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The s t r a i n  ha rden ing ,  s t r a i n - r a t e  harden ing ,  and p l a s t i c  a n i s o t r o p y  p r o p e r t i e s  of me ta l  
s h e e t s  a r e  n o r m a l l y  d e t e r m i n e d  in  a t e n s i l e  t e s t  d u r i n g  the n e a r l y  un i fo rm d e f o r m a t i o n  
p r i o r  to the m a x i m u m  load.  Beyond th is  point ,  s t r a i n  nonun i fo rmi ty  l ead ing  to a neck  is  
poo r ly  unde r s tood  in t e r m s  of i n t e r a c t i o n  of these  m a t e r i a l  p r o p e r t i e s  with chapges  in 
s t r a i n - r a t e  and s t r e s s - s t a t e  within the  neck ,  and the r e su l t i ng  l o a d - e x t e n s i o n  plot .  S a t i s -  
f a c to ry  mode l ing  of this  p r o b l e m  has  been  ach ieved  by us ing  a r i g i d / p l a s t i c  cons t i tu t ive  
law inc luding  s t r a i n  ha rden ing  and s t r a i n - r a t e  harden ing .  P r o g r e s s i v e  c e s s a t i o n  of d e f o r -  
mat ion  s t a r t i n g  f rom e l e m e n t s  in the s p e c i m e n  f i l l e t  r eg ion  toward  the cen t e r  i s  demon-  
s t r a t e d .  Th is  effect  is  shown to gene ra t e  a s t r a i n  peak (neck) at  the gage length cen te r .  
The p r e d i c t e d  l o a d - e x t e n s i o n  plots  and s t r a i n  d i s t r i b u t i o n s  in the neck  a g r e e  wel l  with 
e x p e r i m e n t s  conducted on a number  of t e s t  m a t e r i a l s .  Th i s  work  p r o v i d e s  a quant i t a t ive  
m e a s u r e  of the  inf luence  of v a r i o u s  m a t e r i a l  p a r a m e t e r s  on t e n s i l e  duc t i l i ty  and iden t i f i e s  
the p r o p e r  cons t i tu t ive  law for  input  into m a t h e m a t i c a l  mode l s  of m o r e  complex  f o r m i n g  
o p e r a t i o n s .  

DURING tensile tests of engineering sheet mate- 
rials, the records of load vs elongation are routinely 
translated into true stress-true strain curves. 
These records can be utilized up to the maximum 
load points, since deformation is practically uni- 
form over tile gage length within this load range. In 
strain hardening metals, true stress-true strain re- 
lations are fitted to a power law, a = Ke n, and this 
relationship is assumed to continue beyond maximum 
load. 

Beyond the maximum load deformation becomes 
nonuniform, and gage length elongations can no 
longer be used to obtain true strain or true stress in 
the deforming element. In a specimen of strain- 
hardening material containing an imperfection (e.g., 
variation in cross sectional area) once the maximum 
load for the imperfection site is attained, a simple one- 
dimensional model suggests that all other material ele- 
ments in the specimen would stop deforming; since this 
site can now continue to deform under a falling load. 
This further suggests negligible post-uniform* exten- 

*In thls paper, the term uniform elongatioa refers to strain at maximum load, 
while post-urn/otto exter~smn is the elongation after maximum load. All elonga- 
tions reported here are for a 50.8 mm gage length, 

s ion ove r  the  gage length.  However  the fac ts  a r e  tha t  
the  i m p e r f e c t i o n  s i t e  does  not d e f o r m  by i t se l f  and tha t  
the  s t r a i n  concen t ra t ion  is  s p r e a d  ove r  the  ne ighbor ing  
e l e m e n t s .  The s t r a i n  nonun i fo rmi ty  so  deve loped  i s  
thus  g r a d u a l  and not  of a s t ep - func t ion  na tu re  a s  a s -  
s u m e d  in many  inves t i ga t i ons .  In the  p r e s e n t  p a p e r  a 
p s e u d o t w o - d i m e n s i o n a l  a n a l y s i s  of p l a s t i c  d e f o r m a -  
t ion has  been made  with r e a l i s t i c  s t r a i n  g r a d i e n t s  a c -  
companying  the deve lopmen t  of a neck.  

I t  is  known that  un i fo rm elongat ion is  d i r e c t l y  r e -  
l a ted  to the s t r a i n  ha rden ing  exponent ,  n, while  the 
p o s t - u n i f o r m  d e f o r m a t i o n  is con t ro l l ed  by  s t r a i n -  
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r a t e  s ens i t i v i t y ,  m (as  in the  ha rden ing  law: g = 
K~n~rn), as the  s t r a i n - r a t e  g r a d i e n t s  in the 
s p e c i m e n  become  s ign i f i can t .  1-~ In addi t ion ,  s ince  
the s t r e s s - s t a t e  in the deve lop ing  neck  d e v i a t e s  
f r o m  un iax ia l  tension~ the p l a s t i c  a n i s o t r o p y  p a r a m e -  
t e r ,  r (the r a t i o  of w i d t h - t o - t h i c k n e s s  s t r a i n )  which 
inf luences  the loca l  flow s t r e s s ,  a l so  af fec ts  the  
p o s t - u n i f o r m  ex tens ion .  1'2 

The r e l a t i o n s h i p  be tween  these  phenomeno log ica l  
p a r a m e t e r s  and t e n s i l e  e longat ion  has  been  only s e m i -  
quan t i t a t ive ly  def ined  unt i l  now .1-4 A n a l y t i c a l  p r e d i c -  
t ions  of s t r a i n - d i s t r i b u t i o n ,  and in p a r t i c u l a r ,  t r i -  
a x i a l  s t r e s s e s  have been  made  (with the help of 
f ini te  e l e m e n t  me thods  ~'6) only for  round t e n s i l e  
s p e c i m e n s  of e l a s t i c - p l a s t i c ,  s t r a i n  ha rden ing  m a t e -  
rials. The latter study was related to the initiation 
of ductile fracture, 8 and not to the overall load-ex- 
tension characteristics in a tensile test. Moreover, 
none of these works incorporate the influence of 
strain-rate sensitivity. While stress triaxiality 
may be ignored for sheet specimens, the strain-rate 
sensitivity and the effect of the intermediate princi- 
pal stress cannot be. The present analytical model 
for the tensile test relates numerical results on 
load, extension and neck development to phenomeno- 
logical inputs, thereby providing a better understand- 
ing of this widely-used engineering test. 

