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During infiltration of a fiber preform by a binary hypoeutectic alloy, solid metal can form in 
the composite because of cooling at the fibers or at the mold wall. Contrary to the case of an 
unalloyed matrix, temperature, composition, and fraction solid may vary in the composite. This 
results in macrosegregation and microstructural heterogeneity within the composite casting. It 
is shown that solid metal that forms because of cooling at the fibers grows gradually behind 
the infiltration front, while the local temperature increases. Metal superheat, when present, 
serves to progressively remelt solid metal in the composite during infiltration and increases 
compositional and microstructural heterogeneity within the composite. General expressions are 
derived to describe heat, mass, and fluid flow during the infiltration process. In the case of 
unidirectional adiabatic infiltration driven by a constant applied pressure, a similarity method 
can be used to reduce the mathematical complexity of the problem. Numerical solution of the 
resulting equations then allows us to predict temperature, fraction solid, and composition pro- 
files within the composite. With the further assumption of negligible thermal conduction, the 
problem lends itself to an analytical solution. The analysis is performed for the case of unidi- 
rectional adiabatic infiltration under constant applied pressure of 24 vol pct g-alumina preforms 
by AI-4.5 wt pct Cu. Results indicate that there is significant latitude for control of macro- 
segregation and microstructure within cast fiber-reinforced alloys. 

I. INTRODUCTION 

g fluid flow and heat transfer analysis relevant to the 
production of metal matrix composites by infiltration of 
porous preforms with pure liquid metal was recently pre- 
sented, oJ This analysis incorporated results from pre- 
vious studies of the process by Nagata and Matsuda, E2,31 
Fukunaga, E41 and Fukunaga and Goda [5,6] and agreed with 
experimental data on the infiltration of g-alumina fiber 
preforms by pure aluminum. ~71 In brief, theoretical treat- 
ment of the process was based on a treatment of the sim- 
pler case of unidirectional infiltration. In this 
configuration, it was shown that fluid flow and heat 
transfer can be treated by a similarity method provided 
there is no external cooling and provided the applied 
pressure is constant, allowing for an analytical solution. 
Of particular interest was the fact, first identified in 
References 2 through 6, that if the fiber preform tem- 
perature is initially below the metal melting point, solid 
metal forms at the infiltration front. This phenomenon 
strongly influences both the rate of infiltration and the 
microstructure of the composite. 

Experiments utilizing the same infdtration process have 
shown that with a low initial fiber temperature, com- 
posites of g-alumina fibers infiltrated with A1-4.5 wt pct 
Cu display macrosegregation within the matrix, t81 The 
source of concentration gradients over the length of the 
composite is simple to understand: when the fiber tem- 
perature is below the metal liquidus, solid metal forms 
at the infiltration front. This solid metal is mechanically 
trapped by the fibers and remains where it formed. The 
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flowing liquid is richer in solute than the solid it leaves 
behind, resulting in solute enrichment downstream of the 
path followed by the infdtration front. This, in turn, leads 
to macrosegregation in the matrix of the cast composite. 
In a study of the infiltration process, Clyne and Mason [91 
showed that within an A1-2.5 wt pct Mg matrix alloy, 
significant grain size variations can be observed after in- 
filtration by squeeze casting into g-alumina fiber pre- 
forms. When the initial fiber preform temperature was 
below the liquidus temperature, the matrix of the com- 
posite exhibited a two-zone structure: fine grains, of a 
size roughly equal to the interfiber spaces, downstream 
of the infiltration path and large columnar grains up- 
stream where the metal entered the preform. Only the 
second zone, featuring large columnar grains, was pres- 
ent when the initial fiber preform temperature was above 
the alloy liquidus. [9] These observations indicate that 
variations in matrix microstructure and composition are 
obtained when the initial fiber temperature is below the 
matrix liquidus. This condition is prevalent in most cast- 
ing procedures, usually to minimize chemical interaction 
between fibers and matrix. 

This paper addresses these issues from a theoretical 
standpoint and follows the order of presentation adopted 
in the treatment of infdtration by a pure metal, tl~ Namely, 
after a formulation of the general problem, a solution for 
adiabatic unidirectional infiltration with a hypoeutectic 
alloy under constant applied pressure is given. Numer- 
ical results for AI-4.5 wt pct Cu cast into g-alumina fiber 
preforms are then presented as a practical example. 

II. THE GENERAL PROBLEM 

Consider the infiltration of a fibrous preform by a bi- 
nary metal alloy of nominal composition Co. The phase 
diagram of this alloy is assumed to be of the eutectic 
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type and the alloy to be hypoeutectic; i.e., Co < Ce, 
where Ce is the eutectic composition. A fiber preform is 
placed within a die, into which metal is injected at a 
pressure sufficiently high for it to form a composite ma- 
terial by penetrating the space between the fibers. In 
general, the initial fiber temperature T z, the initial mold 
temperature T~, and the initial metal temperature To are 
all different. The metal, fibers, and mold, therefore, ex- 
change heat during the process. 

As in the problem of infiltration by a pure metal ma- 
trix, cooling of the metal by the preform and/or the mold 
results in metal solidification between the fibers while 
flow of the liquid metal is taking place. Several regions 
can then coexist within the preform during infiltration, 
depending on processing parameters, such as T:, T~, 
and To. 

As with a pure metal, the number and nature of these 
regions depend on casting conditions. With an initial fiber 
preform temperature T z higher than the alloy liquidus, 
liquid metal will enter the preform but will only solidify 
due to cooling from the mold walls. The problem is then 
one of alloy solidification concomitant with intense fluid 
flow, in many respects similar to problems treated in 
casting fluidity. [~~ Conversely, a low initial fiber tem- 
perature will result in intense cooling of the metal as it 
encounters the cold fibers at the infiltration front. This 
will result in the formation of solid metal in the vicinity 
of the infiltration front, which serves to raise the local 
temperature by release of latent heat. Local temperature 
may also increase because of heating by incoming metal 
or may decrease because of cooling at the mold walls. 
Thus, a region in the casting will form where solid and 
liquid metal coexist because of cooling by the fibers and 
cooling at the mold wall (region 1 in Figure 1). A fully 
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Fig. 1--Schematic illustration of the injection of an alloy into a mold 
containing a fiber preform under conditions such that eutectic solid 
metal forms at the infiltration front. The fiber preform then contains 
five regions, as shown in the figure: region 1 where primary solid and 
liquid metal coexist, region 2 where the matrix is solid due to external 
cooling, region 3 where the matrix is liquid due to heating by incom- 
ing metal, region 4 where the matrix has not reached the fibers, and 
region 5 where solid and liquid eutectic metal coexist. 

solid region may appear along the mold walls because 
of heat exchange between mold and casting (region 2). 
At the preform entrance, superheated metal entering the 
casting will remelt solid metal present in region 1 or 2, 
creating a region where only liquid metal coexists with 
the fibers (region 3). Region 4 is the uninfiltrated part 
of the preform, from which gas is expelled through a 
vent. Provided the initial fiber preform temperature is 
sufficiently low, an additional region where the solid phase 
is of eutectic composition may form in the vicinity of 
the infiltration front. We define this region as region 5, 
as opposed to region 1, where the solid metal is the pri- 
mary phase of the eutectic alloy. 

