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Grain growth, defined as the increase  in volume of the average grain,  is found, in i ts s teady-  
state,  to be d i rec t ly  propor t ional  to the t ime of i so thermal  annealing. During s teady-s ta te  
grain growth the grain co rne r s  a re  found all  to be quadruple points,  the grain edges al l  
t r ip le  l ines and the ra t io  of co rne r s  to faces to edges to be 6:7:  12. The ra te  constant for 
s t eady-s ta te  grain growth is shown to be calculable from f i r s t  pr inc ip les  and from p r o p e r -  
t ies  that can be measured  independently of the growth observation.  It is the product of four 
individual constants,  namely:  1) a d imensionless  topological constant O that is c h a r a c t e r i s -  
tic of s t eady-s ta te  grain growth in any mate r ia l ,  2) the mobil i ty/~ of the average gra in  
boundary in the specif ic  ma te r i a l ,  3) the surface tension ~ of the average grain boundary 
in the specif ic  ma te r i a l  and 4) a d imensionless  s t ruc tu ra l  constant a which exp res se s  the 
curvature  of surface of the grain boundary in the a r r a y  of grain forms obtaining in the 
specif ic  specimen of the ma te r i a l  and which can be determined meta l lographical ly .  The 
topological  changes that constitute s t eady-s ta te  growth are  shown to exis t  as a logical  
sequence of s imple events.  

%.]tRAIN growth in a polycrys ta l l tne  aggregate  differs  
fundamentally f rom the growth of a mass  of separa te  
pa r t i c l e s ,  in that the polycrys ta l l ine  body i tself  under-  
goes no growth or  shape change. In accord  with this 
r e s t r i c t ion ,  no change can take place in the s ize or 
shape of any grain without a compensating adjustment 
in the sys tem at large .  For  the s ize of the average 
grain to increase ,  moreover ,  it is neces sa ry  that some 
gra ins  should d isappear  from the sys tem.  Thus, grain 
growth in a polycrys ta l l tne  aggregate  amounts to a sy s -  
temat ic  el iminat ion of grains ,  coordinated with such 
grain s ize and shape changes as a re  needed to main- 
tain perfect  space fi l l ing at al l  t imes .  

A geometry  that is suitable for descr ib ing  the growth 
of individual pa r t i c l e s  will be inadequate for the defin- 
ing of polycrys ta l l ine  grain growth, unless it can deal 
also with the connective p roper ty  that is implied in the 
coordination of grain s izes  and shapes.  The fami l ia r  
Euclidean geometry  is deficient in this respect .  Models 
that have been constructed upon a pure ly  Euclidean base 
have fai led to provide an exact, or even rea l i s t i c ,  de-  
scr ip t ion  of grain growth and its kinet ics .  Such a de- 
scr ip t ion  can be had, however, by r e s o r t  to some s im-  
ple concepts of descr ip t ive  topology. All that is r e -  
quired is to express  the s t ruc tu re  in t e rms  of the num- 
be r s  of its pa r t s ,  as connected by Eu le r ' s  rule for the 
space network. The numbers  that will be used a re :  the 
number of grains  (N), the number of grain faces (F), 
the number of grain edges (E) and the number of grain 
co rne r s  (C), a l l  in a specific specimen of the mater ia l .  

These p a r a m e t e r s  can be measured  d i rec t ly  by se -  
r i a l  sect ion analysis ,  the techniques of which have been 
repor ted  e lsewhere .  1 Such a study has been c a r r i e d  
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out 2 upon a s e r i e s  of specimens of 99.99+ pet aluminum 
that had been cold worked at - 195~ and subjected to 
i so thermal  grain growth at 635~ for t imes  ranging 
from 1 min to 1 h. This t rea tment  provided a range of 
grain s ize,  by volume, of a lmost  three  o rde r s  of mag-  
nitude. In o rde r  to avoid the intrusion of surface ef-  
fects upon the measurements ,  that portion of each spec-  
imen which was analyzed was taken at a distance of not 
less  than ten grain d iamete r s  f rom any external  su r -  
face.  The exact volume of ma te r i a l  analyzed in each 
case was measured  and the topological p a r a m e t e r s  
were expressed  in t e r m s  of number per  cubic cent i -  
meter ,  thus: NV (grains per  cm3), F V  (faces per  cm3), 
EV (edges per  cmS), and C v  (corners  per  cmS). The 
resu l t s  of this study provide the exper imenta l  bas i s  
for the development that follows. 

The average  grain  vo lume ,  obtained by taking the 
r ec ip roca l  of the number of grains per  cubic cent i -  
meter  1 / N v ,  provides  a measure  of grain size* 

*The conventional expression for grain size is the mean intercept, obtained by 
counting the number of grains crossed by unit length of line laid upon a two- 
dimensional section through the grain structure. This parameter is sensitive to 
shape. It is a function of the total surface area of the grain boundary, Le., it is not 
a grain diameter. Neither this nor any other measurement that can be made upon 
a two-dimensional section through the material can be used to determine grain 
volume. N v must be measured in three-dimensional space. 

that is Independent of grain shape, grain size d i s -  
tr ibution and shape assor tment .  It will be shown in 
the following that the average grain volume is a l ineal  
function of the t ime,  in s teady-s ta te  grain growth at 
constant t empera tu re  ( 1 / N v  = let). 

TOPOLOGICAL NATURE OF THE GRAIN 
STRUCTURE 

The geometr ic  form of the grain s t ruc ture  is de-  
fined by the sys tem of grain boundary, which const i -  
tutes a topological network. If the grain corners  be 
taken as nodes and the grain edges as branches  of a 
point- l ine network, Fig. 1, i ts  connectivity in one cubic 
cent imeter  of ma te r i a l  will be, by network law: 3 

Connectivity = E V - CV + 1 [1] 
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If, f u r t h e r ,  t h e  g r a i n s  t h e m s e l v e s  b e  r e p r e s e n t e d  a s  
i n d i v i d u a l  p o i n t s  c o n n e c t e d  b y  l i n e s  r e p r e s e n t i n g  t h e  
g r a i n  f a c e s ,  a n  i n t e r p e n e t r a t i n g  n e t w o r k  i s  f o r m e d ,  
F ig .  2, and  i t s  c o n n e c t i v i t y  i s :  

C o n n e c t i v i t y  = F y - N y + 1 [2] 

The  c o n n e c t i v i t i e s  of t he  two n e t w o r k s  a r e  i d e n t i c a l ,  
b e c a u s e  b o t h  n e t w o r k s  c o r r e s p o n d  to  o p p o s i t e  r e t r a c t s *  

*The corner-edge network and the grain-face network can be conceived as being 
separated by a continuous multiply-connected surface, Fig. 3. If this surface be 
shrunk toward the grain edges, its "retract ''a becomes the corner-edge network; if 
it be shrank upon the grain centers, its "retract" becomes the grain-face network. 
The connectivity of the surface and of the two networks remains unaltered and, 
therefore, identical in this operation. 

of t h e  s a m e  i m a g i n a r y  s u r f a c e ,  F ig .  3, w h e r e f o r e :  

N v  + E v  = F v  + C v  [3] 

T h i s  i s  a f o r m  of  E u l e r ' s  r u l e  f o r  s e m i - i n f i n i t e  n e t -  
w o r k s .  It i s  v a l i d  i r r e s p e c t i v e  of t h e  n u m b e r  of b r a n c h e s  
c o n n e c t e d  a t  e a c h  node .  

The  g r a i n  b o u n d a r y  n e t w o r k ,  b e i n g  a n  i n t e r f a c e  b e -  
t w e e n  p a i r s  of c r y s t a l s  of d i f f e r e n t  o r i e n t a t i o n ,  h a s  a n  

Fig. 1 - -Edge-co rne r  network sur rounding  an average  grain.  

