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Several thermodynamic models for calculating binary phase diagrams published in the literature
have been reevaluated. Problems in some of these models are already evident in the models them-
selves and may also be seen in the resulting calculated phase diagrams. When a calculation is at-
tempted, thermodynamic models with quite different formulations may result in very similar
proposed phase diagrams. In such cases, if experimental data of a binary phase diagram can be rep-
resented reasonably well by several different thermodynamic models, a simpler model often
provides the clearest insight into the basic properties of the system. If a calculated phase diagram
results in unusual phase relationships, the adopted thermodynamic model may be inappropriate or
may involve unrealistic parameters. If the thermodynamic model is clearly unrealistic and yet the
calculated phase diagram appears to be normal, errors in calculation or in interpretation may be
suspect. Various examples of unlikely combinations of thermodynamic models and phase diagrams

are discussed.

1. Introduction

During editing of the graphics for the compilation of the binary
phase diagrams published in [90Mas], many diagrams were
recognized as showing features that would be very difficult
or impossible to reconcile (i.e., to model) thermodynamically. In
most cases, only minor changes were sufficient to save the ther-
modynamic integrity of the proposed diagram, and usually it was
modified accordingly. [910ka] summarized some typical ex-
amples of the encountered problems, which were occasionally
found even in otherwise carefully assessed phase diagrams,
However, another group of phase diagrams and assessments with
potential problems were not corrected, or questioned in [90Mas).
These calculated diagrams did not appear to be violating any
phase rules, but could nevertheless be considered to have been
derived from unusual thermodynamic models. Some of these
diagrams are the subject of the present paper.

Thermodynamic calculations of phase diagrams recently became
easier to perform because of the development of standard com-
puter programs based on the pioneering works of [70Kau],
[77Luk]}, and [82Pel]. These programs permit the derivation of
thermodynamic functions of relevant phases by optimizing the
input data on some available measured thermodynamic proper-
ties of such phases and also by utilizing experimentally derived
portions of the phase diagram of a given system. Because the
resulting calculated diagram may appear to represent the ex-
perimental data quite adequately, insufficient attention may be
paid to the actual thermodynamic functions developed and util-
ized in the calculation. As a result, it is not rare to find ther-
modynamic models that involve functions with parameters of
hardly credible magnitude. Such functions would be particularly
inappropriate if they were subsequently used for purposes other
than phase diagram modeling, for example if they were made the
basis of predicting metastable situations, or used in kinetic cal-
culations.

This article aims to emphasize that quite simple thermodynamic
models are often nevertheless more informative than those with
very sophisticated formulation. The basic validity of a simple
model is generally more easy to examine with regard to the ther-
modynamic and physical properties associated with a given bi-
nary system. In most situations of the present work, the tempera-
ture dependence of the specific heats of all phases is assumed to
be equal, ie., ACp, = 0. This approach may appear to be opposite
to the trend of current interest on formation of a metastable crys-
talline phase or an amorphous phase by nonequilibrium reactions
at low temperatures [86Sau, 88Bor, 89Pam, 91Fec]. In such a
case, the temperature dependence of AC,, of the individual phase
has an important meaning, and interesting problems such as
Kauzmann’s paradox [48Kau, 88Fec] or inverse melting [88Gre]
may arise. However, the present discussion deals with situations
of equilibrium phase transformations at high temperatures where
the specific heat of relevant phases usually varies slowly with
temperature. In this range, the temperature dependence of AC, is
nota major concern, especially in phase diagram calculation. The
present discussion is also limited mostly to binary systems with
well-behaved properties, e.g., systems that tend not to form as-
sociations in the liquid state. This is not atypical, however, be-
cause most metal-metal systems fall into this category.

2. Basic Principles of Thermodynamic
Calculation

A few fundamental principles of thermodynamic modeling of
phase diagrams are reviewed in this section in order to introduce
terminologies and mathematical expressions that are used in later
sectionss. Various standard references, such as [S6Rhi] and
[68Gor], provide more detailed information on thermodynamic
modeling,

Figure 1(a) shows a simple phase diagram of a system A-B with a
completely miscible liquid phase, L, and a solid phase of the com-
ponent (A) having no solid solubility of the second component, B.
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Figure 1(b) shows the corresponding Gibbs energy diagram at T
=T1. The composition b of the liquid in equilibrium with (A) at Ty
can be obtained by drawing a straight line from the point a, which
represents the Gibbs energy of the solid A at temperature T7,
to the Gibbs energy curve of the liquid phase, AnixG(L), so that
the line is tangential to the curve. As is well known, this cor-
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Fig. 1 (a) A-B phase diagram. The liquid phase is completely mis-
cible and the (A) phase has no solid solubility range. (b) Gibbs energy
diagram at T=T3. Point a represents lattice stability parameter of
A. The line ab is drawn to contact the Gibbs energy of mixing curve,
AnixG(L), of the liquid phase. The point of contact b shows the lig-
uidus composition.

responds to the situation of the minimum total free energy for the
solid + liquid mixture of the two phases in the binary system. In
this diagram, the zero points (reference states) of the Gibbs ener-
gies for elements A and B are liquid A and liquid B, respectively.
The position of the point @, with respect to the zero point as a func-
tion of temperature, is referred to as the lattice stability parameter,
GY%A), of the element A. Here, the superscript zero on G stands for
the standard pressure, i.e., 1 atm. The Gibbs energy curve,
AmixG(L), represents the change of the Gibbs energy (free energy
under a constant pressure) gained by forming a liquid alloy from
pure liquid A and pure liquid B and is expressed by

AnixG(L) = RTIXInX + (1~ X)In(1 ~X)] + AmixGeXL)

where X is the atomic fraction of the element B in the mixture*.
The first term represents the energy lowering due to the ideal ,
mixing of A and B (i.e., the entropy related term), and the second
term represents the excess quantity (i.e., contributions due to

deviation from ideal mixing caused by interaction between A
and B). The liquid is an ideal solution when AyxG**(L) = 0

AmixG®*(L), which is in principle a function of both composition
X and temperature T (K), consists of an enthalpy term** and an
€XCESS entropy term:

AmixG(L) = AmixH(L) - TAmixS*(L)
In this article, ApixG**(L) is also often expressed as

AmixG*(L) = X(1 - X)[A(L) - Ts(L)]

The parabolic function X(1 —X) is the consequence of near neigh-
bor interaction statistics and it expresses the fact that both
AmixH(L) (0r X(1 - Xph(L)) and ApixS*(L) (orX(1 - X)s(L))
must always be 0 at X = 0 and X = 1. Generally, the /# and s
parameters*** are composition and temperature dependent.
Also, the h and s functions are not completely independent,
because the enthalpy and entropy of mixing, ApixF(L) and
ApixS**(L), themselves derive from the same quantity AyixCp(L)
(specific heat of mixing) through the expressions

AmixH(L) = [AixCoL) dT

and

AusinS™*(L) = A CoLY/T T

as discussed in more detail in subsection 4.3. When ApxCy(L) is
zero, the h and s functions do not include temperature terms (con-
sisting of integration constants only, which may be composition
dependent). When s =0 and h is fixed (composition independent),
the solution is called a regular solution. When s = 0 and . changes
with composition, the solution is subregular. For simplicity, the
composition dependence of A in this article (except in section 4) is
expressed as a power function of X

h=hy+ X+ X%+ ...+ by X*

* Throughout this article, X is used as the atomic fraction of the ele-
ment on the right-hand side of the phase diagram.

** The enthalpy of mixing is always an excess quantity because it is
zero for an ideal solution.

*** The designation of the phase, (L) in this case, is omitted when no
confusion arises through the omission. All expressions for the Lphase
are also applicable to any other phase. The 4 and s are sometimes
called interaction parameters.
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Fig.2 Enthalpy of mixing of the Au-Cu liquid alloys reported by

various investigators. From [870kal].
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Fig.3 Enthalpy of mixing of the Au-Pb liquid alloys reported by
various investigators. From [840ka2].

rather than the Redlich-Kister or the Legendre polynomial ex-
pressions (often used in the literature). Similarly,

s=55+ 51 X+ 5282+ ... + 5, X7

In principle, #; and s; can be temperature dependent and also re-
lated to one another via the specific heat term, as already men-
tioned.

Of course, most phase diagrams are more complex than that
shown in Fig. 1(a). They frequently involve appreciable solid
solubility ranges and numerous intermediate phases or com-
pounds. [870ka2] summarized some hints for thermodynamic
modeling and calculation for such situations.

