
RD. 

Fig. 2--{ill}pole figure from midthickness of sheet aged at 
200~ for 3 h. A{IO0}(OII). 

this earing behavior can be attributed to the presence 
of p l ana r  p rec ip i t a t e s  of 0 '  which tend to make the 
m a t e r i a l  behave in  a more  i so t ropic  m a n n e r .  

Some tes t s  were  a lso  made on c o m m e r c i a l  sheet  
with the usua l  specif icat ion,  HS 15, for age -ha rdenab le  
a luminum alloy conta in ing 4 pct copper.  Although the 
e a r s  were less  d is t inc t  in this ma te r i a l ,  the same  
t r ends  were  observed .  

Thanks a re  due to P r o f e s s o r  D. V. Wilson for the 
p rov i s ion  of l abo ra to ry  fac i l i t i es .  
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On the Kinetics of Anisothermal 
Oxidation 

ALAN J.  MARKWORTH 

A model  for a n i s o t h e r m a l  oxidation k ine t ics  has 
been  p re sen t ed  by Wolf and Grochowski  1 (WG) based  
on the a s sumpt ions  a) that the sys t em under  cons ide ra -  
t ion is desc r ibed  by a " p a r a b o l i c  r a t e  l aw"  under  i so-  
t h e r m a l  condit ions,  and b) that i ts  t e m p e r a t u r e  in-  
c r ea se s  l inea r ly  with t ime .  This  model  is  s u m m a r -  
ized below, and ce r t a in  points  pe r t inen t  to its develop-  
ment  a re  d i scussed .  F ina l ly ,  a r ev i sed  model  is  de- 
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veloped,  based  on a fundamenta l ly  di f ferent  a s sumpt ion  
compared  to that used by WG, and a new express ion  is 
der ived  through which weight -gain  is  r e l a t e d  to t ime .  

S u m m a r y  of Wolf -Grochowski  Mode l )  The WG model  
is  concerned  with an oxidizing sys t em which is  a s sumed  
to sat isfy ,  under  i s o t h e r m a l  condit ions,  a parabo l ic  
r a t e  law having the fo rm 

W ~ = ~ : /  [1] 

where  W is the specif ic  weight change, t the t ime  over  
which oxidation has taken place (W being a s s u m e d  to 
be zero  at t = 0), and Kp a ra t e  constant  taken to be of 
the fo rm 

where  A is the p reexponen t i a l  fac tor  (which may be a 
funct ion of the ambien t  oxygen pressure2) ,  Q the act iva-  
t ion energy,  R the gas constant ,  and T the absolute  
t e m p e r a t u r e .  WG a s sume d  A and Q to be independent  
of T, and T to i n c r e a s e  l i nea r ly  with t ime,  i . e . ,  

T = T i + r t  [3] 

where  T i (noting that they used upper  case  for this 
subscr ip t )  is the t e m p e r a t u r e  at t = 0, and r is the 
ra te  at which T changes with t ime.  They then com- 
bined Eqs.  [1], [2], and [3] to obtain 

W2 = A t  exp  I - R ( T i Q +  r t ) l "  [4] 

Eq. [4] was then used to ca lcula te  d W / d t  and the r e -  
sul t  combined with [3] to obtain d W / d T .  Then,  a new 
va r i ab l e  Z was defined such that 

z = Q [5] 

and they found that 

( A _ ~ )  e_Z(z-2 + Z - l _  Z ~ ) d Z  [6] 2 W d W  = - r R  

where 

Q 
Z i =- R T  i. 

Fina l ly ,  they in tegra ted  Eq. [6] to obtain (except for an 
i nc o r r e c t  s ign with one of the t e r m s  in the in tegrand,  
which is  co r rec t ed  here)  

Zrn Z-1 W~n : - A_Q f. e - Z ( z  -~ + - Z ~ ) d Z  [8] 
~'R z i  

where  

Q [9] 
Z m  =- R T m  

and W m ~ W(Z  m)  with T m  being some m a x i m u m  t e m -  
p e r a t u r e  (occur r ing  at t ime  t m = (Tin - T i ) / r ) .  They 
concluded that the in tegra l  in Eq. [8] above is  " a m e n -  
able to solut ion by graphica l  or  computer  t echniques . '  '~ 