125 

e n e r g y  w h i c h  i s  f e l t  a s  a s u r f a c e  t e n s i o n *  [ Q u i n c k e  5 a n d  
Desch6) .  T h i s  e n e r g y  p r o v i d e s  t h e  d r i v i n g  f o r c e  f o r  

*While it is true that the magnitude of the surface tension of the grain bound- 
ary varies with the local orientation difference between pairs of grains, the effect 
of such orientation difference upon the average behavior of grain growth seems 
to be minor. This is indicated, for example, by the regularity with which grain 
faces are found to meet at dihedral angles near 120 deg. It is consistent also with 
the fact that the grain boundary energy varies only moderately with orientation 
difference, except in a narrow range of small angle grain boundaries and close to 
the orientation of twin boundaries (Gjostein and R.hines).7 In the case of aluminum, 
few twin boundaries are to be expected. 

g r a i n  g r o w t h .  T h e r e  i s  a l w a y s  a d e c r e a s e  in  t h e  g r a i n  
b o u n d a r y  a r e a ,  r e p r e s e n t i n g  a n  e x p e n d i t u r e  of s u r f a c e  
e n e r g y  in a c c o m p l i s h i n g  g r a i n  s h a p e  c h a n g e  a n d  g r a i n  
g r o w t h ,  F ig .  4. S u r f a c e  t e n s i o n  h a s  t h e  i m m e d i a t e  e f -  
f e c t  upon  t h e  g r a i n  b o u n d a r y  n e t w o r k  of c a u s i n g  a l l  
j u n c t i o n s  of g r a i n  f a c e s  to  o c c u r  upon  " t r i p l e  l i n e s "  

Fig. 3 - - Imaginary  sur face  sepa ra t ing  the e d g e - c o r n e r  and the 
g ra in - f ace  networks for  one grain.  Compare  with Figs.  1 and 
2. 

150 

100 

75 

i~> 50 

25 

Fig. 2 - - In te rpene t ra t ing  g ra in - f ace  network r ep re sen t ed  by 
l ines  drawn f rom the cen te r  of the  gra in  through each face 
to the center  of each neighbor ing grain.  

T I M E  - -  M INUTES 

Fig. 4 - -Dec rease  in the gra in  boundary a r e a  S V as a function 
of anneal ing t ime  in minutes  at 635~ 

L 
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where three  faces  tend to meet  at  d ihedral  angles of 
120 deg (Harker and Parker )  s and of causing all t r ip le  
l ines to meet at "quadruple po in ts"  where four edges 
tend to meet at mutually included angles of 109 deg 
28 min 16 s, Fig. 5. In the p resen t  exper imenta l  study, 
more than 3000 grain co rne r s  were analyzed without 
finding one that was other than a quadruple point. This 
finding se rves  to substantiate  the bel ief  that surface 
tension is a major  force in shaping the grain boundary 
network and in motivating grain growth. It a lso dem- 
ons t ra tes  that all  configurations of the edge-corne r  
network, other than those composed of t r ip le  lines and 
quadruple points, a re  of such infer ior  s tabi l i ty  as to 
have ex t remely  shor t  per iods  of exis tence.* 

J. W. Gibbs 9 has defined the angular relationships obtaining among the inter- 
faces formed by four intersecting bodies, where the respective energies of the 
several interfaces differ among themselves. 

Eu l e r ' s  rule  becomes  s implif ied in the t r i p l e - l i ne -  
quadruple-polnt  network by vi r tue  of the fact that there  
must be exact ly twice as many grain edges as grain 
co rne r s  (C. S. Smith): ~~ 

E v = 2C v [4] 

whence, Eq. [3] becomes:  

NV + C v  = F y  [5] 
The grain boundary network is descr ibed  completely,  
therefore ,  by the exper imenta l  determinat ion of any two 
of these three  p a r a m e t e r s .  In p rac t ice ,  it turns out to 
be advantageous to measure  al l  of the pa rame te r s ,  in 
o rde r  to prove the se l f -cons is tency  of the measu re -  
ments by means of Eqs. [4] and [5].* 

*An evident source of experimental error resides in the uncertainty of counts 
where a feature of the network intersects the boundary of the volume being ana- 
lyzed. The uncertainty in the case of the number of grain corners is negligibly 
small, because corners occupy no volume and their position with respect to the 
sampling boundary is rarely ambiguous. Edges, faces and grains can also be iden- 
tified and counted in terms of the first corner at which each appears. By so 
counting only those features which originate in the serial section sequence within 
the test volume, the counting error is made small. A more troublesome source of 
experimental error exists in the choice of sample size, where it is important to 
analyze a broad enough area through a sufficient number of serial sections to 
include a representative sampling of the largest, as well as of the smaller grains. 
Errors arising from a too small sample produce data that fail to satisfy Eqs. [4] 
and [51. 

Topological quantities a re  always independent of al l  
dimensional  (Euclidean) p rope r t i e s .  Thus, the number 

- - - \  7-- 

a ~  

F i g .  5 - - A n  e q u i l i b r i u m  g r a i n  c o r n e r  w h e r e  s i x  f a c e s  and  f o u r  
edges meet at minimum energy angles, as indicated. 

of g ra ins  (N) in a specimen is independent of the shape 
or s ize of any grain in the sys tem.  The same is t rue 
of the number of faces (F), of edges (E) and of co rne r s  
(C). It follows that a dimensional  proper ty ,  such as the 
average grain volume, cannot be expressed  in pure ly  
topological t e rms .  The quantity 1 / N v  is a hybrid 
" topolog ica l -Euc l ldean"  express ion.  The introduction 
of the volume concept (i.e., number per  unit volume)  
confers the power to measure  and to express  average 
volume. Because the volume of the grain is also inde- 
pendent of i ts shape, surface a rea  and length of edge, 
1 / N v  remains  independent of all  dimensions except 
volume. This express ion  for the average volume is 
valid,  therefore ,  for al l  s imple polycrys ta l l ine  bodies 
in all  s tages  of grain growth, as long as each grain can 
be identified as a d i sc re te  entity. 

Topological quantities also have the p roper ty  of ex- 
ist ing as whole numbers only. The number of grains  
(N), in a piece of metal ,  must be a whole number.  
There may be gra ins  presen t  in a va r i e ty  of s izes ,  but 
none can be identified as other than a whole grain.  The 
same is t rue with respec t  to faces,  edges and corne r s .  
This situation is not a l te red  by the ar t i f ice  of counting 
topological quantities in a l imited volume, as is done 
exper imenta l ly .  Grain growth occurs  in a sequence of 
d i sc re te  steps in which one grain at a t ime d i sappears  
f rom the sys tem.  

This does not mean that an average s ized grain van- 
ishes abruptly.  On the contrary ,  the t r ans fe r  of vol-  
ume from a shrinking grain to its neighbors and on- 
ward to their  neighbors is a p rocess  that is going on 
at many s i tes  over  extended per iods .  Ultimately,  each 
grain that is dest ined to vanish mere ly  a r r i v e s  at zero  
size,  instantaneously extinguishing all  of i ts associa ted  
topological numbers ,  but causing no discontinuous di-  
mensional  change in the system.  Its volume and some 
of its surface have a l ready  been contributed to the en- 
la rgement  of other grains .  When it is no longer counted 
among the grains  of the sys tem,  the volume assignable  
to the remaining grains  of the sys tem will have increased  
by a total equal exactly to the volume o f  one average 
s i zed  grain.  

NATURE OF STEADY- STATE 
GRAIN GROWTH 

Steady-state  grain growth in metals  is c ha r ac t e r -  
ized by a p rog res s ive  magnification of the size of the 
grains  without seeming to change their  geometr ic  form. 
This kind of grain growth does not usually occur im- 
mediately upon the creat ion of a new polycrys ta l l ine  
aggregate ,  but follows af ter  a growth per iod during 
which the sys tem of grains  has been changing its topo- 
logical  state toward a constant average ra t io  of co r -  
ners  to faces to edges. At the same t ime the grain 
shapes tend toward "equiaxed"  forms.  Thereaf ter ,  
s t eady-s ta te  grain growth p roceeds  in the in te r ior  of 
the metal ,  where the const ra ints  of external  surface 
pinning are  insignificant.* Under the la t te r  c i r cum-  

*The two-dimensional external surface network of grain boundary differs from 
the three-dimensional internal network in that the former can become stable with 
straight edges outlining hexagons with perfect 120 deg angles. In the absence of 
curvature there is, then, no further tendency for the two-dimensional network 
to undergo growth. When this happens, the three-dimensional network, which 
is anchored to the surface network, is restrained in its growth. 
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stance, the progress  of grain growth is susceptible to 
rigorous analysis and its kinetics can be derived and 
expressed exactly. 

Serial section studies upon aluminum have shown 
that, in the steady-state stage, the average number of 
corners  per grain approaches 6, the average number 
of faces per grain approaches 7, and the average num- 
ber of edges per grain approaches 12, Fig. 6. Topolog- 
ically, these numbers describe the tetrakatdecahedron,* 

These are the "sharing numbers" for the tetrakaidecahedron, see Table I, 
Column D. 

Fig. 7, which was identified by C. S. Smith 1~ as the 
geometric figure most likely to fill space with its 
edges and corners  most nearly complying with the 
angular requirements imposed by surface tension. 
Thus, during steady-state grain growth the change 
that takes place can be described as the elimination, 
one at a time, of  grains of  average volume and having 
the average topological parameters  of a tetrakaideca- 
hedron. 