The driving force for flow of metal can be provided 
by capillary forces for a wetting system; otherwise, an 
external application of pressure on the metal at the pre- 
form entrance is necessary. This applied pressure deter- 
mines, together with the amount, location, and 
morphology of solid metal in regions 1, 2, and/or 5, the 
rate of infiltration. 

As with a pure matrix, solid metal in region 1 is as- 
sumed to remain where it formed, because it is trapped 
by the fibers. With an alloy, however, the problem is 
complicated by the addition of mass transport to fluid 
flow and heat transfer present in the former case. A fur- 
ther complication arises from the fact that solidification 
can take place over a range of temperatures so that sig- 
nificant gradients in temperature, concentration, and 
fraction solid metal can exist within region 1. The pres- 
ence of solute in the matrix thus adds two variables within 
region 1, namely, composition and fraction solid metal, 
which must be calculated together with flow rate and 
local temperature. 

A mathematical formulation of the problem together 
with an analysis of the novel solidification problem pres- 
ent when the initial fiber temperature is low enough to 
cause metal solidification during infiltration are pre- 
sented in Section III. 

III. ASSUMPTIONS 
AND GENERAL EQUATIONS 

A. Fluid Flow 

As in Reference 1, we treat infiltration by considering 
a volume element A V large enough to represent signif- 
icant average values of local composite characteristics 
but small enough to be treated as a differential element 
within the composite. Within A V, the fibers occupy a 
local volume fraction Vf and the metal, a volume frac- 
tion Vm of which a volume fraction gs is solid. We as- 
sume that the metal and the preform are incompressible 
and ignore density differences between the solid and liq- 
uid metal. The coordinate system is fixed with respect 
to the fiber preform. 

As in Reference 1, we simplify capillary phenomena 
and assume that the infiltration front is sharp. The 
expression 1 - V/then equals Vm everywhere in the in- 
filtrated composite, comprising regions 1 through 3 and 
5 in Figure 1. The pressure in the composite at the 
infiltration front is P8 + APT, where AP T is the capil- 
lary pressure drop at the infiltration front and Pg is pres- 
sure in the gas within region 4. The value of AP T > 0 
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corresponds to nonwetting, while APt < 0 corresponds 
to wetting of the fibers by the metal. We assume that 
APv is independent of the infiltration front velocity. 

We assume that flow of liquid metal through AV, 
measured by the superficial velocity vo, is within the range 
of validity of Darcy's law: 

K 
vo = - -- (VP - Ping) [1] 

/X 

where /x is the viscosity of the liquid metal, K is the 
symmetric permeability tensor of the preform, P is the 
average pressure in the volume element, Pm is the metal 
density, and g is the acceleration due to gravity. 

The continuity equation is 

VVo = 0 [2] 

Equations [1] and [2] are valid in regions 1, 3, and 5 
of the composite. For a fiber preform of uniform volume 
fraction V s, fiber distribution, and fiber diameter, the 
permeability K in AV is only a function of the local vol- 
ume fraction and morphology of the solid metal. The 
viscosity, /x, is a function of temperature and compo- 
sition. The range of validity of Darcy's law for flow of 
a metal through a fibrous preform is discussed in 
Appendix I of Reference 1. 

B. Heat Transfer 

We assume that the fiber diameter is sufficiently small 
so that the temperature T is uniform within A V. As with 
the pure metal, we neglect viscous heat dissipation. The 
validity of these assumptions is examined in Appendix I 
of Reference 1. 

We assume that the interface between solid and liquid 
metal is everywhere at equilibrium, and we neglect the 
effect of curvature on the matrix alloy phase diagram. 
Because the matrix is an alloy, heat transfer is possible 
within region 1. The heat transfer equation within that 
region of the composite must include a term for variation 
in volume fraction solid metal, in addition to terms ac- 
counting for heat transfer by conduction and convection 
into A V, which were included in Eq. [3] of Reference 1. 
The heat transfer equation is thus 

0T 
V. (kc VT) = p~c~ --Ot + pmCmVo 

Ogs 
�9 V T  - p ~  A H  (1  - V I )  - ~ t  [ 3 ]  

within region 1, where kc is the thermal conductivity ten- 
sor of the composite, AH is the latent heat of solidifi- 
cation of the alloy, gs is the fraction solid metal, p is 
density, c is heat capacity, and the subscripts m, f ,  and 
c refer to the metal, fiber, and composite, respectively. 

Within region 2, all metal is solid and there is no flow. 
We, therefore, apply Fourier's law: 

dT 
�9 = - -  [41  V (kc VT) pcc~ at 

Within region 3, there is no solid metal and the heat 
transfer equation is the same as Eq. [3] of Reference l" 

OT 
V- (kc VT) = pr -~t + pmCmV." VT  [5] 

Within region 4, the uninfiltrated preform, we neglect 
the contribution to heat transfer of the gas phase and use 
Fourier's law: 

0T 
V. (kp VT) = ppcp Ot [6] 

where the subscript p designates characteristics of the 
preform. Since the heat capacity of the gas phase ini- 
tially surrounding the fibers is likely to be negligible, 
ppcp is generally equal to Vipfc f . 