Cr i t ique  of Wolf-Grochowski  Model. A number  of 
points  can be made r e l a t ive  to the WG der iva t ion  
which was s u m m a r i z e d  above. These  a re  the follow- 
ing: 

F i r s t ,  we note that the in teg ra l  on the r igh t -hand  
side of Eq. [8] can be obtained in c l o s e d  f o r m ,  without 
the need for approximat ion  methods.  One approach 
would be to c a r r y  out an appropr ia te  in tegra t ion  by 
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p a r t s  of the function e - Z z  -2 which a p p e a r s  in the i n t e -  
g rand  on the r i gh t -hand  s ide  of [8]. 

Ac tua l ly ,  the d i f f e ren t i a t ion  and subsequen t  i n t e g r a -  
t ion c a r r i e d  out by WG w e r e  not n e c e s s a r y .  One need 
only combine  Eqs.  [1], [2], [3], [7], and [9] taking con-  
d i t ions ,  in Eqs.  [1], [2], and [3], to c o r r e s p o n d  to the 
" m a x i m u m "  va lues  of W, T, and t. 

F i n a l l y ,  the mos t  impor t an t  point  r e l a t i v e  to the 
WG mode l  is  conce rned  with the a n a l y s i s  l ead ing  to 
Eq. [4] above,  which mus t  be r e c o n s i d e r e d .  Subs t i t u -  
tion of the t ime  dependence  of t e m p e r a t u r e  (Eq. [3]) 
was c a r r i e d  out by WG in the i n t e g r a t e d  fo rm of the 
p a r a b o l i c  r a t e  law (Eq. [1]), r a t h e r  than in the fo rm 
e x p r e s s e d  as  the fol lowing d i f f e r en t i a l  equation: 

d w = g p  
dt  2 W  " [10] 

However ,  if ox ida t ion  p r o c e e d s  such  that  the ins tan-  
taneous  r a t e  of change of W with t is  a lways  i n v e r s e l y  
p r o p o r t i o n a l  to the ins tan taneous  va lue  of W, with the 
p r o p o r t i o n a l i t y  cons tant  i t se l f  be ing  t i m e - d e p e n d e n t  
a s  d e s c r i b e d  in Eqs .  [2] and [3], then i t  i s  n e c e s s a r y  
to begin  with Eq. [10] r a t h e r  than [1]. Th is  p r o c e d u r e  
is  deve loped  below.  We note that  Kofs tad ,  a in his  
t r e a t m e n t  of oxida t ion  o c c u r r i n g  with the t e m p e r a t u r e  
v a r y i n g  l i n e a r l y  with t i m e ,  did  indeed subs t i tu t e  the 
t i m e - d e p e n d e n t  t e m p e r a t u r e  into the d i f f e r en t i a t ed  
f o r m  of the we igh t -ga in  e x p r e s s i o n  (see  the a n a l y s i s  
l ead ing  to his Eq. [7]). 

Redeve lopmen t  of We igh t -Ga in  Equat ion.  Beginning  
with Eq. [10[ (as c o n t r a s t e d  to the WG a p p r o a c h  of b e -  
ginning with [1 ]), we find, upon a p p r o p r i a t e  combina -  
t ion of th is  e x p r e s s i o n  with Eqs.  [2], [3], and [5], 

dW 2 AQ - -2  - z  [ 11 ] 
d---Z = ~-~-L e . 

I n t eg ra t i ng  Eq. [11], aga in  tak ing  W(t  = O) = O, 

2 A Q  f.Ziz_2e_Zdz. 
W m  =--r-~ Z m  [12] 

The  i n t e g r a l  in Eq.  [12] can be e x p r e s s e d  as  an ex -  
ponent ia l  i n t eg ra l ,  the g e n e r a l  def in i t ion  of which is 4 

En(z )  - f ~  t - n e - z t d t  [13] 

whe re  n = 0, 1, 2, . . . . .  and 6t(z) > 0. Us ing  Eq, [13], 
we find that  [12] can be wr i t t en  as  

W2m = ~ [ Z ~ E z ( Z r n )  - ZZzlE2(Zi)]. [14] 