3. Reliability of Thermodynamic Data

This section emphasizes that experimental thermodynamic data
available in the literature are generally not very reliable. Accord-
ingly, it may not be always worthwhile to try to develop a ther-
modynamic model that would closely represent all the reported
experimental thermodynamic data.

For example, one might expect that the enthalpy of mixing of the
Au-Cu liquidus is by now well determined, because the noble
metals Au and Cu are not strongly reactive with most environ-
mental elements (i.e., impurity problems should be of minor im-
portance) and their melting temperatures are similar. However,
the experimental data are far from unanimous. Figure 2 (from
[870kal]) shows the composition dependence of enthalpy of
mixing of the Au-Cu liquid alloys reported by various inves-
tigators. According to the most recent measurement by [84Top],
the enthalpy of mixing trend shows a well-behaved, nearly
parabolic form. If a thermodynamic modeling had been at-
tempted before 1984, the enthalpy of mixing could have been as-
sumed to be: twice as large in magnitude, based on [S6Edw] and
[70Hag]; or only about 2/3 as large, based on [71Ita]; or even
having a marked composition dependence, based on [560ri] or
[69Nec]. Pethaps surprisingly, the consequence of such differen-
ces may nevertheless turn out not to be serious in calculation of

the equilibrium phase diagrams, as shown in a later discussion.
For example, in spite of substantial differences in the magnitudes
of the enthalpy of mixing, all data shown in Fig. 2 are within
tolerable limits when compared with gigantic deviations that are
evident in some models referred to below.

The enthalpy of mixing of the Au-Pb liquid alloys, shown in Fig.
3 [840ka2], provides another example. Because the enthalpy of
mixing values, measured by [49Kle], [S6Kle], [69Hag]}, and
[76Kam] at different temperatures, differ significantly, it could be
assumed that the temperature dependence of the enthalpy of
mixing is substantial and should be accounted for via a suitable
expression. However, the appearance of the temperature depend-
ence is far too complex, and modeling using only a limited num-
ber of parameters is not possible. Fortunately, in most such cases
the temperature dependence of the enthalpy and of the excess
entropy of mixing can be assumed to be rather small, or zero, at
least at higher temperatures. (If they are not zero, the specific heat
of mixing would have to be considered. See subsection 4.3.) Most
likely, much, if not all, of the measured data in Fig. 3 are not par-
ticularly accurate.

If, however, only one set of thermodynamic data is known for a
particular system under study, there may be a temptation to
develop a model that represents that specific data as closely as
possible, including both the temperature and composition de-
pendence, However, as mentioned above, such an effort may be
unfounded because there is no guarantee that the particular set of
data is correct.

These comments emphasize that thermodynamic data, such as
the enthalpy of mixing, must be used with caution if they are tobe
utilized as the primary source of information for a phase diagram
calculation, unless firmly established by several independent in-
vestigations. More appropriately, the literature data mainly serve
as guidelines for the likely magnitudes involved. As shown later,
a moderately inappropriate selection of thermodynamic func-
tions may not necessarily cause a serious problem in an attempt to
reproduce the correct features of a given phase diagram.
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Fig.4 Assessed AuGe phase diagram [840ka3).

4. Simplification of Thermodynamic
Models

This sectionillustrates that a simpler thermodynamic model often
is more informative and meaningful in reference to a calculated
phase diagram when compared with models adopting more com-
plex thermodynamic formulations. Quite often, when ther-
modynamic data are not available, a model that neglects the ex-
cess entropy of mixing term nevertheless serves quite well.

4.1 Selection of the Lattice Stability
Parameters

The lattice stability parameter G(s) of a certain lattice structure in
the solid state (s) of an element A, with respect to the liquid state,
is commonly expressed as

G%(9)=JAC, dT-TAC,TdT Eql

where AC,, is the difference between specific heats of s and L. In
principle, specific heat (Cp) of s or L can be measured accurately
in the temperature range where the given phase is stable. Al-
though the data on the C, of a solid is usually available accurately
below the melting point, the C,, of the corresponding liquid is
rarely available in the same temperature range because it would
require measurements in an undercooled liquid. Therefore, AC,
can rarely be determined with needed accuracy. In many ther-
modynamic models, the temperature dependence of the Cj, of s is
derived directly from experimental data observed below the melt-
ing point, and the C, of L is assumed to be constant, or behaving
as an extrapolation from the data above the melting point. In
general, the lattice stability parameters obtained in this way are
applied for both above and below the melting point. The validity
of this assumption cannot be confirmed experimentally, except
for a rather narrow undercooling range in some specific systems.

An attempt to calculate the phase equilibria in the Au-Ge system
[840ka3] may be used as an illustration of the point that an as-
sumption of ACp, = 0 may sufficiently represent the experimental
data for the equilibrium liquidus. The entire Au-Ge phase

diagram (Fig. 4) was actually calculated in [840ka3], but here
only the L/[L + (Ge)] liquidus is discussed. The relevant ther-
modynamic functions adopted in [840ka3] are:

GY%Ge,diamond) =-34 006 — 10.954T
+6TInT~0.002957'2 J/mol Eq2

for the lattice stability parameter* of the solid Ge phase and

AmixGeX(L) = X(1 - X)[=3300 + 25 900X
—(23.91-58.16X +54.13¥2)T] J/mol

for the Gibbs energy of mixing of the liquid phase. Equation 2 was

derived by substituting AC,, = 5.9 x 10T — 6 J/mol into Eq 1,

where the specific heat data for the solid phase were adopted from

[77Bar] and the constant value of the specific heat for the liquid

phase was also obtained from [77Bar], assuming that C,(L)

above the melting point of Ge (938.3 °C) is applicable to a.
reasonably wide interval of T below the melting point.

A much simpler lattice stability parameter
G%Ge,diamond) =-37 030 + 30.567T J/mol Eq3

can be derived from the enthalpy of fusion data given in [83Cha]
and the melting point of Ge, together with the assumption of AC,,
= 0. The liquidus boundary calculated with this lattice stability
parameter, Eq 3, and the excess Gibbs energy of

AmixG(L) =X(1 ~X)(~26 126+ 8988X)  J/mol

is nearly identical (no essential difference is seen on a diagram of
ordinary scale) with the assessed boundary obtained by using the
lattice stability parameter as given in Eq 2. The simpler repre-
sentation of the latter involves only two parameters each for the
lattice stability parameter and the Gibbs energy of mixing,
whereas the former involves four and five parameters, respective-
ly. Because the calculated results are almost identical and the su-
periority of one model over the other is unknown, the simpler
model may be preferable if an attempt is made to comprehend the
general thermodynamic properties of the system and avoid errors.
For example, the temperature dependence of G9(Ge,diamond) in
Eq2isdifficult to visualize. Evenif there were any problem in this
model, e.g, if the expression were unrealistic, involving a wrong
melting point, or an anomalous temperature dependence, or if
there was a typing error, the problem would be unnoticed until a
phase diagram calculation was attempted. On the other hand, Eq
3 is much easier to comprehend and less prone to errors. (The con-
stant term is the enthalpy of fusion, which must be equal to the
product of the coefficient of the linear term and the melting point
in K.) Figure 5 shows the difference in the temperature depend-
ence of the respective lattice stability parameters. It can be seen
that the complex expression of Eq 2 does not differ much from the
simple expression of Eq 3.

*Unless specified otherwise, the reference states of lattice stability
parameters and Gibbs energies of formation of compounds are liquid
elements throughtout this article. The temperature dependence of
Eq2 is derived from ACp having a linear temperature depend-

ence. By writing Cp as a + bT, G = J(a + bT)dT - T

J(@/T + )T = (aT + VobT + K1) - T(aInT + bt + K2) = K1 + (a-K2)

T-aTInT- ¥:bT* according to Eq 1. Integral constants K1 and K2 are
usually determined from the boundary conditions G = 0 at the melting
point and the enthalpy of fusion at the melting point.
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For a further comparison, the enthalpy of fusion of Ge was artifi-
cially taken to be 20 000 J/mol. The phase diagram calculated
from

GY%Ge,diamond) =20 000+ 16.509T  J/mol
and
AmixG*(L) =X(1-X)(-13 354+ 14 492X)  J/mol

is again almost identical to that calculated in [840ka3]. As shown
above, the liquidus boundary of (Ge) can be reproduced satisfac-
torily in spite of the substantial differences in the lattice stability
parameters.

