equi l ibr ium CusZr 3 ~ Cu51Zrl4 + CUloZr7 at 885 ~" observed 
by Knel le r  et al.14 was not used because  of  the eA erimental  
problems ment ioned in section 3.1. 

3 . 3  T h e r m o d y n a m i c  D a t a  

The enthalpy o f  mix ing  o f  l iquid Cu-Zr  alloys has been studied 
by three groups of  invest igators  u,LvA8 by means  o f  high-tem- 
perature reaction calor imetry  at 1373, 1480, and 1473 K, re- 
spectively. There is very good agreement  among  these data. 
S o m m e r  and Choi is also measured  the copper  act ivi t ies in liq- 
uid Cu-Zr  alloys at 1499 K on the basis of  the Knudsen effu- 
sion me thod  using col lector  technique.  
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Table 6 Comparison between the Measured, Assessed, 
and Calculated Congruent Melting Points of 
Intermetallic Compounds in the Cu-Zr System 

Phase Method Temperature, K Reference 

CusIZr~4 ................ Measured 1373 30 
1386 36 
1388 16 
1413 28 
1385 29 
1377 19 

Assessed 1388 2 I 
Calculated 1395 5 

1386 This work 
CuZr .................... Measured 1208 30 

Assessed 1208 21 
Calculated 1201 5 

1209 This work 
CuZr2 ................... Measured 1338 44 

1273 30 
Assessed 1273 21 

Calculated 1284 5 
1275 This work 

Cul0Zr7 ................. Measured 1168 30 
Assessed 1168 21 

Calculated 1189(a) 5 
1164.4 This work 

(a) Pentectlc temperature. 

Kleppa and Watanabe II measured the enthalpies of formation 
of  the four congruent melting compounds in the Cu-Zr system 
by drop calorimetry or by solution calorimetry in liquid cop- 
per. Although discrepancies exist between the analytical and 
prepared compositions of  the alloy samples, their data can be 
used in the optimization because small deviations from 
stoichiometry should have little influence on the observed heat 
content. Independently, Ansara et al.12 determined the enthal- 
pies of  formation of  CuZr and CuZr 2 by means of  solution cal- 
orimetry in liquid aluminum. A significant discrepancy exists 
between these two investigations. Because the compound 
CuZr decomposes eutectoidly at 988 K, 48 its enthalpy data 
must be much smaller than that of  a mixture of  the produced 
phases CUloZr 7 and CuZr 2. The data by Ansara et al. 12 do not 
satisfy this requirement and, therefore, were not used in the op- 
timization. 

4. Thermodynamic Modeling 

4 .1  Unary  Data  

The Gibbs energies of the pure elements vs temperature G0(T) 
= G(T) - HSER (298.15 K) were represented by Eq 1 : 

G~ = a + b T +  cTln(T) + dT 2 + eT -1 + f i r  3 + iT 4 + j T  7 + kT "-9 

(Eq 1 ) 

HSER is the enthalpy of the "Stable Element Reference," the 
pure element in its stable state at 298.15 K and 105 Pa, for ex- 
ample, fcc Cu and cph Zr. The temperature may be divided into 
several ranges, where the coefficients a, b, c, d, e , f ,  i , j ,  and k 
have different values. The values of these coefficients were 
taken from Dinsdale.15 

4 . 2  S o l u t i o n  P h a s e s  

For the concentration dependence of  G of the liquid phase and 
the three terminal solid solutions, the Redlich-Kister  formula 49 
was used: 

2 2 

G - H SER : Z XtGO + R T 2  2ftln(x,) + Gex (Eq 2) 

t=l l=l 

m 

G e, : q x  2 ~ (:q - x 2 )  n L n 

it-----0 

(Eq 3) 

L n = a n + bnT + CnT ln(T) (Eq 4) 

where Ln are the interaction parameters, a n describes the en- 
thalpy of  mixing, b n is the excess entropy of  mixing, and c n is 
the heat capacity of  mixing. 

