
Mathematical Representation of 
Thermodynamic Properties in Binary 
Systems and Solution of 
Gibbs-Duhem Equation 

C. W. BALE AND A. D. PELTON 

The s torage,  r e t r i eva l ,  and manipulation of thermodynamic data with the aid of a computer  
r equ i res  accura te  analyt ical  represen ta t ion  of thermodynamic p roper t i e s  of solutions. In 
the p resen t  paper ,  a c r i t i ca l  a s se s smen t  is  made of s imple  power s e r i e s  expansions 
and their  l imita t ions  in represen t ing  thermodynamic p roper t i e s  over the ent i re  compos i -  
tion range of a b inary  sys tem.  The advantages of cer ta in  orthogonal s e r i e s  as an a l t e rna -  
tive method of representa t ion  is also d iscussed .  Pa r t i cu l a r  emphas is  is  placed upon 
s e r i e s  represen ta t ions  which use Legendre polynomials  due to the i r  s impl ic i ty  and the 
fact that the i r  functional form is consis tent  with empi r i ca l  observat ions  of solution be-  
havior .  Since the coefficients of orthogonal s e r i e s  a re  independent of each other  when the 
ent i re  composit ion range of a b inary  sys tem is r epresen ted ,  any thermodynamic p roper ty  
can be fitted to any des i r ed  degree of accuracy by a finite number  of t e r m s  without the 
necess i ty  of s tor ing a la rge  number of significant digi ts .  Also,  because the coefficients 
a re  uneor re la ted ,  they are  amenable to mathemat ica l  interpolat ion and extrapolat ion as 
well as to physical  in terpre ta t ion.  The re la t ionships  between coefficients of s e r i e s  ex-  
pansions of al l  pa r t i a l  and in tegra l  p roper t i e s  for the genera l  case have been der ived 
using the Gibbs-Duhem equation. 

MODERN advances in computer  technology have c r e -  
ated an increas ing  necess i ty  to have an analyt ica l  r e p -  
resenta t ion  of the thermodynamic p rope r t i e s  of b inary  
sys tems  for  purposes  of: i) data s to rage  and re t r i eva l ,  
and ii) data manipulation, as for example in phase d ia-  
gram,  Gibbs-Duhem, and chemical  equi l ibr ium ca lcu-  
lat ions.  

Until now, s imple power s e r i e s  expansions in t e r m s  
of mole f rac t ions  have been used a lmos t  exclusively 
for these purposes .  The fact that the coefficients of a 
power s e r i e s  expansion a re  highly interdependent 
means that a la rge  number of significant digits  must 
be re ta ined  in s torage and in the calculat ions for al l  
but the s imples t  sys tems .  Fur the rmore ,  for  many sys -  
tems in which the thermodynamic p rope r t i e s  va ry  in a 
more  complicated way with composit ion it is imposs i -  
ble to adequately r ep re sen t  the p roper t i e s  by a s imple 
power s e r i e s  at all .  This problem may be pa r t i a l ly  
rec t i f ied  by data s torage and r e t r i eva l  using "sp l ine  
funct ions ."  That is, a number of isolated data points 
a re  s tored,  and these a r e  connected by a s e r i e s  of in- 
te rpola t ing  functions. However, this  makes the task of 
data extrapolat ion,  comparison,  and manipulation a rdu-  
ous. 

Through the use of orthogonal s e r i e s  expansions, one 
can re ta in  the advantages of express ing  p roper t i e s  by 
one s imple  equation, while avoiding the need to s tore  
and manipulate large  numbers  of significant digi ts ,  
for even the most  complicated of sys t ems .  F u r -  
the rmore ,  since the coefficients of orthogonal expan- 
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s ions a r e  completely uncorre la ted  with one another,  
they provide an easy  method of compar ison  between 
sys tems ,  and they a re  more amenable to physical  in-  
t e rpre ta t ion .  The pa r t i cu la r  orthogonal s e r i e s  chosen 
should have a functional form s i m i l a r  to that of the 
thermodynamic p rope r t i e s  being fitted, and should be 
easy  to manipulate mathemat ical ly .  In the present  
work, seve ra l  orthogonal s e r i e s  represen ta t ions  a re  
examined, and pa r t i cu la r  emphasis  is placed upon the 
advantages of the Legendre s e r i e s  of orthogonaI poly-  
nomials .  

SIMPLE POWER SERIES EXPANSION 

Any integral excess thermodynamic property, o) E, 
or any partial excess property of component A, w~, 
or of component B, t~ E, in the binary system A-B, 
may be expres sed  as a s imple  power s e r i e s  expansion 
of the mole fract ion:  1 

~ 7  = x A x ~  (qo + q ~ X B  + q~X:B + . . . . .  ) [1] 
~+~ -- ~ <~o + ~ , x 8  + ~ + . . . . .  / [2] 

+~ : x ~  + o  + b , X B  + b : ~  + . . . . .  ) [3] 

where X A and X B are  the mole f ract ions ,  and w is any 
thermodynamic p roper ty  such as G, H, S, and so forth. 
Excess  p roper t i e s  a re  p re fe rab le  in such s e r i e s  expan- 
sions,  since they remain  finite in the dilute regions.  

The s imple  power s e r i e s  expansions in the form 
shown above a re  wel l -behaved in the dilute regions.  
For  example,  a~A = 0 when X B = 0, and Raoult 's  Law, 
d a f t  A / d X  B - -  0 as  X B  - -  O, is  obeyed. The thermody-  
namic re la t ionships  between the coefficients of Eqs. 
[1] to [3] a re  der ived in Appendix 1 by differentiat ion 
of Eq. [I]. These a re :  
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b n = ( n + l ) q  n [4] 

a n = (n + 1)(q n - qn-,~) [5] 

n + l  
an =bn - n + 2  " bn+l [6] 

Thus,  ff v a l u e s  of any  one of the p r o p e r t i e s  w E,  r or  
o P  B a r e  known at  v a r i o u s  compos i t i ons ,  then a l e a s t  
s q u a r e s  r e g r e s s i o n  a n a l y s i s  to obta in  the coef f i c ien t s  
an, bn ,  or  qn of the m e a s u r e d  p r o p e r t y ,  fol lowed by  
app l i ca t ion  of the above  r e l a t i o n s h i p s ,  wi l l  g e n e r a t e  
the  funct ional  b e h a v i o r  of a l l  t h r e e  t h e r m o d y n a m i c  
p r o p e r t i e s  ove r  the  c o m p o s i t i o n  r ange  in ques t ion .  

F o r  e x a m p l e ,  fo r  a s y s t e m  where  one coef f ic ien t  is  
suf f ic ien t  to d e s c r i b e  the  m e a s u r e d  p r o p e r t y ,  then, 
f r om Eqs.  [4] to [6]: 

ao = be = qo [7] 

If the r e l a t i v e  m o l a r  en tha lpy  can be d e s c r i b e d  by  one 
coef f ic ien t ,  then we speak  of a " r e g u l a r  s o l u t i o n " :  

Ah = q o X A X B  [8] 

AhA = qoX~B [9] 

~Xh B = q o X~4 [10] 

Or,  in a " s u b - r e g u l a r "  so lu t ion  where  ~xh is  adequa te ly  
d e s c r i b e d  by  two coe f f i c i en t s :  

~h = X A X  B (qo + q , X B )  

and so,  f r o m  Eqs.  (4-5):  

ZkhA = X2B (qo + 2 q , X B )  

AhB = X~A((qo -- ql) + 2 q , X B )  

[11] 

[12] 

[13] 
In an ac tua l  s y s t e m ,  we f i t  the e x p e r i m e n t a l  da ta  to a s  
many  coe f f i c i en t s  a s  a r e  n e c e s s a r y  to give an adequa te  
r e p r e s e n t a t i o n .  F o r  example ,  in the AgC1-RbC1 s y s -  
t e m  a a l e a s t  s q u a r e s  f i t  to the  e x p e r i m e n t a l l y  m e a s u r e d  
v a l u e s  of the  e x c e s s  m o l a r  f r e e  e n e r g y  gE  at  800~ 
g ives  (in uni ts  of cal  mol-*): Age1 

z 2 
gEgc l  = XRbC1 ( -  1497 -- 3549XRbc1 + 2759XRbc1 ) 

[14] 

F r o m  Eq. [6], with AgC1 a s  component  A:  

X z gEbc 1 = AGC1(-2334 - 1710XRbc1 + 2759XRbc1) + C 

[15] 

whe re  C is  a cons tan t  of i n t eg ra t ion  ob ta ined  f rom a 
known end-po in t  va lue  of gRbc1E at  s o m e  va lue  of XRbC1 
s o m e w h e r e  in the  c o m p o s i t i o n  range  s tudied .  G e n e r -  
a l ly ,  the end-po in t  c o m p o s i t i o n  wil l  be  that  of the pu re  
component  o r  of a phase  boundary .  In the p r e s e n t  ca se ,  
the m e a s u r e d  compos i t i on  r ange  ex tends  up to XRbC1 
= 1 where  gE  = 0. Hence,  f r o m  Eq. [15], C = 0 in RbC1 
th is  p a r t i c u l a r  c a s e . *  

*The calculation of the integration constant C is discussed for the general case 
in the summary of equations (Table V). 

Thermodya ,amic  p r o p e r t i e s  in r e l a t i v e l y  s i m p l e  s y s -  
t e m s  which do not dev ia t e  too f a r  f r o m  s u b - r e g u l a r  
so lu t ion  b e h a v i o r  can be  adequa te ly  d e s c r i b e d  by  s i m -  
p le  power  s e r i e s  expans ions  with only a few coe f f i -  
c i en t s  (5 coef f i c ien t s  o r  l e s s ) .  However ,  a g r e a t  many  
s y s t e m s  r e q u i r e  a much l a r g e r  number  of coef f i c ien t s .  
In such e a s e s ,  the  fac t  that  the coef f i c ien t s  a r e  i n t e r -  
dependent  b e c o m e s  a r e a l  p r o b l e m .  F o r  example ,  sup -  
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pose  that  U~A in a c e r t a i n  s y s t e m  is  d e s c r i b e d  by a t en -  
coef f ic ien t  power  s e r i e s .  Al l  the t e r m s  a n X  ~ have a 
m a x i m u m  abso lu t e  va lue  at  X B = 1.0, and a r e  a l l  z e r o  
at  X B = O. The  higher  t e r m s  such as  a g X  ~ a r e  e x -  
t r e m e l y  s m a l l  nea r  X B = 0.0, but  a r e  many  o r d e r s  of 
magni tude  l a r g e r  in abso lu te  va lue s  nea r  X B = 1.0. 
The r e s u l t  is  that ,  a s  n i n c r e a s e s ,  the abso lu t e  va lue  
of a n mus t  b e c o m e  v e r y  l a r g e  in o r d e r  that  th is  t e r m  
can con t r ibu te  to the to ta l  s u m m a t i o n  when X B  is  
c lo se  to 0.0. As the to ta l  number  of coef f i c ien t s  is 
i n c r e a s e d ,  the abso lu t e  va lues  of a n i n c r e a s e  d r a -  
m a t i c a l l y .  This  n e c e s s i t a t e s  the s t o r a g e  and m a n i p -  
u la t ion of v a r i a b l e s  in the  c o m p u t e r  to a l a r g e  number  
of s ign i f i can t  d ig i t s  (DOUBLE PRECISION--16 s i g n i f i -  
can t  d ig i t s ,  o r  h igher )  s ince  the to ta l  s u m m a t i o n  in-  
vo lves  t ak ing  s m a l l  d i f f e r e n c e s  be tween  v e r y  l a r g e  
n u m b e r s ,  p a r t i c u l a r l y  for  l a r g e r  va lue s  of X B. In 
many c o m p l i c a t e d  s y s t e m s ,  p a r t i c u l a r l y  those  in which 
the t h e r m o d y n a m i c  p r o p e r t i e s  change r a p i d l y  over  a 
n a r r o w  compos i t i on  range ,  th is  p r o b l e m  b e c o m e s  so 
acute  that  the  p r o p e r t i e s  cannot  be  adequa te ly  r e p r e -  
sen ted  by  s i m p l e  power  s e r i e s  expans ions  at  a l l ,  a s  
wil l  be i l l u s t r a t e d  l a t e r .  