Now let  us change Eq. [14] to one which involves  E~ 
funct ions  r a t h e r  than Ez funct ions .  Toward  this  end, 
we note the fo l lowing r e l a t i on ,  which can be r e a d i l y  
d e r i v e d  us ing  Eq. [13]: 

En+ l (z)  : n -1 [e -z - ZEn(z)]  [15] 

for  n = 1, 2, 3, . . . . . . .  Set t ing n = 1 in Eq. [15] and 
us ing  the r e s u l t a n t  e x p r e s s i o n  with [14], we obta in  

A Q  [ Z ~ e _ Z m _  Z~le_Zi + Ea(Zi)  _ Ea(Zm)] .  [16] 

The  E1 function can be e x p r e s s e d ,  to a r e l a t i v e l y  high 
d e g r e e  of a c c u r a c y ,  in t e r m s  of c e r t a i n  we l l -known 
po lynomia l  and r a t i o n a l  expans ions  4,s as  wel l  a s  in 
t e r m s  of Pad~ approx imat ions .S  (Expans ions  of th is  
funct ion in inf in i te  s e r i e s  a l s o  ex is t ,  4'~ inc luding  ex-  
pans ions  in t e r m s  of Chebyshev  p o l y n o m i a l s  5) Conse-  
quent ly ,  the t ime  dependence  of W~n can be  a c c u r a t e l y  
e x p r e s s e d  in t e r m s  of a sum of e l e m e n t a r y  funct ions .  

One can show that  Eq.  [16] is  w e l l - b e h a v e d  in the 
l i m i t  as  r ~ 0. Indeed,  eva lua t ion  of th is  l i m i t  on the 
r i g h t - h a n d  s ide  of [16] y i e lds  

l im Were = A t m e - Z i ,  [17] 

r ~ 0 .  

Eq. [17] be ing  equiva len t  to Eq. [4] above for  the ca se  
r = 0 (Eq. [4] be ing  c o r r e c t ,  of c o u r s e ,  for  th is  s p e c i a l  
ca se ) .  

The  in i t i a l  condi t ion  a s s u m e d  in the a n a l y s i s  l ead ing  
to Eq. [161, name ly ,  that  W(t  = O) = 0 could be g e n e r a l -  
i zed  by tak ing  W(t  = O) = W i where  W i i s  some  given 
in i t i a l  va lue  fo r  the we igh t -ga in .  F o r  th is  s i tua t ion ,  
the l e f t -hand  s ide  of Eq. [16] would s i m p l y  be  r e p l a c e d  
with the quant i ty  Were - W~. In addi t ion,  i t  should  be 
noted that  Eq. I16] i s  a l so  va l id  ff r < 0 (in which c a s e  
T m < Ti ) .  

It should be noted that  the a n a l y s i s  p r e s e n t e d  he re  
i s  a l so  app l i cab l e  to o ther  r a t e - l a w s  (see  Ref.  3); for  
example ,  Eq. [10] could be g e n e r a l i z e d  to dWJ/d t  = K j  
where  j = 1, 2, and 3 fo r  l i ne a r ,  p a r a b o l i c ,  and cubic 
r a t e - l a w s ,  r e s p e c t i v e l y .  (In th is  nota t ion,  Kp,  as  d e -  
f ined above,  i s  equal  to/s .) If the t e m p e r a t u r e  de -  
pendence  of the K j ' s  is  that  e x p r e s s e d  in Eq. [2], then 
Eq. [16] would r e m a i n  unc.hanged excep t  that  Vcnm 
would be r e p l a c e d  with W E . A l so ,  s i m i l a r  a n a l y s e s  
could,  in p r i n c i p l e ,  be c a r r i e d  out for  o ther  types  of 
t i m e - t e m p e r a t u r e  r e l a t i o n s h i p s ,  a l though n u m e r i c a l -  
i n t eg ra t i on  methods  might  be needed,  for  given c a s e s ,  
to d e t e r m i n e  the exp l i c i t  r e l a t i o n s h i p  be tween  weight -  
ga in  and t i m e .  

The au thor  is  g ra te fu l  to Dr .  Ian G. Wr igh t  of Ba t -  
t e l l e ' s  Columbus  L a b o r a t o r i e s  for  his  helpful  com-  
ments .  
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