ANALYSIS 

We beg in  with a s p e c i m e n  which has  deve loped  a 
nonuni form g e o m e t r i c  p ro f i l e  under  app l i ed  load.  
The  nonuni formi ty  has  been  highly e x a g g e r a t e d  for  
i l l u s t r a t i v e  p u r p o s e s  in F ig .  l ( a ) .  C a r t e s i a n  c o o r d i -  
na t e s  a r e  loca ted  with the o r ig in  at  the c e n t e r  of the 
m i n i m u m  c r o s s  sec t ion ,  x - a x i s  a long the s p e c i m e n  
ax i s ,  y - a x i s  a long  the  s p e c i m e n  width, and the z - a x i s  
in the  t h i cknes s  d i r e c t i o n .  Shown in F i g .  l (b)  a r e  
pho tog raphs  of a c t u a l  s h e e t  s p e c i m e n s  with 0.5 m m  
s q u a r e  g r id  p r i n t e d  on the s u r f a c e  to r e p r e s e n t  the 
x and y c o o r d i n a t e s .  Dur ing  d e f o r m a t i o n  th is  g r id  
t r a n s f o r m s  into c u r v i l i n e a r  t r a j e c t o r i e s  a l so  shown 
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Fig. l - - ( a )  Nonuniformity developed during defor-  
mation of a sheet tensile specimen is highly exag- 
gerated in two sectional views. Stress,  a I, acts 
along t ra jector ies  (shown in the inset), the sum of 
whose components in the x-direct ion support the 
axial load. The curvilinear nature of y and z lines 
is ignored and is replaced by straight lines, shown 
dashed. {b) An undeformed photogrid (0.5 mm square) 
on a tensile specimen is contrasted with the deformed 
grid on brass  and steel  specimens at failure. Except 
for the failure region, most of the specimen exhibits 
near-linear behavior of y-lines, as in the schematic 
representation of Fig. l{a}. Figure l(c) shows axial 
s t r e ss  {~x) distribution across  the width according to 
the present model, showing the greatest  axial s t ress  
along the central axis and a decrease toward the speci-  
men edges. 

h e r e  and s c h e m a t i c a l l y  i l l u s t r a t e d  in F ig .  l ( a ) ,  The  
t r a j e c t o r i e s  a r e  mutua l ly  o r thogona l  and r e p r e s e n t  
the d i r e c t i o n s  of p r i n c i p a l  s t r e s s  and s t r a i n .  The  
width s t r a i n  m e a s u r e d  f r o m  the s p e c i m e n s  has  
been  found to be e x t r e m e l y  u n i f o r m  a c r o s s  the  
s p e c i m e n  width a t  any  x.  Th i s  fac t  p r o v i d e s  an i m -  
p o r t a n t  s t a r t i n g  point  fo r  the  p r e s e n t  a n a l y s i s .  F o r  
v e r y  wide s p e c i m e n s ,  however ,  in which the s t r e s s  
s y s t e m  d e v i a t e s  f r o m  uniax ia l ,  th i s  a s s u m p t i o n  m a y  
not be  expec ted  to hold.  

A c r i t i c a l  f e a t u r e  of a s p e c i m e n  p o s s e s s i n g  a 
g r a d i e n t  in c r o s s  s e c t i o n a l  a r e a  i s  that  only the  a r e a  
sum of the x - c o m p o n e n t s  of the t r a j e c t o r y  s t r e s s e s  (m) 
at  each  c r o s s  s ec t i on  wi l l  have to equal  the ax i a l  
load,  P .  Consequent ly ,  e l  a long the c u r v i l i n e a r  t r a -  
j e c t o r i e s  could  be  l a r g e r  than the a v e r a g e  a x i a l  
s t r e s s ,  ax. F o r  su f f i c ien t ly  l a r g e  s t r a i n  g r a d i e n t s ,  
a s  would o c c u r  i f  a neck  i s  we l l  deve loped ,  the  s t r e s s  
a long  the  t r a j e c t o r y  would be  suf f ic ien t  to  c a u s e  d e -  

f o r m a t i o n  in e l e m e n t s  away  f r o m  the m i n i m u m  c r o s s  
s ec t ion  s i t e  even under  a f a l l ing  load .  