It is  a l so  c l e a r  that  no s ign i f i cance ,  e i t h e r  m a t h e -  
m a t i c a l  o r  phys ica l ,  can  be  a t t ached  to the n u m e r i c a l  
va lue s  of the coe f f i c i en t s .  Be c a use  of the high i n t e r d e -  
pendence  ( co r r e l a t i on )  be tween  coef f i c ien t s ,  s i m p l y  add -  
ing one m o r e  t e r m  to the s e r i e s  wi l l  c o m p l e t e l y  change 
the n u m e r i c a l  v a l u e s  of a l l  the p rev ious  coef f ic ien ts .  
Thus,  one r e q u i r e m e n t  of any p r o p o s e d  new s e r i e s  is  
that  t h e r e  be  no i n t e rdependence  be tween  coef f ic ien ts .  
Before  p r o p o s i n g  such a s e r i e s ,  le t  us examine  some  
o the r  impor t an t  c o n s i d e r a t i o n s  in the a n a l y t i c a l  r e p r e -  
sen ta t ion  of t h e r m o d y n a m i c  p r o p e r t i e s  in b i n a r y  s y s -  
t e m s .  

GENERAL CONSIDERATIONS IN USE OF 
SERIES REPRESENTATIONS IN BINARY 

S YS TE MS 

It mus t  be r e c o g n i z e d  that  in f i t t ing  t h e r m o d y n a m i c  
da ta  to any s e r i e s  r e p r e s e n t a t i o n ,  one is  usua l ly  not 
a t t emp t ing  to obta in  a s t a t i s t i c a l  a v e r a g i n g  of the  data ,  
s ince  t h e r e  is  no r e a l  p h y s i c a l  s ign i f i cance  to the t e r m s  
in the s e r i e s  (except  p o s s i b l y  to the f i r s t  and second  
" r e g u l a r "  and " s u b - r e g u l a r "  t e r m s  of a power  s e r i e s . )  
One is  s i m p l y  t r y ing  to obtain an a n a l y t i c a l  e x p r e s s i o n  
which adequa te ly  d e s c r i b e s  the p r o p e r t y  by  a smooth  
cu rve .  Since t h e r e  is  no known a na ly t i c a l  e x p r e s s i o n  
to which da ta  mus t  con fo rm ove r  the en t i r e  c o m p o s i -  
t ion range  of a b i n a r y  s y s t e m ,  the " b e s t "  cu rve  which 
one can  d raw through the da ta  poin ts  is  the one which 
one d r a w s  ' ' b y  e y e , "  us ing  e x p e r i e n c e  and c o m m o n  
s e n s e  as  o n e ' s  guide.  Consequent ly ,  when a n a l y t i c a l l y  
r e p r e s e n t i n g  t h e r m o d y n a m i c  data ,  one is  b e t t e r  off 
p lo t t ing  up the da ta  points ,  d r awing  the b e s t  cu rve  by  
eye ,  and then f i t t ing  an a na ly t i c a l  s e r i e s  to th is  curve  
r a t h e r  than p e r f o r m i n g  a l e a s t  s q u a r e s  a n a l y s i s  d i -  
r e c t l y  to the e x p e r i m e n t a l  da ta  points .  Hence,  in c o m -  
p lex  s y s t e m s  i t  is  p o s s i b l e  that  one m a y  end up us ing 
an a na ly t i c a l  s e r i e s  with m o r e  coef f i c ien t s  than t h e r e  
were  o r i g i n a l  e x p e r i m e n t a l  da ta  points .  

In the d i lu te  r e g ions  (X  B ~ 0.0 and X B ~ 1.0), t h e r e  
a r e  c e r t a i n  c r i t e r i a  to which any a n a l y t i c a l  r e p r e s e n t a -  
t ion should confo rm.  Spec i f i ca l ly ,  the " a "  f un c t i ons "  
should  be w e l l - b e h a v e d  ( i .e . ,  cont inuous and f ini te)  
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in the dilute r eg ions .  The a functions are  defined as 
follows: 

Otin t = 6o E / X A X  B 

: 

By mul t ip ly ing  both s ides  of Eq. [21] by  0m (x) and 
in tegra t ing  over  the in te rva l  a _< x _< b, we see that:  

[16] b 
[17] f / ( x ) .  ~m (x) dx 

a 

ItS] w(m) [23] 
(where the subsc r ip t  " i n t "  r e f e r s  to the in tegra l  ex-  
cess  proper ty) .  For  example,  as X B ~ 0.0 (and gE 

E 2 ~  --* 0.0), it is  n e c e s s a r y  that the ra t io  ot A = g~4/X~ r e -  
ma in  f ini te .  This  is based  upon e m p i r i c a l  obse rva t ions  
of solut ion behav ior  as well  as upon theore t i ca l  cons id -  
e r a t ions  as  d i scussed ,  for example,  by Darken.  s Con-  
sequent ly ,  when f i t t ing data to any s e r i e s  r e p r e s e n t a -  
t ion, we should note that: i) The s e r i e s  expansion 
should be fi t ted to the bes t  curve  which has been  drawn 
' ' b y  e y e "  through the expe r imen ta l  q f u n c t i o n  points  
( ra ther  than through the expe r imen ta l  w E points) in 
o rde r  to e n s u r e  that one is ex t rapola t ing  p rope r ly  in 
the l im i t i ng  reg ions ;  ii) The ana ly t ica l  s e r i e s  employed 
to r e p r e s e n t  the s y s t e m  mus t  give f ini te  and otherwise  
we l l -behaved  a funct ions in the l imi t ing  reg ions .  

ORTHOGONAL SERIES 

Orthogonal series appear attractive for representa- 
tion of thermodynamic properties since the coefficients 
of such series are uncorrelated. That is, the value of 
any one coefficient in indel~endent of the total number 
of terms used in the series expansion. Before we look 
at specif ic  or thogonal  s e r i e s ,  we shal l  f i r s t  cons ide r  
the genera l  p rope r t i e s  of or thogonal  se ts  of funct ions.  

Cons ider  an inf ini te  sequence of funct ions  of the in -  
dependent  va r i ab le  x: ~)o(x), ~b,ix), q~2(x),... �9 These 
funct ions a r e  sa id  to fo rm an or thogonal  set  of func-  
t ions over  the in te rva l  a _< x _< b if, for a l l  m r n: 

b 

f = 0 [19] 
g 

For  example,  the se t  of funct ions defined by 0n ix) 
= cos (me) a re  or thogonal  over  the in t e rva l  0 _< x _< n 
s ince  

?r 

f e o s  (mx) .cos  (nx)dx : 0 [201 
0 

for a l l  m r n.  However,  the funct ions used in the s imple  
power s e r i e s  of Eq. [1], On(x) = x n, a r e  not or thogonal  
over  any in te rva l .  

An a r b i t r a r y  funct ion f (x) can  be exp re s sed  as an in -  
f ini te  s e r i e s  of the or thogonal  funct ions  q5 n (x): 

0o 

f (x) = • CndPn(x) [21] 
~=0 

where the cn a re  cal led the coeff ic ients  of f (x) re la t ive  
to the or thogonal  funct ions  Sn (x). For  example,  f (x) 
can be exp re s sed  over  the in t e rva l  0 _< x _< n as a 
" F o u r i e r  cos ine  s e r i e s " :  

C m = 

where 

w(m)  : 

oo 

f i x ) :  E Cn COS (nx) [22] 
n = O  

where the c n a re  the " F o u r i e r  cos ine  coeff ic ients  of 
f (x). 
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b 

f [4)m(X)]2dx [24] 
a 

W (m) is  a no rma l i za t ion  factor  which can be seen  to b, 
a funct ion only of m. Consequent ly,  each of the coeff i-  
c ients  c n can be obtained by taking the a r e a  under  the 
curve  of the product  f (x) �9 q5 m (x) over  the in te rva l  a 
_< x _< b, and so the coeff icients  c n a re  unco r re l a t ed  
with each other .  That  is,  the coefficient  c4, for exam-  
ple,  has the same  n u m e r i c a l  value whether  we t e r m i -  
nate the expansion af ter  4, 10, or  100 t e r m s .  F u r t h e r -  
more ,  there  is  no tendency for the coeff icients  to be -  
come p rog re s s ive ly  l a r g e r  as n i n c r e a s e s ,  and in 
genera l ,  al l  coeff ic ients  tend to be of the same o r d e r  
or  l e s s  than the f i r s t  few coeff ic ients .  

The complete  theory  of or thogonal  funct ions  can be 
found in s t andard  texts.  4 It can be shown that if the se t  
{r (x)} is a " c o m p l e t e "  or thogonal  set ,  then any func-  
t ion f (x) can be exp re s sed  to any des i r ed  degree  of 
p r e c i s i on  by a f ini te  n u m b e r  of t e r m s  in the expansion 
Eq. [21]. 

If a graphical  plot of a function f (x) is known, and 
we wish to r e p r e s e n t  this curve  by an orthogonal  s e -  
r i e s ,  then we can de t e rmine  as many coeff ic ients  c n 
as a re  n e c e s s a r y  to give the des i r ed  p r e c i s i on  of fit 
by taking the a r e a s  as in Eq. [23]. This  could eas i ly  
be done by n u m e r i c a l  in tegra t ion  on a computer .  Al-  
t e rna t ive ly ,  it may often be s i mp l e r  to de t e rmine  the 
coeff ic ients  by a leas t  squa re s  r e g r e s s i o n  ana lys i s .  
F i r s t ,  we note that  if a funct ion f (x) is  approx imated  
by n '  t e r m s  of an or thogonal  s e r i e s ,  then the coeffi-  
c ients  c n a re  such as to m i n i m i z e  the in tegra l  

b rt' 

f [ f  (x) - • cn.  r  (x)] 2 ax [25] 
a n=o 

This  may be shown f rom the genera l  theory  of or thogo-  
nal  s e r i e s .  4 Now, if we take our  graphical  plot of f (x) 
which was drawn "by  e y e , "  and f rom this  curve  we 
read  off a l a rge  number  of dummy "da ta  po i n t s "  which 
a re  evenly  spaced along the x -ax i s ,  and which cover  
the complete  in te rva l  a _< x <_ b, then a l eas t  squa res  
r e g r e s s i o n  ana lys i s  us ing these  dummy data points 
will  genera te  the coeff icients  ~n of the s e r i e s  f ix) 

r / t  

= ~ ~n ~n (x), where the in will  approximate  the co-  
7~=0 

eff ic ients  c n . The  approximat ion  wil l  be be t t e r  the 
g rea te r  is the number  of dummy data points .  In effect, 
we a r e  approx imat ing  the in tegra l  [25] by  a l a rge  n u m -  
be r  of r ec t ang le s ,  and then m i n i m i z i n g  the a r e a  of thes 
rec tang les .  Hence, it can be apprec ia ted  why the dumm 
data points should be evenly  spaced along the x -ax i s  (so 
that al l  the r ec t ang les  a re  of the same  width), and also 
why the en t i re  in te rva l  a _< x _< b mus t  be covered  isince 
the s e r i e s  is only or thogonal  over the en t i r e  in te rva l . )  
If we do not wish to draw the function f ( x )  " b y  e y e , "  
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but  ins tead  we wish to use the o r ig ina l  expe r imen ta l  
data points  in the leas t  squa res  approx imat ion  of f (x) 

7/' 

= ~ ~n Cn (x), then the coeff icients  in which we g e n e r -  
7/----0 

ate will not, in genera l ,  equal  the or thogonal  coeffi-  
c ients  Cn, although the approx imat ion  will  become b e t -  
t e r  the more  data  points  there  are  and the more  evenly 
spaced these  points a r e  along the x -ax i s .  Even in this  
case ,  because  of the na tu re  of or thogonal  s e r i e s ,  the 
coeff ic ients  f n wi l l ,  in genera l ,  not be high in te rdepen-  
dent, and will a l l  tend to be of the same  order  of mag-  
nitude or to d e c r e a s e  as n i n c r e a s e s .  