Sometimes, an assumption of non-zero C, may result in an
anomalous situation particularly if the applicable limit is not
specified. The lattice stability parameter of fcc Ir given by
[B6Kar] is

GO(Irfec) = 1104.88 ~ 151.865T—0.4002 x 107272
+0.25167 x 10~7T8 + 20.506 TInT - 83 050/T J/mol

Apparently, a AC,, value in the literature was used (presumably
[77Bar]). The trend of this expression is shown in Fig. 6 together
with a simple lattice stability parameter obtained by assuming
ACp=0,ie,

GO(Ir,foc) =26 140+ 9.610T  J/mol

The complex expression is almost identical to the simple expres-
sion at temperatures near the melting point of Ir. [86Kar]
used the complex lattice stability parameter for calculating the
(Ir) liquidus of the Ag-Ir phase diagram (Fig. 7) from the melting
point to the boiling point of Ag. The excess Gibbs energy of
mixing of the liquid phase was obtained empirically. The calcu-
lated diagram using the simple lattice stability parameter is not
materially different from that using the complex expression.

The above two examples and a review of the quite numerous ther-
modynamic models reported in the Alloy Phase Diagram Pro-
gram for the binary system suggest that the AC, = 0 assumption is
generally acceptable for calculating equilibrium phase diagrams.
Major exceptions from this assumption may occur when mag-
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Fig.7 Calculated Ag-Ir phase diagram [86Kar).

netic interactions must be considered, or when metastable phase
equilibria involving supercooled liquids are of interest.

Because the lattice stability parameter of a given element mustbe
universally applicable for calculation of phase equilibria in any
binary (or higher-order) system involving that element, it is im-
portant that these parameters should be determined precisely in
the future for as many elements as possible, including the al-
lotropic crystal forms.

4.2 Selection of a Reference State

In the previous subsection, the liquid phase was assumed as the
reference state of lattice stability parameters. Although the selec-
tion of a reference state is arbitrary, the expressions for lattice
stability parameters may become more complex when an ab-
solute reference state is used, For example, in calculating the Bi-
Cu phase diagram, [90Tep] expressed the lattice stabilities of the

Journal of Phase Equilibria Vol. 12 No. 6 1991 627



Section I: Basic and Applied Research

Tablel Coefficients for Au-Te Liquid

i 0 1 2 3
296 920 =999 300 T24 710 25370
~4 574 15298 =11272 -70.08
676.597 ~2272.943 1683.105
-0.392 1.324 -0.981

Note: a=StoaXs b=t ob X c= Z,z_oc;X‘; d= Ef_od,x“, and X = atomic frac-
tion of Te.

Table2 Au-Te Thermodynamic Properties

G¢%AuL) =0

6re,)=0

GO(Au foc) =~12 550 + 9.3826T
GO(Te,L) =-17 490 + 24.200T
GO(AuTep) =24 330 + 23.500T

liquid and the rhombohedral form of Bi in the temperature range
between 298.15 and 544.52 K as follows:

GO(Bi,L) = 3428.16 + 107.781519T - 28.4096529TInT
+1.2338888 x 10-272 - 8.381598 x 10-678
-5.9726 x10719T7  J/mol

and

GO(Bi,tho) =—7817.776 + 128.418885T— 28.4096529TInT
+1.2338888 x 10-2T2 -8.381598 x 10673 J/mol

It is difficult to visualize the temperature dependence of these ex-
pressions. If, on the other hand, the liquid state is taken instead as
the reference state, the lattice stability parameters become

GY(Bi,L)=0
and

GY(Bi,tho) =—11 245.936 + 20.637366T
+59726x10°1%77  J/mol

Thus, the expressions for the lattice stability parameters become
more manla;eable when the liquid is selected as the reference
state. The T” term still remains (AC, =—2.5085 x 10-1776), but its
contribution is negligible. Following the discussion in Section
4.1, the above GV(Bi,rho) function was compared against the
-11 300 +20.7497 J/mol expression, which was derived from the
enthalpy of fusion of Bi given in [83Cha]. The maximum energy
difference between the two expressions in the temperature range
where these expressions are applicable is only about 20 J/mol,
and this is not discernible in a graph plotted against an ordinary
scale (the maximum difference is only 0.3% of the full scale).

4.3 Omission of the Specific Heat of Mixing

When the specific heat of mixing is known and must be
taken into account, the thermodynamic function expressions may
become quite complex. If the temperature dependence of the
specific heat of mixing of a liquid is known to the linear
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Fig.8 Assessed and calculated Au-Te phase diagram [840kal].

term as X(1 — X)(—c — 2dT), the thermodynamic properties are
givenby

AmixGeX(L) = X(1-X)a + bT + cTInT + dT?) Eq4
AmixH(L) = X(1 -X)a - cT-dT?%) Eq5
AmixSX(L) = X(1 - X)—b —c — cInT— 24T) Eq6
AmixCp(L) = X(1 - X)(~c - 24T) Eq7

according to the fundamental expressions given in section 2.
Here, the odd coefficients (~c and - 2d) for the expres-
sion of ApixCy(L) were chosen to make the final expression
of AmixG®*(L) as simple as possible. Because the integration in
the derivation of Ay (L) and ApixS*(L) is over T, coefficients
a, b, ¢, and d could be of course composition dependent. As an ex-
ample, the values for the Au-Te system are shown in Table 1.
These rather complex expressions of the thermodynamic proper-
ties were derived by [77Ber] from the enthalpy and entropy of
mixing data measured at several temperatures. Using these ther-
modynamic functions and the lattice stability parameters givenin
Table 2, [840ka1] calculated the liquidus boundaries of the Au-
Te phase diagram (dashed lines in Fig. 8). By substituting the
coeflicients for the composition dependence of g, b, ¢, and d, the
Gibbs energy of mixing in an explicit form becomes

AmixG*X(L) = X(1-X)(29 6920 -999 300X
+724710X2 + 25 370X3 - 10 325x*
+(—4574 + 15 298X - 11 272X2 - 70.08X3
+8.060X4)T + (676.597 -2272.943X
+1683.105X2)TInT + (-0.392 + 1.324X

-0.981X3)T?) J/mol Eq8
As an alternative expression, a two-parameter subregular solu-

tion model was derived here from the liquidus phase boundary
data.

AmixGoX(L) = X(1 - X)(-1960 - 42 844X) J/mol Eq9

The (Au) liquidus curve calculated using this two-parameter ex-
pression agrees perfectly well with the assessed boundary (solid
line in Fig. 8). In terms of the number of parameters, this simple
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expression (Eq 9) is in sharp contrast to Eq 8 taking into account
the specific heat of mixing. A glance at Eq 9 clearly suggests that
the affinity between Au and Te becomes stronger at higher Te
contents (probably to the extent that Au-Te associations have to
be considered for AuTe; in the liquid state), whereas the former
expression with sixteen coefficients provides no clue to the inter-
action chemistry. In Fig. 9 a comparison is made between the ex-
cess Gibbs energy of mixing expressed by Eq 8 and 9 at 500 and
1000 °C. The trends are similar, but the values given by the simple
model (temperature independent) are generally more exothermic
than those of the more complex model. However, this difference
could be within the experimental uncertainty if one recalls the
comments with respect to the Au-Cu and Au-Pb systems (as dis-
cussed in the previous section). At the least, however, the phase
boundary calculated from the simple model agrees better with the
experimental results in this case. When the simple model is
adopted and the Au-rich eutectic point is chosen as an anchor
point, the Gibbs energy of AuTe, becomes —43 577 + 44.624
J/mol*. The Te-rich eutectic point is calculated then to be 89 at.%
and 382 °C.

Because it is difficult to decide which model is better in view of
the limited thermodynamic data and the phase boundary data, the
simple model, which does not take the specific heat of mixing into
account, is clearly quite adequate for the present.

4.4 Omission of Excess Entropy of Mixing
Term

Although the simpler model in the above example did notinclude
the term for the excess entropy of mixing, the calculated diagram
agrees well with the experimental results. In this subsection, the
consequence of omitting the excess entropy of mixing term is
considered using the Au-Pb system as an example.

[840ka2] showed that the Au-Pb phase diagram can be
reproduced quite satisfactorily by using the Gibbs energy of
mixing for the liquid as summarized in the expressions given in

* Mol in this article refers to mol of atoms, i.e., g-atom.

Table3 Au-Pb Thermodynamic Parameters

Excess Gibbs energy of mixing, J/mol

AmixG®X(L) = X(1 - X)(-4174 - 14.078T)

Lattice stability parameters and Gibbs energy of compound
formation, J/mol

GO%Au) =12 550 +9.383T

GO(PY) = 4799 +7.990T

G(AugPb) =~13 527 +9.053T

G(AuPby) =~8400 + 5.594T

G(AuPb3)=-7246 + 5511T

Table 3. The corresponding calculated phase diagram is shown in
Fig. 10.