To r e l a t e  t r a j e c t o r y  s t r a i n  ~1 to ax i a l  s t r a i n  ~x, we 
f i r s t  r e c a l l  that  the  width s t r a i n  i s  found to be  uni -  
f o r m  at  any x, which m e a n s  tha t  E1 i s  f ixed  a t  any 
x fo r  a l l  t r a j e c t o r i e s .  Secondly ,  the c u r v a t u r e s  of y -  
l ines  a r e  so  s l igh t  even  a t  f r a c t u r e  (see  F ig .  l (b)) ,  
tha t  they can  b e  a s s u m e d  to b e  s t r a i g h t  fo r  the  p u r -  
pose  of comput ing  a x i a l  s t r a i n .  In F i g .  l ( a ) ,  t h e s e  
a s s u m e d  y l ines  a r e  ind ica ted  by  dashed  l ines  at  
a v e r a g e  x p o s i t i o n s .  Th i s  i m p l i e s  r = ex(X), 
which in t e r m s  of o r i g i n a l  coo rd ina t e  pos i t ion ,  xo, 
m e a n s  ~(x0) = ex(Xo). The un i fo rmi ty  of E~(x) a l so  
i m p l i e s  un i fo rmi ty  of t r a j e c t o r y  s t r e s s ,  al(x),  
throughout  each  c r o s s  s ec t ion ,  the only v a r i a t i o n  
be ing  in the  ang le  of  i t s  app l i ca t i on  as  funct ions  of  
y and z .  F i g u r e  l (c )  shows tha t  th is  p e r m i t s  the  a x i a l  
s t r e s s  component  (of oh) to be  gTea tes t  a long  the  x -  
a x i s  and to  d e c r e a s e  t o w a r d  the  edges .  T h i s  i s  con-  
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sistent with previous calculations ~,~ of s t ress  dis t r i -  
bution in a tensile neck. Thus the axial load, P(x) is 
given by 

t /2  W 12 

P(x) = 4 z f  ~ y~o cq(x) cos 0 cos ~ dy dz [1] 

where o's(x) makes an angle q5 with the x-y plane, while 
its projection on the x-y  plane makes an angle 0 with 
the x-axis; w and t are,  respectively, the current 
width and thickness at x. 

In terms of the original ccordinate positions xo, yo 
and zo, the strain uniformity across  the width (and 
therefore thickness) implies 

y = yoee~(xo ~ = yoeey(Xo ) [2a] 

[2b] 

where e~ and ca are  the width and thickness strains 
along the trajectories,  and r and ez are the width and 
thickness strains along the principal axes (y and z). 
Again, since dx = dxoeCx~Xo ~, cos O and cos ~b in Eq. [1] 
can be determined from the following expressions 
which are  obtained by differentiating Eqs. [2a] and 
[2b] with respect  to x: 

tan 0 

and 

dz { 1 dzo dez ) 

If tan 0 and tan ~b are known at any stage during 
deformation, and since ~h(xo) is independent of y~ and 
zo at any xo, Eq. [1] can be written in terms of xo as 

P(Xo) = 4 ~(Xo) f dy dz 
0 

where A --{(1/yo)(dyjdx~) + (de~,/dxo)}e&-ex and t3 

rivative of Eqs. [2a] and [2b] and the law of volume 
constancy in Eq. [5], axial load becomes 

WOI2 ~012 
P(xo) = 4 cr~(xo) C cx'x~ f o ~ / d Y ~  dzo 

[6] 
Upon integration Eq. [6] becomes 

P(xo) - 4 cti(xo) e'~x <xo) {sinh_~(Awo/2) sinh.~(B~o/2)}. 
AB 

[7] 
As 0 and ~ approach zero, i.e., when the gradient is 
negligible, (1/A)sinh-~(Awo/2) and (1/B)sinh-~(Bto/2) 
reduce respectively to w j 2  and to/2, and axial toad 
has the familiar  form: P(Xo) = (u'oto)e-r 
Since the minimum section at x = xo = 0 is likely to 
have zero gradient (particularly if the specimen is 
symmetr ic  about x = 0), the axial load on the speci-  
men at any instant is given by 

Is] P = (woto) e -ex w)(h(0). 

Thus both Eqs.  [7] and [8] are  obtained in terms of the 

M E T A L L U R G I C A L  T R A N S A C T I O N S  A 

t ra jectory s t ress ,  a~. The solution for ex(Xo) at any 
time now requires satisfying the load equilibrium con- 
dition: P(xo) = P, provided proper account is taken of 
the departure of the s t ress - s ta te  f rom uniaxiality, 
while computing crt(xo), 

Principal  Stresses  and Stress-Rat io  

The departure f rom uniaxiality of s t ress  in each 
element is handled by determining the average pr inci-  
pal s t resses  in x, y mid z directions which are subse-  
quently used in calculating effective s t ress .  Since 
each element is treated as a unit, the principal s t ress  
in the x-direction is obtained by dividing the axial 
load from Eq. [7] by the cross  sectional area, 
(wo~) e -cl~x~ . Thus 

f .~.~:Awo\ siAwo~ 1 ax(xo) = (slm~ �9 - , "  t ~ T y '  ~ T J  

/ :Bto) 

The intermediate and through-thickness s t resses  
(cry and crz, respectively) are  obtained from considering 
the sum of y-  and z-components of (rI, respectively.  
Since body forces  are  absent in y and z directions, try 
and ~r z could be obtained by differentiating the sum of 
5'- and z-components with respect  to x. Neglecting a z 
for sheet specimens,* ay can be expressed by 

*Since ~..(xo) *s rather small tbr thin sheels until the stage of a through- 
th~eknesx ueck formation, It w~! be excluded from the present analys~s. 

F w]~ ] 

Now substituting dx = dxoe ex~x~, dy = dyoeeY ~x~ and 
sinO = ( A y o / ~ ,  Eq. [10} can be expressed in 
terms of the original coordinates as 

[ wo,2 Ayody~ 1 

which can be further  simplified to 

@(xo) = 3~o A jJ 

The principal s t ress - ra t io ,  [cty(xo)/ax(Xo)], needed for 
computing effective s t ress  and s t ra in- ra te  ratio in the 
next section, is obtained by dividing Eq. [12] by Eq. 19]. 