4 . 3  I n t e r m e t a U i c  C o m p o u n d  P h a s e s  

Because no experimental  data were available on the homoge- 
neity ranges of  the Cu-Zr compound phases, all the compounds 
were treated as stoichiometric phases. The Gibbs energies of  
formation of these phases were written as AfG parameters: 

_ 0 ~ AfGcuz r Gcuz  r p G ~  - qG~ "ph = a + b T  (Eq 5) 

where GcupZr, is the Gibbs energy of the compound phase 
CupZrq. 

5. Optimization Procedure 

5 .1  S e l e c t i o n  o f  t h e  Adjus tab le  C o e f f i c i e n t s  

Because every parameter  to be optimized in the thermody- 
namic model  of  a phase has its own physicochemical  meaning, 
the quality of optimization of thermodynamic parameters and 
calculation of  phase diagram depend strongly on the selection 
of  adjustable parameters. This makes the thermodynamic opti- 
mization quite different from the pure mathematical  one where 
one can add more adjustable parameters one by one until the 
measured curve can be reproduced. In the thermodynamic op- 
t imization of phase diagrams, however, one should consider 
what thermodynamic quantities are connected with the meas- 
ured values and how these quantities are connected with the 
parameters. From these considerations, one can get the best 
ideas how many and which of the parameters can be adjusted. 
Only those parameters that are determined by the experimental 
values are adjusted. With an inefficient set of parameters,  the 
description may be unable to reproduce experimentally well- 
established features of  the thermodynamic properties. On the 
other hand, too many parameters may reduce the optimization 
to an arbitrary mathematical smoothing. The calculation of  
phase diagram by using these parameters may lead to strange 
results in the areas that are not covered by experimental  values. 

As reviewed in section 3.3, the enthalpies of mixing of  the liq- 
uid Cu-Zr alloys have been measured, and the experimental 
data on the liquidus curve are available in a large temperature 
range. Therefore, the temperature dependence of  excess Gibbs 
energy, b,, in Eq 4, of  the liquid phase can be adjusted inde- 
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pendently. The experimental results 1 j,17,js show that the effect 
of temperature on the enthalpies of mixing of the liquid alloys 
can be neglected. Hence, the coefficients c,, were not opti- 
mized and taken to be zero. After several attempts using differ- 
ent numbers of parameters, the subregular model (with rn = 1 
in Eq 3) was chosen for the liquid phase. 

Because the solubilities of the Cu-Zr solid solutions are rather 
limited, the composition dependence of interaction between 
elements in these phases can be neglected. So only the coeffi- 
cient a 0 in Eq 4 was used for the terminal solution phases (Cu), 
([3Zr), and (~Zr). 

The temperature dependence of Gibbs energy of formation or 
the coefficient b in Eq 5 for the congruent melting compounds 
CuZr and CuZr 2 can be optimized independently because their 
enthalpies of formation have been experimentally determined, 
and their Gibbs energies are well known at two different tem- 
peratures, the congruent melting temperature and the eutectoid 
decomposition temperature. However, it is not the case for 
CusZr. Although its Gibbs energy is known at two different 
temperatures, the equilibrium temperatures of L <---> (Cu)+ 
CusZr and L + Cu51Zrl4 <----> CusZr, the temperature difference 
is too small to adjust its enthalpy and entropy of formation in- 
dependently. Similarly, the coefficient b of CusZr 3 in Eq 5 also 
cannot be adjusted independently because its peritectic forma- 
tion temperature has not been well determined. 