As a further simplification, a regular solution model
ApixG*(L) =X(1 - X)(-14 115) J/mol Eq10

was derived here by retaining the peritectic point of the (Au) lig-
uidus at 43 at.% Pb and 434 °C. The difference in the L/[L + (Au)]
liquidus boundary compositions calculated from these two
models is within experimental uncertainty (Fig. 10). In the case of
Au-Pb, the enthalpy of mixing of the liquid phase was known ex-
perimentally (although with substantial uncertainty as shown in
Fig. 3). Therefore, the enthalpy term of Ay,ixG®*(L) could not be
chosen arbitrarily. For example, the subregular solution model of
Eq 10requires aminimum value of -3529 J/mol for Ay G**(L) at
50 at.% Pb, which is too exothermic a value in comparison with
all experimental data. The general difference is accounted for by
the excess entropy of mixing term. However, this example sug-
gests that if no experimental data were available for the enthalpy
or the entropy of mixing in a given system, the excess entropy of
mixing term might be ignored as far as the calculated phase
diagram is concerned. In fact, the assumption of a zero excess
entropy of mixing is often more realistic than the values obtained
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Fig. 12 Enthalpy of mixing of liquid Cd-Pb [88Dut].

by optimization of relatively inaccurate thermodynamic and
phase diagram data, as discussed in sections 5 to 7.

When the excess entropy of mixing term is omitted, the excess
Gibbs energy appears to consist of only the enthalpy term. How-
ever, the actual magnitude of the enthalpy of mixing may be sub-
stantially altered, because the excess Gibbs energy term now in-
cludes also the averaged TAp;,S®* term over the temperature
range being considered.

4.5 Omission of Higher-Order Terms

The Cd-Pb phase diagram was modeled by [88Dut] using a Gibbs
energy of mixing function as follows:

AmixG™(L) = (15 609~ 6.450T)X + (~38 034
+22.887T)X? + (60 234— 40.261T)X3
+(=70 925 + 37.607T)X* + (44 124
~15.193T)X5 + (—11 010+ 1.410T)X6  J/mol

The twelve coefficients in this expression were obtained by op-
timization of the available thermodynamic data. The calculated
phase diagram (Fig. 11) using this expression was considered to
agree very well with the experimental diagram. However, as al-
ready mentioned, the general trend of the Gibbs energy function
is difficult to comprehend or analyze from this expression. By
separating the enthalpy and entropy terms and rearranging each in
the ascending order of the power of X,, the following equation is
obtained:

AmixG¥(L) = X(1 - X)(15 60922 425X + 37 809X?2
-33 116¥3 + 11 010X* - (6450 - 16.437X
+23.824X2-13.783X3 + 1.41X%T) J/mol Eq 11

Even with this rearrangement, the trend of this functionis difficult
to see. As an alternative, a rather simplified expression has been
derived below, entirely omitting the excess entropy term, in con-
formity with the view expressed in the previous subsection:

AmixG(L) = X(1 - X)X12 030- 8310X + 6870X2) J/mol Eq12

Together with the lattice stability parameter of cadmium G9(Cd)
= —6200 + 10.433T J/mol, the phase diagram in [88Dut] can be

reproduced almost exactly using this three-parameter model.
However, because the excess entropy of mixing term is not con-
sidered in the expression, the enthalpy term may involve a sub-
stantial uncertainty. Figure 12 shows the enthalpy of mixing of the
present formulation compared with the experimental data and the
expressions quoted in [88Dut]. Clearly, the present expression is
within the scatter of the experimental scatter. If the expression of
[88Dut] for An,;xH (dashed line in Fig, 12) is accurate, the dif-
ference between this line and the present expression (dash-dot
line) can be explained in terms of the excess entropy of mixing,
So, atleast for the purpose of phase diagram modeling, simple ex-
pressions may be more informative than the more complex ones.

Durning the search for a simple model for the above system, an at-
tempt was made to find a Gibbs energy function having only two
parameters (rather than three) that would still adequately
reproduce the (Cd) liquidus. However, two-parameter models al-
ways developed a miscibility gap in the liquid phase.

5. Examination of Thermodynamic
Parameters

5.1 Unnecessary Accuracy

As illustrated in section 3, the thermodynamic data in the litera-
ture are likely to be often unreliable. It follows that the cor-
responding thermodynamic parameters need not be given to too
many effective digits. For example, [84Nay] calculated the Mg-
Sn phase diagram using

AgsG(MgoSn) = 7955.21307607 + 86.614844T
-13.5608197InT ’ J/mol

By equating Ag,sG(Mg2Sn) = 0, this expression leads to a melting
point of 769.67000 °C. If the effective digits are limited to four,
the melting point becomes 769.7 °C. The omission of the trailing
numbers causes only insignificant changes in the value of the
Gibbs energy function, or the calculated phase diagrams.
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Fig. 13 Critical point temperature of a miscibility gap of a
regular solution. This figure illustrates the relationship between the
critical temperature of a miscibility gap (of both solid and liquid
phases) and the value of  of a regular solution.

Table4 Erroneous Au-Pb Thermodynamic Parameters

A (L) =6 200~ 15 144X + 19.287XT J/mol
A, ST(L) = 9.8486 - 12.127X J/mol
A G (L) =6 20015 144X —(9.8486 —31.160X)T J/mol

5.2 Magnitude of Parameters

Sometimes, the general validity of a thermodynamic model can
be examined simply by looking at the magnitudes of the coeffi-
cients of the polynomial expressions used in the model. A good
thermodynamic parameter is unlikely to have extremely large or
extremely small values. In addition, there has to be some
relevance relative to other parameters used in the givensystem, as
illustrated below.

When a phase diagram is calculated with a thermodynamic
model, the parameters in the model are quite often derived from
the experimentally established boundaries of the phase diagram.
If some of the boundaries are unrealistic, the corresponding ther-
modynamic parameters will also be unrealistic. However, be-
cause the phase diagram calculated using these unrealistic
parameters can be quite similar to the experimental diagram, the
fact that the thermodynamic model involves unusual parameters
may attract little attention. Although it is impossible to set clear
cut limits for the maximum permissible values of, say, the enthal-
py of mixing of a binary liquid, a general idea can be obtained
from the semi-empirical estimates given by [80Mie]. As an ex-
ceptionally large value (in absolute magnitude), [80Mie]

* This limit applies only to systems that do not mix in the liquid state.
The value may be higher for bonary systems with high liquidus
temperatures. Figure 13 illustrates the relationship between the criti-
cal temperature of a miscibility gap (of both solid and liquid phases)
and the value of & of a regular solution.

Weight Percenl Nickel
o 10 20 10 10 50 60 70 80 901
0T 4 P i W WM S W

) o 67Sve
2100 — calculated| |

1900 (BHI) F

1700

lnooi

1300 4

Temperature °C

1100

700

1f Atomic Percent Nickel Ni

Fig. 14 Calculated Ni-Hf phase diagram [90Zen].

predicted 377 kI/mol for the enthalpy of solution of Y in liquid
Pd (partial enthalpy of mixing of Yin liquid Pd). Indeed, there are
not many situations where the value can be lower than -300
kJ/mol (see also [83Nie]). On the positive side, the enthalpy of
mixing, in terms of (L), cannot usually exceed much over +20
kJ/mol (for Au-based systems) without developing a miscibility
gap [910ka]. Therefore, if the partial molar quantity a (at.X = 0)
ora+b+c...(atX=1)of the enthalpy of mixing of the liquidin
terms of A(L) = (a + bX + cX2 + ...) is considerably outside the
range of ~300 to + 20* kJ/mol, the model is likely to be unrealis-
tic. In this light, an example of a model with unusual parameters
is shown in section 6.

When a binary system involves several compounds, a com-
parison of the enthalpy terms of the compounds provides another
method of examining the consistency of the thermodynamic
model. If one of the values is substantially smaller (large negative
value) than the others, the compound is clearly very stable and
other compounds may become unstable at low temperatures. This
situation is also illustrated with an example in section 6.

5.3 Temperature Dependence of Enthalpy
and Excess Entropy of Mixing

As emphasized in subsection 4.3, the temperature dependencies
of the enthalpy of mixing and the excess entropy of mixing are not
independent. For example, if  is assumed to be linearly depend-
ent on temperature (¢ = 0), s must have the 7InT-type form
temperature dependence. If s is linearly dependent on tempera-
ture (d = 0), & must have the T>-type form.