We shal l  now cons ider  some of the or thogonal  or 
n e a r l y  or thogonal  s e r i e s  which may be ut i l ized to give 
s e r i e s  r e p r e s e n t a t i o n s  of t he rmodynamic  p rope r t i e s  in 
b i n a r y  sy s t ems .  

LEGENDRE POLYNOMIALS 

Although many or thogonal  s e r i e s  of funct ions could,  
in p r inc ip le ,  be used to r e p r e s e n t  t he rmodynamic  func-  
t ions  in b i n a r y  sy s t ems ,  the number  of coeff ic ients  r e -  
qui red  to give a r e p r e s e n t a t i o n  of a des i r ed  p rec i s ion  
can be grea t ly  reduced by choosing an orthogonal  se -  
r i e s  which approx imates  the funct ional  fo rm of the 
t he rmodynamic  p r o p e r t i e s  be ing r ep re sen t ed .  Since 
q u a s i - c h e m i c a l  theory  p red ic t s  that excess  t he r mody-  
namic  funct ions  a re  gene ra l ly  a lgebra ic  funct ions of 
composi t ion  ( ra ther  than t r i gonome t r i c  or other t r a n s -  
cendenta l  funct ions) ,  an  orthogonal  s e r i e s  based upon 
a lgebra ic  funct ions  is p re fe rab le .  F u r t h e r m o r e ,  the 
s e r i e s  chosen should be such as to obey Raoul t ' s  Law 
and to give f ini te  and we l l -behaved  a funct ions in the 
di lute reg ions ,  as  d i s cus sed  previous ly .  It should a lso  
be eas i ly  d i f fe rent ia ted  and in tegra ted  for manipula t ion  
in the Gibbs-Duhem equation,  etc. It would also be de-  
s i r ab l e  that the f i r s t  and second t e r m s  co r r e spond  to 
the " r e g u l a r "  and " s u b - r e g u l a r "  solut ion t e r m s .  
These c r i t e r i a  a r e  al l  sa t i s f ied  if we expand the a 
funct ions as or thogonal  s e r i e s  of the or thogonal  func-  
t ions Pn (x): 

7/t 

Otin t = wE/XAXB = ~ qnPn(ZB) [26] 
7/=0 

7/t 

'~A : JA /X~ = ~ ,,np,,(zs) [27] 
7t=0 

OrB = wEB/x~4 : E bnPn(XB) [28] 
7/=0 

where the Pn (x) are the Legendre polynomials which 
form a complete orthogonal set of functions in the in- 
terval 0 _< x _< 1.0. The first few Legendre functions 
over this interval are: 

Po(X) = 1 [291 

Vz(x) = 2x - 1 [301 

Pz(x) = 6x ~ -  6x + I [31] 

P3(x) = 20x 3 - 30x 3 + 12x - 1 [32] 

P4(x) = 70x 4 - 140x s + 90x 2 - 20x + i [33] 

For example the Legendre s e r i e s  of ~A is:  

Ol A = wE / x ~  = n o . ( 1  ) + a z . ( 2 X  B - 1) 

+ az . (6X~ - 6XB + 1) + . . . . .  [341 

The f i r s t  t e r m  (n = 0) is s imp ly  the " r e g u l a r  so lu t i on"  
t e r m ,  and the second (n = 1) is the " s u b - r e g u l a r  so lu -  
t i on"  t e r m .  The s e r i e s  obeys Raoul t ' s  Law (and hence 
also H e n r y ' s  Law) and gives f ini te  and o therwise  wel l -  
behaved a funct ions  in the di lute reg ions .  Each Le- 
gendre  polynomial  Pn (x) is m e r e l y  a grouping of pow- 
e r s  of x. Thus,  a l l  the phys ica l  advantages  of a power 
s e r i e s  r e p r e s e n t a t i o n  a re  main ta ined ,  but  because  the 
s e r i e s  is now orthogonal ,  the d isadvantages  a r e  avoided. 

The genera l  r e c u r s i o n  re l a t ionsh ip  for the t e r m s  
Pn (x) is: 

Pn(X ) = (2n--1)(2x--1) .Vn_x(x)  ( n - l )  .pn_=(x) 
n n 

[35] 
The s e r i e s  is or thogonal  over  the in te rva l  0 _< x _< 1. 
That is:  

1 

f Vn(x) .Pro(x) dx = 0 (nr [36] 
0 

and the no rma l i za t i on  factor  (Eq. [24]) is:  
1 

W(n) = f[Pn(x)]2dx = 1 / (2n+  1) [37] 
O 

Usually,  in s t andard  texts ,  the Legendre  po lynomia ls  
a r e  given as funct ions  Pn (z) orthogonal  over  the i n t e r -  
val  - 1 < z _< 1. In the p r e s e n t  ease ,  a subs t i tu t ion  z 
= 2 x -  1 has been made to make the funct ions  or thogo-  
nal  over  the in te rva l  0 _< x _< 1. 

A graph of the f i r s t  few Legendre  funct ions  is shown 
in Fig. 1. All funct ions  a re  equal to +1.0 at x = 1.0, and 
to i 1.0 at x = 0. In the in te rva l  0 ~ x _< 1.0, a l l  funct ions 
a r e  bounded byz~ 1.0. Unlike the s imple  power s e r i e s  
funct ions  ix, x ,  x s, . . . .  ) which al l  have max ima  
at  x = 1.0 and which a r e  a l l  ze ro  at x = 0.0, the 
Legendre  funct ions  a l l  have max ima  and m i n i m a  

k , ! �9 
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~  
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-Io o.1 o.'2 0.'3 o.'4 o'.s 0:6 0:7 0.8 0.9 1.o 

X 
Fig. 1--The first 5 Legendre polynomials orthogonal over the 
interval 0 _< x -< 1. 
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at  d i f ferent  va lues  of x. Also, each function af ter  
the second one has one more  e x t r e m u m  in the in -  
t e rva l  0 _< x _< 1 that did the previous  function, and so 
the e r r o r  in fit  is no t  concen t ra ted  near  x = 1.0 as in 
the case  of s imple  power s e r i e s .  We can thus appre -  
ciate qual i ta t ive ly  why the coeff ic ients  of Legendre  s e -  
r i e s  expansions  (as tn Eqs.  [26] to [28]) a re  u n c o r r e -  
lated.  Each t e r m  Pn (x) r e p r e s e n t s  a d i f ferent  func-  
t ional  " c h a r a c t e r "  than any of the other t e r m s .  This 
is,  of course ,  the meaning  of the or thogonal i ty  c r i t e -  
r ion  of Eq. [19]. 

Different ia t ion of Eq. [26] (see Appendix 2) g e n e r -  
a tes  the following re la t ionsh ips  between the coeff i-  
c ients  of Eqs. [26] to [28]: 

(n+k)=n' 
a n = ( n + l ) q  n + ( 2 n + l ) .  ~ qn+k( -1 )  k [38] 

k=l 

(n+k)=n' 

b n = ( n + l ) q  n + (2n+ 1) �9 ~ qn+k [39] 
k=l 

(n+k)=n' 
qn = a n / ( n +  1) + (2n+ 1) �9 

k=l 

1 
(n + k)(n + k + 1) "an+k 

(n+k)=n' (_ 1) k 
qn = b n / ( n +  1) + (2n+1)  �9 ~ ( n + k ) ( n + k +  1) 

k=l 

[4o] 

"bn+k 

[411 

(n+k)=n' k (2n + k + 1) 
b n =a  n + ( 2 n + l )  �9 ~ ( n + k ) ( n + k + l )  "an+k 

k=l 

[42] 

Thus,  knowing n u m e r i c a l  va lues  of the coeff icients  of 
any one of ~E,  wE, or ~ expressed  as an ot function 
Legendre  s e r i e s ,  we can calcula te  the coeff icients  of 
the co r r e spond ing  Legendre  s e r i e s  for the other  two 
p roper t i e s .  For  example,  if the coeff ic ients  qn of the 
expansion Eq. [26], expres sed  as a 6 - m e m b e r  s e r i e s  
(n' = 5) a re  known, then the coeff icients  a n of aA in 
Eq. [27] a re  given by Eq. [38] as :  

a s = 6q 5 

a 4 = 5q 4 - 9qs 

a s =4q  s -  7q4 +7q s 

a~ = 3q~ - 5q~ + 5q4 - 5q~ [43] 

at = 2q l -  3q 2 + 3 q  3 -  3q 4 +3q~ 

ao = qo-- qa + q 2 -  qs + q 4 - q 5  

Legendre Ser ies  Represen ta t ion  in 
Complicated Systems 

(a) In tegra l  p rope r t i e s :  We shal l  f i r s t  demons t ra t e  
the use of Legendre  s e r i e s  in obta ining ana ly t ica l  r e p -  
r e sen ta t i ons  of in tegra l  t he rmodynamic  p rope r t i e s  of 
r e l a t ive ly  complex b ina ry  sy s t ems .  

In Fig. 2(a) a re  shown expe r imen ta l  r e la t ive  in tegra l  
enthalp ies  Ah in the liquid sys t em LiF-BeF~ at 862~ s 
The co r r e spond ing  in tegra l  a function,  a in  t = Ah/  
XLiFXBeF2 is plotted in Fig. 2(b). The smooth curve  
in Fig. 2(b) was drawn by eye through the points  in 
Fig. 2(b), thus ensu r ing  that the a function r e m a i n s  
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Fig. 2--Relative integral molar enthalpy and corresponding 
function in the LiF-BeF 2 liquid system at 862"C. ~ 

wel l -behaved in the dilute reg ions .  Fifty equal ly  space, 
va lues  were read  off the smoothed curve  of Fig. 2(b) 
every  2 mole pct, and these  points were  then used as 
the input dummy "da ta  po in t s "  for the leas t  squa res  
curve- f i t t ing .  

In Table Ia a re  the genera ted  l eas t  squa res  coeffi-  
c ients  qn of the Legendre  expansion of Eq. [25]. That 
is :  

~int  = qoPo(XBeF2 ) + q t P 1  (XBeF2) + qzP2 (XBeF2) + �9 

[44] 

Values a re  l i s ted  for the cases  when the total  number  
of coeff icients  used in the s e r i e s  was 4, 7, and 13. 
R o o t - m e a n - s q u a r e  devia t ions  t5 a re  a lso l is ted.  