The situation of Cus~Zr~4 and CutoZr v is more complicated. 
Even though their enthalpies of formation have been experi- 
mentally determined and their Gibbs energies are known at 
two different temperatures, the congruent melting temperature 
and the three-phase equilibrium temperature, it was found dur- 
ing suboptimizations that when the coefficients b in Eq 5 were 
introduced for them, their coefficients a became much smaller 
than the experimentally determined enthalpies of formation, 
and the coefficients b were negative. Furthermore, the values 
of a and b of these two compounds were very sensitive to the 
weight factors designated to the phase diagram data on the Zr- 
rich side and changed largely in different suboptimizations. 
These phenomena indicated that the temperature dependence 
of Gibbs energy of formation of Cu51Zr14 and CuloZr 7 could 
not be optimized independently. Therefore, the coefficients b 
of the compounds Cu 51Zrl4 and CuloZrT, together with CusZr 
and CusZr3, were assumed to be zero. 

5.2 Input  of  Entha lpy  Data of  Liquid Phase  

In the calorimetric measurement, usually small amounts of the 
second element M z (AnMo) are successively added to the cal- 
orimetric bath, which contains liquid M1-M2 alloys or at the be- 
ginning of the pure element M1, and the heat effects associated 
with each addition (AobsH) are measured. From the measured 
heat effects AobsH, the integral enthalpies of mixing of liquid 
M1 with solid M 2 (AmlxHL-s) or liquid M 1 with liquid M e 
(Amlx HL-L) can be calculated as follows: 

Am,xOL-s(T) : (~ AobH - Z z~l'lM, - H M  ) /Zn  t (Eq 6) 

AmlxHL-L(T) = A,n,H / ~(T) - xM2Af~HM~ (Eq 7) 

where HM2 is the heat content of element M 2 from room tem- 
perature to the experimental one T, AfusHM, is the enthalpy of 
metastable melting of M2 at experimental teflaperature T, and n, 
is the amount of element i in the calorimetric bath. 

The values of AmlxHL-L and Amlx HL-~ calculated this way could 
not be used in the least squares optimization because their sta- 
tistical errors do not have Gaussian normal distribution, which 
is a requirement of the least squares method. A detailed discus- 
sion on this point was given by Lukas and Fries.50 In the pre- 
sent work, the heat effect of mixing for each addition of 
zirconium (Aob~H) were calculated from the reported values of 
AmlxH L-S by Kleppa et al. jl and Sommer et al., 18 values of 
Am,x/-/L-L by Sudavtsova et a1.,17 and input into the data file for 
optimization. 

5 .3  Opt imizat ion  

The optimization and calculation programs developed by 
Lukas et al. 5~ were used for the present calculation of the Cu-Zr 
system. Since the experimental data from different sources are 
often not consistent and even cannot be reconciled with each 
other in some cases, the optimization procedure strongly de- 
pends on how much one attempts to fit experimental data. On 
the other hand, the parameters obtained here are expected to be 
used in the Cu-Cr-Zr ternary system. Therefore, each piece of 
experimental information was analyzed and then given a cer- 
tain weight in optimization in order to get the most acceptable 
compromise between the scattered experimental data. The ap- 
proach to do this is to carry out separate suboptimizations for 
one or two phases using various selections of the available ex- 
perimental data. 

The computerized optimization of the Cu-Zr system started 
with optimizing only the liquid phase to the thermodynamic 
data available, The copper activity and the enthalpy of mixing 
were readily described using the chosen model and adjustable 
coefficients. Then the phases Cu51Zr14, Cu5Zr, and (Cu) were 
added one by one successively to fit the phase diagram data 
and thermodynamic properties simultaneously. 

In the next step, the parameters of these phases were kept con- 
stant because they have been well determined from the avail- 
able experimental data. The other phases in equilibrium with 
liquid were added one by one, from the left to the right side of 
the Cu-Zr phase diagram. Then using the obtained values of 
parameters of these phases as start values, all the solid phases 
in the approximate composition range 40 to 100 at.% Zr were 
optimized together to fit the ~riant equilibrium data. 

Finally, the whole system was optimized using the selected ex- 
perimental data and the weight factors determined in the pre- 
vious suboptimizations. The parameters already obtained were 
changed a little in this step. 