Table 4 shows one of the thermodynamic models for the Au-Pb
system as used in [840ka2] to represent experimental ther-
modynamic data,

Although the Ap;, H(L) function represents the experimental en-
thalpy of mixing data quite well and the A;;;,G**(L) function has
parameters with typical values, the relationship between

AmixH(L) and Ap,;,S*X(L) is not satisfactory.
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Table 5 Th-V Thermodynamic Parameters

Excess Gibbs energy of mixing, J/mol
AmixGX(L) = X(1 -X)(28 550-3725X)
Lattice stability parameter, J/mol

GO(Th) =13 800 + 6.8T
GO(v)=-21500+9.85T

If the excess Gibbs energy of mixing is expressed in the form
Amixg™(L)= A(X) - BT, then (X, )= A(X) and (X, T) = BCX).
In other words, 4 and s are temperature independent. If all or a part
of B(X)T represents the temperature dependence of A, the coeffi-
cient ¢ in Eq 5 is not zero. Thus, Eq 4 requires that Ap,;xg®(L) in-
volves a cTInT term, which is contradictory to the initial assump-
tion, Therefore, only the expression of Ayixg®(L) is valid in
Table 4.

6. Examples of Unlikely
Thermodynamic Models

This section discusses, examples of thermodynamic models that
involve parameters with unusual magnitudes.

6.1 Unusual Gibbs Energy of Formation of a
Compound

[90Zen] calculated the Ni-Hf phase diagram (Fig. 14) using op-
timized thermodynamic parameters derived from the experimen-
tal data of [67Sve] and lattice stability parameters of [75Kau].
[90Zen)] obtained the Gibbs energies of formation as follows:

for NiHf;,
G(NiHf) =111 245.8 + 61.665T J/mol
and for NiHf,

GQNiHf) =~289.5—15.317T J/mol

Given the large first term, the Gibbs energy of NiHf, becomes too
low at low temperatures (consider 7 = 0), and accordingly, NiHf
(actually also all the other compounds as well) become unstable
according to this model. [90Zen)] also obtained rather unrealistic
tamperature and composition dependencies in the interaction
parameters of the liquid and (Ni) phases:

AmixG(L) = X(1 - X)(~189 147.8 + 435 064X
-392 611.8%2) J/mol

AnmixGEX(Ni) = X(1 —X)(~1 898 846.7 + 15 808 247.8X
~17 902 408.8X2 + 2249.468T) J/mol

As can be seen immediately, the value of the partial enthalpy of
mixing at 0 at.% Ni for the (Ni) phase (—1 898 846.7 J/mol) is un-
acceptable. In the model, this extremely large negative enthalpy
of mixing is compensated for by the extremely large negative ex-
cess entropy of mixing (positive contribution to the Gibbs ener-
gy). For example, at 50 at.% Ni and 1500 K, contribution to the
Gibbs energy from the enthalpy and the excess entropy terms are
—382 418.8 and 843 550 I/mol, respectively.

6.2 Unusual Excess Entropy of Mixing

The excess entropy of mixing of a liquid phase cannot have a very
large positive value, If this is the case, the contribution of the ex-
cess entropy of mixing in lowering the excess Gibbs energy be-
comes too large at high temperatures. If the gas phase is an ideal
mixture (reasonable assumption), the Gibbs energy of the gas
phase decreases only at a rate ~100 J/mol - K (rough average of
entropy of vaporization for metallic elements) with respect to the
liquid phase. Therefore, if AyixS*(L)X(1 — X) is greater than
~100J/mol - K at any X, the liquid state becomes more stable than
the gas phase at high temperatures, which is unlikely. Therefore,
any model having s(L) greater than ~400 J/mol is impossible.
Thermodynamic models of metallic systems with s(L) greater
than § J/mol are rare, Similarly, a s(L) value less than —10 J/mol is
also rare, Thermodynamic models with s(L) = 0 are most com-
mon.
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Table 6 Cu-Ta Thermodynamic Data

Lattice stability parameter, J/mol

G%(Cu,fec) =-13 054 + 9.613T

GO(Ta,bec) =36 570 +11.105T

Excess Gibbs energy of mixing, J/mol
Situation A: A_; G**(L) = X(1 - X)X(9000 —2000X)
Situation B: A_; G**(L) = X(1-X)(28 771)

Situation C: A, G* (L) = X(1 - X)X(246 419-103.347)

From [89Sub].

Figure 15 shows the Th-V phase diagram calculated by [85Smi],
which was based on the experimental data obtained by [62Pal].
[85Smi] assumed, in calculating the Th-V phase diagram, that the
excess Gibbs energy of mixing in the liquid is:

AmixG*X(L) =X(1 -X)[426 243 + 531 490X —(233.316
+307.260X)1] J/mol

This very large positive excess entropy of mixing (s = 233.316 +
307.260X J/mol - K) may have been unnoticed, because it is com-

pensated for by an equally large enthalpy term (partial enthalpy of

mixing at X = 1is 957 733 J/mol, which is 34 times as large as the
prediction of [83Nie]) assumed to be valid at temperatures where
the phase diagram was calculated.

A much simpler, yet equally effective thermodynamic function
may be derived by assuming that the liquidus data reported by
[62Pal] are systematically too low by ~100 °C, which is quite
plausible considering the large deviation in the [62Pal] data of the
melting point of pure V from the currently accepted value (see
Fig. 15). Given this assumption, a subregular solution model
summarized in Table 5 reproduces the data of {62Pal] quite well
(with 100 °Coffset), asshown in Fig. 15. The pure component lat-
tice stability parameters were taken from [85Smi}.

Table 7 Thermodynamic Properties of Zr-U

Lattice stability parameters, J/mol

GOz =0

GYUL)=0

G (Ztbec) =-20 930 + 9.84T

GO(U bec) =8 520+ 6.07T

Gibbs energy of mixing, J/mol

A G (L) = X(1 - X)(126 250 -24 100X -71.44T)

A G (bec) = X(1~X)[95 879 -218 398X +236
- (87.93-228.18X +235.88X2)T]

From [910ga).

6.3 Unusual Enthalpy of Mixing

To determine the entire liquidus of the Cu-Ta system (Fig. 16),
[89Sub] compared three thermodynamic models (Table 6) and
selected the situation C, where the enthalpy of mixing is >246
kJ/mol (in terms of k(L)). However, as pointed out in subsection
5.2, k(L) of aliquid phase having continuous solubility cannot ex-
ceed a value much above 20 kJ. Consistent with this, the predic-
tion of [83Nie] for (L) is 7 to 9 kJ/mol (situation A). Thus, the
value used in situation C is possibly some 30 times as large as the
likely actual value. Of course, to compensate for the very high
h(L) value, the situation C model includes an unusually large
negative contribution from the excess entropy term (see previous
section). [89Sub] decided that the situation C model is more
realistic than the other two situations by comparing the calculated
liquidus with experimental data. However, other possibilities
were not considered, e.g., that the experimental phase boundary
data may be in error, or that the solubility of Cu in (Ta) is in fact
not negligible.

6.4 Unusual Sign in the Enthalpy of Mixing

Fig. 17 shows the Zr-U phase diagram assessed by [89She], while
Fig. 18 shows a phase diagram calculated by [910ga] using the
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Table8 Cu-Hf Thermodynamic Properties

Lattice stability parameters for Cu, J/mol
¢Oculy=0

GO(Cusfec) =13 054 +9.613T

Lattice stability parameters for Hf, J/mol
GCEEL =0

GO(Hfboc) =23 390 + 9.341T

GO(Hf,cph) =29 300 + 12.272T

Integral molar Gibbs energies, J/mol
GO(L) =X(1 - X) [<77 800~ T(83.009 + 248.426 X - 596.531X° + 328.495X°)]
AG(CugHf) =-33 512-2.137T

AG(Cug HE; ) =69 089 + 11.983T

AG(CugHf;) =210 207 + 126.04T
AG(CuygHE;) =23 890~27.682T

AG(CuHE,) =—80 005 + 16.393T

From [88Sub).

diagram of [89She] as input data. The most obvious difference in
these two phase diagrams is in the initial slopes of
(BZr,yU)[(BZeyU) + (aZn)] and (BZryU)[(BZryU) + (BU)].
Considering that the solid solubility of U in (aZr) is small (Fig.
17) and that the enthalpy of BZr/oZr transformation is small (~4
kJ/mol) [83Cha], the initial slope is expected to be steep [910ka}],
in agreement with [910ga]. The same situation is observed on the
U side of the phase diagram. Therefore, the diagram of [910ga]
appears to be preferable to that of [89She]. However, the ther-
modynamic model used by [910ga] (Table 7) includes unusual
sets of parameters.