Formulation of the Incremental  Problem 

A constitutive law describing effective s t ress  
in terms of effective strain r and effective strain rate 

is required as input for the present problem. Two 
principal assumptions are used according to conti- 
nuum plasticity theory in order  to relate effective 
s t ress  and s t ra in- ra te  to axial s t ress  and strain 
rate .  These a re :  i) planar isotropy in the sheet, 
with the presence of normal anisotropy, r ,  and ii) 
isotropic hardening, i.e. uniform expansion of the 
Hill-modified anisotropic yield surface. Based on 
these assumptions, the effective s t ress  is given by 
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where a = s t r e s s - r a t i o  (ey/Ox); the effective s t r a i n -  
r a t e  is  given by 

- + { o' 
e = ~ ~  1 + + l + , ' J  x [14] 

where  p = s t r a i n - r a t e  r a t io  (4y/~x); and f inal ly  a 
modified f o r m  of the assoc ia ted  flow ru le  is  given by 

(1 + r)p + r [15] 
= ( % / ~ )  = - i  + r + w " 

If p(x) i s  known at  a ce r t a in  ins t an t  dur ing  de fo rma-  
t ion, o+(x) can be obtained f rom Eq. [15], and subs t i -  
tuted in Eq. [13] to express  ax(X) in t e r m s  of ~(x). The 
t r ~ e c t o r y  s t r e s s ,  +dx) can then be expressed  in t e r m s  
of a(x) with the use  of Eq. [9]. If both p(x) and 4x(X) a r e  
known as funct ions of t ime ,  in tegra t ion  of Eq. [14] with 
r e spec t  to t ime  gives the effective s t r a in ,  

e ( x )  ~ i " 2 (1  + r ) ( 2  '+ r )  = 

x 4x(X , t)dt. 

;o{ ,+l.,,}- l +p~(x,t) + 1 + r 

[16] 

F r o m  these  two s teps ,  r can be exp re s sed  in t e r m s  
of p(x) and 4x(X) with the use  of a p roper  const i tu t ive  
equation r e l a t ing  a(x) to ~(x) and g(x). This  (h(x) can 
then be subs t i tu ted  in Eq. [7], while ex(X) in Eq. [7] 
is  de t e rmined  f rom the in tegra t ion :  

t 

ex(X) = f 4x(X, t)dt. 
0 

The p r e s e n t  method of solut ion for  ex(X, t) i s  based  
on a quas i - s t a t i c  approach in  which a fixed s t r a i n  
i nc remen t ,  Aex(0), is a ss igned  at the m i n i m u m  c r os s  
sec t ion  dur ing  each step, and cor respond ing  solut ions  
for  a~x(x) or  4x(X) a re  found that sa t i s fy  the equi l i -  
b r i u m  equation:  P = P(x).  With in i t i a l  p(x) and 4x(0) 
as inputs,  succes s ive  solut ions  for ex(X, t) allow up- 
dat ing of p(x, t) and 4x(x , t). Detai ls  of the n u m e r i c a l  
p rocedure  a re  given l a t e r .  

Const i tu t ive  Law 

Most eng inee r ing  ma te r i a l s  exhibi t ing s t r a i n - r a t e  
sens i t iv i ty  at room t e m p e r a t u r e  can be approximate ly  
desc r ibed  by a const i tu t ive  law in which s t r a i n  ra te  
ha rden ing  t e r m  is  addit ive to the s t r a i n  harden ing  
t e r m .  Such a law is  given by ~ 

-a = g ~  n + m ln(~/4o)] [17a] 

where  a = effective s t r e s s ,  ~ = effective s t r a in ,  -g 
= effective s t r a i n - r a t e ,  4o = r e f e r ence  s t r a i n - r a t e ,  K 
= s t reng th  coefficient,  n = s t r a i n  hardening  exponent,  
m = s t r a i n - r a t e  hardening  index. A ve ry  slow ra te  
(e.g. 0.003 s -~) is chosen as the r e f e r ence  s t r a i n -  
r a t e  in  this  work.  As long as  Eq. [17a] d e s c r i b e s  the 
m a t e r i a l  behavior  for  the s t r a i n - r a t e s  of i n t e r e s t ,  
the choice of this p a r a m e t e r  (4o) has l i t t le  effect on 
the ca lcula t ion .  This  equation has been  used in mos t  
of the ca lcula t ions  in this paper .  

A second const i tu t ive  law, exp re s sed  as  the product  
of the s t r a in  hardening  and s t r a i n - r a t e  harden ing  
t e r m s  and often quoted in the l i t e r a tu re ,  is  given by: 
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= K'E n g m ' .  [17b] 

This  s t r a i n - r a t e  harden ing  exponent,  m ' ,  is  d i f ferent  
f rom the p rev ious  value m.  For  the s ame  f l o w - s t r e s s -  
d i f ferent ia l ,  An, between two s t r a i n - r a t e s ,  m '  is 
s l ight ly  l a r g e r  than m.  While some object ions  can be 
r a i s e d  to Eq. [ITb], it  appl ies  somewhat  be t t e r  to 
de format ion  at e levated  t e m p e r a t u r e  and a l imi ted  
n u m b e r  of ca lcu la t ions  have been  made us ing  i t .  
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Fig. 2--(a) One-half of an E-8 sheet tensile specimen has 
been divided into 40 equal elements (41 nodes}. This half 
covers 27.94 mm of straight central section and 22.86 
mm of radiused fillet region. The central 25.4 mm of the 
straight section belongs to the gage length (50.8 ram), over 
which extension is measured. To provide sufficient ac- 
curacy, the first two elements are subdivided into two more 
elements. (A constant crosshead speed is maintained be- 
tween the 1st and the 41st nodes.) (b) Graphical representa- 
tion of the iterative scheme for calculating the strain incre- 
ment at the (i + 1)th node when the same is known at the ith 
node. Linearity of Ex within each element is assumed. The 
various quantities for the equilibrium equation have been de- 
veloped. 
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NUMERICAL COMPUTATION 