The change toward equtaxed form, with equilibrium 
angles at triple lines and quadruple points, constitutes 
a local response to the force of surface tension, tend- 
Ing to minimize surface a rea .  Its immediate goal is 
an a r ray  of grains of assorted sizes, approximating 
equtaxed form and achieving nearly equilibrium angles 
by so curving the faces as to permit them to meet at 
minimum energy angles. It has been demonstrated by 
C. S. Smith x~ that there exists no grain shape that can 
permit  simultaneous space filling and equilibrium 
angles without cuz vature of face, although this condi- 
tion is approached by regular tetrakaidecahedra. 

Grain growth without further significant shape 
change, is a long range response to the force of sur-  
face tension, resulting in continued reduction in the 
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Fig. 6--Numbers of edges, faces and corners per grain, as a 
function of the annealing time in minutes at 635~ 

grain boundary area. It is character ized by a sweep- 
ing migration of the grain boundaries, edges and cor-  
ners.  The driving force for this kind of process  ar ises  
from the grain boundary surface tension (7) acting 
upon curved surface to produce a pressure  (P), nor-  
mal to the grain boundary, Fig. 8, according to the 
well known relationship: 

( 1  1 ) (dynes/am 2) [6] 
P = r � 8 9  + r2 

where r 1 and r2 are the principal radii of curvature at 
the point of application of the pressure .  

C F E 

On the cell 2 4  14 :56 

Shored f e a t u r e s  6 7 12 
Fig .  7 - -A  1 4 - s i d e d  f i gu re ,  a t e t r a k a i d e c a h e d r o n ,  r e p r e s e n t i n g  
the  a v e r a g e  topo log ica l  f o r m  of g r a i n s  in the  p o l y c r y s t a l l i n e  
aggregate. 

r I 

2 
Fig. 8--Illustrating the method of defining the pressure at a 
point upon a surface, in terms of the surface tension "/and 
the surface mean curvature at the point. 
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Simple  g ra ins ,  having s m a l l  n u m b e r s  of f aces ,  tend 
to be convex a l l  ove r ,  while complex  g ra ins ,  with l a r g e  
n u m b e r s  of f ace s ,  tend  to be concave  upon mos t  of 
t h e i r  f a c e s ,  F ig .  9. This  happens  b e c a u s e  g r a i n s  with 
f ewer  than four teen  f aces  m u s t  have a p r e p o n d e r a n c e  
of convex f a c e s  in o r d e r  to ma in ta in  e q u i l i b r i u m  angles  
a long t h e i r  edges  and at  c o r n e r s ,  while the oppos i te  is  
t rue  of g r a i n s  having m o r e  than four teen  f aces .  Ac-  
co rd ing ly ,  the p r e s s u r e  of s u r f a c e  t ens ion  ac t s  upon 
mos t  f aces  of s imp le  g r a i n s  so as  to co l l apse  the g ra in  
and upon mos t  f aces  of comp lex  g r a i n s  so as  to en-  
l a r g e  the gra in .  Under  the d r i v ing  f o r c e  of s u r f a c e  
t ens ion  t h e r e  i s ,  then,  a t endency  for  the l a r g e r ,  m o r e  
complex ,  g r a i n s  to grow at  the expense  of the s m a l l e r ,  
s i m p l e r ,  g r a i n s .  

Both the to ta l  su r f ace  a r e a  (Sv) and the to ta l  su r f ace  
c u r v a t u r e  (My) of the g r a i n  bounda ry  in one cubic  cen -  
t i m e t e r  of s p e c i m e n  can be m e a s u r e d  by  s t a n d a r d  
me thods  of quant i ta t ive  m i c r o s c o p y .  11. The to ta l  s u r -  

*Sv = 2 N L, where N L is the number of intercepts between one cm of test line 
and grain boundary. My = u TA, where T A is the number of tangencies produced 
between grain boundary and one cm of test line in a sweep through one square 
cm of two-dimensional section. Where T A is a total, without reference to the 
sign of the curvature at each point of tangency, as is the case with the grain bound- 
ary measurement, the resulting curvature is absolute, i.e., �89 1/rl[ + I 1/r21). Here 
the components of curvature 1/rl and 1/r2 are added without reference to sign. 
The pressure acting upon grain boundary is, however, absolute only in the sense: 
�89 I(1/rl + 1/r2)l, where the net curvature at each point on the surface is added 
without reference to sign. These two kinds of absolute curvature are indistin- 
guishable for either concave or convex surface, but differ for saddle surface. In 
an equiaxed grain structure the grain faces seem to be largely devoid of saddle 
curvature, wherefore, the measurement of My without reference to sign is ac- 
ceptable. The same is not necessarily true of non-equiaxed grain types. 

f ace  c u r v a t u r e  i s  the sum of the mean  c u r v a t u r e  at  
e v e r y  point  in the to ta l  a r e a  of g ra in  bounda ry  in one 
cubic  c e n t i m e t e r  of s p e c i m e n :  

M V = f �89 + dS V (cm -z) [7] 
SV 

Like the to ta l  s u r f a c e  a r e a  (Sv), the to ta l  c u r v a t u r e  
(Mv) d i m i n i s h e s  p r o g r e s s i v e l y  with g r a i n  growth,  
F ig .  10. 

In s t e a d y - s t a t e  g r a i n  growth  the p roduc t  of the s u r -  
face  a r e a  and the s u r f a c e  c u r v a t u r e  p e r  g ra in  is  found 
e x p e r i m e n t a l l y ,  Fig .  11, to be a cons tan t  (a): 

M v ' S v  = a (uni t less )  [8] 
Nv 

This  is  a n e c e s s a r y  consequence  of the condi t ion that  
the g ra in  s h a p e s  r e m a i n  cons tan t  dur ing  s t e a d y - s t a t e  
g r a i n  growth.  The va lue  of a is  the s lope  of the graph 
MV. SV vs  NV, Fig .  11. It v a r i e s  with the d i s t r i bu t ion  
of g ra in  f o r m s  in the s y s t e m .  In the p r e s e n t  a luminum 
s e r i e s  the s p r e a d  in g ra in  f o r m s  was f r o m  3 to m o r e  
than 50 f a c e s  p e r  g ra in ,  F ig .  12, and th is  d i s t r i bu t i on  
was  ma in t a ined  a f t e r  the beginning  of s t e a d y - s t a t e  
g ra in  growth.  The va lue  of a was 1.33. If the g r a i n s  
had a l l  been  t e t r a k a i d e c a h e d r a ,  with t h e i r  f aces  n e a r l y  
f la t ,  a would have app roached  ze ro ,  b e c a u s e  MV would 
have been  v e r y  s m a l l .  The va lue  of a i s ,  thus,  a m e a -  
su r e  of a " s t r u c t u r a l  g r a d i e n t "  in the s y s t e m . *  It wi l l  

12 *It may be recalled that Zay Jeffries believed that grain growth can occur only 
in the presence of some kind of gradient, i.e., a temperature gradient, composition 
gradient, grain size gradient. 

be  shown p r e s e n t l y  that  the r a t e  of g ra in  growth is a 
l inea l  function of the magni tude  of a. 

TOPOLOGICAL PATH OF GRAIN GROWTH 

F o r  the number  of g r a i n s  to d e c r e a s e ,  while the r e l -  
a t ive  d i s t r i b u t i o n  of g r a i n  f o r m s  r e m a i n s  unchanged,  
i t  i s  n e c e s s a r y  that  g r a i n s  be lo s t  f r o m  f o r m s  with a l l  
n u m b e r s  of f a c e s  in p r o p o r t i o n  to t he i r  f r equency  in 
the d i s t r i bu t i on .  If, f u r t h e r ,  such los s  is  to occur  by  
the c o l l a p s e  of only s i m p l e  g r a in s ,  the p r o c e s s  mus t  
cons i s t  of a p r o g r e s s i v e  l o s s  of f aces ,  cu lmina t ing  in 
the c o l l a p s e  of any g r a i n  that  r e a c h e s  i ts  f o rm  of u l t i -  
mate  s i m p l i c i t y .  The topo log ica l  s t a t e s  through which 

F i g .  9 - - T y p i c a l  s h a p e s  of  s i m p l e  a n d  c o m p l e x  t y p e s  of  g r a i n s .  
T h e  f a c e s  of t he  s i m p l e  g r a i n s  a r e  m o s t l y  c o n v e x ;  t he  f a c e s  
of  t he  c o m p l e x  g r a i n s  a r e  m o s t l y  c o n c a v e .  