The positive and large enthalpy of mixing of the liquid phase
(g°*(L) = 126 250 — 24 100X J/mol) is unusual for a system such
as Zr-U with a smooth and continuous liquidus, which is often in-
dicative of exothermic mixing of two elements (i.e., negative en-
thalpy of mixing). As a matter of fact, [83Nie] estimated for this

system the enthalpy of mixing to be —13 000X{(1 - X) J/mol. The
large positive enthalpy term is canceled by an even larger enthal-
py term (in the temperature range where the liquidus is involved)
in the Gibbs energy function of [910ga]. To allow a normal set of
the liquidus and solidus existing at high temperatures and to allow
for the formation of a miscibility gap at low temperatures, the
Gibbs energy of mixing for the bee (BZr,yU) also is made to have
an unusual temperature dependence, as given in Table 7. The dif-
ficulty in obtaining a reasonable set of thermodynamic functions
may indicate that the phase diagram used as the input data has to
be reinvestigated.

7. Examples of Unlikely Phase
Diagrams Calculated by
Thermodynamic Models

Recently, [910ka] discussed in some detail many phase diagrams
that are thermodynamically improbable. As a sequel to this work,
it can be stated that if a calculated phase diagram does not meet
some criteria elaborated by [910ka], this is a strong indication
that something may be wrong with the thermodynamic model, or
the calculation process. A few examples are considered below.

7.1 Mixed Degrees of Curvature in the
Liquidus

[910ka] showed that the general curvature of the liquidus of a
compound near its melting point cannot be much different from
that of the neighboring compounds in the phase diagram. Acom-
pound with a sharper liquidus will be associated with a coefficient
in the enthalpy part of the Gibbs energy equation that will make it
unstable at a lower temperature (i.e., decompose eutectoidally).
Figure 19 shows the Cu-Hf phase diagram calculated by [88Sub].
Apparently, the liquidus of CuygHf5 falls off more steeply than
that of the neighboring CugHf3. Therefore, the thermodynamic
model employed by [88Sub] (Table 8) is open to some question.
Inspection of Table 8 immediately confirms that CugHfs is
predicted to be extremely stable at low temperatures (i.e, at T =
0K, the Gibbs energy of formation of CugHf; is —210 207
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Table9 Metastable Melting Point of Low-Temperature
Allotrope

Normal melting  Melting point of low-

Element point, “C temperature phase, "C  Difference, °C
1176 1146 30
1289 1286 3

842 788 54
798 m 27
1345 1332 13
1495 1424 71
1412 1403 9
1538 1529 9
1313 1290 23
2231 2133 98
918 900 18
1246 1230 16
1021 970 51
639 606 33
1572 1408 164
931 885 46
640 571 69
1541 1491 50
1074 1030 44
769 741 28
1356 1334 22
1755 1658 97
1670 1408 262
304 297 7
1135 987 148
1522 1508 14
819 814 5
1855 1593 262

J/mol). Because this value dominates the system, all the other
compounds are unlikely to remain as stable compounds at low
temperatures. In addition, the Gibbs energy of mixing of the lig-
uid is also unusual in the [88Sub] model: the enthalpy term s typi-
cal of a regular solution expression, whereas the entropy term is
strongly composition dependent. These problems aside, the Cu-
Hf phase diagram was recalculated using the values given in
Table 8. The result is shown in Fig. 20. As expected, the liquidus
boundaries are almost the same as shown by [88Sub], but also as
expected from the sharpness of the liquidus and from the Gibbs
energy functions, all compounds except CugHf3 became unstable
at low temperatures. There are no reportsin the literature that this
is in fact the correct picture, so the thermodynamic modeling
needs an appropriate modification.

7.2 Problem of the Initial Slope

The question of the initial slope of the liquidus near both sides of
the pure components in a binary system was discussed in detail by
[910ka). In one of the examples, it was pointed out that the
proposed initial slopes of (Al) and (Ca) in the Al-Ca phase
diagram (Fig. 21), as calculated by [88Itk], appear to be unrealis-
tic by the simple test that the initial liquidus slope of a metailic ter-
minal phase having little or no solid solubility should cut the ver-
tical temperature axis on the other side of the phase diagram
approximately between 0 and 273 K (i.e, 0 °C). A closer ex-
amination of the thermodynamic model used by [88Itk] shows
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Fig. 21 Assessed and calculated Al-Ca phase diagram [881tk].

that the excess Gibbs energy of mixing of the liquid Al-Cawas ex-
pressed by

AmixG=(L) = X(1 - X)[~103 877-156 696X
+545 132X2 - 352 560X3 — T(—65.38 - 4.32X
+194.6X2 - 168.32X3)] J/mol

where the enthalpy term was derived from experimental data and
the entropy term was based on optimization of the phase diagram.
Arecalculation of the Al-Ca phase diagram attempted here using
the thermodynamic parameters given by [88Itk] supports the cal-
culated phase diagram very well except in the ranges very near to
the pure elements, where the calculated slopes are not in conform-
ity with the “slope rule” of [910ka). Hence, the appearance of a
deviation in Fig. 21 from the required initial slope is probably due
to a drawing problem, or perhaps the phase boundaries were
simply not calculated near the pure elements. The significant
deviation of the liquidus from the required initial slope is clearly
caused by the assumed large entropy term. However, since the
entropy term was derived itself from an assumed phase diagram,
the assessment becomes circuitous. On the other hand, if a sub-
stantial homogeneity range is given to the (BCa) phase (although
it must be confirmed), the difficulties mentioned here can be al-
leviated. So, even if there was no computational error in [88Itk],
the apparently anomalous deviation of the initial slope from the
clearly established trend in [91Oka] reveals possible problems for
the entire model.

7.3 Problem of Metastable Melting Point of a
Pure Element

When an element exists in two allotropic forms, consistency
regarding the metastable melting point of the low-temperature
forms must be considered. If AC, between the two allotropic
forms is assumed to be zero, the metastable melting point of the
low-temperature phase is given by

AHm+AH‘
-AH,,,+AH,

Tm T

T
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where T}, is the melting point of the high-temperature phase, Ty is
the allotropic transformation temperature, AH,,, is the enthalpy of
fusion of the high-temperature phase, and AH, is the enthalpy of
transformation. Table 9 shows the melting point of the low
temperature phases of elements with more than two allotropic
forms calculated by substituting in the equation above the melting
points and the transformation temperatures [90Mas] and the
values of the enthalpies of fusion and transformation [83Cha],
respectively.

The calculated metastable melting point may be slightly different
if a different AC}, value is used. However, the difference in the
melting point is usually very small as already shown in Section
4.1, When an element exists in more than two allotropic forms,
the metastable melting point of the still lower temperature phases
can be calculated similarly. However, the assumption of AC, =0
may not always be reasonably appropriate (e.g., due to the in-

fluence of the magnetic interaction in Fe) and such a low-
temperature phase usually does not have an associated liquidus
anyway. Therefore, only the metastable melting points of the first
low-temperature phases are given in Table 9.

According to this table, the difference between the melting point
of the high temperature phase and the low-temperature phase of
an element is surprisingly small, although there are exceptions
(T, Z, Pa, U, etc.). For example, the melting point of yFe is only
9 *Cbelow the melting point of dFe. Therefore, the melting point
of 8Fe in the assessed Fe-Nd phase diagram by [90Zha] (Fig. 22)
appears to be too low. This phase diagram was adopted from a
thermodynamically calculated phase diagram of [87Sch] (Fig.
23), in which the liquidus of (yFe) appears to be extrapolated
smoothly to the metastable melting point of yFe(1529 °C). Hence,
it appeared at first that there was a problem in redrawing, How-
ever, it turned out that the problem was not so simple, as described
below.