Gene ra l  P rocedure  

A finite d i f ference procedure  was used for computa-  
t ion of ex(X, t) along the spec imen  length at each t ime 
step.  The length (between gr ips)  of an ASTM s tandard  
E-8  spec imen  (101.6 mm) was divided into 80 equal  
e l emen t s ,  each 1.27 mm long, along the x -d i r ec t ion .  
(The cen t r a l  55.88 mm has un i form c ross  sect ion,  
and the f i l let  rad i i  nea r  the ends cover  the r e s t  of 
the spec imen . )  Since the spec imen  is s y m m e t r i c  
about x = 0 only one-half is considered (Fig.  2(a)), 
with the f i r s t  node at x = 0 and the 41st node at  x 
= 50.8 ram. Expe r imen t s  with s m a l l e r  s ize  e l emen t s  
proved to be unneces sa ry ,  while e l ements  as coa r se  
as 3 mm may even be adequate.  To provide adequate 
capabi l i ty  for s t r a in  local iza t ion  dur ing  the f o r m a -  
t ion of a neck,  the two cen t r a l  e l ements  (on e i ther  
s ide of x = 0) were  fu r the r  subdivided equally,  as 
shown in  Fig .  2(a). A cons tant  d i sp l acemen t  r a t e  
(c rosshead  speed, S) was main ta ined  a c r o s s  the 
o r ig ina l  length of 101.6 ram. Addit ional  ~ d c u l a t i o n s  
with the same  c rosshead  speed applied only ac ros s  
the gage length (50.8 mm), produced l i t t le  d i f ference 
in  the load-e longat ion  c h a r a c t e r i s t i c s  and hence a re  
excluded f rom fu r the r  d i scuss ion .  

Dur ing  each t ime i n c r e m e n t  (between t and t + At), 
~x is i nc r emen ted  by a constant  amount  (0.01) at x = 0, 
and ~x(X) is  ca lcula ted throughout the spec imen .  
Strain ,  Ex, is  a s sumed  to be a l inear  function of x 
within each e lement .  The graphica l  r e p r e s e n t a t i o n  
in  Fig.  2(b) shows that if s t r a i n  is  known at alI  node 
pos i t ions  at t ime  t, and if LXc x is  known at the ith 
node, the p rob lem is  one of f inding z~E x at (i + 1)th 
node. The s t r a i n  i n c r e m e n t  in the ith e lement  is  
taken as the average  of those at the bounding nodes 
(ith and (i + 1)th), while the s t r a i n  gradient  is  d e t e r -  
mined by dividing the node s t r a i n  d i f ference  by the 

�9 ( i )  i c u r r e n t  node s epa ra tmn ,  Ax ~ ~Co exp [1/2{cr(t + At) 
+ C~+~(t + At)}] = AXo exp [1/2{EZx(t) + ~i+ l(t) + 2x~/x 
+ /(e/x+ 1}]. The unknown quant i ty ,  ~X~/x +1", is  de te r -  
mined by equat ing axial  load c a r r i e d  by the ith e le-  
ment  with that at x = 0, as d i s cus sed  before .  A s im-  
ple Newton-Raphson i t e ra t ive  scheme is  found ade-  
quate for the solut ion.  S ta r t ing  f rom i = 1, p r o g r e s -  
s ive  solut ions a re  thus made for each e lement ,  with 
Ei(t + At) s e rv ing  as the input for  f inding e.v ~i+~'tL + At). 

Once ex(x) is  known for a l l  nodes at t + At, the cur -  
r en t  length is computed by in tegra t ing  over  al l  e le-  
ments ,  Ax (i~, and the length i n c r e m e n t  is  d e t e r m i n e d  
by sub t rac t ing  the length before  the s tep.  F r o m  the 
known c rosshead  speed, the t ime  i nc r emen t ,  At, 
n e c e s s a r y  for the length i n c r e m e n t  is ca lcula ted.  
(Since Ae x at x = 0 is  fixed, this  t ime  i n c r e m e n t  is  
not fixed and se l f - ad jus t ing  in na ture . )  The i n c r e -  
menta l  s t r a i n - r a t e  (0.01/At) at x = 0 is  used for 
the next t ime  step.  The i n c r e m e n t a l  s t r e s s -  and 
s t r a i n - r a t i o s  (~i and pi) a re  a l s o  calcula ted at the 
end of each step f rom the c u r r e n t  va lues  of E~: and 
(d~x/dX) (i) using Eqs.  [9], [12], and [15], and used 
as input for the next At. The i t e ra t ive  solut ion p ro -  
cedure  is  then repeated  and a new ~x(X) is developed. 
The spec imen  elongation in t e r m s  of eng inee r ing  
s t r a i n  is  computed for the cen t r a l  40 e l emen t s  (i.e. 
over  50.8 mm gage length) at  each stage by a s epa ra t e  
in tegra t ion  scheme.  The value of the axial  load is  
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also  computed at  each stage and load vs eng inee r ing  
s t r a i n  plots a r e  shown la te r  on in this  paper .  