x 

30 

20 

10 

T 

| | | 

TIME - MINUTES 

F i g .  1 0 - - T o t a l  c u r v a t u r e  of  g r a i n  b o u n d a r y  s u r f a c e  M V a s  a 
function of annealing time in minutes at 635~ 
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Fig .  l l - - I n  s t e a d y - s t a t e  g r a i n  g r o w t h  the  p r o d u c t  of  t he  to ta l  
c u r v a t u r e  and the  to ta l  s u r f a c e  p e r  g r a i n  (Mv" S v / N v )  is  c o n -  
s t a n t  wi th  t i m e .  I ts  v a l u e  i s  (r. 

e a c h  g r a i n  m u s t  p a s s  i n  s u c h  a s e q u e n c e  a r e  i t e m i z e d ,  

up  to  25 f a c e s ,  in  T a b l e  I. T h e s e  s t a t e s  a r e  d e r i v e d  

f r o m  v a r i o u s  f o r m s  o f  E u l e r ' s  r u l e ,  C o l u m n  C c o r r e -  

s p o n d i n g  t o  E q s .  [3] ,  [4],  a n d  [5].  It  i s  a p p a r e n t  a t  o n c e  
t h a t  t h e r e  e x i s t s ,  u n d e r  c o n d i t i o n s  o f  s u r f a c e  t e n s i o n  

e q u i l i b r i u m ,  o n l y  o n e  t o p o l o g i c a l  s t a t e  f o r  a n y  g r a i n  
w i t h  a s p e c i f i e d  n u m b e r  o f  f a c e s .  

T h i s  i s  n o t  t o  s a y  t h a t  a l l  g r a i n s  w i t h  t h e  s a m e  n u m -  

b e r  o f  f a c e s  l o o k  a l i k e .  T h e  t o p o l o g i c a l  f e a t u r e s  c a n ,  

i n  f a c t ,  b e  a r r a n g e d  in  v a r i o u s  w a y s  t o  p r o d u c e  d i f f e r -  
e n t  p o l y h e d r a  w i t h  t h e  s a m e  n u m b e r  o f  f a c e s .  A s  a n  
e x a m p l e ,  t h e  h e x a h e d r o n  m a y  e x i s t  i n  c u b e - l i k e  f o r m  

w i t h  6 q u a d r i l a t e r a l  f a c e s  a n d  a l s o  a s  a m o d i f i e d  p r i s m  

w i t h  2 t r i a n g u l a r  f a c e s ,  2 q u a d r i l a t e r a l  f a c e s  a n d  2 

p e n t a g o n a l  f a c e s ,  F i g .  13 .  If t w o - e d g e d  f a c e s  w e r e  i n -  
c l u d e d ,  a d d i t i o n a l  m o d i f i c a t i o n s  o f  t h e  h e x a h e d r o n  

c o u l d  b e  c o n s t r u c t e d .  T h e  n u m b e r  o f  p o s s i b l e  v a r i a -  

t i o n s  b e c o m e s  m u c h  g r e a t e r  w i t h  t h e  m o r e  c o m p l e x  

p o l y h e d r a .  Y e t ,  t h i s  d i v e r s i t y  h a s  n o  m e a n i n g  f o r  g r a i n  
g r o w t h ,  b e c a u s e  a l l  g r a i n s  h a v i n g  a c o m m o n  n u m b e r  o f  
f a c e s  a r e  t o p o l o g i c a l l y  e q u i v a l e n t .  

In  r e d u c i n g  a g r a i n  o f  t h e  n e t w o r k  t o  o n e  h a v i n g  o n e  
l e s s  f a c e ,  t h e  t o p o l o g i c a l  c h a n g e  i s  a l w a y s  a l o s s  o f  1 

c o r n e r ,  1 f a c e  a n d  2 e d g e s ,  s e e  T a b l e  I, C o l u m n  C .  
T h i s  i s  t r u e  r e g a r d l e s s  o f  t h e  c o m p l e x i t y  o f  t h e  g r a i n ,  
i . e . ,  w h e t h e r  t h e  c h a n g e  i s  f r o m  2 f a c e s  t o  1, o r  f r o m  

25 f a c e s  to  24 .  A t o p o l o g i c a l  c h a n g e  o f  t h i s  s p e c i f i c a -  

Table I. Topology of Grains* 

D 
B C 

A Shared Features per Grain 
On the Separate Polyhedron For One Grain in the Net [C+ F E '~ 

Grain Form (C + F - E = 2) (C + F - E = 1) [4- ~ - -  ~-= 1 ) 
C F E C F E C F E 

Monohedron 0 1 0 
Dyohedron 1 2 2 
Triahedron 2 3 3 2 3 4 �89 1�89 1 
Tetrahedron 4 4 6 3 4 6 1 "2 2 
Pentahedron 6 5 9 4 5 8 1�89 25 3 
Hexahedron 8 6 12 5 6 10 2 3 4 
Heptahedron 10 7 15 6 7 12 2�89 3�89 5 
Octahedron 12 8 18 7 8 14 3 4 6 
Enneahedron 14 9 21 8 9 16 3�89 4�89 7 
Decahedron 16 10 24 9 10 18 4 5 8 
Hendecahedron 18 11 27 10 11 20 4�89 5�89 9 
Dodecahedron 20 12 30 11 12 22 5 6 I 0 
Tria-kai-decahedron 22 13 33 12 13 24 5�89 6�89 11 
Te tra.kai-decahedron 24 14 36 13 14 26 6 7 12 
Penta-kai-decahedron 26 15 39 14 15 28 6�89 7�89 13 
Hekka-kai-decahedron 26 16 42 15 16 30 7 8 14 
Hepta-kai-decahedron 30 17 45 16 17 32 7�89 8�89 15 
Octo-kai-decahedron 32 18 48 17 18 34 8 9 16 
Ennea-kai-decahedron 34 19 51 18 19 36 8�89 9�89 17 
lcosihedron 36 20 54 19 20 38 9 10 18 
Hen-kai-icosihe dron 38 21 57 20 21 40 9�89 10�89 19 
Dyo-kai-icosihedron 40 22 60 21 22 42 10 11 20 
Tria-kai-icosihedron 42 23 63 22 23 44 10�89 11�89 21 
Tet ra-kai-icosihedron 44 24 66 23 24 46 11 12 22 
Penta.kai-icosihedron 46 25 69 24 25 48 11�89 12�89 23 

*Column B is derived from the usual form of Euler's rule connecting the numbers of corners, faces and edges of an isolated polyhedron. An additional constraint has 
been imposed to fulfill the condition that the polyhedron must be constructed exclusively of edges and corners that would appear in the network as triple lines and 
quadruple points, i.e., C/2 = El3. 

Column C is derived directly from Eq. [3], setting the number of grains (iV) equal to unity and with the added constraint of Eq. [4]. 
Column D is derived from Column B, by dividing each feature by the number of neighboring grains among which it is shared in the network. 
The monohedron and the dyohedron both are capable of existence in a space network, although neither can be classified among the isolated polyhedra. 
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FACES PER GRAIN 

Fig. 12--Distribution of grain forms according to number of 
faces is unaffected by the annealing time in the course of 
steady-state grain growth. 

In the network 5 6 10 

Shared features 2 3 4 
In the network  C F Fig. 13--Two kinds of hexahedra, but the topological param- 

eters are identical. Before 3 1 3 

After  2 0 1 
tton r e p r e s e n t s  the loss  of one triangular face,  as is 
i l l u s t r a t ed  in Fig.  14. R e p r e s e n t e d  in this  sketch is a 
t r i angu l a r  face  be tween  two gra ins  and sha r ing  edges  Lost 1 1 2 
with th ree  o ther  g ra ins .  As the t h r ee  c o r n e r s  of the Fig. 14--As a pair of neighboring grains moves apart, their 
t r i ang le  come toge ther ,  t he r e  ex i s t s ,  momen ta r i l y ,  a mutual triangular face (top sketch) closes (center sketch) to 
f i v e - g r a i n  junction with s ix  t r ip l e  l ines  mee t ing  at a produce a new triple line joining two new corners (bottom 
point. Immedia te ly ,  the two or ig ina l  ne ighbors  sepa -  sketch). This occurs with a net loss of one corner, one face 

and two edges. r a te ,  pe rmi t t i ng  the o ther  th ree  gra ins  to mee t  along 
a new t r ip l e  l ine that  joins  two new quadruple  points.  
Des t royed  in this exchange a re  the t r i angu la r  face,  i ts mens  is the t r t ahedron .  This  polyhedron could co l -  
th ree  edges  and Its t h ree  c o r n e r s .  C rea t ed  a r e  one new lapse  by its two c o r n e r s  coming  toge ther ,  whereupon 
edge and two new c o r n e r s ,  r e s u l t i n g  in a net loss  of: the sys t em l o s e s :  1 grain,  2 c o r n e r s ,  3 faces  and 4 
1 c o r n e r ,  1 face  and 2 edges .  The same  r e su l t  can be edges .*  Fig.  16 and Column C of Table  I. If it be a r -  

obtained through other  sequences  of s t r u c t u r a l  t r a n s -  *The loss of the fourth edge is occasioned by the fact that the two triple lines, 
fo rmat ion ,  where in  a t r i angu la r  face  alone is lost .  Thus that had attached the ends of the triahedron to the network, are joined to be- 
the degrad ing  of complex  to s imple  g ra ins  is seen to come one triple line when the triahedral grain is gone. 