(It should be pointed out that although each t e r m  of 
the s e r i e s  Pn (XBeF~) could be ca lcula ted  f rom the c o r -  
responding  polynomial  expansion as in Eqs.  [29] to [33] 
the s imple  r e c u r s i o n  re la t ionsh ip  of Eq. [35] was alway 
used to give Pn (x) at any value of x in this  and a l l  sub-  
sequent  ca lcu la t ions .  Thus, it is neve r  n e c e s s a r y  to ac 
tual ly  ca lcu la te -va lues  of x n for l a rge  n, and so we avoi 
the " r o u n d - o f f "  e r r o r  typical  of polynomial  expansions  
when n is l a rge  which r e su l t s  f rom taking the differenc 
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Table I. Coefficients of Legendre and Simple Power Series Expansions for 
(~ir~t = ~ ' ~ / X A X B  (kea/) in the LiF-BeF 2 System 

(/3 = r.m.s, deviation) 

(a) Legendre Expansion 

4 Coefficients 7 Coefficients 13 Coefficients 

= 0 .316 kcal ~ = 0.1391 kcal ~ = 0 .022  kcal 

qo = - 0 . 7 1 8  qo = - 0 . 7 3 2  

q~ = 7.743 q l  = 7 .730  

q2=  1.662 q 2  = 1.586 

q~ = - 2 . 3 4 5  qa = - 2 . 3 7 6  

q4 = 0.821 

qs = 0 .234  

q6 = - 0 . 0 3 5  

qo = - 0 . 7 3 1  

q l  = 7 .730  

q2 = 1.595 

q3 = - 2 . 3 7 6  

q4 = 0 .837  

qs = 0 .235  

q6 = - 0 . 0 1 1  

q7 = - 0 . 1 5 7  

qa = - 0 . 1 6 6  

q9 = 0 .262  

q ~ o  = - 0 . 0 4 1  

q n  = - 0 . 1 1 3  

q n  = 0.081 

(b) Simple Power Series 

4 Coefficients 7 Coefficients 

~ =  0 .316 kcal ~ =  0.091 kcal 
13 Coefficients 

= 0.031 kcal 

qo = - 4 . 4 5 2  qo = - 3 . 9 4 8  

q ,  = - -22 .632  q* = - 3 0 . 4 7 6  

q2 = 80 .335 q2 = 90 .592  

q3 = - 4 6 . 9 0 8  qs = 28 .366  

q4 = - 2 0 1 . 9 5 5  

qs = 157.455 

q6 = - -32 .807  

qo = - 4 . 0 4 6  

q l  = - 1 6 . 7 3 5  

q2 = - 1 6 7 . 5 1 7  

q3 = 1147.277 

q4 = 5765 .667  

qs = - 7 0 9 0 9 . 8 5 6  

q6 = 2 7 8 5 7 4 . 1 7 3  

q7 = - 5 7 6 6 2 9 . 5 7 3  

qs = 6 7 2 5 5 6 . 3 9 3  

q9 = - 4 0 5 4 5 4 . 5 6 3  

q 1o = 6 4 0 7 5 . 4 0 8  

q n  = 51639 .989  

q n  = - 2 0 5 6 4 . 4 7 7  

be tween  l a r g e  n u m b e r s .  It is  m o r e  ef f ic ient  to u t i l i ze  
the r e c u r s i o n  r e l a t i o n s h i p  Eq. [35], and we a l so  note 
that  for  a l l  n, Pn (x) > P n . l ( x ) ,  and hence  a round-of f  
e r r o r  is  i m p o s s i b l e . )  

In Table  Ib a r e  the c o r r e s p o n d i n g  l e a s t  s q u a r e s  c o -  
e f f i c i en t s  qn of the s i m p l e  power  s e r i e s  expans ion  
(Eq. [1]): 

~int = qo + qtXBeF2 + q2)~BeF2 + . . . . .  [45] 

The l e a s t  s q u a r e s  f i t  was p e r f o r m e d  on the s a m e  50 
d u m m y  data  poin ts .  F o r  both the  Legendre  and the 
s i m p l e  power  s e r i e s ,  the 13 coef f ic ien t  f i t  gave a gen-  
e r a t e d  cu rve  with a m a x i m u m  dev ia t ion  f r o m  the cu rve  
which was d rawn by  eye  of a p p r o x i m a t e l y  60 cal .  This  
is  about  the  width of the l ine  d rawn in Fig.  2(b). 

F r o m  Table  I, the fol lowing o b s e r v a t i o n s  can be 
made :  (1) The coef f i c ien t s  of the Legendre  s e r i e s  a r e  
u n c o r r e l a t e d .  That i s ,  the va lue  of any Legendre  coe f -  
f i c ien t  qn is  v i r t u a l l y  independent  of the to ta l  number  
of coef f i c ien t s  used  in the s e r i e s .  The fac t  that  in th is  
example  the coef f i c ien t s  do not r e m a i n  exac t l y  cons tan t  
is  due to the use  of the l e a s t  s q u a r e s  a p p r o x i m a t i o n  to 
the t rue  o r thogona l  coe f f i c i en t s .  C l e a r l y ,  i n c r e a s i n g  
the number  of d u m m y  " d a t a  p o i n t s "  to % or  c a l c u l a t -  
ing coef f i c ien t s  by  the a r e a  method (Eq. [23]) would 
c o m p l e t e l y  e l i m i n a t e  th i s  s l igh t  va r i a t i on .  In the s i m -  
p le  power  s e r i e s  e x p r e s s i o n ,  on the o the r  hand, we see  
tha t  the coef f i c ien t s  a r e  h ighly  c o r r e l a t e d .  F o r  e x a m -  
p le ,  q5 = 157.455 when a 7 -coe f f i c i en t  f i t  is  used,  but  

q~ - - 70909 .856  in a 13-coef f i c ien t  s e r i e s .  (2) F r o m  
the 13-coef f i c i en t  f i t  i t  can be  seen  that  the Legendre  
coef f i c ien t s  tend,  in g e n e r a l ,  to b e c o m e  s m a l l e r  as  
one p r o g r e s s e s  down the l i s t  f r o m  qo to q,2. The coe f -  
f i c i en t s  of the power  s e r i e s ,  on the o the r  hand, tend to 
b e c o m e  l a r g e r .  F o r  example ,  qz2 is  s o m e  5000 t i m e s  
l a r g e r  than qo. If we d e s i r e  to g e n e r a t e  the cu rve  in 
Fig .  2(b) to about  ~:10 ca l ,  it  i s  n e c e s s a r y  to s t o r e  a l l  
coef f i c ien t s  to 3 d e c i m a l  p l a c e s .  C l e a r l y ,  the Legendre  
coef f i c ien t s  in th i s  example  need be  s t o r e d  to a m a x i -  
mum of only 4 s ign i f i can t  d ig i t s ,  w h e r e a s  the s i m p l e  
power  s e r i e s  coef f i c ien t s  r e q u i r e  up to 9 s ign i f i can t  
d ig i t s  when a 13-coef f i c i en t  s e r i e s  is  used.  In p r a c -  
t i ce ,  we g e n e r a l l y  need m o r e  than the 4 o r  9 s ign i f i can t  
f igure  s t o r a g e ,  r e s p e c t i v e l y ,  in the c o m p u t e r  in o r d e r  
to e l i m i n a t e  round-of f  e r r o r .  Thus,  a 13-coef f ic ien t  
power  s e r i e s  f i t  a c t u a l l y  r e q u i r e s  a t  l e a s t  16 s ign i f i -  
cant  d ig i t  (DOUBLE PRECISION) comput ing  p r o g r a m s ,  
w h e r e a s  i t  has  been  found that  for  even the mos t  c o m -  
p l i ca t ed  s y s t e m s ,  where  f a r  m o r e  than 13 coef f i c ien t s  
a r e  r e q u i r e d ,  the Legendre  expans ion  can a lways  be 
ca l cu l a t ed  with 8 s ign i f i can t  d ig i t  (SINGLE PRECISION) 
c o m p u t e r  p r o g r a m s .  (3) F o r  the 4 and 7 coef f ic ien t  f i t s ,  
the r . m . s ,  dev ia t ions  a r e  e xa c t l y  the  s a m e  fo r  the  L e -  
gendre  and the s i m p l e  power  s e r i e s  expans ions .  This  
i s  to be expec ted ,  s ince  the Legendre  s e r i e s  can obv i -  
o u s l y  be r e d u c e d  to the s i m p l e  power  s e r i e s  expans ion  
by  a r e a r r a n g e m e n t  of t e r m s .  F o r  13 coef f i c ien t s ,  the 
r . m . s ,  dev ia t ion  for  a s i m p l e  power  s e r i e s  is  s l i gh t ly  
g r e a t e r  than for  the Legendre  expansion.  This  i s  the 
r e s u l t  of the  round-of f  e r r o r  involved  in c a r r y i n g  so  
many  s ign i f i can t  d ig i t s .  F o r  s y s t e m s  r e q u i r i n g  m o r e  
than 13 coef f i c ien t s ,  th is  e r r o r  soon b e c o m e s  so  acute  
that  t h e r m o d y n a m i c  p r o p e r t i e s  in many  c o m p l i c a t e d  
s y s t e m s  cannot  be adequa te ly  r e p r e s e n t e d  by  a s i m p l e  
power  s e r i e s  expans ion  at  a l l .  An example  wi l l  be 
given sho r t ly .  

F r o m  the coef f i c ien t s  qn in Table  I, the  coef f i c ien t s  
a n and b n of the  Legendre  expans ions  for  a L i F  and 
O~BeF2 (L iF  = A;  BeF2 = B) a s  in Eqs.  [27] and [28] we re  
c a l c u l a t e d  by  use of the r e l a t i o n s h i p s  in Eqs.  [38] and 
[39]. These  a r e  l i s t e d  in Table  Ha. We see  that  the 
c a l c u l a t e d  coef f i c ien t s  change only s l i gh t ly  as  the num-  
b e r  of coef f i c ien t s  is  changed.  F u r t h e r m o r e ,  the h igher  
coe f f i c i en t s  a r e  of the s a m e  o r d e r  of magni tude  o r  
s m a l l e r  than the f i r s t  few coe f f i c i en t s .  We note that  
t he se  coef f i c ien t s  a n and b n a r e  the t rue  or thogonal  
coe f f i c i en t s  of the c a l c u l a t e d  s e r i e s  expans ions  for  
OtLi F and t~BeF2 , but  s ince  the f i t s  to the smoothed  (~int 
cu rve  i m p r o v e s  somewhat  a s  the number  of coef f i c ien t s  
is  i n c r e a s e d ,  the c a l c u l a t e d  c u r v e s  of ~LiF  and OtBeFz 
a l so  change somewhat ,  and so the va lue s  of a n and b n 
a l so  v a r y .  

The coef f i c ien t s  a n and b n of the s i m p l e  power  s e r i e s  
expans ions  (Eqs .  [2] and [3]) for  a LiF and aBeF were  
c a l c u l a t e d  f r o m  the coef f i c ien t s  qn in Table  I b b y  use 
of Eqs .  [4] and [5]. These  a r e  l istecl in Table  IIb. As e x -  
pec ted ,  these  coef f i c ien t s  a r e  h ighly  c o r r e l a t e d  and r e -  
qu i re  the s t o r a g e  of a l a r g e  number  of s ign i f i can t  d ig i t s .  

P lo t s  of the r e l a t i v e  p a r t i a l  m o l a r  en tha lp i e s  AhLi F 
and AhBeF 2 as  c a l c u l a t e d  f r o m  the 13 coef f ic ien t  expan-  
s ions  a r e  d rawn  in Fig .  3. As ment ioned  p r e v i o u s l y ,  for  
th is  p a r t i c u l a r  example ,  the f i t s  obta ined  us ing the L e -  
gendre  and the s i m p l e  power  s e r i e s  a r e  v i r t u a l l y  the 
s a m e .  
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ao  = - 4 . 4 5 3  

a t  = 3.463 
aa = 16.713 
a3  = -9.382 

Td)le II. Coefficientz of Lelendre and Simple Power Series Expansions of the Enthalpy a Functions OrLi F (Coefficients an), l ind aBeF2 (Coefficients bn) (kcal) 
as Calculated from the Coefficients for ai~t in Table I. 

ao = 18.179 
al = -205.934 
a2 = 381.728 
a3 = -187.632 

4 Coefficients 7 Coefficients 

(a) Legendrr Expansion 

bo = 6 . 3 4 2  ao = -3.948 bo = 7.228 
bl = 13.436 at = 1.918 bt = 16.150 
ba = -6.740 aa = 19.397 b2 = -2.023 
b3 = -9.382 a3 = " 13.364 b3 = -2.366 

a4 = 1.677 b4 = 5.894 
as = 1.796 bs = I.OI5 
a6 = -0.248 b6 = -0.248 

bo --- -4.453 
b t -'- -45.264 
b2 = 241.004 
ba = - 187.632 

(b) Simple Power Series 

ao = 26.527 bo = -3.948 
al = -242.136 bt  = -60.951 
a= = 186.680 b= = 271.777 
a3 = 921.281 b3 = 113.463 
a4 = -1797.046 b4 = -1009.773 
as = 1141.566 bs = 944.727 
a~i = -229.645 b,s = -299.645 

13 Coefficienls 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

ao = --4.018 bo = 7.147 
at = 2.132 bt = 15.904 
a= = 19.024 b= =- 2.452 
a3 =- 12.808 b3 =--3.005 
a4 = 0.902 b4 = 5.005 
as = 2.836 bs = 0.176 
a6 =-  1.617 b6 =- 1.812 
a7 = 2.877 b.:, = - 0.905 
as = -3.356 bs = 1.723 
a9 = -0.278 b9 = 1.233 
a t o  = 3.618 blo = - 1.124 
an  = -3.218 bn = 0.508 
at= = 1.053 bt2 = 1.053 

ao = 12.688 bo = -4 .046 
aj = 301.565 bt = - 33.469 
a= =-3929.355 b= = -502.551 
a3 = - 18493.597 b3 = 4569.071 
a4 = 383377.623 b4 = 28828.335 
as =-2096904.130 bs =-425459.143 
a,s = 5986426.125 b,s = 1950019.215 
a? = -9993487.720 b.~ = -4613036.628 
as = 9702098.510 bs = 6053007.519 
a9 = -4695299.644 b9 =-4054545.645 
ato = 136789.621 blo = 704829.493 
alz = 866453.594 b ,  = 619679.864 
a12 = -267338.202 bl= = -267338.200 

O 
t )  O 

<12 

-4] 

-6  

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

X Be Fz 
F i g .  S - - R e l a t i v e  p a r t i a l  m o l a r  e n t h a l p i e s  in L i F - B e F  z s y s -  
t e m  c a l c u l a t e d  a n a l y t i c a l l y .  