6 .  R e s u l t s  a n d  D i s c u s s i o n  

The thermodynamic parameters resulting from this least 
squares procedure are given in Table 7. The phase diagram cal- 
culated with these parameters is shown in Fig. 1 and compared 
in Fig. 2 to 4 with the experimental data from literature. The 
predicted invariant equilibria are compared in Tables 5 and 6 

582 Journal of Phase Equilibria gol. 15 No. 6 1994 



B a s i c  a n d  A p p l i e d  R e s e a r c h :  S e c t i o n  I 

Table 7 Optimized Thermodynamic Parameters for the Cu-Zr System 

Redlich-Kister 49 formalism for the solution phases (Eq 2 to 4) 

hqu]d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

(Cu) .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

(~Zr) ................................................................................................................ 
( ouZr ) .................................................................................................................. 

Gibbs energies of formation of the compound phases (Reference states: fee Cu and cph Zr) 

CusZr ............................................................................................................. 
C u 5 1 Z r l 4  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Cu8Zr3 .............................................................................................................. 
Cu I 0Zr7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
CuZr ................................................................................................................... 
CuZr2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Note: Values are in J/mol and J/K. mol where tool is mole of atoms. 

L o =  61 685.53 + 11.29235 T 

L] = -8830 .66  + 5.04565 T 

L 0 = +2233 

L o =  -7381 .13  

L o =  +11 336.85 

AfG = - 1 0  299.00 

z~G = - 1 2  975.58 

A~G = - 13 460.29 

AfG -- - 1 4  220.59 

AfG = - 1 0  052.12 - 3.81598 T 

AfG = - 1 4  634.67 + 1.73017 T 

. o o i  
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Fig. 1 Cu-Zr phase diagram calculated by using the present ther- 
modynamic description in Table 7. 
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Fig. 2 Calculated Cu-Zr phase diagram from Xzr = 0 to 0.7 com- 
pared with the experimental liquidus data from literature. 

teoo . . . . . . . . . . . . . . . . . . . .  ' . . . . . . . . .  ' . . . . . . . . .  ' . . . . . . . . . . . . . . . . . . .  ' . . . . . . . . .  ' . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

hqmd 
1400 

~ 0 00[08 
C ) o Z 1 2 4 1 K  

1200 u o +  § �9 
ICm+Cu5Z r . 

1 O O 0  

�9 

coo o - -  R e f . 2 3  I 
�9 �9 - -  R e f . 2 4  ] 

* - - R e f . 2 8  I 
�9 �9 - -  R e f . 2 5  J 

coo x m R e f . 4 7  I 

4 0 0  . . . . . .  , . . . . . . . . .  , . . . . . . . . .  . . . . . . . . . .  , . . . . . . . . .  , . . . . . . . . .  , . . . . . . . . .  , . . . . . . . . .  , . . . . . . . . .  , . . . . . . . . .  

Cu 0 001 0.0o2 0 003 0 004 0 c05 0 oos 0 007 0 00# 0 0011 

X Z r  

Fig. 3 Calculated Cu-rich side of the Cu-Zr phase diagram com- 
pared with the experimental (Cu) solvus data from literature. 

with the experimental data from different sources, the assessed 
values by Arias and Abriata, 21 and the calculation results by 
Saunders.5 

A very good fit to the measured liquidus data was obtained 
(Fig. 2). The calculated solvus of (Cu) agrees very well with 
the experimental results, especially the solvus by Saarivirta 23 
(Fig. 3). The calculated maximum solubility of Zr in (Cu) is 
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g 
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L + ( ~ r )  

Ref 46 
�9 ([~Zr)/CuZr2+(~Zr) boundary 

Ref 30 
�9 ([IZr) 
�9 ([t, Zr) + CuZr 2 
+ (l~Z.r) * (aZ.r) 
v (~7.r) + CuZr 2 

(oZ. r ) + CuZr 2 

7O0 
001 0O2 0O3 0O4 0O5 0O6 0O7 008 

Weight Fraction CU 

Fig. 4 Calculated Zr-rich side of the Cu-Zr phase diagram com- 
pared with the constitution of the experimental alloys by Lundm et 
al. 3~ and the calculated (I]Zr) boundary data by Douglass and Mor- 
gen. 46 