Occur by the loss ,  one at a t ime,  of t r i angu la r  faces ,  gued that co l l apse  of the t r t ahedron  occu r s  in s teps ,  
At the end of the degradat ion  sequence  l i e s  one of by f i r s t  f o rm ing  a dyohedron and then a monohedron,  

the s imple  g ra in  f o r m s ,  the monohedron,  the dyohe-  which f inal ly  shr inks  to z e r o  volume,  the net  topologt-  
dron, the t r t ahedron ,  or  the t e t r ahedron ,  Fig. 15, any cal  change ts found to be the same .  
one of which might  be capable  of d i r ec t  co l lapse  to Since the ave r age  number  of c o r n e r s ,  f aces  and 
z e r o  vo lume.  The s i m p l e s t  g ra in  that has been  f o u n d  edges  pe r  gra in  r e m a i n s  in the ra t io  6: 7: 12, Fig. 6, 
e x p e r i m e n t a l l y  in the a luminum gra in  growth spec i -  it fol lows that the e l imina t ion  of gra ins ,  in gra in  
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MONOHEDRON 
0 -1 - -0  

19YOHEDRON 
1--2--2 

TRIAHEDRON 
2 - - 3 - 4  

TETRAHEDRON 
3 - -4 - -6  Fig.  15--Topologica l  f o r m s  of the seven  

s i m p l e s t  g r a i n s ,  as  they occu r  in the g r a in  
boundary  ne twork .  The n u m b e r s  below. 
each  ske tch  denote r e s p e c t i v e l y  the c o r -  
n e r s ,  f aces  and edges  that  would be r e -  
moved f r o m  the ne twork  by the co l lapse  
of the g ra in .  

KAHEDRON 
5--6--10 

HEPTAHEDRON 
6 - 7 - - 1 2  

growth,  mus t  occur  by the r e m o v a l  of c o r n e r s ,  f aces  
and edges  in exac t ly  th is  r a t io .  This  would be a c c o m -  
p l i shed  by co l l ap s ing  6 t r i a n g u l a r  f aces  and 1 mono-  
hedron ,  o r  5 t r i a n g u l a r  f aces  and 1 dyohedron,  or  4 
t r i a n g u l a r  f a c e s  and 1 t r i a h e d r o n ,  o r  3 t r i a n g u l a r  f aces  
and 1 t e t r a h e d r o n  and so on up to 1 hep tahedron ,  for  
each g ra in  los t .  In t e r m s  of s h a r e d  f e a t u r e s  p e r  g ra in ,  
Column D of Table  I, any of these  p r o c e s s e s  is  equ iva-  
lent  to r e m o v i n g  a t e t r a k a t d e c a h e d r a l  g r a in  without 
changing the a v e r a g e  topology of i ts  ne ighbor s .  

It may  a p p e a r  r e m a r k a b l e  that  the s y s t e m  could go 
on los ing  s i m p l e  g r a i n s  and t r i a n g u l a r  f aces  without 
running  out of them.  The r e a s o n  l i e s  in an inexhaus t i -  
b le  r e p l e n i s h m e n t  of t he se  topo log ica l  uni ts .  The r e -  
mova l  of one monohed ra l  g ra in  and s ix  t r i a n g u l a r  f aces  
t akes  a to ta l  of 13 f a c e s  away f rom g r a i n s  that  r e m a i n  

in the  sys t e /n .*  This  is  p r e c i s e l y  the number  r e q u i r e d  

*Each triangular face of the network belongs to two grains and thus removes 
faces from two grains when it collapses. The surface of the monohedron also be- 
longs to two grains, but only one of these grains remains in the system, after its 
collapse. Thus: 6 X 2 + 1 = 13. 

to r educe  one a v e r a g e  t e t r a k a l d e c a h e d r a l  g r a i n  to a 
monohedron .  The s a m e  a r g u m e n t  app l i e s  to g r a i n s  of 
i n c r e a s i n g  number s  of f ace s ,  up to the hep tahedron .  
Thus,  the c o l l a p s e  of a s i m p l e  g ra in  s e r v e s ,  on the 
a v e r a g e ,  to p rov ide  a new g ra in  of the s a m e  kind.  

The r e m o v a l  of one t r i a n g u l a r  face  c a r r i e s  away 
one edge f rom each of s ix  f a c e s  that  r e m a i n  in the s y s -  
t em and g ives  new edge to t h r e e  o the r  f aces ,  t ak ing  
away a d i f f e rence  of t h r e e  edges .  The c o l l a p s e  of s ix  
t r i a n g u l a r  f aces  with one monohedron  (a to ta l  of 7 
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In the network N C F E 

Before 1 2 3 5 

After 0 0 0 1 

Lost 1 2 3 4 

Fig. 16--A triahedral  grain (top sketch) collapses (center 
sketch) leaving one tr iple line (bottom sketch). This occurs 
with a loss of one grain, two corners,  three faces and four 
edges. 

f aces )  r e m o v e s  18 edges  f rom f a c e s  that  r e m a i n  in 
the s y s t e m .  Since the a v e r a g e  face  of an i so l a t ed  
t e t r a k a i d e c a h e d r a l  g r a in  has  36/7 edges ,*  i t  i s  a p p a r -  

*Each edge is shared by two faces of the tetrakaidecahedron. Hence, the 36 
edges of the separale tetrakaidecahedron, Column B of Table 1, are divided by 7, 
that is half the number of faces of the tetrakaidecahedron, in order to obtain the 
average number of edges per face. 

ent  that  the r e m o v a l  of 18 edges  f r o m  the s y s t e m  is 
j u s t  enough to r educe  seven  a v e r a g e  f a c e s  to s ix  t r i -  
angu la r  f aces  and one e d g e l e s s  face ,  thus r e p l a c i n g  
the s ix  c o l l a p s e d  t r i a n g u l a r  f a c e s  and the e d g e l e s s  
face  of the monohedron .  

The sha r i ng  of a t r i a n g u l a r  face  be tween  two g r a i n s  
o c c u r s  m o s t l y  when the c e n t e r s  of the g r a i n  p a i r  a r e  
n e a r i n g  m a x i m u m  spac ing  without pa r t i ng .  Continued 
s e p a r a t i o n  of the g ra in  c e n t e r s ,  with the lo s s  of the 
t r i a n g u l a r  face ,  is  a na tu r a l  consequence  of g ra in  
growth.  The g r a i n s  that  cons t i tu te  the s e p a r a t i n g  pa i r  
a r e  mos t  l ike ly  to cons i s t  of one g ra in  with fewer  than 
14 f a c e s  and one with m o r e  than 14 f a c e s  (or both with 
14 faces) ,  b e c a u s e  the convexi ty  of face  of the s i m p l e r  
g r a i n s  mus t  be ma ted  to the concav i ty  of face  of the 
m o r e  complex  g r a in s .  F o r  th is  r e a s o n ,  g ra in  c o m p l e x -  
i ty  does  not e n t e r  into the p r o b a b i l i t y  of the loss  of a 
t r i a n g u l a r  face .  This  p r o b a b i l i t y  is  equal  for  a l l  g r a in s .  
As a r e s u l t ,  f aces  a r e  los t  f r om each  topo log ica l  fo rm 
of g r a i n  in p ropo r t i on  to i ts  f r equency  in the d i s t r i b u -  
t ion.  This  main ta ins  a cons tan t  d i s t r i b u t i o n  of topolog-  
i ca l  g r a i n  f o r m s ,  fu l f i l l ing  the r e q u i r e m e n t  of s t e a d y -  
s t a t e  g ra in  growth and account ing  for  the cons tan t  value  
of a. 