Co) Partial properties: We shall now consider the use 
of Legendre expansions for representing excess partial 
molar properties. In Fig. 4(a) are plotted the excess 
part ia l  molar  f ree  energies  of Mg, g ~ ,  in the Mg-Bi 
binary sys tem at 700~ 6 The calculat- e~ corresponding 
values of ct.. =g~ /Tan. a re  shown in Fig 4(b) The ~ag ~ag m " " 
points shown in Fig. 4 are not experimental values, but 
are the smoothed values as tabulated by Hultgren et al. ~ 
We note that this system has a strong stability at XBi 

0.4 (the point of inflection in Fig. 4(a)), which may 
be associated with a "tendency to ordering" at this 
composition. The plotted curve in Flg. 4(b) was drawn 
by eye through the a function points. Fifty evenly space 
d u m m y  d a t a  p o i n t s  w e r e  r e a d  o f f  t h e  c u r v e  i n  F i g .  4 ( b )  

e v e r y  2 m o l e  p c t ,  a n d  a l e a s t  s q u a r e s  r e g r e s s i o n  a n a l y -  

s i s  w a s  p e r f o r m e d  o n  t h e s e  p o i n t s .  T h e  c o e f f i c i e n t s  o f  

the Legendre expansion 

a M g  = a o P o ( X B i  ) + a z P z  ( X B i  ) + a ~ P 2 ( X B i )  + . . . .  

[ 4 6 ]  

f o r  e x p a n s i o n s  w i t h  a t o t a l  o f  4 ,  1 0 ,  a n d  1 6  c o e f f i c i e n t s  

a r e  l i s t e d  i n  T a b l e  IT[. T h e  c u r v e  g e n e r a t e d  b y  t h e  16  

c o e f f i c i e n t  s e r i e s  h a d  a m a x i m u m  d e v i a t i o n  o f  0 . 7  k c a l  

f r o m  t h e  c u r v e  w h i c h  w a s  d r a w n  b y  e y e .  T h i s  i s  a b o u t  

t h e  t h i c k n e s s  o f  t h e  l i n e  d r a w n  i n  F i g .  4 ( b ) .  A g a i n  w e  

s e e  t h a t  t h e  c o e f f i c i e n t s  a r e  u n c o r r e l a t e d  a n d  t h a t  a n 

t e n d s  t o  b e c o m e  s m a l l e r  a s  n i n c r e a s e s .  

T h e  c o e f f i c i e n t s  o f  t h e  s i m p l e  p o w e r  s e r i e s  e x p a n s i o z  

a M g  = a o  + a z X B i  + a 2 ~ B i  + . . . .  [ 4 7 ]  

are  also listed for a 16 coefficient expansion in Table 

M E T A L L U R G I C A L  T R A N S A C T I O N S  VOLUME 5, NOVEMBER 1 9 7 4 - 2 3 2 9  



HI. The r . m . s ,  dev ia t ion  of th is  f i t  is  now about twice  
that  of the Legendre  expans ion  for  the s a m e  number  of 
coef f i c ien t s .  As be fo re ,  a l a r g e  number  of s ign i f ican t  
d ig i t s  mus t  be s t o r e d  in o r d e r  to r e t a i n  s ign i f i cance .  

In tegra t ion  of Eq. [461 ( e s s e n t i a l l y  a Gtbbs-Duhem 
in tegra t ion)  y i e lds  the c o r r e s p o n d i n g  Legendre  expan-  
s ions  for  ~Bi and O t i n t :  

nl 

t Y B i  : g ' E i / X M g  = ~ bnPn(XBi ) + C / / X 2 M g  [ 4 8 1  
r/-O 

Otin  t = KE/XMgXBi = ~ qnPn(XBi ) + C/XMg [ 4 9 ]  
n - O  

where  C is a cons tan t  of in tegra t ion .  The coef f i c ien t s  
b n and qn can be  ca l cu l a t ed  f rom Eqs.  [40] and [42]. 
The cons tan t  C must ,  in g e n e r a l ,  be c a l cu l a t ed  f rom 
a known end point  va lue  of g~i o r  of gE at  some  point 
within the compos i t i on  r ange  over  which a M_ has  been  
m e a s u r e d .  In the p r e s e n t  example ,  the entirSe c o m p o s i -  
t ion range  of the Mg-Bt s y s t e m  has  been  cove red ,  and 
s ince  gE i = gE = 0.0 when XMg = 0.0, it  fo l lows f rom 
Eqs.  [48] to [49] that  C = 0.0 for  th is  p a r t i c u l a r  ca se .  

The ca l cu l a t ed  coef f i c ien t s  qn and b n for  the 16 c o -  
e f f ic ien t  s e r i e s  a r e  l i s t e d  in Table  HI, and the g e n e r -  
a t ed  c u r v e s  of gE i and of gE a r e  shown in Fig.  5. The 
ca lcu la t ion  of the In t eg ra t ion  cons tan t  C is  d i s c u s s e d  
for  the g e n e r a l  c a s e  in the s u m m a r y  of equat ions  (Table  
VI). 

A useful  t h e r m o d y n a m i c  quant i ty  is  the " s t a b i l i t y  
function,  ' '3'7 r which,  for  a b ina ry  s y s t e m  is  def ined by: 7 

X A X  B dag E 
r = i + R T  dX2B [50] 

It i s  often diff icul t  to ca l cu l a t e  s t ab i l i t y  funct ions  
g r a p h i c a l l y ,  s i nce  such  ca l cu l a t i ons  involve the  g r a p h -  
i ca l  d e t e r m i n a t i o n  of the second  d e r i v a t i v e .  Ana ly t i -  
ca l ly ,  however ,  th is  i s  an ea sy  m a t t e r .  If we expand 
as  a Legendre  s e r i e s :  

X A X B  n, 
= l + R T  G o~P,,(xB) [sl] 

n=O 

then the fol lowing r e l a t i o n s h i p  e x i s t s  be tween  the eoef= 
f l e l en t s  O n and the coef f i c ien t s  qn of the expans ion  Eq. 
[26] (See Appendix 2): 

(n+k):n' 
O n ~ - ( n +  1)(n+ 2)q n - 2(2n+  1) ~ qn+2k [52] 

k = l  

The c a l c u l a t e d  c u r v e  of ~ over  the  r a n g e  of i n t e r e s t  in 
the Mg-BI s y s t e m  ts p lot ted  In Fig.  5. The so lu t ion  of 
max tmum " s t a b i l i t y "  o c c u r s  at  X B t  ~ 0 . 4 2 .  
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XB~ 
F i g .  4 - - P a r t i a l  m o l a r  e x c e s s  f r e e  e n e r g y  o f  M y  a n d  c o r r e -  

s p o n d i n g  t~ f u n c t i o n  i n  t h e  M g - B i  l i q u i d  s y s t e m *  a t  7 0 0 " C .  

Table I I I .  Coefficients of the a Functions (kcal) for the Excess Molar Free Ermfllies in the Mg-Bi Systmn I t  700Oc (A ffi Mg; B - Bi) 

- r.m.$, deviation) 

(a) Legendre Expansion (b) Simple Power  Series 

4 Coefficients 10 Coefficients 16 Coefficients 16 Coefficients 
= 4.498 kcal ~5 = 0.994 kcal ~ = 0.290 kcal ~5 = 0.548 kcal 

ao = -16 .41  
al  = - 5 . 9 7  

a2 = 16.73 
a3 = 0.62 

a o =  - 16 .25  

a~ = - 5 . 9 9  

a2 = 1 7 . 5 3  

aa  = 0 . 5 7  

a4 = - 1 0 . 9 7  

a s  = 0 . 2 0  

a6  = Z O O  

a7 = - 0 . 7 6  

a s  = - 4 . 1 6  

a9 = 0 . 8 5  

ao = - 1 6 . 2 8  qo = - 1 6 . 7 6  be = - 1 1 . 3 8  a e = - 0 . 5 1  
al  = - 5 . 9 6  ql = 4 . 5 4  bl = 1 1 . 5 9  al - - - 9 2 . 5 6  

a2 = 17.38 q= =3 .85  b= = - 3 . 5 2  a2 = 2 8 2 2 . 6 6  
a3 = 0.64 q3 = - 2 . 9 4  b3 = - 1 2 . 2 4  a3 "~ - 3 7 0 7 5 . 7 5  
a4 = - 1 1 . 2 4  q4 = - l . 1 8  b4 = 4 . 1 4  a 4 - -204207.76  
as =0 .32  qs = 1.24 bs =6.11 as = - 4 3 1 5 1 7 . 1 6  
ae = 6.61 q6 = 0.30 b6 = - 3 . 3 3  a6 = - 3 9 3 5 2 9 . 3 0  
a~ = - 0 . 6 1  q7 = - 0 . 6 6  b7 = - 1 . 6 4  a7 = 3 5 5 7 8 3 4 . 3 2  
as = - 4 . 6 9  qB = - 0 . 0 7  bB = 4 . 6 9  a8 = ~5072116.28  
a9 = 1.04 q9 = 0.38 b9 = 2.53 a9 = 2279811.64 
ato = 3.09 qlo = 0.00 blo = - 1.45 ale = 4798141.33 
al l  = - 1 . 0 5  q .  = -0 .21  b .  = 0.75 a l l  = - 5 7 8 6 4 1 3 . 8 0  
a n  = - 2 . 2 8  qt2 = 0.05 b n  = 2.94 a n  = 1439827.04 
aia = 1.16 qla  = 0.16 bl3 = 0.35 al3 = 698122.29 
a j4=  1.35 ql4 = -0 .01  bl4 = - I . 8 0  at4-- - 177380 .52  
a~s = - 0 . 8 7  qls = - 0 . 0 5  b is = - 0 . 8 7  als  = - 8 2 6 5 2 . 5 8  
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Fig. 5--Part ial  molar excess free energy of Bi, integral molar 
excess free energy, and stability function in Mg-Bi system at 
700~ calculated analytically. 

could  a l so  be expanded in t e r m s  of a s i m p l e  power  
s e r i e s ,  and an ana logous  coef f i c ien t  r e l a t i o n s h i p  to Eq. 
[52] can  be  de r ived .  (See Appendix 1). These  equat ions  
a r e  a l l  l i s t e d  in the s u m m a r y .  