In region 5, liquid and solid eutectic metal coexist. 
From our assumption of local equilibrium at the solid/ 
liquid interface, there is no heat transfer within this re- 
gion which is uniformly at the eutectic temperature Te: 

T = TE [7] 

C. Solidification 

With a pure metal, we assumed that the solid metal 
grew in the shape of a uniform layer coating the fibers. 
The justification for this assumption is that solidifi- 
cation of a pure metal is governed by heat evacuation 
from the solidification front. The growing solid phase is 
then expected to be attracted by the cold fibers, since 
they represent a heat sink for the growing solid metal. 
In the case of an alloy, solidification is also governed 
by solute diffusion in the liquid away from the solidi- 
fication front. Whereas the fibers act as sinks with regard 
to enthalpy evacuation, they represent barriers to solute 
diffusion. The solidification mechanism is, therefore, 
different in the case of an alloy, and the assumption that 
the solid phase forms a uniform coating surrounding the 
fibers is no longer reasonable. Experimental confirma- 
tion of this assertion is given in Reference 11, where in- 
filtration rates with 99.9 pet pure aluminum were shown 
to differ from those with 99.999 pet pure aluminum under 
identical conditions. These data are most plausibly ex- 
plained by a change in solidification morphology of the 
metal with the addition of 0.1 pct impurities. Studies of 
solidification of AI-4.5 wt pct Cu, furthermore, have 
shown that growth of the primary phase takes place within 
the interfiber spaces in avoidance of the fibers when the 
fibers and metal are cooled simultaneously and are, 
therefore, at similar temperatures, t~21 We, therefore, ex- 
pect the relationship between volume fraction solid metal 
and permeability K of the porous medium consisting of 
solid metal and fibers to be more complex than that with 
a pure metal. For this reason, we assume here that a 
functional relationship exists between volume fraction 
solid metal gs and permeability K but do not specify its 
nature. We consider the infiltration velocity to be a pa- 
rameter and do not treat its correlation with applied 
pressure. 

It will be shown in Section I I I -E-3  that solidification 
of the metal induced by cooling at initially cold fibers 
cannot take place at the infiltration front, as with pure 
metal. Instead, the solid alloy metal grows gradually, 
behind the infiltration front. While solidification is tak- 
ing place, the local temperature can either decrease 
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(because of cooling from the mold walls) or increase 
(because of heating by incoming metal). The direction 
in which temperature varies influences microsegregation 
in the solid metal phase. 

Local equilibrium dictates that the solid be of the local 
solidus composition. If local temperature is decreasing, 
solid metal formed earlier is thermodynamically stable 
and will either retain its composition or increase its sol- 
ute content by solid-state diffusion, a process that has 
been shown to be very significant in metal matrix com- 
posites at low cooling rates, t121 On the other hand, im- 
mediately behind the infdtration front, where temperature 
is increasing, any solid formed earlier is thermo- 
dynamically unstable (unless the solidus is retrograde, 
which we assume here not to be the case). Solidification 
must, therefore, follow the equilibrium lever rule when 
local temperature is increasing. Since local temperature 
will first increase behind the infiltration front and sub- 
sequently decrease due to cooling from the mold wall, 
we expect solute concentration profiles in the final solid 
metal of the cast composite to feature a core of low sol- 
ute content within the primary phase. 

D. Mass Transport 

We make the assumption, conventional in solidifica- 
tion t h e o r y ,  tl3l that the liquid phase between dendrites 
and/or fibers within A V is uniform in composition. Be- 
cause flow of the liquid metal is vigorous in infiltration 
of metal matrix composites, we assume that solute enters 
or leaves A V only by convection and neglect mass flow 
by diffusion in or out of A V. The validity of this as- 
sumption can be estimated by referring to Figure 4 of 
Reference 1 for the particular infiltration rate and dif- 
fusion coefficient of interest. 

Mass transport is, therefore, governed within region 
1 by conservation of mass in the volume element A V:[lal 

0C 
- -  = - V { ( 1  - g , )  C t "  v }  [8]  
Ot 

where C is the local average matrix composition in A V, 
CL is the composition of the liquid, and v is the local 
velocity of interdendritic liquid relative to solid. The local 
velocity v is related to the superficial velocity Vo by 

Vo 
V = [9] 

(1 - Vf)  (1 - g~) 

Combining Eqs. [8], [9], and [2], the solute conser- 
vation equation takes the form 

OC Vo 
. . . . .  VCt [10] 
Ot 1 - V y  

In region 3, as long as the metal has had no previous 
exposure to solid metal, its composition is everywhere 
Co, the nominal composition. In region 5, the metal is 
uniformly at the eutectic composition, CE. 

E. Interregion Boundary Conditions 

Conservation and continuity equations can be derived 
for each of the boundaries separating regions 1 through 
5 which, together with governing equations within each 

of the regions, allow modeling of a given infiltration 
process for a chosen set of initial parameters. 

1. Boundary 1-2 
With sluggish solid-state diffusion or matrix compo- 

sition above the maximum solid solubility limit, this 
boundary will correspond to solidification of the last pool 
of liquid metal at the eutectic temperature. In this case, 
the equations are 

T~ = T 2 = Te [ l la ]  

(k~ V T E ) - n l , 2  = (1 - Vf) (1 - gsl) AHpmVl,2 [12a] 

Vol" h i ,  2 = 0 [ 1 3 ]  

In these and following equations, the subscript i sig- 
nifies within region i along the boundary, ni,j is the nor- 
mal to the boundary separating regions i and j ,  oriented 
from i to j, vi.j is the local boundary velocity oriented 
from i to j and vi,j = v~,jni,j. 

If the eutectic temperature is not attained when exter- 
nal cooling at the mold wall fully solidifies the matrix, 
solidification must be gradual, and the fraction solid is 
g, = 1 in region 1 with no discontinuity at the boundary. 
This is because an abrupt change in gs across the bound- 
ary above the eutectic temperature would necessitate 
evacuation of solute into region 1, which cannot take place 
by convection (Eq. [13]). We, therefore, have, in this 
case, 

T~ = T 2 [ l ib]  

(k~ VT2)" nl,2 = (k~ VT1)" n1,2 [12b] 

VOI" h i ,  2 = 0 [13] 

2. Boundary 1-3 
Here, melting of solid metal in region 1 is taking place 

due to heating from the liquid metal flowing in from the 
gate. Since it is not likely that the metal would have 
experienced a local decrease in temperature prior to re- 
melting, we assume that solidification is according to the 
equilibrium lever rule. Because we assume no solute dif- 
fusion over distances on the scale of the casting dimen- 
sions, the remelting front is sharp, with a decrease in 
liquid composition from regions 3 to 1 due to the re- 
melting of solute-poor solid. 