F r o m  the foregoing  it is  a m p l y  appa ren t  that  ex ten-  
s ive  mig ra t i on  of the g ra in  bounda ry  i s  r e q u i r e d  for  

g r a i n  growth to p r o c e e d .  The g r e a t  v igo r  and f r e -  
quency with which g r a i n  b o u n d a r i e s  sweep back  and 
for th  dur ing  g ra in  growth has  been  documented  in m o -  
t ion p i c tu r e  s tud ies  upon g ra in  growth in y - i r o n  by  
Grube  and Rouze.  xs 

THE TOPOLOGICAL TRANSFORMATION 

The topological changes that constitute grain growth 
are immune to being driven by any direct force, be- 
cause they are independent of any Euclidean dimension 
of the structure. Physical force can act directly to 
change a volume, an area, or a length, but it cannot 
change a number. Topological transformations sim- 
ply happen when the Euclidean dimensions of some 
part of the system chance to pass through zero. This 
occurs when a grain goes to zero volume and when a 
triangular face goes to zero area, or is created. Such 
events  can occu r  only a s  g r a i n  bounda ry  sweeps  
through the s y s t e m .  

It can be deduced that  the vo lume swept  by the g ra in  
bounda ry  is  a lways  the s a m e  for  the d i s a p p e a r a n c e  of 
one a v e r a g e  g ra in  and the r e a d j u s t m e n t  of the r e m a i n -  
ing g r a i n s  to equ iaxedness ,  i r r e s p e c t i v e  of the s ize  of 
the a v e r a g e  gra in .  This  p r i n c i p l e  is  mos t  r e a d i l y  un- 
d e r s t o o d  by  r e f e r e n c e  to a o n e - d i m e n s i o n a l  analog.  
Cons ide r  a thin rod  d iv ided  a long i ts  length into 
" g r a i n s "  of equal  length,  F ig .  17. Let  one g r a i n  be  
r e m o v e d  by  sweeping  i t s  " b o u n d a r y "  to the end of the 
rod  and r e a d j u s t  the r e m a i n i n g  g r a i n s  to equal  s i ze .  
In th is  p r o c e s s ,  tt  is  ev ident  that  bounda ry  has  swept  
through half  the length of the rod .  The s a m e  is t rue  
whether  the rod  goes f rom t h r e e  g r a i n s  to two, f r o m  
four  to t h r ee ,  or  f rom any number  to one l e s s .  A 
t h r e e - d i m e n s i o n a l  mode l  can be c o n s t r u c t e d  by  p l a c -  
ing g r a i n s  in concen t r i c  she l l s ,  F ig .  18. When the 
c e n t e r  g ra in  i s  co l l apsed ,  the ad ju s tmen t  of the r e -  
ma in ing  she l l s  to equal  spac ing  ( app rox ima te ly  equiv-  
a lent  to equiaxing  the g ra ins )  c a u s e s  the she l l  bounda-  
r i e s  to sweep a to ta l  of one q u a r t e r  of the to ta l  vo lume 
of the s p h e r e .  The next  such event  c e n t e r s  upon a co l -  
l aps ing  g ra in  loca ted  r a n d o m l y  e l s e w h e r e  in the s y s -  
t em,  thus ma in ta in ing  an i so t ropy  of g r a i n  shape .  This  
r e s u l t  can be obta ined  g raph ica l ly ,  or  it  can be de -  
r i v e d  ana ly t i c a l l y ,  a s  has  been  done by  R. T. DeHoff 
in an Appendix to th is  p a p e r .  

Although mode l s  of th is  kind p o s s e s s  a d e g r e e  of a r -  
t i f i c i a l i t y ,  it  i s  c l e a r  f rom them that  a f ixed  r e l a t i o n -  
ship ob ta ins  be tween the number  of g r a i n s  e l i m ina t ed  
and the vo lume swept  by  g ra in  bounda r i e s ,  in m a i n t a i n -  
ing a su r f ace  tens ion  equ i l i b r i um s t r u c t u r a l  s t a t e .  This  
g e o m e t r i c  cons tan t  p r o v i d e s  a l ink be tween  the Euc l i d -  
ean d i m e n s i o n a l  change and the topo log ica l  change in 
number .  In so doing,  i t  opens  the way for  a d i r e c t  a n a l -  
y s i s  of the k ine t i c s  of the topo log ica l  t r a n s f o r m a t i o n  
that  cons t i t u t e s  s t e a d y - s t a t e  g r a i n  growth.  The " s w e e p -  
cons tan t  O "  sha l l  be def ined as  the number  of g r a in s  
lo s t  when the g ra in  boundary  sweeps  through one cubic 
c e n t i m e t e r  of the m a t e r i a l .  Its units  a r e  number ,  
which is  to say  that  the sweep  cons tan t  is  d i m e n s i o n -  
l e s s .  Upon the b a s i s  of the s p h e r i c a l  mode l  i t  wil l  be 
e s t i m a t e d  that  the va lue  of O is  4. 

RATE OF GRAIN GROWTH 

The grain size having been defined as I/Nv, grain 
growth becomes the time rate of increase in 1INv. 
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Fig. 17--A one-dimensional model of grain growth, showing 
that boundary sweeps through half the length (gray zones) 
when a "gra in"  is collapsed and the remaining "gra ins"  
are adjusted to equal volume. The boundaries before growth 
are represented as heavy lines, after growth as light lines. 

To d e t e r m i n e  the r a t e  of g ra in  growth it is  n e c e s s a r y  
only to know how many g r a i n s  a r e  los t  in unit t ime .  
Making use of the sweep cons tan t  D, th is  in fo rmat ion  
can be d e r i v e d  f rom the r a t e  of sweep of the g ra in  
bounda ry  under  the f o r c e  of s u r f a c e  tens ion .  

The a v e r a g e  p r e s s u r e  (P) e x e r t e d  upon a point  on 
the g r a i n  bounda ry  is  the p roduc t  of the su r f ace  t en-  
s ion (~) and the a v e r a g e  mean  c u r v a t u r e  (Mv /Sv )  , 
which l a t t e r  is  the to ta l  c u r v a t u r e  (Mv) in one cubic  
c e n t i m e t e r  of m a t e r i a l  d iv ided  by the to ta l  a r e a  of 
g r a i n  bounda ry  (Sv) in one cubic  c e n t i m e t e r .  Thus:  

P = Y M v / S  v ( d y n e s / c m  2) [9] 

The to ta l  f o r c e  (F) is  the p roduc t  of the p r e s s u r e  (P) 
and the s u r f a c e  a r e a  (Sv) in one cubic c e n t i m e t e r  of 
m a t e r i a l :  

F = $M V ( d y n e s / c m  3) [10] 

If the mob i l i t y  of the bounda ry  be def ined as  /x, the 
number  of c e n t i m e t e r s  of m i g r a t i o n  of the boundary  
in one second,  under  a fo rce  of one dyne, the number  
of sweeps  made  by  a l l  of the g ra in  bounda ry  through 
one cubic  c e n t i m e t e r  of the m a t e r i a l  in one second  
wil l  be the p roduc t  of the m o b i l i t y  (p),  the f o r c e  (F) 
and the su r f ace  a r e a  (Sv):  

uyMv S v ( c m  -3 sec  -1) [11] 

The number  of g r a i n s  los t  p e r  cubic c e n t i m e t e r  in one 
second  then b e c o m e s  : 

Op$MvS V (cm "3 sec  "1) [12] 

The to ta l  vo lume t r a n s f e r r e d  f rom the lo s t  g r a i n s  to 
the r e m a i n i n g  g r a i n s  is  the p roduc t  of the number  of 
g r a i n s  los t  p e r  cubic  c e n t i m e t e r  and the vo lume of the 
a v e r a g e  g ra in  (1/Nv): 

Ot t~/MvSv/Nv (sec -1) [13] 

The ave rage  growth p e r  g ra in  is  obta ined  by dividing 
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Fig. 18--A three--dimensional model of grain growth, showing 
concentric shells of boundary sweeping through one quarter 
of the volume, when the central grain is collapsed and the 
shells are adjusted to equal spacing. The total sweep fraction 
is evidently independent of the number of shells.  The next 
collapse occurs randomly elsewhere in the system, thus, 
maintaining equiaxedness of the grain structure. 

the to ta l  vo lume t r a n s f e r r e d  by  the number  of g r a i n s  
in one cubic  c e n t i m e t e r  of the m a t e r i a l :  

O~yM V Sv/Nev (cm3/s)  [14] 

Subst i tu t ing the s t r u c t u r a l  g r a d i e n t  (a) f r o m  Eq. [8]: 

OIz~'(Y/N V (cm3/s)  [15] 

This  i s  the vo lume i n c r e a s e  p e r  g r a i n  p e r  second.  In 
t ime  ( t ) t he  vo lume i n c r e a s e  p e r  g r a i n  i s :  

Ouyat /Yv  (cm s) [16] 

The a v e r a g e  g r a i n  vo lume at  t i m e  (t) is  the a v e r a g e  
g ra in  vo lume at  t ime  z e r o  p lus  the vo lume i n c r e a s e  
of the in i t i a l  a v e r a g e  g r a i n  in t ime  (t): 

1/(Nv)  t= 1/(NV)o{I + OuT(Yt} (cm s) [17] 

S t e a d y - s t a t e  g ra in  growth,  e x p r e s s e d  as  the i n c r e a s e  
in the vo lume of the a v e r a g e  gra in ,  is  thus expec ted  to 
be p r o p o r t i o n a l  d i r e c t l y  with the t i m e ,  a s  is  found ex -  
p e r i m e n t a l l y ,  Fig .  19. 