One of the m o r e  d i f f icu l t  e x c e s s  p r o p e r t i e s  to r e p r e -  
sen t  a n a l y t i c a l l y  is  the p a r t i a l  m o l a r  e x c e s s  en t ropy  
fo r  a s y s t e m  which exh ib i t s  a s t r o n g  t endency  to " o r -  
d e r i n g . "  F o r  e x a m p l e ,  e x p e r i m e n t a l  va lue s  of the e x -  
c e s s  m o l a r  en t ropy  of RbC1, SERbc1 and i t s  c o r r e s p o n d -  

ing ot function,  O~RbC1 = Sl~bC1//X~igC12 in the RbC1-MgC12 
s y s t e m  8 a t  717~ a r e  p lo t t ed  in F igs .  6(a) and 6(b) r e -  
s p e c t i v e l y  (A = RbC1; B = MgC12). The smoothed  heavy  
cu rve  in Fig .  6(b) was drawn by  eye,  and 100 equ id i s t an t  
d u m m y  da ta  poin ts  w e r e  r e a d  off th i s  cu rve  e v e r y  1 
mole  pct .  It was found tha t  about 50 coef f i c ien t s  we re  
r e q u i r e d  in the L e g e n d r e  expans ion  (Eq. [27]) in o r d e r  
to f i t  the  cu rve  to within one width of the l ine  d rawn in 
Fig .  6(b). While 50 coe f f i c i en t s  m a y  s e e m  to be  qui te  
a l a r g e  number ,  t he se  coef f i c ien t s  need only be  r e -  
c o r d e d  to a m a x i m u m  of 4 s ign i f i can t  d ig i t s .  F o r  p u r -  
p o s e s  of c o m p a r i s o n ,  in Fig .  6(b) a r e  a l so  shown the 
c u r v e s  g e n e r a t e d  by  19 coef f i c ien t  f i t s  us ing the L e -  
gendre  expans ion  and a l so  us ing  a s i m p l e  power  s e r i e s  
(Eq. [2]). The Legendre  expans ion  a l r e a d y  g ives  a qui te  
a c c e p t a b l e  f i t  excep t  n e a r  XMgC12 = 0.0. The power  
s e r i e s ,  however ,  has  s t a r t e d  to b r e a k  down, p a r t i c u -  
l a r l y  n e a r  XMgC12 = 1.0 due to the l a r g e  e r r o r s  in-  
vo lved  in man ipu la t ing  the e x t r e m e l y  l a r g e  n u m b e r s ,  
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I I I I I I I 
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Fig. 6--Part ial  molar excess entropy of RbC1 and correspond 
ing c~ function in RbC1-MgC12 system 8 at 717~ . Curv 
drawn " b y  eye"  and 50 coefficient Legendre representation 
(2 curves coincidental) . . . . . . . .  19 coefficient Legendre repre- 
sentation. 19 coefficient simple power ser ies  represer  
tation. 

even  though a l l  c a l cu l a t i ons  we re  p e r f o r m e d  with 16 
s ign i f i can t  d ig i t  (DOUBLE PRECISION) a c c u r a c y ,  and 
the power  s e r i e s  we re  " n e s t e d "  within the c o m p u t e r  
subrou t ine  in o r d e r  to b r i n g  a l l  round-of f  e r r o r s  to an  
abso lu t e  p o s s i b l e  m i n i m u m  (see  Appendix 1). I n c r e a s -  
ing the number  of coe f f i c i en t s  in the s i m p l e  power  s e -  
r i e s  expans ion  now only s e r v e s  to i n c r e a s e  the e r r o r ,  
and so the smooth  cu rve  in F ig .  6(b) cannot  be  s a t i s -  
f a c t o r i l y  r e p r e s e n t e d  by  a s i m p l e  power  s e r i e s .  

Legendre  S e r i e s  R e p r e s e n t a t i o n  in 
L e s s - C o m p l i c a t e d  Sys t e ms  

In the p r e c e d i n g  sec t ion ,  we have shown the advan-  
t ages  of a Legendre  expans ion  ove r  the s i m p l e  power  
s e r i e s  in ob ta in ing  a n a l y t i c a l  r e p r e s e n t a t i o n s  of t h e r -  
modynamic  p r o p e r t i e s  in s y s t e m s  where  many  coe f f i -  
c i en t s  a r e  r e q u i r e d  to give a s a t i s f a c t o r y  r e p r e s e n t a -  
t ion.  However ,  even for  s i m p l e  s y s t e m s ,  in which onl~ 
a few coe f f i c i en t s  (5 o r  l e s s )  can  s a t i s f a c t o r i l y  d e s c r i l  
the p r o p e r t i e s ,  the Legendre  expans ion  is  s t i l l  p r e f e r -  
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ab le  to the  s i m p l e  power  s e r i e s ,  a s  wi l l  now be d e m -  
ons t r a t ed .  

In F ig .  7 a r e  p lo t t ed  the  ~ funct ions of the r e l a t i v e  
m o l a r  i n t eg ra l  en tha lp ie s  (Otin t = ,5,h//XAXB) for  the 
b i n a r y  l iquid a l l o y  s y s t e m s  of Sn with the Group lib 
m e t a l s .  6 The f i r s t  four  coef f i c ien t s  of the Legendre  
expans ions  for  each s y s t e m  a r e  l i s t e d  in Table  IV, and 
the g e n e r a t e d  c u r v e s  us ing  4 coef f i c ien t s  a r e  d rawn in 
Fig .  7. 

We see  f rom Table  IV that ,  for  each s y s t e m ,  the a b -  
so lu te  va lue  of the  coef f i c ien t s  d e c r e a s e s  m a r k e d l y  a s  
we go down the s e r i e s  f r o m  qo to qa. Hence,  we can d e -  

Table IV. Coefficients of the Le9endre Expansions of ~int = /'th/XAXs (kcal) 
for Liquid Binary Systems of Sn with Group lib Metals 

Hg-Sn Cd-Sn Zn-Sn 

qo = 0.845 qo = 1.800 qo = 3.313 
q l  = - 0 . 4 5 3  q l  = -0 .365  ql  = - 1 . 3 7 2  

q2 = 0.069 q:~ = 0.108 q~ = 0.456 
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duce that  adding the four th  coef f ic ien t ,  qa, has  had only 
a v e r y  s l igh t  ef fec t  upon the o v e r a l l  fi t .  This  m a y  be 
c o m p a r e d  to the c a s e  of a s i m p l e  power  s e r i e s  r e p r e -  
s en ta t ion  where  the f ina l  coef f ic ien t  is  g e n e r a l l y  one 
of the l a r g e s t .  

The o r thogona l i t y  of the Legendre  s e r i e s  e n s u r e s  
that  adding addi t iona l  coef f i c ien t s  does  not a f fec t  the 
n u m e r i c a l  va lue s  of the  p r e c e d i n g  coe f f i c i en t s .  C o n s e -  
quent ly,  m a t h e m a t i c a l  a n d / o r  p h y s i c a l  s ign i f i cance  
can  be a t t r i bu t e d  to the coe f f i c i en t s .  F o r  example ,  the 
f i r s t  coef f ic ien t ,  qo, i s  the " a v e r a g e "  va lue  of the 
function ove r  the  i n t e r v a l  0 _< X B _< 1. That  i s ,  f r o m  
Eqs .  [23], [24], and [37]: 

1 

q o  = f ~  dx [ 5 3 ]  
0 

and Eq. [53] is  t r ue  no m a t t e r  how many  coef f i c ien t s  
we use in the s e r i e s .  The next coef f ic ien t ,  ql, is  a m e a -  
s u r e  of the " a v e r a g e  s l o p e "  of the cu rve ,  a s  can be  a p -  
p r e c i a t e d  by  examin ing  the plot  of P I  (x) in Fig .  1. F r o m  
Eqs .  [23], [24], and [37]: 

1 

q,  = 3 f f(x).Pl(x) d x  [54] 
0 

The coef f ic ien t  q~ g ives  the " a v e r a g e  p a r a b o l i c  c h a r a c -  
t e r "  of the cu rve ,  e tc .  Thus,  the coef f i c ien t s  qo and ql 
a r e  a m o r e  meaningful  m e a s u r e  of the " r e g u l a r "  and 
" s u b - r e g u l a r "  c h a r a c t e r  of the t h e r m o d y n a m i c  p r o p -  
e r t y  than a r e  the  f i r s t  two coef f i c ien t s  of a s i m p l e  
power  s e r i e s  expans ion .  This  l e a d s  to the p o s s i b i l i t y  
of i n t e r p r e t i n g  the f i r s t  few coe f f i c i en t s  of the Legendre  
expans ion  in t e r m s  of a t o m i s t i c  mode l s .  F o r  example ,  
qo could  be r e l a t e d  to the change in " a v e r a g e  bond en -  
e r g y "  upon mix ing  the pu re  componen t s ,  and qz could  
be  r e l a t e d  to the s e c o n d - n e a r e s t - n e i g h b o r  e f fec t s ,  e tc .  

In c o m p a r i n g  the t h r e e  Sn-M s y s t e m s  in Tab le  IV, 
we see  that  t h e r e  is  a g e n e r a l  t r e n d  in the va lue s  of 
each  coef f ic ien t  qn as  M p r o c e e d s  down Group l ib.  (Fo r  
the 4 coef f i c ien t s  in Table  IV, only  qz fa i l s  to exhibi t  an 
obvious  t r end . )  F r o m  th is  we can imp ly  that  Legendre  
expans ions  p rov ide  a means  of e s t i m a t i n g  t h e r m o d y -  
namic  p r o p e r t i e s  of u n m e a s u r e d  s y s t e m s  by  i n t e r p o l a -  
t ion o r  ex t r apo la t i on ,  a s  wel l  a s  p rov id ing  an e a s y  
means  of c o m p a r i s o n  of t h e r m o d y n a m i c  p r o p e r t i e s  of 
d i f fe ren t  s y s t e m s .  

FOURIER SERIES 

1. Sine S e r i e s .  It has  been  p r o p o s e d  9 that  e x c e s s  in-  
t e g r a I  p r o p e r t i e s  be r e p r e s e n t e d  by  an or thogona l  F o u -  
r i e r  s ine  s e r i e s :  

~ t  

d -- ~ q. sin (n.xB) [55] 

which is  o r thogona l  ove r  the i n t e r v a l  0 _< X B <_ 1. T h e  
main  ob jec t ion  to th i s  r e p r e s e n t a t i o n  i s  that  t h e r m o d y -  
n a m i c  p r o p e r t i e s  of so lu t ions ,  for  p h y s i c a l  r e a s o n s ,  
a r e  not wel l  r e p r e s e n t e d  by  t r i g o n o m e t r i c  funct ions .  
F o r  example ,  the a funct ion is  not f in i te  in the d i lu te  
r e g i o n s .  That  i s :  a int  = WE/XAXB = oo when X A = 0 .0  
and when X B = 0.0 ff Eq, [55] i s  used  for  w E.  Dif fe r -  
en t ia t ion  of Eq. [55] y i e ld s  the  expans ion  for  ~A: 

n /  

wE = ~ qn . ( s i n ( n , X B ) - - n , X B . c o s ( n , X B ) )  [56] 
n = l  
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Again,  a A = w E / ~ B  = ~o when X B = 0.0, and t h e r e  is  
the add i t iona l  u n d e s i r a b l e  r e s t r i c t i o n  tha t  d w E / d X B  

0 a t  X B = 1.0. F u r t h e r m o r e ,  the g e n e r a t e d  Eq. [56] 
i s  no longe r  an o r thogona l  s e r i e s .  