In i t ia l iza t ion  

The solut ion p rocedure  was s ta r t ed  by a s s ign ing  
e/x = 0, cei = 0, and pi = - R / ( 1  + R) for a l l  i. This  value 
of pi follows f rom Eq. [15] under  uniaxia l  s t r e s s  s tate.  
Beginning with the f i r s t  t ime  step, LXE~ (at the cen te r  
of the specimen)  is chosen to be equal to 0.01.* Based 

*Experiments with small strata increments did not produce any better ac- 
curacy, whde larger strain increments proved to be too coarse 

on the un i fo rm cen t r a l  sec t ion  of 55.88 m m  the in i t i a l  
s t r a i n  ra te  would be S//55.88 s -x, while us ing  the e n -  
t i re  sample  length it is  S/101.6 s -1, where S = c r o s s -  
head speed in m m / s .  An average  of these two r a t e s  
is used as the in i t i a l  s t r a i n  ra te  at x = 0. At the end 
of the f i r s t  s tep the p r o g r a m  ca lcula tes  the appro-  
p r i a t e  s t r a i n - r a t e ,  p~ and ~ for  the next step.  This  
procedure  of us ing  a s t r a i n  i n c r e m e n t  at x = 0 is 
somewhat  a r b i t r a r y  for spec imens  with no i m p e r f e c -  
tion; however,  it is quite r easonab le  when a sma l l  
imper fec t ion  is s i tuated at the cen te r  of the spec imen .  

Specimen Imper fec t ion  

All  imper fec t ions  a re  a s s u m e d  to be geomet r ic  and 
the ma te r i a l ,  i tself ,  is  t r ea ted  as per fec t ly  homoge- 
neous .  The ro le  of inc lus ions  and other  m a t e r i a l  
inhomogenei t ies  a re  neglected for the p r e se n t  ca l -  
cula t ions  s ince  the i r  m i c r o m e c h a n i c s  is quite com- 
pl icated,  and in many duct i le  meta l s  the i r  rote on 
flow loca l iza t ion  may not be s igni f icant .  E n g i n e e r -  
ing tes t s  a r e  n o r m a l l y  pe r fo rmed  with spec imens  
having a sl ight  width taper  toward the cen te r  (e.g., 
cen te r  width ~0.005 mm less  than that nea r  the 
f i l let) ,  which was s imula ted  by a cos ine -wave  type 
width va r i a t i on  within the cen t r a l  55.88 mm (Fig. 3). 
This  type of imper fec t ion  allows smooth s lopes at 
x = 0 and at x = 27.94 mm.  Calcula t ions  were  c a r -  
r ied  out for a n u m b e r  of imper fec t ion  s ize  p a r a m e -  
t e r s ,  f = (Aw//wo). Addi t ional  ca lcula t ions  were made 
for a half cos ine-wave  imper fec t ion  over  the gage 
length only, ignor ing  spec imen  fi l let ,  a local ized ful l  
cos ine -wave  imper fec t ion  over  the cen t r a l  10.16 ram, 
and no imper fec t ion  at a l l .  

wf2 

- -  L 127.94mm I - -  
A w l 2  

Radl used Fil let 

J _ _  

w / 2  
0 

(635mm) 

1 
• 

f ~ x  
(wF2) =(w0/2)(l -- ~ (I +cos--c)) 

( Not io Scale ) 

Fig. 3--A schematic representation of the cosine-wave type 
imperfection in the specimen width dimension. Semi-wave 
length is 27.94 mm, which is equal to the straight section of 
Fig. 2(a), beyond which the fillet radius starts. The above 
cosine equation for the straight section and a quadratic equa- 
tion for the filtet section are used to calculate w 0 for input 
into Eq. [7]. 
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Fig. 4--(a) Distributions of axial and transverse strains in a 
perfect tensile specimen as functions of original distance 
from the center at different stages of deformation. Calcula- 
tion has been carried out with (m = 0). Note that strain 
within the straight section is uniform, when c x ~_ 0.2. The 
open circle indicates a node that is 1.27 mm from specimen 
center, the deformation within which may be somewhat inac- 
curately predicted. (b) Distributions of axial strain in a ten- 
sile specimen on functions of original distance from the cen- 
ter, at different stages of deformation of a specimen with 
imperfection size (,~W/Wo) of 0.004. Note that deformation 
within the straight section becomes nonuniform even below 
Cx = 0.2. (c) Distributions of s t ress-ra t io  (ay/ax) as func- 
tions of original distance from the center, a t severa l  
stages of deformation, for a perfect specimen with n = 0.2, 
m = 0.01 and r = 1. The stages of straining are indicated by 
noting the value of peak strain on each distribution. 

Discont inuance  of S t ra in ing  

Since the q u a s i - s t a t i c  solut ions  a r e  made i n c r e -  
menta l ly ,  a node with AC / ---< 0 dur ing  a c e r t a i n  s tep 
may find su i tab le  s t r a i n  and s t r a i n - r a t e  i n c r e m e n t s  
l a t e r  to p e r m i t  AE / > 0. However ,  such solut ions  
should be a l lowed only while the load is  s t i l l  r i s i ng .  

l O - 5 1  ..... l I 
0 lO 20 

Original Dfsfance from the Center l• o} mm 

Fig. 4--Continued. (c) 

30 

Thus if the load i n c r e m e n t  in the l as t  s tep  has been 
negat ive  and AE/x --< 0, a l l  nodes be tween i and 41 
a r e  cons ide red  inope ra t ive .  If the load i n c r e m e n t  has 
been pos i t ive  and yet  5~/_< 0, a l l  nodes be tween  i 
and 41 r e m a i n  at  t he i r  p rev ious  s t r a i n  va lue s .  Th is  
m e c h a n i s m  al lows the deve lopment  of a s t r a in  peak 
by d iscont inuance  of de fo rma t ion  through s u c c e s s i v e  
e l emen t s ,  p a r t i c u l a r l y  dur ing  unloading of the s p e c i -  
men.  Eventua l ly  only the cen t r a l  node keeps  on de-  
f o rm ing  and the computat ion p r o c e d u r e  is  t e r -  
minated when i t  r e a c h e s  the f r a c t u r e  s t r a in .  