P1 = P3 [14] 

T~ = T 3 [15] 

CL3 = Co [16] 

( C  0 - CLI)Vol  �9 h i ,  3 

-(kr - VT1)). hi.3 = (1 - Vf)gs AH pmVl.3 

(Vol --  Vo3)" n l ,3  = 0 

3. Boundary 1-4 

= (Co - (1 - (1 - k)gs)CLOVl.3 

[171 

118] 

[191 

This is the infiltration front when the fibers are suf- 
ficiently cold to cause solidification of the infiltrating 
matrix. It can be shown that the fraction solid metal at 
the infiltration front, i.e., in region 1 at this boundary, 
is zero. Suppose there is a finite fraction solid metal gs 
at the front and liquid of composition CL, at time t and 
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position x. At time t + dr, the infiltration front reaches 
position x + dx, where liquid formerly at x and of 
composition CL meets new fibers and solidifies a fraction 
gs § dgs to generate a finite fraction solid at the tip. 
Therefore, since formation of a finite amount of solid is 
accompanied by rejection of a finite amount of solute, 
the composition in the liquid must, in turn, increase by 
a finite amount. This results in a discontinuity of CL be- 
tween x and x + dx, which is impossible because this 
implies an infinite temperature gradient (from local equi- 
librium) in violation of our assumption of a finite ther- 
mal diffusivity in the composite. 

The equations are, therefore, 

P1 = Pg § APv [20] 

Tl = T4 [21] 

g, = 0 [22] 

( k  v VT4)"  nl ,4 = (kc VT0" 111,4 [23] 

Vol = (1 - V/)vl,4 [24] 

4. Boundary 1-5 
If the fibers are still colder, the first solid metal to 

form may be of the eutectic composition. This metal will 
solidify at the infiltration front itself, like a pure metal 
and unlike the primary phase, because there is no global 
solute rejection by the solid. Where temperature starts 
to rise above the eutectic temperature due to liquid en- 
tering the preform, the eutectic remelts and new (pri- 
mary) solid metal grows. As with the boundary between 
regions 1 and 4, the fraction solid primary metal must 
be zero in region 1 at the boundary between regions 1 
and 5. For a proof, suppose there is a finite fraction pri- 
mary solid metal g,~ in region 1 at the boundary between 
regions 1 and 5, with liquid of composition CE, at time 
t and position x. At time t + dt, the boundary reaches 
position x + dx, where solid of composition Ce remelts 
and solidifies a fraction g,1 + dg~l to ensure a finite frac- 
tion solid in region 1 at the boundary. The composition 
in the liquid at this point, therefore, has to increase by 
a finite amount due to solute rejection by the solid. This 
results in a discontinuity in CL at x and at x + dx. This 
is impossible because it implies an infinite temperature 
gradient (from local equilibrium), which violates our as- 
sumption of finite thermal diffusivity in the composite. 
The equations are, therefore, 

P1 : P5 [25] 

T1 = T5 = T~ [261 

- (kc  VT1)" n1.5 = (1 - V/)g,e AH pmVl.5 [27] 

C1 = C5 = C E ~  g~l = 0 [28] 

5. Boundary 2-3 
Such a boundary would represent a sharp "planar" so- 

lidification front due to cooling from the mold wall. Given 
that such a front is seldom observed in conventional alloy 
castings, it is not likely to be observed here. 

6. Boundary 3-4 
This boundary is the infiltration front in cases where 

the initial fiber preform temperature is sufficiently high 
not to cause solidification of the metal. Region 1 will 

still be present if there is significant cooling at the mold 
wall and will separate regions 2 and 3. 

P3 = Pg + AP~ [29] 

73 = 74 [301 

(kp V T 4 ) .  n3, 4 = ( k  c ~7T3) .n3 ,  4 [31] 

Vol : (1 --  Vf)v3, 4 [32]  

7. Boundary 5-4 
This is the infiltration front when the initial fiber tem- 

perature is low enough to cause eutectic solid to form. 
Equations are analogous to those for infiltration with a 
pure metal into a sufficiently cold preform (Eqs. [14] 
through [17] of Reference 1). 

P5 = Pg + AP~ [33] 

74 = 75 = Te [34] 

(kp ~7T4) �9 n4, 5 = (1 - Vf)gsE AH pmV4,s [35] 

Vo5 = (1 - V:)v5.4 [36] 

where gse is the fraction solid in region 5. 
With specification of system constants and functions 

of the process geometry and of its parameters, the prob- 
lem is specified. Expressions for preform permeability 
(with no solid metal present) and composite thermal con- 
ductivity are identical to those given in Section III-D of 
Reference 1. 

IV. UNIDIRECTIONAL 
ADIABATIC INFILTRATION 

UNDER CONSTANT APPLIED PRESSURE 

A. Description 

We now focus attention on the case of unidirectional 
adiabatic infiltration, along the x-axis, of a semi-infinite 
fiber preform. We assume, furthermore, that infiltration 
is driven by a constant applied pressure APt = Po - Ps, 
where P0 is the pressure in the metal at x = 0. The pre- 
form is assumed to be uniform and incompressible, with 
a constant fiber diameter and volume fraction. We ne- 
glect the gravitational force field, either in comparison 
to the applied pressure gradient or because infiltration is 
horizontal. We assume that the x-axis is a principal di- 
rection of thermal conductivity and permeability tensors 
of the preform and, hence, of the composite. 

Since there is no cooling at the mold wall, region 2 
does not exist in this case. Figure 2 is a schematic rep- 
resentation of the system in the case where all four regions 
are present in the composite. 

We assume that all the thermal conductivities are in- 
dependent of temperature in the range considered. We 
also assume for simplicity that the alloy phase diagram 
features straight liquidus and solidus lines of respective 
slopes mL and ms and partition ratio k. 

Because everywhere in the casting the metal temper- 
ature increases with time (the infiltrated composite is 
cooled at the infiltration front and heated at the gate by 
incoming metal), the solid phase composition is uni- 
formly equal to 

Cs = kCL [37] 
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Fig. 2 - -  Schematic illustration of  the case of unidirectional adiabatic 
infiltration with an initial fiber temperature low enough to cause for- 
marion of  solid eutectic metal. Fiber diameter is exaggerated. 

Temperature and liquid composition are linearly 
related by 

T -  Tm= CLmr [38] 

where Tm is the melting point of the pure metal. 
The governing equations and boundary conditions are 

the same as for the three-dimensional case, every gra- 
dient becoming a simple partial derivative with 
respect to x. 