2. Cos ine  S e r i e s .  If we f i t  the a funct ion of the 
p a r t i a l  m o l a r  e x c e s s  p r o p e r t y  to the  F o u r i e r  cos ine  
s e r i e s :  

n '  

: : +   'cos (nffXB) [ 5 7 ]  
n = l  

t h e r e  is  s t i l l  the u n d e s i r a b l e  r e s t r i c t i o n  t h a t  dO~A/dX B 
= 0 when X B = 0.0 and X B = 1.0. Of c o u r s e ,  if a l a r g e  
number  of coe f f i c i en t s  a r e  used  to f i t  the cu rve s ,  then 
the d i lu te  r e g i o n s  ove r  which dOlA /dX  B ~ 0 can be r e -  
duced to a neg l ig ib le  c o m p o s i t i o n  r ange .  F o r  the 
smoothed  c u r v e s  of F i g s .  4 and 6, f i t s  were  obta ined  
us ing  Eq. [57] which we re  g e n e r a l l y  a s  good a s  were  
the  f i t s  us ing  the Legendre  expans ion  for  the s a m e  num-  
b e r s  of coe f f i c i en t s .  However ,  fo r  s i m p l e  s y s t e m s  such 
as  those  in Fig .  7, many  m o r e  t e r m s  have to be used  to 
obta in  a s a t i s f a c t o r y  r e p r e s e n t a t i o n  us ing  Eq. [57] than 
a r e  n e c e s s a r y  when a Legendre  expans ion  (or a s i m p l e  
power  s e r i e s )  a r e  used.  

By i n t eg ra t i on  (Gibbs -Duhem in tegra t ion)  of Eq. [57], 
the  fo l lowing expans ions  fo r  a B  and Otin t a r e  g e ne ra t e d :  

1___. [C - 
ao  

n' ( s i n  (n~XB) ) ]  
- ~ an + X A X  s COS (nT~Xs) [58]  

r1=1 nT[ 

[ 1 
[C - a o X B  a i n  t = w E / X A X B  = X A  

"' I] - ~ an s i n ( n ~ X  B [59] 
nff 

where  C i s  a cons tan t  of i n t eg ra t ion  which has  the  s a m e  
va lue  in both Eqs .  [56] and [59]. Again  we s e e  that  the  
c a l c u l a t e d  funct ions  a r e  no longe r  o r thogona l  s e r i e s ,  
and we a l so  note tha t  ot B = oo when X B = 0.0. Ana lo -  
gous p r o b l e m s  wil l  a r i s e  if we f i t  the i n t e g r a l  a func-  
t ion to an equat ion of the  fo rm of Eq. [57] and gene ra t e  
the  c o r r e s p o n d i n g  p a r t i a l  p r o p e r t i e s .  

CHEBYSHEV POLYNOMIALS 

Chebyshev polynomials appear attractive for the rep- 
resentation of thermodynamic properties in binary sys- 
tems, since they are well-known in the field of numeri- 
cal analysis for the "Chebyshev economization princi- 
ple." Furthermore, they are quite similar to the Le- 
gendre polynomials. The first three Chebyshev poly- 
nomials, transposed to the interval 0 _< x _< 1 are: 

To(x  ) = 1 

T, (x) = 2x - 1 [60] 

T~(x) = 8 x  z - 8 x  +1  

The g e n e r a l  r e c u r s i o n  r e l a t i o n s h i p  i s :  

Tn(x  ) = 2(2x - 1 ) T n _ l ( x  ) -- Tn_a(x ) [61] 

The ~ funct ions  m a y  be  expanded as  Chebyshev s e r i e s :  

d 
ain t = ~ qnTn(XB) [62] 

7~=0 

n f 

ol A = ~ a n T n (XB) [63] 
n=O 
rl '  

a B = ~ b n T n ( X  B) [64] 
r /=0  

The coef f i c ien t  r e l a t i o n s h i p s  a r e  a s  fo l lows :  

(n+k)=n '  

a n = (n+ l)q n + ~ (-l)k(2n+ 25k)qn+ k [65] 
k=l 

5=-~ if n = 0  
6 = 1  if n > 0  

(n+k)=n' 
b n = ( n + l ) q  n + ~ (2n+26k)qn+  k [66] 

k=l 

The Chebyshev  p o l y n o m i a l s  a r e  not t r u l y  or thogonal ,  
but  s ince  each  function T n (x) has  one m o r e  e x t r e m u m  
in the  i n t e r v a l  0 _ x _< 1 than does  Tn_ t (x), the coe f f i -  
c i en t s  of a Chebyshev  expans ion  tend to d e c r e a s e  a s  n 
i n c r e a s e s ,  and do not b e c o m e  unmanageab ly  I a rge  as  
in the c a s e  of a s i m p l e  power  s e r i e s .  Since Chebyshev 
and Legendre  expans ions  a r e  both po lynomia l  expan-  
s ions ,  e x a c t l y  the s a m e  cu rve ,  with e x a c t l y  the s a m e  
r . m . s ,  dev ia t ion  is  gene ra t ed  if the da ta  poin ts  a r e  
f i t t ed  by  a l e a s t  s q u a r e s  a n a l y s i s  to e i t h e r  s e r i e s  for  
the s a m e  number  of coe f f i c i en t s .  The Chebyshev p o l y -  
n o m i a l s  m a y  be  made  or thogona l  ove r  the i n t e rva l  
0 _< x _< 1 by  mul t ip ly ing  each  t e r m  by  the weight ing 
f ac to r  (4x - 4x2) -1/4, but  th is  m a r k e d l y  i n c r e a s e s  the  
m a t h e m a t i c a l  c o m p l e x i t y  and would not y ie ld  any a d -  
van tages  ove r  the  Legendre  expansion.  

OTHER ORTHOGONAL POLYNOMIALS 

Williams 9 has proposed a method of grouping poly- 
nomial terms into "Z functions," Z n (x), in a concept 
similar to the Legendre or Chebyshev polynomials. 
The excess properties w E, w E, or w E, rather than 
the a functions, are fitted to an expansion in terms 
of the Z functions. The advantage of this representa- 
tion is that it is fully consistent with Darken's quad- 
ratic formalism 3'9 in the dilute regions. The disadvan- 
tages are that the series is only approximately orthog 
onal, and that no recursion relationship has been found 
which will generate members of the series Zn(x) for 
n > 6 .  

L a g u e r r e  and H e r m i t e  po lynomia l s  a r e  unsui tab le  
for  f i t t ing  t h e r m o d y n a m i c  p r o p e r t i e s  of b i n a r y  sys tem:  
s ince  they  a r e  o r thogona l  ove r  the i n t e r v a l s  0 _< x _< oo 

and - oo < x _< oo r e s p e c t i v e l y .  T h e r e  a r e  many  o the r  
o r thogona l  p o l y n o m i a l s  which we have not c o n s i d e r e d ,  
but  ge ne ra l l y ,  a l l  tend to he m o r e  c omple x  than those  
which have been  d i s c u s s e d  above,  and consequen t ly  
they  a r e  unsu i tab le  for  s i m p l e  r e p r e s e n t a t i o n  of t h e r -  
modynamic  so lu t ion  p r o p e r t i e s .  

SUMMARY AND CONC LUSIONS 

In Tab l e s  V and VI a r e  s u m m a r i z e d  the pe r t i nen t  
equat ions  for  s i m p l e  power  s e r i e s  and for  Legendre  
expans ions  for  the a funct ions .  
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Table V. Summary of Simple Power Series Relationships 

n' 
~int=C~ E qnX~ 

n=0 

n I 

n=O 

n' 

~.  : ~ / x l  : E ~nX~ 
n=O 

Coefficient Relationships: 

b n = (n + 1)q n 

an = (n + IXqn - qn+l )  

n + l  . 
an = bn - n ~ ' b n + l  

By convention, any coefficient an, bn, qn is zero if n > n' .  

l fa partlal property a A is known, and aB and %at are to be calculated then: 
n I 

(~B E n 2 = bnX~ + c / x ; ,  
n=0 

n' 

~=t = ~ qnX~ + c/xA 
n=0 

The constant of integration C is zero if the entire composition range to X A = 0.0 is 
covered so that the end point condition ~ E  = What = 0.0 when X A = 0.0 can be 
used. (The calculation o f  a A  and a B when the integral property aim is Known does 
not invo lve a constant o f  integration.) 

Stability function: 

XAX B d2g E . +X~_ 6 
~ = 1 +  RT "dX$ = l O nX~ 

n=O 

0 n = (n + 1Xn +2Xqn+l - qn) 

We conclude that orthogonal ser ies  provide a more 
rational analytical representation of thermodynamic 
properties of binary systems which are homogeneous 
over a wide composition range for the following rea-  
sons: 

(i) Systems of any complexity can be fitted to any 
desired degree of precision simply by including more 
terms in the expansion. The coefficients are all of the 
same order or smaller than the first few coefficients, 
and all calculations and storage can be performed with 
only a very few significant digits (SINGLE PRECISION). 

(2) The coefficients are completely uncorrelated, pro- 
vided that the thermodynamic properties are repre-  
sented over the entire composition range of the binary 
system, and so the coefficients provide a basis for com- 
parison between systems and a more meaningful physi- 
cal interpretation. 

We further conclude that the orthogonal Legendre ex-  
pansion of the a functions is preferable to the other 
orthogonal or approximately orthogonal ser ies  consid- 
ered because: 

(1) The Legendre expansions are algebraic functions 
of the mole fractions. Since quasi-chemical theory pre-  
dicts that excess  thermodynamic functions are generally 
algebraic functions (rather than trigonometric or other 
transcendental functions), the Legendre expansion is, in 
general, more capable of efficiently representing the 
thermodynamic property than, say, a Fourier series .  

(2) The Legendre expansion gives finite and other- 

Table Vl. Summary of Legendm Expansion Relationships 

n' 
~=t=J/XAXB = ~ q.e.(xB) 

n=0 
n I 

E 2 

n=0 

n* 
E 2 % = ~B/Xl  = ~ bne.(XB) 

n=O 

where 

Po(x) = ! 

and 

pn(x ) = (2n - IX2Xn - 1)'Pn-I(X) -- (n : 1) .Pn_2(x) 

and 

~[en(x)12dx = 11(2. + 1) 
0 

Coefficient Relationships: 

In+k)=n' 
an=(n+ l )qn+(Z .+ l )  ~ (-lr 

k = l  

(n+k)=n" 
bn=(n+ l)q.+(2n+ l) ~ qn§ 

k=l 

(n+k)=n' 
1 

=an/(n+l)+(2n+l) ~ (n+kXn+k+l )  an+k qn 
k=l 

(n+k)=n' ( - - 1 :  bn+k 
qn=bn/(n+l)+(2n+l)  ~ (n+kXn+k+l )  

k=l 

(n+k)=n' 
k(2n + k + 1) 

bn=r n+(2n§ 1) E (n+kXn+k+ l )  an§ 
k=l 

By convention, any coefficient an, bn, qn is zero if  n > n' .  

I f  a partial property  r A is known and ct B and aim are to be calculated then: 

n t 

a B : ~_~ bnPn(XB)+ C/X I 
n=O 

n t 

Otint= Z qnen(XB)+ C/XA 
n=O 

The constant of  integration Cis zero if  the entire composition range to X A = 0.0 is 
covered so that the end point condition (~E = ~Oin t = 0.0 when X A = 0.0 can be 
used. (The calculation o f a  A and ot B when the integral property aint is known 
does not involve a constant of  integration.) 

Stability function: 

XAXB d2g e_ XAXB ~ OnPn(XB) 

(n+k)=n' 
0. =-(n+ lXn+ 2 )qn -  2(2n+ l) ~ qn+2k 

k=l 
Symmetry relations: 

Pn(XA) = Pn(XB) when n is even 

P n ( X A )  = -Pn(XS)  w h e n  n is odd 
Thus, for example, if  we write: 

a~at = ~ qnPn(XB) = ~ qr~Pn(X A) 
n=0 n=0 

then: 

q~ = qn ff n is even 

q~ = -qn ff n is odd 

and fimilarly for the expansions for a A, aB, and ~b. 
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wise well-behaved a functions in the dilute regions. 
(3) The first  and second coefficients are  the " r e g u -  

l a r "  and " sub - r egu l a r "  solution terms,  respectively, 
and the values of these coefficients are  independent of 
the total number of coefficients used in the expansion. 

(4) The expansions for the aA,  aB ,  and aint functions 
are  all orthogonal expansions, and so the ser ies  expan- 
sion of, say, aB,  calculated by the coefficient relation- 
ship equations (derived from the Gibbs-Duhem equation) 
from known values of the coefficients for the Legendre 
expansion of aA,  will itself also be an orthogonal Le- 
gendre expansion. The coefficients of the three ser ies  
for aA,  aB ,  and r are  all interrelated by simple 
equations. 