0.108 at.%, which is close to the assessed value, -0.12 at.%, by 
Arias et al. 21 

In Fig. 4, the calculated phase diagram is compared with the 
constitution of experimental alloys on the Zr-rich side ana- 
lyzed by Lundin et al. 30 using X-ray and metallographic tech- 
niques and the analytically calculated ([3Zr) boundary data by 
Douglass and Morgen. 46 The thermodynamic description ob- 
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Fig. 5 Calculated enthlapy of mixing in hquid Cu-Zr alloys com- 
pared with the experimental data, which were recalculated by the 
present authors from Ref 11, 17, and 18. 
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Fig. 6 Calculated activities of Cu and Zr in the liquid Cu-Zr al- 
loys at 1499 K compared with experimental data by Sommer and 
Choi. 18 

tained here accounts very well for almost all of the experimen- 
tal observations. The calculated maximum solubility of Cu in 
([3Zr) and (aZr), 5.26 and 0.39 at.%, respectively, can be re- 
garded as a satisfactory representation of the observed dia- 
gram. The predicted ([3Zr)/([~Zr) + CuZr 2 boundary is also in 
good agreement with the analytical calculation by Douglass 
and Morgan. 46 

From Fig. 2 to 4 and Tables 5 and 6, it can be seen that the cal- 
culated Cu-Zr phase diagram agrees well with the experimen- 
tal information except for the three-phase equilibrium L 
Cu8Zr 3 + CUloZr7, of  which the eutectic composition was cal- 
culated to be 40.8 at.% Zr, very close to the composition of  
Cuj0Zr 7. In addition, the difference between the calculated eu- 
tectic temperature and the congruent melting point of  CUl0Zr7 
are too small (Fig. 2). Cul0Zr 7 was even calculated to be 
formed peritectically by Saunders. 5 Because this phase is in 
the center of glass forming range,S2 and the experimental re- 
sults of Lundin et al. 3~ involving this phase have not been con- 
firmed, no further attempt was made to improve this part of  the 
calculated phase diagram. The calculated peritectic tempera- 
ture of  equilibrium L + Cu 5 iZrl4 +--) CuaZr 3, 1195 K, is much 
lower than the measured data. 3oA9 The reason for this large dif- 
ference is that, as discussed in section 3.2, of  the two available 
experimental data, only Kuznetsov et al. 19 was used, and fur- 
thermore, a small weight factor was given to it in optimization. 
The calculated temperature for this equilibrium by Saunders 5 
is in agreement with the result of Lundin et al. 30 because they 
used the data reported by Lundin et al. 30 instead of  Kuznetsov 
et aly9 New experimental work might be needed to study this 
part of  the phase diagram. 

The calculated enthalpies of formation of the congruent com- 
pounds Cu51Zrt4, Cul0Zr 7, and CuZr agree well with the ex- 
perimental results of Kleppa et al.,l ~ but that of  CuZr 2 is close 
to the data of  Ansara et al. 12 (Table 1 ). As mentioned in section 
3.3, in order to get the eutectoid decomposition of  the CuZr 
phase, its enthalpy of formation must be smaller than the value 
measured by Ansara et al. 12 Because Saunders did not take into 
account this eutectoid decomposition and the enthalpy data of 
the compounds by Kleppa et al., 11 their calculated enthalpy of  

CuZr is more negative and, as expected, in good agreement 
with Ansara et al.12 

In order to calculate the enthalpies of mixing of  the liquid 
phase A,mxHL-L from the measured heat effects of each addition 
of  zirconium, Kleppa et alY 1 took Hzr and Afufl-/Zr from Hult- 
gren et al., 53 but Sommer and Choirs took them from Hultgren 
et al. s3 and Guillermet, 54 respectively. For comparison be- 
tween these two experimental results and the present calcula- 
tion, the latest phase stability parameters of  Hzr and Afu,Hzr 
from Dinsdale 15 were used to recalculate the Am,xHL-L from 
the reported enthalpies of mixing for Cu(L)t373 + Zr(s)1373 
(Ref 11) and Cu(L)I473 + Zr(s)29s (Ref 18). Because Sudavt- 
sova et alY 7 did not give the original measured data and the 
enthlapy data of Zr used in their calculation, their data of 
Am,x HL-L at 1480 K could not be recalculated here. 