B. Transformation of the Equations 

Equations [1] and [2] combine to become 

dL K dP 
(1  - V I )  - [ 3 9 ]  

dt lzdx 

where L is the position of the infiltration front at time t. 
With the foregoing assumptions, the permeability K is 
only a function of local volume fraction solid metal g,. 
Let us now "guess" that the infiltration front moves as 
a constant q, times the square root of time: 

L = ~bX/t [40] 

We define a new variable X = xAbX/~t and operate a 
Boltzmann transformation on the governing equations and 
all equations at the moving boundaries in order to reduce 
the two parameters x and t to the single parameter X. In 
what follows, we prove that all governing equations, 
interphase equilibrium equations, and initial and bound- 
ary conditions describing the process can be expressed 
in terms of X and, hence, that the "similarity" solution 
procedure we use is valid. This solution is "similar" in 
that, at any instant, it is identical with a scaling factor 
~bX/t acting on x. 

We define a dimensionless temperature: 

T - T I n  
{9 = - -  [41] 

mLCo 

The set of equations can now be described by the two 
dimensionless variables | and g~, functions of the single 
variable X (temperature, liquid composition, and solid 
composition are all linearly related (Eqs. [37] and [38]). 
As depicted in Figure 2, regions l ,  3, 4, and 5 will be 
found in the order 3, l ,  5, and 4 starting from the pre- 
form entrance at x = 0. We define X~ and Xe as being 

the dimensionless positions of the boundary between 
region 1 and regions 3 and 5, respectively, when these 
boundaries are present. After transformation, the general 
equations given in Section 111 take the form below, where 
prime indicates differentiation with respect to X. Preced- 
ing the equations, we have indicated the original un- 
transformed equation. 

In region 1, Eq. [10] 

{9' = X(1 - (1 - k)g,){9' - X{9(1 - k)g" [42] 

and Eq. [31 

{9"= -aX{9'  + 6{9' + ?xg'~ [43] 

where 

and 

p~c~@ 2 

2kc 

(1 - Vl)pmCmr ~ 6= 

= 

2kc 

(1 - Vf )pm A n  ~,2 

2kcmLCo 

In region 3, Eq. [5] 

(X - /3){9 '  = - - -  

and (by definition) 

where 

and 

/ 3=  

In region 4, Eq. [6] 

where 

And in region 5, 

2ac {9" 
~b 2 [44] 

g, = 0 [451 

kc 
pccc 

pmCm(1 -- Vf)  

pcCc 

2otp {9" 
X ( 9 ' = -  ~b 2 [46] 

Otp = m 
ppc, 

| = | [47] 

g~ = constant [48] 

where Or  is dimensionless eutectic temperature. Equi- 
libria at the interregion boundaries dictate, after 
transformation: 

A t x  = 0, 

| = O0 [49] 

where | is dimensionless initial metal temperature. 
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At X = X,, Eq. I18] =), 

and Eq. [17] 

(1 - v j )o  A n  qJ2e,, 

2kcmLCo 
x,  [501 

),{O[1 - (1 - k)g,] - 1} = O - 1 [511 

If some eutectic, i.e., region 5, is present, we have: 

A t x  = Xe, 

O = OE [521 

g~ = o [531 

Eq. [28] =), 

and Eq. [27] 

(1 - Vy)p A n  ~2 g~e 
O('~) = - XE [54] 

2kcmLCo 

And at ) = 1, Eq. [34] 

0 = Oe [55] 

and Eq. [35] 

O;l+) = - 
(1 - Vf)p AH ~2 gsE 

[56] 
2kpmLCo 

Conversely, if no solid eutectic metal is present but 
solid primary metal forms during infiltration, we have: 

At X = 1, Eq. [22] 

gs = 0 [57] 

and Eq. [23] 

kp 
0 1) = 0;1+, t581 

Finally, since temperature and fraction solid metal are 
now clearly only functions of  X and since permeability 
is only a function of fraction solid metal, K is only a 
function of X. From Eq. [39], then, pressure P is only 
a function of X as well. By integration of Eq. [39] in x, 
we then find 

dL (1 K dP 

Jo ( 1  - V~)L dt-  ix dx dx [ 5 9 ]  

Since the right-hand term is independent of time, our 
previous guess that L/Vtt = 0 is a constant is internally 
consistent. 

This treatment of the problem introduces an assump- 
tion. Since at t = 0, the velocity is infinite and Darcy's 
law cannot be valid, we must, therefore, assume that 
after a transient period during which flow is governed 
by the complete Ergun equation, the solution to our 
problem converges rapidly to that given by the similarity 
solution. 

C. Solution of the Equations 

In region 3, the temperature profile is readily given as 
in Reference 1: 

0 - O(x, )  

O o -  O(xD 

erf 

[60] 

In region 4, we obtain, again as in Reference 1, 

- [ 6 1 ]  

where O I is dimensionless initial preform temperature. 
Analysis of the process when the fiber temperature is 

sufficiently high for no solid metal to form is analogous 
to that given in Reference 1. The temperature profile and 
rate of infiltration are calculated for this case as in 
Section V - A  of that paper. The composition is ob- 
viously everywhere equal to the nominal composition of  
the alloy that is injected at x = 0. The range of initial 
fiber temperatures T s for which no solid will form is 
similarly given by satisfaction of inequality [46] of 
Reference 1, with the alloy liquidus replacing the melt- 
ing point of  the pure metal. 

When T l is too low for inequality [46] of Reference 1 
to be satisfied, solid metal will form between the fibers 
during infiltration. Region 1 and, perhaps, region 5 are 
then present in the infiltrated composite. 

In region 1, the system of equations consists of two 
nonlinear differential equations, one of second order and 
the other of first order. A brief mathematical study of 
this system led us to the conclusion that there is no sim- 
ple analytical solution. The point X = 0 is a singular point, 
where all the derivatives of temperature and fraction solid 
are equal to zero (Appendix). The system does not other- 
wise present any odd points, and we can assume that 
temperature and fraction solid are continuous and dif- 
ferentiable four times in that region. This system is 
equivalent to a system of three differential equations of 
the first order in one variable. We then need to consider 
three functions, namely, O, O',  and gs. We solve the 
system numerically, using a Taylor series expansion for 
O, O',  and gs up to the third order, f~sj 

We consider first the case where the entire infiltrated 
composite belongs to region 1, i.e., where there is no 
superheat in the metal and an initial fiber temperature 
that is sufficiently high that no solid eutectic metal forms 
at the front. 