DISC USSION 

It has not been required, in developing the foregoing 
rate law, to introduce any arbitrarily adjustable param- 
eter, as has been done in the usual expression 14 of 
grain growth kinetics. Each factor in the expression 
is fully defined and growth is described uniquely, using 
only fundamental properties of the material. This has 
resulted from applying a topological analysis to a topo- 
logical problem, instead of using the usual Euclidean 
approach, in which adjustment factors are introduced 
in an effort to compensate for the omission of topolog- 
ical considerations. 

The grain growth observations that exist presently 
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Fig. 19--Grain volume 1IN V is found to be a linear function 
of the time of isothermal annealing of the aluminum. The 
larger  range of uncertainty at long time results  from the 
greater  difficulty in sampling the coarser  grained material.  

in the l i t e r a t u r e  a r e  unava i lab le  for  c o m p a r i s o n  with 
the p r e s e n t  r e s u l t ,  b e c a u s e  none can be t r a n s l a t e d  into 
g r a i n  vo lume growth.  A r e v e r s e  c o m p a r i s o n  is p o s s i -  
b le ,  however ,  b e c a u s e  mean  i n t e r cep t  m e a s u r e m e n t s  
have been  made  upon the s p e c i m e n s  sub jec t ed  to s e r i a l  
s ec t ion  a n a l y s i s .  The mean  i n t e r cep t  r e a d i n g s  give a 
va lue  for  the exponent  (n) in the e x p r e s s i o n  D = kt n of 
0.43, which is a l m o s t  i den t i ca l  with the exponent  r e -  
po r t ed  by Beck et al.  ~4 for  pu re  a luminum.  This  c o r -  
r e spondence  is  unde r s tood  to mean  that  the m a t e r i a l  
that  has  been  eva lua ted  topo log ica l ly ,  in the p r e s e n t  
s tudy,  i s  t yp i ca l  of m a t e r i a l s  that  have p rov ided  the 
b a s i s  fo r  p r i o r  e x p r e s s i o n s  of g r a i n  growth k ine t i c s .  

If a t rue  a v e r a g e  g ra in  d i a m e t e r  is  computed  f rom 
the s e r i a l  s ec t ion  m e a s u r e m e n t s  and is used  to eva lu -  
ate (n) in the e x p r e s s i o n  D = kt  n,  a va lue  c lose  to 0.33 
is  obta ined.  This  is  cons i s t en t  with p r o p o r t i o n a l i t y  of 
g ra in  vo lume to the t i m e .  The d i f f e rence  be tween this  
and the mean  i n t e r c e p t  r e s u l t  is  b e l i e v e d  to a r i s e  f rom 
the d i f fe ren t  s e n s i t i v i t y  of the two m e a s u r e m e n t s  to 
s u r f ace  a r e a ,  The mean  in t e rcep t ,  be ing  the i n v e r s e  
of g r a i n  bounda ry  a r e a ,  is  h ighly  s ens i t i ve  to changes  
in s u r f a c e  a r e a .  The g r a i n  vo lume,  be ing  independent  
of s u r f a c e  a r e a ,  no t i ces  only changes  in topology,  i . e . ,  
the  n u m b e r  of g r a in s ,  c o r n e r s ,  f a c e s  and edges .  The 
e s t a b l i s h m e n t  of a s t e a d y - s t a t e  with r e s p e c t  to the 
topo log ica l  p a r a m e t e r s  a p p e a r s  to occu r  long be fo re  
a r e a l l y  s t eady  s ta te  with r e s p e c t  to g r a i n  shape has  
been  ach ieved .  The l a r g e r  va lue  of (n) r e s u l t i n g  f rom 
the mean  i n t e r cep t  m e a s u r e m e n t s  p r o b a b l y  inc ludes  
some  a r e a  d e c r e a s e  r e s u l t i n g  f r o m  a cont inued ap-  
p roach  to equ iaxedness ,  a s  wel l  a s  a r e a  d e c r e a s e  a s -  
s o c i a t e d  with the e n l a r g e m e n t  of the g r a i n s  p e r  se .  It 
has  a l so  been  no t iced ,  in the p r e s e n t  e x p e r i m e n t a l  s tud-  
i e s ,  that  the mean  i n t e r cep t  va lues  d i s p l a y  much g r e a t e r  
s e n s i t i v i t y  to p r o x i m i t y  to e x t e r n a l  s u r f a c e  than do the 
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t opo log ica l  m e a s u r e m e n t s .  A d i s t o r t i on  of the s u r f a c e  
and nea r  s u r f a c e  g r a i n s  away f rom equiaxed shape  is ,  
of c o u r s e ,  to be  an t i c ipa ted .  

The discovery of the structural gradient (~) and of 
means  for  i ts  eva lua t ion  opens a p r o m i s i n g  avenue for  
fu ture  inves t iga t ion  and deve lopment .  This  f ac to r ,  
which is so impor t an t  in e s t a b l i sh ing  the growth po ten-  
t i a l  of the g ra in  s t r u c t u r e ,  doub t less  d e r i v e s  i ts  m a g -  
ni tude f rom the manne r  in which the in i t i a l  g r a i n  bound-  
a r y  ne twork  is  c r e a t e d .  If a l l  g r a in  c e n t e r s  were  to o c -  
cur  upon a p a t t e r n  of t h r e e - d i m e n s i o n a l  equa l ly  spaced  
po in ts ,  the s y s t e m  would be made  up l a r g e l y  of t e t r a  ~ 
k a i d e c a h e d r a l  g r a i n s ,  of n e a r l y  un i form s ize ,  with 
n e a r l y  f la t  f a c e s  and with a app roach ing  ze ro ,  b e c a u s e  
the abso lu te  c u r v a t u r e  ( M v )  would be v e r y  s m a l l .  Such 
a d i s p e r s i o n  might  r e s u l t  f r o m  the growth of a s y s t e m  
of g r a i n s  f rom s i m p l e  po lygoniza t ion .  The s m a l l  va lue  
of a would be cons i s t en t  with the commonly  o b s e r v e d  
s t ab i l i t y  of s u b - g r a i n  s t r u c t u r e s .  Cold work,  fol lowed 
by  r e c r y s t a l l i z a t i o n ,  is  l i ke ly  to give an inhomogene-  
ous d i s t r i bu t i on  of g r a i n  c e n t e r s ,  r e s u l t i n g  in a h igher  
va lue  of a. It m a y  be con j ec tu r ed  tha t  a would m a x i -  
mize  for  l ight  de fo rma t ions ,  where  the inhomogene i ty  
is  expec ted  to be g r e a t e s t  and the r a t e  of g ra in  c o a r s -  
ening is  commonly  l a r g e .  Thus,  the eva lua t ion  of a 
p r o v i d e s  a tool  by  which the g r a i n  fo rm d i s t r i bu t i on  
can be s tudied.  

The p roduc t  ~V can a l so  be eva lua ted  f rom the s e r i a l  
sec t ion  and quant i ta t ive  m i c r o s c o p y  m e a s u r e m e n t s .  In 
the p r e s e n t  ca se ,  a s s u m i n g  O = 4, th is  p roduc t  i s  found 
to be a p p r o x i m a t e l y  2.6 • 10 -a sec  -1. Where  ~ is  known, 
the va lue  of g is  i m m e d i a t e l y  a c c e s s i b l e  through the 
m e t a l l o g r a p h i c  r e a d i n g s .  In the ca se  of a luminum,  the 
g r a i n  boundary  ene rgy  has  not been m e a s u r e d ,  but  t h e r e  
a r e  d e t e r m i n a t i o n s  of the e x t e r n a l  s u r f a c e  tens ion,  
r ang ing  f r o m  500 to 900 dynes  p e r  cm.  Upon this  b a s i s ,  
i t  a p p e a r s  that  the g r a i n  boundary  s u r f a c e  t ens ion  
should be  of the o r d e r  of a few hundred  dynes ,  p r o b a -  
b ly  not g r e a t e r  than 500 dynes  p e r  cm.  If the f igu re  
500 be accep ted ,  the value  of  the mob i l i t y  (~) b e c o m e s  
5 )<10 -6 c m / d y n e  s .  