Figure 5 compares these recalculated enthalpies of  mixing of 
liquid and the predicted curve. The data of  Sommer and Choi 18 
were reproduced very well, but those of  Sudavtsova et al. 17 
seem to be too negative when Xzr > 0.2. The fit to the values of 
Kleppa et al.ll is not so excellent, but obvious deviations ap- 
pear only around 16, 32, and 70 at.% Zr, which is similar to the 
result of  Saunders. 5 The main discrepancy concerns the values 
at the compositions of  0.1598 and 0.1749 at.% Zr. As these 
compositions are very close to the liquidus of  Cu51Zr]4 (the 
calculated liquidus at 1373 K is about N17 at.% Zr), it could be 
reasonably supposed that the measured heat effects for these 
compositions of samples bad included the enthalpy of forma- 
tion of  a small amount of solid phase Cu 5 l Zrl4. 

Figure 6 shows the variation of  calculated acu and azr with 
composition in the Cu-Zr liquid alloys at 1499 K. Very good fit 
has been obtained to the measured acu by Sommer and Choi.18 
The activities of both copper and zirconium exhibit a large 
negative deviation from Raoultian behavior. 

The entropy and excess entropy of  mixing of liquid Cu-Zr al- 
loys vs compositions calculated using the parameters in Table 
7 are given in Fig. 7. Assuming the formation of associates 
with the stoichiometry Cu2Zr, Sommer and Choi 18 employed 
the associate model to describe the thermodynamic properties 
of liquid Cu-Zr alloys. Their calculated entropy curve and the 
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Fig, 7 Calculated entropy and excess entropy of mixing in liquid 
Cu-Zr alloys vs compositions. 
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Fig. 9 gzr-T plots of the Cu-Zr system calculated by using the 
present thermodynamic description in Table 7. 

fit to the enthalpies of mixing of liquid copper with solid zirco- 
nium determined by Kleppa et al. ]1 are very similar to the pre- 
sent calculation shown in Fig. 5 and 7. This means that the 
tendency of forming associate CuzZr in the liquid alloys is not 
strong, and the thermodynamic properties of the liquid Cu-Zr 
alloy can be as well described by the subregular model as the 
associate model. 

Although the predicted thermodynamic properties and the cal- 
culated phase diagram of the Cu-Zr system agree very well 
with the selected experimental data, the reliability of the opti- 
mized parameters should be checked further by ~t-T plots of 
copper and zirconium. In a B-T plot, all the two-phase equili- 
bria are represented by lines, which meet at three-phase equili- 
bria represented by points. The areas between the lines 
represent equilibria of single phases. Lines in this diagram 
must not cross, except where they end in three-phase equili- 
bria. Otherwise the parts of the lines after the crossing do not 
represent stable two-phase equilibria. The Bcu-T and I.tzr-T 
plots of the Cu-Zr system calculated using the parameters in 
Table 7 are presented in Fig. 8 and 9. The reference states for 
BCu and ~tzr are fcc Cu and cph Zr, respectively. These two fig- 

lllOtt ' . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  , . . . . . . . . .  i ,  . . . . . . .  , 

hqmd 

11001  - CusZr3 ~ ~ ~.~ 1 ~sZr3cusZr~ 

PCu ( lOKJ/g-a t )  

Fig. 8 Bcu-T plots of the Cu-Zr system calculated by using he 
present thermodynamic description in Table 7. 

ures demonstrate that the estimated H and S values of all the 
phases in the Cu-Zr system were well chosen. 
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