The boundary conditions give the value of gs and O' 
as a function of O at X = 1, and the value of | which 
should be 1 (nominal composition), at X = 0. Given the 
presence of a singular point at X = 0, the calculation of 
temperature and fraction solid metal profiles are done 
starting from X = 1. An arbitrary value for dimension- 
less temperature O at X = 1 is first used, and the func- 
tions gs, O, and O' are calculated point by point toward 
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X = 0 using the Taylor expansion method with a step 
h = -0 .01 .  The value of function F at the point x + h 
is written as 

h 2 
F(x  + h) = F(x)  + hF'(x)  + 2 F"(x) 

h 3 
+ - - F " ( x )  + o ( h  4) 

6 

Adjustments are made to the initial guess of | at 
X = 1 by a test comparing O at X = 0 obtained with the 
expected value of 1 and varying O at X = 1 using a 
proportional scheme with an under-relaxation coefficient 
of 1. This procedure is carded out iteratively until O = 
1 +-- 0.007 at X = 0. At this time, global conservation 
of heat and solute is also verified by integration of the 
calculated profiles. 

As in Reference 1 for pure aluminum, we found no 
difference in results for 6-alumina fibers infiltrated with 
A1-4.5 wt pct Cu when taking into account heat transfer 
ahead of the infiltration front and when neglecting heat 
transfer into the fiber preform. In the latter case, the 
boundary condition 

Opcp t# 2 
O~,-) - - -  ( O : -  O<1-)) [62]  

2kc 

is used instead of Eq. [58]. This equation can be derived 
from first principles or alternatively by combining 
Eqs. [58] and [61] and taking the limit as qt/V/-ap --) 0o. 
Results given below for 6-alumina fibers infiltrated with 
A1-4.5 wt pet Cu were performed using Eq. [62] instead 
of Eqs. [58] and [61]. 

If there is no superheat in the entering metal, but solid 
eutectic forms at the infiltration front (i.e., region 5 ex- 
ists), the relevant boundary conditions for region 1 are 
given by Eqs. [52] through [56]. The volume fraction of 
solid eutectic metal g~.E in region 5 is given by Eqs. [56] 
and [61] if there is significant conduction of heat into 
the preform. These equations can be combined, as with 
a pure metal, to yield the following expression when the 
preform thermal conductivity is sufficiently low: 

p/c/ V/( TE - T:) 
g,.E = [63] 

p,, AH (I -- V/) 

In this case, the procedure used to derive temperature 
and fraction solid metal within the infiltrated composite 
is similar to that used with no eutectic, except that 
the variable parameter for the iteration is O at X = Xe 
(instead of O at X = 1 with no eutectic). In a similar 
fashion, adjustments are made to the guessed value of 
XE by comparing | at X = 0 obtained with the expected 
value of 1. 

When the incoming metal is superheated, region 3 is 
present. The additional boundary conditions are given by 
Eqs. [49] through [51]. Between X = 0 and X = X,, the 
solution is given by Eqs. [46] and [60]. With no eutectic 
at the infiltration front, an arbitrary 19 at X = 1 is cho- 
sen, and | and gs are calculated as before using Taylor 
series. From Eq. [51] and the | and g, profiles, X, is 
calculated. From Eqs. [50] and [60] and the resulting 
value for X,, another value of g, is calculated and corn- 

pared to that obtained previously via the Taylor series 
solution. The final solution is obtained by iteration, 
varying the value of O at X = 1, and using a propor- 
tional scheme based on a comparison of the two values 
of g, calculated as described above. 

Because, as will be seen in Section V, region 5 is sel- 
dom observed with 6-alumina fibers infiltrated with 
A1-4.5 wt pct Cu, the case of eutectic forming with 
superheated metal at the gate was not investigated. 

D. Limiting Case of  Negligible Thermal Conduction 

Derivation of the solute and temperature profiles is 
particularly simple in the limiting case of negligible 
thermal conduction in the composite when q//V/-~: ---> 
(using data in Figure 4 of Reference 1, ~b/V'-~ > 10 
should suffice). In this case, inspection of Eq. [43] in- 
dicates that O' ---> 0 and, therefore, from Eq. [42], g'  ---> 0. 
Thus, temperature and fraction solid are constant in 
region 1. 

When Te < T / <  TL, where TL is the metal liquidus 
and Te is the eutectic temperature, solid primary metal 
forms. Because of solute rejection and because gs cannot 
be finite at the infiltration front, there is a zone of liquid 
metal preceding region 1 at the infiltration front. Tem- 
perature, composition, and fraction solid profiles along 
the composite thus take the form depicted schematically 
in Figure 3(a). The temperature in the liquid zone pre- 
ceding region 1 is necessarily the initial fiber tempera- 
ture T:. The metal composition in this liquid zone is that 
of the liquidus at Ty, Q . : ,  because a higher solute con- 
tent could only result from a temperature excursion below 
T z, which would have no physical justification. Deri- 
vation of the five unknowns Xs, XL (position of the 
boundary between region 1 and the fully liquid zone at 
the infiltration front), TI (temperature in region 1), C m 
(liquid composition in region 1), and gs (fraction solid 
in region 1) results, in a simple manner, from Eq. [38] 
and conservation equations at X = X~ and XL: 

Heat conservation at X = X,: 

(1 - Vf)pmCm(To - T1) 

= X~[pccc(To - TO - g~Pm AH  (1 -- Vr)] [64] 

Solute conservation at X = X,: 

Co - C1 = x,[Co - (1 - (1 - k)gs)CL.1] [65] 

Heat conservation at X = XL: 

(I - V:)p.c~(T, - T:) 

= XL[pcCc(T l  -- T f )  + gsPm A H  (1 - V:)] [661 

Solute conservation at X = XL: 

CL.y-  Cl = x r [CL . : -  (1 - (1 - k)gs)CL.l] [67] 

Global conservation of heat and solute in the com- 
posite is verified by addition of  Eqs. [64] and [66] and 
subtraction of Eq. [67] from Eq. [65], respectively. 

In the event where T / <  Te, eutectic metal forms at 
the infiltration front. A zone of solid and liquid eutectic 
metal then replaces the liquid zone ahead of region 1. 
Fraction solid, temperature, and liquid composition pro- 
files are now as depicted in Figure 3(b). The fraction 
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Fig. 3--Temperature and fraction solid profiles for unidirectional 
adiabatic infiltration with negligible thermal conduction in the com- 
posite, (a) with an initial fiber temperature low enough to cause for- 
mation of primary solid but not eutectic solid metal and (b) with an 
initial fiber temperature low enough to cause formation of solid eu- 
tectic metal at the infiltration front. 

eutectic is given by Eq. [63]. The five unknowns g,,l 
(fraction solid metal in region 1), Xs, Xe,  T1, and CL.1 
result in a similar manner from Eqs. [38], [64], and [651 
and conservation equations at X = Xe.  