The lattice stability parameters of Fe phases given by [87Sch]
were:

GO(L)=-10 839.7 +245.302T

GO(3Fe) = 1224.8 + 100.620T + 23.514T(1 - InT)
-8.795 x 10737212 + 1.5472 x 10-32T
+0.3536 x 1077%/6

GO(yFe) =-237.6+ 107.752T + 24.664T(1 - InT)
-7.715 x 10737272 + 1.5472 x 10-32T
+0.3536 x 10-673/6

Unfortunately, these expressions are erroneous, because they do
not yield the melting points of 8Fe and yFe at all and they place the
dFe to yFe transformation temperature at 2070 °C (instead of
1394 *C). In addition, the excess Gibbs energy of mixing of the
liquid phase used by [87Sch] was:

GX(L) = X(1 - X)[246 708.8 - 705 805.6X
+589 650.4X2 T(178.334 - 359.514X
+341.888%%)]  J/mol
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Table 10 Be-Co Thermodynamic Parameters

Excess Gibbs energy of mixing, J/mol
AmixGFX(L) = -XCoXBe(-16 736X, + 25 104Xpe)
AmixG®¥(bec) = -XCoXBe(-16 736Xy —23 012XRe)
Lattice stability parameter, J/mol

G%Co/bec) =-13 894 +9.16296T

GO(Be,bec) =10 418 + 6.694T

From [84Kau].

Table 11 Possible Be-Co Thermodynamic Parameters
Used

Excess Gibbs energy of mixing, J/mol
AmixG®¥ (L) = -XCoXBe(16 736X + 25 104XRBe)
=X(1-X)(-16 736 -8363X)
AmixG®*(bee) = -XCoXBe(16 736X +23 012Xp,)
=X(1-X)(-16 736 -6726X)

Table 12 Co-Be Thermodynamic Parameters

Excess Gibbs energy of mixing, J/mol
AmixGeX(L) = X(1 - XX~28 181 - 27 105X)
AmixGEX(bec) =X(1-X)(-18 998 -38 238X)
Lattice stability parameter, J/mol
G%(Co/bec) =12 877 +7.606T

GO(Be,bcc) =-12 600 + 8.067T

From [870ka3].

Apparently, both the enthalpy and the entropy terms are too large
according to the discussions in subsections 6.2 and 6.3. Thus, the
thermodynamic model of [87Sch] includes unresolved problems.
Because the initial slope of (0Fe) in the diagram of [87Sch] does
not follow the general trend for Fe-rare earth systems [920kal],
the most obvious conclusion is that the assumption of no
solubility of Nd in (§Fe) made by [87Sch] is the main reason for
the difficulty in the thermodynamic modeling.

7.4 Problem of a Liquidus Showing a Trend
That Will Cross the Pure Element Line

The liquidus of (V) in the Sc-V phase diagram calculated by
[89Smi] (Fig. 24) is almost horizontal near the eutectic at 14 at.%
V. When extrapolated to the Sc-rich side, the liquidus appears to
cross the 0 at.% V line, unless an abrupt change of slope is intro-
duced in the metastable range. As pointed outin [910ka), because
both the crossing of the 0 at.% V line and the abrupt change of
slope are thermodynamically unacceptable, the thermodynamic
model developed for the Sc-V system may require modification.

The excess Gibbs energy of mixing of the liquid Sc-V derived by
[89Smi} is of the form
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Fig.25 Calculated Co-Be phase diagram [84Kau].

AmixG™(L) = X(1-X)(34 754-14 342X) J/mol

Since the positive interaction parameter (k) is proposed to be
greater than 20 kJ/mol in the entire composition range (see sub-
section 5.2), the existence of a miscibility gap may be expected.
Actually, according to this model, a critical point occurs at 35.5
at.% V and 1590 °C. The calculated diagram should then appear
as shown with dotted lines in Fig. 24 (as corrected in [90Mas]).
Most likely, the liquidus in [89Smi] was not calculated in the nar-
row temperature range between the monotectic temperature and
the eutectic temperature, thereby missing the miscibility gap.
However, the experimental data of [71Sav], on which the ther-
modynamic model of [89Smi] is based, seems to indicate a
simple eutectic system without a miscibility gap. Taking into ac-
count the fact that the calculated liquidus does not agree well with
the data points of [71Sav] (Fig. 24), the thermodynamic model re-
quires further revisions. Alternatively, the experimental data in
the critical regions of the phase diagram should be rechecked.

7.5 Problem of Phase Continuation

The Co-Be phase diagram (Fig. 25) provides an interesting situa-
tion in which the same bce phase occurs in three different portions
at high temperatures. Accordingly, the continuation of this phase
in the metastable ranges, when separated by intermediate phases,
is expected and becomes of interest. In Fig. 25 [84Kau], possible
problems are evident in the phase diagram even without model-
ing calculation. The three small single-phase regions marked B
are all clearly part of a single bee phase field separated by phases
X and Q. If there were no X and Q, liquidus and solidus boun-
daries of the bce B phase would be expected to show areasonably
smooth continuity without abrupt changes of slopes. Yet, because
itis quite difficult in Fig. 25 to connect the boundaries of the left
and center B fields without some unusual changes of slopes, acal-
culation error is suspected. The thermodynamic model reported
by [84Kau] is summarized in Table 10.

As expected, the Co-Be phase diagram of Fig. 25 cannot be
reproduced at all by this model. A little testing has shown that the
left-hand side (2 at.% Be) of the diagram may be calculated using
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Fig, 28 Assessed Ni-Re phase diagram [85Nas].

the thermodynamic functions of [84Kau] with some reversed
signs as given in Table 11.

However, the right-hand side (>50 at.% Be) still remains unac-
counted for. Here, the correct thermodynamic model could not be
guessed from the phase diagram, or the proposed model. On the
other hand, the thermodynamic model proposed by [870ka3]
(Table 12) improves the situation and also makes the liquidus and
solidus of the bee phase smoothly continuous in the metastable
range. Maximum and minimum melting points are indicated in
the liquidus and solidus trends (Fig. 26).

7.6 Unusual Retrograde Solid Solubility

Dashed lines in Fig. 27 show the Ni-Re phase diagram calculated
by [85Nas], which agrees poorly with the assessed experimental
phase diagram (Fig. 28). In particular, the retrograde solubility of
the (Re) phase in the calculated diagram is very striking. No other

Table 13 Ni-Re Thermodynamic Parameters

Excess Gibbs energy of mixing, J/mol
AmixGEX(L) = X(1-XX95 700-35.3T)
AmixGEX(foc) = X(1-X)(39 500 - 4.4T)
AmixG®*(cph) =X(1 - X)(63 500—-17.5T)
Lattice stability parameter, J/mol
GONi,fec) =-17 486.2 + 10.12T
GO(Ni,cph) =16 440.2 + 11.464T

(Re,foc) =27 830 +9.62T
GO(Re,cph) =28 876.5 + 8.363T

From [85Nas].

experimental binary phase diagram in [90Mas] shows such a
strong retrograde tendency except when ferromagnetic phases
are involved. Therefore, the thermodynamic model of [85Nas]
(Table 13) was reexamined.

The above expressions, clearly show that the prominent
retrograde trend is brought about by the large entropy terms
proposed for the liquid and cph phases; that is, both phases are
proposed to be well miscible at high temperatures (above ap-
proximately the peritectic temperature) and are projected to
develop limited solubility at low temperatures. The transition
from one tendency to the other brings about the retrograde
solubility.

An attempt was made to see how closely the assessed Ni-Re
phase diagram (Fig. 28) could be modeled using simpler expres-
sions for the thermodynamic functions. The excess entropies of
mixing of the L, foc, and cph phases were assumed tobe zero (see
section 4.4). It was found that, even assuming that the L and cph
phases are regular solutions, a simpler model given in Table 14
reproduces the assessed diagram much better. The lattice stability
parameters are the same as in Table 13. The calculated phase
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Table 14 Revised Ni-Re Thermodynamic Parameters

Excess Gibbs energy of mixing, J/mol
AmixG®*(L) = X(1-X)(24 000)
AmixGE(fcc) =X(1-X)X(17 750 + 41 845X)
AmixG*¥(cph) = X(1-X)(30 500)

Table 15 Al-Tl Thermodynamic Parameters

Excess Gibbs energy of mixing, J/mol

AmixG®*G) =0

AmixG®*(L) = X(1-X)[74 715.8 - 13 937X - (26.567 - 8.9266X)T]
Lattice stability parameter, J/mol

6%(ALG) =70 129-25.100T

GY(TL,G) =39 215 - 22.460T

From [89Mca].

diagram is shown in Fig. 27 with solid lines. The unusual
retrograde solubility of (Re) is no longer observed.

7.7 Phase Boundaries Crossing One Another

The AL-TI phase diagram shown in Fig. 29 was calculated by
[89Mca) using the thermodynamic model given in Table 15.