NUMERICAL RESULTS AND DISCUSSIONS 

The r e s u l t s  of computat ion p rov ide  g e n e r a l  in for -  
mat ion on s t r a in  and s t r e s s  d i s t r ibu t ions  along the 
ax ia l  and t r a n s v e r s e  d i r ec t i ons  in the spec imen ,  the 
inf luence of the im pe r f ec t i on  p a r a m e t e r ,  f ,  the 
inf luences  of m a t e r i a l  p a r a m e t e r s ,  n, rn and r and the 
eng inee r ing  s t r e s s - s t r a i n  cu rves .  The f r a c t u r e  s t r a i n  
is chosen somewhat  a r b i t r a r i l y  for  the p a r a m e t e r  
study. However ,  if f r a c t u r e  s t r a in  is l a rge ,  s m a l l  
va r i a t ions  in it do not s e e m  to have any s igni f icant  
inf luence on the t ens i l e  e longat ions  m e a s u r e d  ove r  
50.8 mm gage length.  

F i g u r e  4(a) shows i n c r e m e n t a l  ax ia l  and t r a n s v e r s e  
s t r a i n s  as funct ions of Xo for  the case  of n = 0.2, rn 
= 0, and r = 1.0 in a s p e c i m e n  without impe r f ec t i on .  
The  main  f e a t u r e s  a r e :  i) gage length s t r a i n  is  e s s e n -  
t ia l ly  un i form (var ia t ion  <0.0002), ii) t h e r e  i s  a v e r y  
gradual  decay toward the f i l le t ,  and iii)  an exponent ia l  
d rop -o f f  within the f i l l e t  r eg ion .  Dur ing  d e f o r m a -  
tion, the s t r a i n  l eve l  i n c r e a s e s  in a l l  r eg ions ,  how- 
eve r ,  the s t r a i n  nonuni formi ty  within the gage length 
i n c r e a s e s  as  the " k n e e "  be tween  gage length and 
f i l l e t  s t r a in  d i s t r ibu t ions  moves  c l o s e r  to the spec i -  
men  cen te r .  At Stage 3, the " k n e e "  has a l r e ad y  
moved into the cen t r a l  55.88 mm (which o r ig ina l ly  
had un i fo rm c r o s s  sect ion) ,  and f i l l e t  s t r a i n  s tops 

1226-VOLUME 8A, AUGUST 1977 METALLURGICAL TRANSACTIONS A 



i n c r e a s i n g .  Subsequent ly ,  s t r a i n i n g  p r o g r e s s i v e l y  
d i s con t inues  in e l e m e n t s  app roach ing  the s p e c i m e n  
c e n t e r  and l e a d s  to the dynamic  deve lopmen t  of a 
s t r a i n  peak .  Thus the c o n s t r a i n t s  i m p o s e d  by g r e a t e r  
c r o s s  s e c t i o n a l  a r e a s  in the f i l l e t  f o r c e  the deve lop -  
ment  and growth  of a s t r a i n  nonuni formi ty  in an 
o t h e r w i s e  p e r f e c t  s p e c i m e n .  

A s m a l t  cos ine  i m p e r f e c t i o n  (f = 0.004) p r o d u c e s  
an a p p r e c i a b l e  s t r a i n  nonun i fo rmi ty  much e a r l i e r  
du r ing  d e f o r m a t i o n  (F ig .  4(b)), t h e r e b y  l ead ing  to 
p r e m a t u r e  d i scon t inuance  of d e f o r m a t i o n  in m o s t  
e l e m e n t s  of the  gage length.  Th i s  r e s u l t s  in an e a r l y  
d e v e l o p m e n t  of s t r a i n  peak  and a s m a l l e r  un i fo rm 
s t r a i n .  Thus  E x cannot  b e c o m e  g r e a t e r  than n a s  
long a s  t h e r e  i s  an i m p e r f e c t i o n  within the  gage 
length.  

The  s t r e s s - r a t i o  ( a y / a x )  d i s t r i b u t i o n  in the  s p e c i -  
men  i s  shown in F ig .  4(c).  F o r  mos t  of the  d e f o r m a -  
t ion h i s t o r y ,  th is  r e m a i n s  v e r y  s m a l l  (-q0-4).  M o r e  
r a p i d  i n c r e a s e  t a k e s  p l a c e  n e a r  Xo = 0, and r i s e s  a l -  
mos t  up to 10 -~ when a l l  but  a couple  of c e n t r a l  e l e -  
men t s  have s topped  oe fo rming .  It is  c l e a r  that  the  
t h i cknes s  g r a d i e n t  b e c o m e s  su f f i c ien t ly  l a r g e  a t  th is  
s t a g e  tha t  the e f fec t s  f r o m  az /cr  x should a l s o  be  con-  
s i d e r e d  in ca l cu l a t i ng  e f fec t ive  s t r e s s e s ,  Since  th i s  
i s  i gnored  in the p r e s e n t  p a p e r ,  the  amount  of d e -  
f o r m a t i o n  beyond th is  point  i s  somewha t  u n d e r e s t i -  
ma ted .  The  s t r a i n  d i s t r i b u t i o n s  and l o a d - e l o n g a t i o n  
p lo t s  to be  p r e s e n t e d  subsequen t ly  a r e  m a r k e d  by a 
c lo sed  c i r c l e  to ind ica te  th is  point .  With r e f e r e n c e  
to the m e t a l  f o r m i n g  l i t e r a t u r e ,  th i s  s t r a i n  would be 
v e r y  c lo se  to the  s t r a i n  l i m i t  a t  the onse t  of a l o c a l -  
i zed  th i ckness  neck ( fo rming  l imi t ) .*  