R is proposed that thermodynamic properties in bt- 
nary systems be stored in computers by first  drawing 
the best  curve "by eye"  to the experimental a function 
points (thus ensuring proper thermodynamic behavior 
in the dilute regions) and then fitting this smoothed  
curve to the appropriate Legendre expansion (Eqs. 
[261 to [28]. 

One could, of course,  fit a Legendre expansion by a 
least squares analysis to the original data points, but 
the coefficients so obtained would only approximate the 
true orthogonal coefficients, and there is no a pr ior i  
statistical rationale for doing this anyway. Only one 
set of coefficients (either the an, the bn, or the % )  
need be stored, and in general they need only be stored 
to a maximum of about four significant digits. All the 
thermodynamic functions (WA, wB, w, stability function, 
etc) can then readily be generated by a standard com- 
puter subroutine. 

Furthermore,  by storing one set of coefficients for 
the relative molar enthalpy ~Jz, and one set for the 
molar excess entropy s E, and by assuming these func- 
tions to be independent of temperature,  we can gener-  
ate all thermodynamic solution properties for a phase 
at any temperature as well as at any composition. 

APPENDIX I 

SIMPLE POWER SERIES 

Coefficient Relationships 

Substituting Eqs. [1] and [3] into the following ther-  
modynamic relationship, 

[All : +(I -xB).  dXB 
and noting mat X A = I - XB, we obtain, after expansion, 
t h e  equation: 

7/' 

(b n - ( n + l ) q n ) ( X  ~ - 2X~§ + X~ *=) = 0 [A2] 
t i =O  

Since this equation must be true for all values of XB, 
it follows that: 

bti = (n + 1) qti [A3] 

Substituting Eqs. [2] and [3] into the Gtbbs-Duhem 
equation: 

d d 4 
XA " --~-BB + XB"  ~ = 0 [A4] 

we obtain, after expansion, the equation 

t i t  n t  

E (n+2)(an- b n ) X ~  + E nbnX~-'= 0 [A5] 
t i=O t i = l  

We now replace the dummy variable n in the second 
summation by (n + 1): 

tit tit 

E (n+2)(an-bn)+ E (n+l)bn.xX~ =0 [A6] 
t i=O t i=O 

Equating coefficients of X~ for all n, we obtain the r e -  
lationship 

n + l  
an = bn n + 2 " bn+t [A7] 

which can be combined with Eq. [A3] to give the re la -  
tionship 

a n = (n + 1)(qti - qn+,) [A8] 

Stability Function 

Expand the stability function, r as a simple power 
ser ies  in X B: 

X A X B  
r  R T  ~ .  (dZgE/dX=B) = 1 + 

Substituting the expansion 
tit 

gr : xAxs qnX  
t i=O  

XAXB n, 
RT otix  

t i=O  

[A9] 

[A,0] 

into Eq. [A9], differentiating, and re-arranging,  we ob- 
tain the equation: 

t i t  t i t  

OtiX~ = ~ (n + 1)(n+ 2)(qm, - qti)X~ [All]  
~ = 0  t i=O  

Equating coefficients of X~, we obtain the relationship: 

O n = (n+ 1)(n+ 2)(qn§ t - qti) [A12] 

Nesting Power Series 

Given the coefficients A n of a simple power ser ies  
expansion of some function f (X): 

n, 

f (X) = ~ AnX n [AI3] 

where n' is relatively large (n' > 5), it may be shown 
that the truncation error involved in calculating f (X) 
for a given value of X is minimized by "nesting" the 
aeries (Homer's Rule): 

f (AD = (Ao + X(A, + X(A, + X(As + X( . . . . . . . .  

+ X(An_ ~ + X (An))))) . . . .  ) [A14] 

APPENDIX 2 

LEGENDRE EXPANSION 

Coefficient Relationships 

Substitute Eqs. [26] and [27] into the following thermc 
dynamic relationship: 
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d ~  
W~A = w E - X B �9 d X  B 

to give the expression:  

[A15] 

n I n l  

X2B ~ a n P n ( X B )  = X2B ~ q n P n ( X B )  - X A X  ~ 
r/=O r / = o  

n, d Pn (x~) 
�9 ~ qn"  d X  B [A16] 

7/=0  

Pn (XB) can be represen ted  by the following general 
expression: 

P n ( X B )  = ~ F ( n , k ) ( 2 X B - -  1) n-2k [A17] 
k=O 

N(n)  = n / 2  if n is even 

N(n)  = n ~  if n i s o d d  

where: 

(- l)k(2n - 2k)! [AI8] 
F (n ,k )  = 2n k l ( n -  k) ! ( n -  2k) ! 

(Note: When actually calculating the Legendre functions 
P n ( X B ) ,  it is p referab le  to use the recurs ion  re la t ion-  
ship Eq. [35] ra ther  than Eq. [A!7] and [A18], since cal-  
culating by Eq. [A17] and [A18] would involve taking the 
difference between large powers of X B ,  thus resul t ing 
in the same round-off e r r o r s  which occur when simple 
power se r i e s  a re  used.) 

Let 

(2X B - l )  = z [A19] 

Substitute Eqs. [A17] to [A19] into Eq. [A16]: 

n' N(n) 
~ (qn - an + ( n -  2 k ) q n ) F ( n  , k ) z  n-2k 

n=O k=O 
n' N(n) 

- ~ ~ qn(n- 2k)F (n, k)z n-2k-I = 0 [A20] 
n=l k=O 

We now replace  the dummy var iable  n in the second 
summation by (n + 1), noting also that 

F ( n + l ,  k)= ( 2 n + l - 2 k )  
( n + l -  2k) " F ( n ' k )  [A21] 

We thus obtain the expression:  

n' N(n) 
~ ( q n - a n + ( n -  2k )q  n - (2n+ 1 -  2k)qn+,) 

n=O k=0 
�9 F (n, k ) z  n-2k = 0 [A22] 

Let 
n -  2k = m, [A23] 

and substitute into Eq. [A22]: 

n ' N "{'{'{n " -m l 

~ (-- am+2k + (1 + m)qm+2k -- (1 + 2m + 2k)qm+2k+l ) 
m=O k=O 

(-1)k(2m + 2k)! 
"z m =0 [A24] 

2m+2kk! (m +k) l m !  

Eq. [A24] must  be true for all  z. Thus: 

N(n'--n) 
(--an+2k + (1 + n)qn+2k -- (1 + 2n+ 2k)qn+2k+l ) 

k=0 
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(- 1)k(2n+ 2k) l = 0 [A25] 
22kk! (n+ k)l 

where the dummy variable "m" has been renamed "n". 
If we expand Eq. [A25] for n' = 5, we obtain the set of 

Eqs. [43], which, by inspection, gives us the general re- 
lationship Eq. [38]. This relationship can be verified to 
be equivalent to Eq. [A25] by direct calculation for any 
value of n'. 

To now calculate the relationship between the coeffi- 
cients b n and qn of the expansions [26] and [28], we pro- 
ceed just as above using the thermodynamic relation- 
ship in Eq. [AI] as our starting point. The result of 
these calculations is the relationship in Eq. [39]. 

By expandingEqs. [38] and [39] for any value of n' and 
rearranging terms, we can arrive at Eqs. [40] to [42] by 
inspection. By direct substitution, the set of Eqs. [38] 
to [42] can be shown to be self-consistent. 

Let: 

XAXB 
r  R---Y-- 

Stability Function 

X A X B  n' 
�9 (dagE/dXaB) = 1 + ~ ~ OnPn(X B) 

7/=0  

[A26] 

where 
n t 

g E  = X A X B  ~_# q n P n ( Z S )  
n = o  

[A27] 

Eq. [A27] into Eq. [A26], making use also of Substitute 
Eq. [A19]: 

n' n' daPn(Z) 
On Pn (z) = (1 - z 2) ~ qn - -  4z 

n=o n=o dz 2 

n t  

�9 ~n' qn dPn(Z)dz 2 ~ qnPn(Z)  [A28] 
n = 0  n = 0  

Substitute Eqs. [A17] and [A18] into Eq. [A28]: 

n' n" N(n) n' N(n), 
OnPn(Z) = ~_~ ~ qnF(n ,  k ) z  n-2k-2  _ ~ 

r t ~ 0  r t = 0  ]e=-0 n = 0  k = o  

�9 q n [ ( n -  2k)(n-  2 k -  1) + 4 ( n -  2k) +2] 

�9 F (n ,  k)  z n-2k [A29] 

Replacing the dummy var iable  n by (n + 2) in the f i r s t  
summation on the r ight-hand-s ide  of Eq. [A29], we ob- 
tain, af ter  some rear rangement :  

n' N(n) 
~ [O n - (2n- 2k + l)(2n- 2k+ 3)qn+ 2 

n = 0  ~-=-0 

+ ( ( n -  2k) (n-  2k+ 3) + 2)qn] . F ( n , k ) Z  n-2k = 0 

[A3O] 
We now replace ( n -  2k) by m ,  and equate coefficients 
of z m to give: 

N(n,-m) 
[Om+2k-- (2m + 2k + 1)(2m + 2k + 3)qm+2k+2 

k-=-o 

+ ( m + l ) ( m + 2 ) q m + 2 k  ] (--1)k(2m +2k)!  = 0 
22kk ! (m + k)! [A31] 
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which is t rue  for al l  m. By expanding Eq. [A31] for a r -  
b i t r a r y  values of n', we can a r r i ve  at Eq. [52] by inspec-  
tion. Direc t  substi tution for  any n '  then shows the equiv- 
a lency of Eqs. [/%31] and [52]. 

a n 
bn 
Cn 

C 
f (x) 
F(n, k) 
e~ 
gf 
Ah 

n t 

N(n) 
Pn (x ) 
qn 
R 
s E 

, f  
T 
Tn (x) 
W(n) 

x 
x/ 
tx i 

c~ int  

TABLE OF SYMBOLS 

n-th coefficient of s e r i e s  expansion of c~ A 
n-th coefficient of s e r i e s  expansion of a B 
n-th coefficient of a general  orthogonal s e r i e s  
expansion 
constant of integration 
general  function of x 
function defined in Eq. [A18] 

in tegra l  molar  excess  f ree  energy 
pa r t i a l  molar  excess  f ree  energy of component i 
re la t ive  in tegral  molar  enthalpy 
pa r t i a l  re la t ive  molar  enthalpy of component i 
upper summation l imi t  of summation index n 
an upper summation l imi t  defined in Eq. [A17] 
n-th Legendre polynomial 
n- th  coefficient of s e r i e s  expansion of a in  t 
Gas constant (1.987 cal  mole -~ deg -r) 
in tegral  molar  excess  entropy 
par t i a l  molar  excess  entropy of component i 
tempera tuve  (Kelvin) 
n-th Chebyshev polynomial 
normal izat ion factor  of the n-th t e rm of an 
orthogonal set  
genera l  independent var iab le  
mole f rac t ion of component i 
alpha function of the pa r t i a l  molar  excess  p rop-  
e r ty  of component i. a i  = wE/( 1 -- Xi) 2 
alpha function of the in tegral  molar  excess  
proper ty ,  cqa t = r 

~n 

% 

en(x) 

w 

wi 

w E 

n-th coefficient of s e r i e s  expansion of the s t a -  
b i l i ty  function 
n-th coefficient of an expansion obtained by a 
leas t  squares  ana lys i s  
root  mean square deviation of a leas t  squares  
r e g r e s s i o n  analys is  
n-th function of an orthogonal se t  of functions 
s tab i l i ty  function 
any re la t ive  integral  molar  p rope r ty  
any re la t ive  pa r t i a l  molar  p roper ty  of compo- 
nent i 
any in tegra l  molar  excess  p roper ty  
any pa r t i a l  molar  excess  p rope r ty  of compo- 
nent i 
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