T h e r e  a r e  aga in  no va lues  of the  mob i l i t y  in the l i t -  
e r a t u r e  that  can be  c o m p a r e d  with th is  e s t i m a t e ,  b e -  
cause  a l l  r e c o r d e d  m e a s u r e m e n t s  involve b o u n d a r i e s  
in d i r e c t  contac t  with e x t e r n a l  su r f ace ,  a s  wel l  as  o ther  
compl i ca t i ons .  Mobi l i ty  in the s e m i - i n f i n i t e  ne twork  
m a y  be r e g a r d e d  as  a fundamenta l  p r o p e r t y  of the m a -  
t e r i a l ,  b e c a u s e  i t  is  r e l a t i v e l y  uninf luenced by e x t e r n a l  
condi t ions .  Its d e t e r m i n a t i o n  is ,  t h e r e f o r e ,  d e s i r a b l e .  
This  may  be a c c ompl i she d ,  in c a s e s  where  ~ is  not a l -  
r e a d y  known, by  newly m e a s u r i n g  ~ through the use  of 
the s i n t e r i n g  technique,  1~ combined  with the method of 
g r a i n  bounda ry  grooving.  ~ 

All  of the fo rego ing  has  dea l t  with the behav io r  of a 
s e m i - I n f i n i t e  ne twork  of a s ingle  kind of i n t e r f ace .  
Where ,  through the p r e s e n c e  of another  phase ,  a s e c -  
ond kind of in t e r f ace  is  p r e s e n t ,  it  b e c o m e s  a pa r t  of 
the ne twork  and the p r o p e r t i e s  of the ne twork  a r e  mod i -  
f ied acco rd ing ly .  In mos t  c a s e s  the added in t e r f ace  is  
r e l a t i v e l y  i m m o b i l e .  Topolog ica l  p r o c e s s e s  involving 
such in t e r f ace  a r e  then l im i t e d  to the t r a v e r s e  of t r i p l e  
l ines  a c r o s s  the s t a t i o n a r y  su r f ace ,  the ext inc t ion  of 
g r a i n s  at  the f ixed s u r f a c e  and the a t t a chemen t  and de-  
t achmen t  of g r a i n  bounda ry  f rom contac t  with the s e c -  
ond phase .  Al l  such p r o c e s s e s  involve i n c r e a s e d  en-  
e r g i e s  and a r e  l i ke ly  to be r e l a t i v e l y  s low.  This  de -  
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t e r s  the prog re s s  of grain growth and constitutes what 
has been called "pinning."  Obviously, this subject 
could be approached by the topological route with defi- 
nite advantage. It is, however, a much la rger  subject 
than the one present ly  undertaken. 

Finally, it should be observed that many of the fea-  
tures  of mtcros t ruc ture ,  in general,  have the charac-  
t e r i s t i cs  of a topological continuum. Matters  dealing 
with their  measurement  and with the kinetics of their  
change should be made both eas ie r  and more  exact by 
analyzing them through their  topological proper t ies .  

SUMMARY 

1) Recognizing grain growth as a topological p ro-  
cess ,  grain size is defined as the average  grain vol-  
ume, obtained by taking the rec iproca l  of the number 
of grains in unit volume 1 I N  V. 

2) It has been found experimental ly  that all grain 
corners  a re  quadruple points, that all g r a in  edges a re  
tr iple lines and that, during s teady-s ta te  grain growth, 
the average  grain is topologically a te t rakatdecahe-  
dron, with corners ,  faces and edges in the rat io 6: 7: 12. 

3) The susceptibil i ty of a specific mater ia l  to under- 
go s teady-s ta te  grain growth depends upon a s t ructura l  
gradient (e) which is experimental ly  constant and which 
is equal to the product of the total curvature  and the 
total sQrface a rea  per  grain: a = M V .  S V / N V .  

4) The number of grains eliminated when the grain 
boundary sweeps through unit volume of the mate r ia l  
is a Constant O, independent of the size of the grains,  
and the identity of the mater ia l .  

5) It has been demonstrated that the s t ructural  
changes required to implement s teady-s ta te  grain 
growth, i . e . ,  magnification without net shape change, 
can occur as a logical sequence of topological t r ans -  
formations in the grain boundary network. 

6) The average  grain volume ( 1 / N v )  increases  lin- 
ear ly  with t ime.  The ra te  of increase  in the average 
grain volume is proport ional  direct ly to the mobility 
(p), the grain boundary surface tension (y) and the 
s t ructura l  gradient (a) of the grain boundary network. 
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APPENDIX 

Volume Swept Out By Grain Boundaries Due To The 
Annihilation Of The Average Grain; Spherical 

Shell Model 

ROBERT T. DeHOFF 

I. For the i- th shell, before the grain annihilates, 

r i (before) ;  i(Rn-~) 

where R o is the radius of the sample.  
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[1] 

A) The location of this same shell  af ter  annihilation 
is 

r i (after)= ( i -  1)(R~~ [2] 

because i t  is now the ( i -  1)-st shell of (n - 1). 
1I. The volume i t  sweeps tn going from r i (before) to 

r i (after) is 

A V  i = { ~ [r i (before)] 3 - ~ ~ [r i (after)] a 

= ~ .  i - { ~  (n-l) J 

[(:--;- :,, 

A) The fraction of the total volume swept by the i - th 
shell is 

} nR'o k (n - 1) J [4] 

III. The total volume fract ion swept by the motion 
of all ( n -  1) spheres  (the n-th, or  outside, sphere  does 
not move) is 

.-i ._1 [(j_). ('-'il ~xv~= D AVv~= D - [ s ]  
i=1 i=1 \ n - -  1 / J  

A) The r e s t  is s imply the evaluation of these sums.  
IV. Introduce  a new index: 

j = ( i -  1) [6] 

o r  

i = j + l  

A) Then the second t e r m  in Eq. [5] can be written: 

[71 i=, f ~  (n-  1) 3 

B) To make the sums run over  the same limits,  the 
f i r s t  t e r m  may be written: 

n-, i '  ~ i '  ( n - l ) '  

- :  = - -  + n ~ [ a ]  i= 1 n i=t n" 

(Simply writing the last  t e r m  explicitly). 
C) Since, f o r j  = 0, the q u a n t i t y j 3 / ( n  - 1) 3 = 0, Eq. [7] 

may be written: 

~=, ~ , , _  : j = ~ [91 
j=l ( n - l )  a 

D) Put Eqs. [8] and [9] back into [5] to get: 

AVv_ ( n - l ) '  ~ ia ~a ja 
na i=: ~ - j=l ( n -  1) a 

n-2 7/-a 

1) Since ~ i a - ~ ja [what the index symbol is 
i =1 j =: 

does not affect the sum.] 

n3 + i=z (n 1) ~ [10] 

2) Since it can be shown that: 
m 
D i s = [ �89  + 1)] 2 
i=1 

[11] 
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a )  In  t h e  p r e s e n t  e x a m p l e ,  t h e  u p p e r  I n d e x  o n  t h e  

s u m  i s :  
n AVv n AV v n AVv 

m =  n -  2 2 0.1250 8 0.2455 18 0.2492 
3 0.2082 9 0.2465 20 0.2493 
4 0.2291 10 0.2472 25 0.2496 

( c o m p a r e  [11]  t o  [10] ) .  5 0.2375 12 0.2481 30 0.2497 
3)  T h u s :  6 0.2416 14 0.2486 40 0.2498 

7 0.2446 16 0.2489 50 0.2499 

u {I 1 1 ~Vv = (~-i) s + {�88 "~} ~, 
n' ( n -  1) 3 

[12] 

N o w  e v e r y t h i n g  i s  in  t e r m s  o f  n ,  t h e  n u m b e r  o f  

s p h e r e s  i n  t h e  s y s t e m  b e f o r e  a n n i h i l a t i o n .  

E )  E q .  [12]  c a n  b e  s i m p l i f i e d  b y  p u t t i n g  e v e r y t h i n g  
o v e r  a l e a s t  c o m m o n  d e n o m i n a t o r ,  4 n  s (n  - 1) .  T h e n :  

4nS ( n -  1) 
"[4 ( n -  1) 4 + ( n -  2)9[(n - 1) s -  nS]} 

[13] 

A V v  - 

1) E x p a n d  e v e r y t h i n g  t o  s e e  w h a t  c a n c e l s :  

1 { 4 [ n 4 - 4 n  a + 6 n  z -  4 n  + 1] 
A V v -  4n s(n-1) 

+ [n z-4n+4][n s-3n 2+3n- l -ns ] }  

1 ] [14]  
( n Z - n )  

1[ 
A V  v = - ~  1 

V.  T a b u l a t e d  V a l u e s :  
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