Heat conservation at X = Xe dictates 

(1 --  Vf)pmcm(Tl  -- TE) 

= Xe[p,:cc(T, - Te) + (gs,~ - gs,e)Pm A H  (1 - Vy)] 

[68] 
while solute conservation at X = XL yields 

Ce - C1 = xe[CE - (1 - (1 - k)g, ,OCL, d [69] 

The limiting case of infinitely fast conduction, i .e . ,  
ffV'-~ ---> 0 and, in practice, smaller than at most 0.1, 
is of no particular interest since no solid metal will form 
and the temperature will be uniformly at To in the 
composite (Eqs. [43] and [46] and Figure 4, all in 
Reference I). 

V. RESULTS FOR 8-ALUMINA FIBERS 
INFILTRATED WITH AI-4.5 WT PCT Cu 

Using the approach described in Section IV-C, tem- 
perature, volume fraction solid, and composition were 

calculated for infiltration of 24 vol pct 8-alumina fibers 
with A1-4.5 wt pct Cu. Numerical values adopted for heat 
capacities, heat of fusion, thermal conductivities, vis- 
cosity, and densities are the same as those used for in- 
filtration with pure A1 given in Table H of Reference 7. 
The phase diagram features liquidus and solidus bound- 
aries that are almost linear, with mL = - 3 . 3 6  K / w t  pct 
Cu and k = 0.171. [~6] 

Plots of temperature, volume fraction solid, and av- 
erage metal matrix composition along the length of the 
composite are given in  Figures 4 and 5 for two cases of 
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Fig. 4 - -Tempera tu re ,  fraction solid, and average matrix composition 
along the infiltrated composite during adiabatic unidirectional infil- 
tration under constant applied pressure of 24 vol pct 8-alumina pre- 
forms with A1-4.5 wt pet Cu. 7": = 823 K and ~b = 0.018 m / V ' s ,  with 
no superheat. 
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Fig. 5--Temperature ,  fraction solid, and average matrix composition 
along the infiltrated composite during adiabatic unidirectional infil- 
tration under constant applied pressure of 24 vol pet &alumina pre- 
forms with A1-4.5 wt pet Cu. T I = 323 K and ~b = 0.015 m/X/s ,  with 
no superheat. 

no metal superheat without and with the formation of 
solid eutectic, respectively. Each of these variables is 
constant over most of the sample length. Most of the 
matrix is, therefore, of uniform composition, albeit lower 
than the nominal 4.5 wt pet Cu. This happens because 
a steep temperature gradient is needed at the infiltration 
front to heat the fibers (unlike the case of infiltration by 
a pure metal, matrix solidification can only heat the fi- 
bers from behind the infiltration front via conduction 
through the composite lying upstream). Matrix solidifi- 

cation, therefore, takes place over a relatively short dis- 
tance behind the infiltration front. 

Conditions of 6 and T i needed for solid eutectic to 
form with no superheat are given in Figure 6. Very low 
T I, far below Te (821 K), can be used while still avoid- 
ing formation of solid eutectic at the infiltration front. 
Eutectic formation is prevented by conduction of heat 
through the composite to the infiltration front. There- 
fore, the higher the infiltration rate (measured by ~/,), the 
higher the preform temperature below which heat con- 
duction cannot keep up with cooling by the fibers caus- 
ing solid eutectic to form. 

With superheated metal, region 3 appears. This results 
in a zone of matrix composition Co extending from X = 0. 
Temperature, fraction solid, and composition profdes are 
given in Figures 7 and 8 for two sets of infiltration pa- 
rameters. It is seen that relatively small and physically 
plausible variation of these parameters results in very 
different profiles of temperature, fraction solid, and av- 
erage composition. Conditions in Figure 8 lead to un- 
favorable infiltration kinetics compared to conditions in 
Figure 7, because there is a sharp maximum in fraction 
solid around X = 0.5 and, hence, a "bottleneck" of low 
permeability at that point. 

Even small superheat results in a large remelted region 
within the composite (Figure 9). This is significant be- 
cause the presence of this remelted region results in 
macrosegregation and microstructural heterogeneity within 
the composite. [9] Casting with low T/is generally moti- 
vated by the desire to avoid extensive fiber/matrix re- 
actions, a purpose which is defeated within region 3 of 
the composite. Furthermore, superheat lowers the min- 
irnum composition observed in the composite (Figure 10). 
For these reasons, superheat in the metal should be kept 
as small as possible when casting composites with a low 
fiber temperature. 

Decreasing T I decreases the minimum composition 
observed in the composite, as seen in Figure 11 for two 
different values of To. The minimum matrix solute con- 
tent decreases as T/decreases, but the liquid composition 
and, hence, the temperature at this point are hardly af- 
fected. Therefore, it is mostly through an increase in 
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Fig. 6- -Condi t ions  for formation of solid eutectic metal during adi- 
abatic unidirectional infdtration under constant applied pressure of 24 vol 
pet 8-alumina preforms with A1-4.5 wt pet Cu and with no superheat 
in the metal. 
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Fig. 8 - -  Temperature, fraction solid, and average matrix composition 
along the infiltrated composite during adiabatic unidirectional infil- 
tration under constant applied pressure of  24 vol pet &alumina pre- 
forms with AI-4.5 wt pct Cu. T: = 571 K, ~b = 0.005 m/N/s ,  and 
To = 938 K. 

fraction solid metal that the matrix composition varies. 
This result is obvious with no superheat in the metal 
(Figure l l(a)) but not when superheat is present 
(Figure 11 (b)). The influence of T/on the maximum ma- 
trix solute content which is found at the infiltration front 
is given in Figure 12 for the same values of To used in 
Figure 11. In both cases, the lower the preform temper- 
ature, the higher the degree of solute enrichment at the 
infiltration front. 

Infiltration kinetics, measured by ~b, also strongly af- 

fect solute enrichment at the infiltration front (Figure 13)�9 
As ~b increases, the temperature at the infiltration front 
decreases because the fibers at the infiltration front are 
heated less by conduction; accordingly, there is a cor- 
responding increase in the copper concentration. 