When the G/(G+L;) and (G+L;)/L; boundaries are extrapolated
to lower temperatures, these boundaries appear to cross one
another, although the existence of a miscibility gap in the liquid
state complicates the observation of these trends. In the present
reexamination, the Al-Tl phase diagram was recalculated using
exactly the same thermodynamic parameters as [89Mca]. The
result (solid lines in Fig. 30) indicates that the critical point of the
miscibility gap of the liquid exists below the boiling curve, and

that the (G+L;)/L; and (G+L,)/L; boundaries are continuous.
Accordingly, the unusual situation between two phase boun-
daries does not exist. It is unclear how Fig. 29 was derived. The
present recalculation indicates an azeotropic reaction occurring at
94 at.% Tl and 1468 °C, which is unknown in other metallic sys-
tems.

7.8 Small Opening Angle of G + L Two-Phase
Field

The Al-T1 phase diagram (Fig. 29) involves another problem, L.e.,
the initial opening angle of the G + L1 two-phase field at 0 at.% Tl
appears to be too small according to one of the criteria in [910ka).
As the second step in the reevaluation, the values of the lattice
stability parameters in Table 15 were checked against the original
reference ([73Hul2]). Apparently, [89Mca] used the heat of
vaporization of Al and Tl given in cal/mol in [73Hul2] as J/mol.
Hence, a multiplication factor of 4.184 must be used to obtain the
appropriate lattice stability parameters of the gas phases of Al and
TlinJ/mol, i.e.,

GY%ALG) =293 420-105.06T
GY(T1,G) =164 076 -93.97T

The gas-liquid equilibrium of the Al-T] system using these lattice
parameters is shownin the dashed lines in Fig. 30. The boundaries
now appear quite normal.

7.9 Two Inflection Points Closely Located to
One Another

[910ka] pointed out that it is unlikely that two inflection points
(where the second derivative is zero) should occur along a phase
boundary within a close distance to one another. Interestingly,
both the liquidus and solidus of the V-Cr phase diagram [82Smi]
show two such inflection points within ~30 to 40 at.% Cr (Fig.
31). Again, a look at the thermodynamic model from which this
unusual phase diagram was derived seemed worthwhile.

The thermodynamic parameters used by [82Smi] are given in
Table 16.
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[82Smi] obtained the excess Gibbs energy function of the bec
phase by a polynomial fitting of vapor pressure data obtained at
11770 1377 °Cby [64Ald]. It is difficult to visualize the trend of
this complex function. At a glance, thi§ formulation, when com-
pared with the expression for the excéss Gibbs energy of mixing
of the liquid phase, gives an unusually contrasting impression, be-
cause the narrow L + (V,Cr) two-phase field requires that the
Gibbs energies of the liquid and the solid phases have similar
shapes. If the shapes are quite different, the compositions of the
common tangent line to the Gibbs energy curves of the liquid and
solid phases would not be able to remain closely located with
respect to one another at all temperatures. Also, conceptually, the
existence of a minimum melting point means that the solid phase
behaves more ideally than the liquid phase (when the excess
Gibbs energy of mixing is negative), in contrast to the model of
[82Smi]. Figure 32 shows the enthalpy, excess entropy, and ex-
cess Gibbs energy of mixing of the bee phase at 1850 °C, which
illustrates how the existence of a narrow two-phase field could be

Table 16 V-Cr Thermodynamic Parameters

Excess Gibbs energy of mixing, J/mol
AmixGSX(L) = X(1 -XX~15 652 7196X)
AmixG®X(boc) = X(1 - X)(=6044 + 43 856X — 145 096X2
+86 400X3 - T(1.427 + 34.910X - 87.904X2 + 49.504X7))
Lattice stability parameter, J/mol
GO(Vibee) =-21 500-9.9T
GO(Crbec) =-16 900-7.9T

From [82Smi].

Table17 Cu-As Thermodynamic Parameters, [91Tep]

GO(As) = -24 443 +22.425T J/mol
AmixGZX(L) = X(1 - X)[~46282 17 660X + 572 387X2 - 83 5306Y°
+405 962¢* — (3.0414 +70.1086X)T] J/mol

maintained. Although the Ay H and —TApiS®* functions are
strongly composition dependent (see the difference in the partial
molar quantities at infinitely dilute solution of (V) and (Cr)), the
unusual parts cancel each other and the AyixG**(bcc) function
behaves almost like a regular solution. (This “unlikely” behavior
was pointed out by [64Ald].) For comparison, a regular solution
curve, AyixG®*(bee) =-16 300X(1 — X) J/mol has been included
with a dotted line in Fig. 32. The deviation from this curve is small
at >50 at.% Cr and discernible only at 0 to >50 at.% Cr. This
deviation from the regular solution curve causes the occurrence
of two inflection points. Now, however, because the deviation
results from a difference in the strongly composition-dependent
enthalpy and excess entropy terms, and the extrapolation is sub-
stantial (~500 °C), the formation of two closely-located inflection
points can be easily regarded as artificial. Most likely, the separa-
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tion of the Gibbs energy into enthalpy and entropy terms was in-
fluenced too much by the experimental data of [64Ald].

As the next step, an attempt was made to calculate the liquidus
and solidus curves using a subregular solution model (two
parameters) for both liquid and solid phases with the same mini-
mum melting point (70.9 at.% Cr, 1770 °C) as [82Smi]. However,
an appropriate model was impossible to assemble because the
minimum melting point is too far on the Cr side or too low, rela-
tive to the small difference in the melting points of V and Cr. Be-
cause the melting points of pure V and Cr have not been well
defined, the observed decrease in the minimum melting point
with respect to the currently accepted melting points of pure ele-
ments may have been overestimated. More recently, [85Koc]
reported that there is no minimum melting point in the V-Cr phase
diagram, which is therefore thermodynamically more plausible.

The Cu-As phase diagram calculated by [91Tep] (Fig. 33)
provides another example of an unlikely phase boundary with
multiple inflection points, In this case, there are four inflection
points on the (As) liquidus (arrows added in Fig. 33). Table 17
shows the thermodynamic parameters used by [91Tep] (original-
ly given as a Redlich-Kister expression).

According to the expression, AyixG®*(L), the partial molar en-
thalpy of mixing is approximately —46 and +79 kJ/mol at X' = 0
and X = 1, respectively, whereas the values estimated by [83Nie]
are—40 and -58 kJ/mol, respectively. The values derived from the
model of [91Tep] imply an unlikely situation that the nature of the
interaction between As and Cu atoms varies drastically depend-
ing on composition. The large positive partial molar quantity in
the model of [91Tep] is compensated for by an equally large nega-
tive contribution from the entropy term (approximately —80
kJ/mol at the melting point of As). Apparently, the four inflection
points in the (As) liquidus were caused by the unusual combina-
tion of the composition and temperature dependence of the Gibbs
energy function of the liquid phase. Probably, this problem could
have been spotted more easily had a polynomial expression as in
Table 17 been used to describe ApixGX(L), rather than the Red-
lich-Kister expression used by [91Tep].

8. Conclusions

A consistent formulation of thermodynamic functions into a ther-
modynamic model is increasingly accepted as a very useful tool
for checking the validity of proposed phase boundaries, or for
predicting portions or whole phase diagrams of many systems. A
good model is also useful for describing metastable equilibria or
the temperature and composition ranges where experiments are
difficult to conduct. As computer programs become more sophis-
ticated, thermodynamic modeling is performed more often and
with ease by numerous investigators. This leads to attempts to ad-
just or check experimental phase boundary data and sometimes
also to supplement such data. Here, however, the validity of the
thermodynamic model that has been assembled for this purpose is
often insufficiently examined. This article attempts to show some
examples of unlikely thermodynamic models and some simple
ways of checking such model, without going too deeply into the
details of the models themselves. Sometimes, a proposed ther-
modynamic model seems to involve unnecessarily complex for-
mulations. As shown here, a simpler model is usually equally as
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good in representing available thermodynamic data and in ex-
pressing the phase diagram. Usually, the simpler formulation is
also more informative making trivial errors or unlikely values of
parameters easier to spot.

It must be stressed here that the primary intention of this article is
to provide practical hints for screening unrealistic or unlikely
thermodynamic models used for phase diagram calculations. Al-
though simple thermodynamic models are shown often to be
more realistic and informative, it does not follow that a simple
model will always represent the reality of the thermodynamic na-
ture of a given system. Therefore danger exists, especially when
the simple model is applied to a situation where substantial ex-
trapolation is involved. For example, the assumption of AC,=0
recommended often in this article may not be valid when, e.g., the
properties of extremely undercooled liquids are considered.
However, even when the information on AC,, is available and the
information is crucial for proper understanging of the nature of
the system, the essence of this article must be still remembered: a
simpler model of AC}, is probably more informative.
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