The initial fiber temperature T z should be kept suffi- 
ciently high to satisfy inequality [46] of Reference 1 (with 
liquidus temperature replacing melting point) to avoid 
macrosegregation and microstructural heterogeneity in 
the composite�9 However, if it is desired to effect 

METALLURGICAL TRANSACTIONS A VOLUME 21A, JULY 1990--2069 



1.0 

0 8  

O . - ,  

0.6 ~'~ 

o . 4  

o.2 N ._~ 

0 .0  

900 1000 1100 1200 1300 

Metal t empera tu re  To (K) 
Fig. 9 - - P o s i t i o n  of the remelting front X, during adiabatic unidirec- 
tional infiltration under constant applied pressure of 24 vol pct &alumina 
preforms with A1-4.5 wt pet Cu with an initial fiber temperature T l = 
673 K as a function of  superheat and for three infiltration velocities 
~b, given in m/V ' s .  

matrix solidification during infiltration (to minimize fiber/ 
matrix reactions or to control matrix microstructure), then 
the resulting macrosegregation is strongly dictated by the 
choice of processing variables, T/, To, and ~b. Superheat 
in the metal should be avoided for reasons given above�9 
With this proviso, T I and ~b (in practice, T I and applied 
pressure Po) can be selected so that most of the casting 
is of uniform structure and composition. Figures 14 and 
15 give the values of X, X99, below which the relative 
variation in matrix composition is less than 1 pct in a 
sample cast with no superheat. The value X99 is defined by 

C ( x ~ )  - C(O) 
= 0.01 [70] 

C(0) 
When the initial fiber preform temperature is more than 

50 K below the liquidus temperature of the metal, there 
is practically no dependence of X99 on Tf. Conversely, 
the dependence of X99 on ~b is strong (Figure 15). These 
curves indicate two possible strategies for casting a com- 
posite of high compositional homogeneity over a signif- 
icant fraction of its length: (1) raise Tf to a value very 
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applied pressure of  24 vol pet 8-alumina preforms with A1-4.5 
wt pct Cu as a function of  initial fiber temperature T I with ff = 
0.01 m/X/s  for (a) no superheat and (b) To = 973 K. 
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Fig. 14--The value X99, defined by Eq. [70], during adiabatic uni- 
directional infiltration under constant applied pressure of 24 vol pet 
B-alumina preforms with A1-4.5 wt pet Cu as a function of T I for 
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Fig. 15--The value X99, defined by Eq. [70], during adiabatic uni- 
directional infiltration under constant applied pressure of 24 vol pet 
B-alumina preforms with A1-4.5 wt pet Cu as a function of ~b for both 
T I = 573 and 673 K (curves coincide) and no superheat in the metal. 

close to the alloy liquidus or (2) increase infiltration ve- 
locity. Following this latter strategy, macrosegregation 
can be suppressed in more than 80 pct of the A1-4.5 wt 
pct Cu matrix alumina-reinforced composites if ff > 
0.02 m/V~ for a wide range of initial fiber preform tem- 
peratures (Figure 15). If a completely homogeneous 
composite is desired, the composition transient at the in- 
filtration front can be eliminated by the use of a reservoir 
at the end of the preform into which solute-rich liquid 
is evacuated after infiltration of the preform is complete. 

The results in Figures 13 and 15 also indicate that ~b 
must at least be higher than 0.03 m/V~ for thermal con- 
duction to be neglected. This corresponds to ~b/V~ = 
6.5 which reinforces the statement made earlier that the 
simplified solution presented in Section IV-D should only 
be used when ~b/~r~ > 10. Such could be the case when 
infiltrating relatively large fibers using a process such as 
squeeze casting where applied pressure is very high (on 
the order of 100 MPa). However, Darcy's law may not 
be valid in this case (Appendix I in Reference 1). 

Comparison of the present theory with experimental 
data will be published in a later paper. 

VI. CONCLUSIONS 

General expressions are given to model heat, mass, 
and fluid flow during infiltration with a hypoeutectic alloy. 
These and analysis of the physics of the problem lead to 
the following conclusions. 

1. Solid metal may form in the composite during infil- 
tration due to chilling by an initially cold preform. 
This solid metal grows gradually after passage of the 
infiltration front, while the local temperature increases. 

2. Where solid and liquid metal coexist in the composite 
during infiltration, temperature and composition may 
vary. Macrosegregation and microstructural hetero- 
geneity are then observed within the composite. 

3. In the case of unidirectional adiabatic infiltration driven 
by a constant applied pressure, a similarity method 
can be used to reduce the mathematical complexity 
of the problem. Temperature, composition, and frac- 
tion solid within the composite during infiltration can 
then be calculated using a numerical procedure to solve 
the equations. When conduction of heat within the 
composite can be neglected, an analytical solution is 
obtained. This, however, requires that ~b/V~ be in 
excess of at least 10. 

Results from calculations on unidirectional adiabatic 
infiltration under constant applied pressure of 24 vol pct 
8-alumina preforms with A1-4.5 wt pct Cu point to sev- 
eral conclusions of engineering interest. 

1. Significant macrosegregation results in the composite 
when solid metal forms during infiltration. 

2. When solid metal forms during infiltration, superheat 
in the melt results in the formation of a zone of re- 
melted metal extending over a significant portion of 
the composite. This zone causes compositional and 
microstructural heterogeneity within the composite; 
therefore, superheat should be avoided. 

3. When the initial fiber temperature is sufficiently low, 
a region within the casting may result where solid and 
liquid eutectic metal coexist. In the case of 24 vol 
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pet &alumina preforms with A1-4.5 wt pet Cu, very 
low initial fiber temperatures or very high infiltration 
rates are required, and this zone is not observed under 
practical conditions. 

4. With an appropriate selection of  processing param- 
eters, the composition and microstructure of  the com- 
posite can be rendered constant over most of its length, 
even if solid metal forms during infiltration. 

APPENDIX 

Proof that all derivatives of  O and gs are zero at X = 0 

Assume that O and gs are differentiable any large 
number of  times at X = 0. After differentiation n times, 
Eqs. [42] and [43] yield, at X = 0, 

O (n+l) --'-- n O  (n+l) -- (1 - k)n[g,O] (n+l) [A1] 

@(n+2) = _na6)(,) + 60(,+1) + nyg~,) [A2] 

Therefore, if all derivatives to order n of  g~ and 0 '  
are nil at X = 0, from Eqs. [A1] and [A2], respectively, 
g~.+l) and 0 ("+2) are nil as well at X = 0. 

From Eq. [42], 0 '  is nil at X = 0. From Eq. [43], 
then, g's is nil at X = 0. From Eq. [42] differentiated once, 
0"  is nil at X = 0. 

The statement that all derivatives of  @ and g, are zero 
at X = 0, then, follows by recurrence. 
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