*It may be noted that during gradual strain locabzatmn ~lthm lhe diffuse neck 
a condition of obhque locahzed necking {,due ~o R. Hill I Mech, Phys. Solids, 
eel 1, 1952, p. 19)may be satisfied for certain materials, This cond~tmn can be 
incorporated with the present auaJysts for a mole complete pmture, however thJs 
would neither alter the total etongatmn nor forming hmit appreciably In fact, 
when the deforming zone of metal shrinks to the size of sheet ttuckness, the 
locabzed strain levels from *he current analysts are m good agreement w~th ex- 
perimentally observed forming limits 

The t e n s i l e  s t r a i n  r a t e  (,-~ x) in d i f f e r en t  e l e m e n t s  
v a r i e s  ove r  s e v e r a l  o r d e r s  of magni tude  du r ing  a 
t e s t  a t  cons tan t  c r o s s h e a d  speed .  F i g u r e s  5(a) and  
(b) show the s t r a i n  r a t e  in v a r i o u s  e l e m e n t s  a s  a 
funct ion of c x a t  the  c e n t e r .  The s t r a i n - r a t e  a t  Xo 
= 0 is  found to i n c r e a s e  cont inuously  f r o m  the s t a r t  
of de fo rma t ion ,  c o n t r a r y  to what  might  have been  ex -  
pec ted  f r o m  the s p e c i m e n  e longat ion .  The r e a s o n  
for  this  l i e s  in the  d r o p  in 4 x in o ther  e l e m e n t s ,  
t h e r e b y  f o r c i n g  a g r e a t e r  d e f o r m a t i o n  r a t e  a t  xo = 0.  
F o r  n = 0.2 and m = 0 (F ig .  5(a))~ two d i s t i nc t l y  d i f -  
f e r e n t  r e g i m e s  of Cx a r e  o b s e r v e d  fo r  4x a t  x = O. The  
s h a r p  r i s e  in Cx be fo re  s = n is  r e l a t e d  to  d i s c o n -  
t inuance  of d e f o r m a t i o n  in a l l  f i l l e t  e l e m e n t s .  In the  
s econd  s t a g e  4x i n c r e a s e s  at  a s l o w e r  r a t e  i n i t i a l l y ,  
however ,  g r a d u a l  s t r a i n  l oca l i za t i on  l eads  to a f u r -  
t he r  r a p i d  i n c r e a s e  in 4 x b e f o r e  f r a c t u r e .  In the 
c a s e  of n = 0.2 and m = 0.01, the d i s t i nc t  change in 
d e f o r m a t i o n  m o d e s  o c c u r s  much beyond  e x = n.  In  
fact ,  t h e r e  i s  a subs t an t i a l  amount  of d i f fuse ly  d i s -  
t r i bu t ed  s t r a i n  (0,20 - e x -< 0.36), du r ing  which 4x 
i n c r e a s e s  with g r a d u a l l y  r i s i n g  s lope ,  A l l  e l e m e n t s  
in the f i l l e t  d i scon t inue  to  d e f o r m  a t  e x ~0.36 l ead ing  
to a s t a g e  of s t r a i n  l oca l i za t ion .  The r i s e  in gx i s ,  
however ,  much m o r e  g r a d u a l  than in the  c a s e  of m 
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ofn = 0.05, 0.10, 0.20, 0.30 and 0.40; (b) n = 0.1 and an imperfect ion s ize  (f) of 0.004 for the var ious values of m = 0, 
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= 0 (F ig .  5(a)).  C o n s i d e r a b l e  a d d i t i o n a l  e l o n g a t i o n  
due  to t h i s  e f f e c t  has  b e e n  o b s e r v e d  in p r e v i o u s  e x -  
p e r i m e n t a l  s t u d i e s  t,2 and  i s  m o r e  fu l ly  d i s c u s s e d  
l a t e r .  

! r ~ t u e n e e  of  n 

T h e  i n f l u e n c e  of n on the  e n g i n e e r i n g  s t r e s s - s t r a i n  
c u r v e s  i s  s t u d i e d  f o r  t he  c a s e  of  f = 0 ,004,  m = 0 and 
K = 510.16 M P a  (F ig .  6(a)), f o r  e a c h  of n = 0.05,  0 .10,  
0.20, 0.30 and 0 .40.  H a v i n g  the  s a m e  K f o r  a l l  c a s e s  
i s  r e s p o n s i b l e  f o r  t he  d r o p  in t h e  s t r e s s  l e v e l  wi th  
i n c r e a s i n g  v a l u e  of n,  F o r  an  i m p e r f e c t i o n  s i z e  of 
0 .004,  t he  u n i f o r m  s t r a i n  i s  a l w a y s  s o m e w h a t  
s m a t ! e r *  than  n. As n i n c r e a s e s ,  p o s t - u n i f o r m p o r t i o n s  

*n ~s m terms of tree stratus+ wtu|e specimen extensmna~ strmn ~s expressed m 
terms of engineering strata. 

of t h e s e  c u r v e s  d r o p  m o r e  s lowly ,  t h e r e b y  y i e l d i n g  
g r e a t e r  o v e r a l l  s t r a i n  and s u g g e s t i n g  s o m e w h a t  m o r e  
s t a b l e  d e f o r m a t i o n .  Ye t ,  t he  t o t a l  s t r a i n  o v e r  50.8 
m m  i s  not  m u c h  g r e a t e r  than  n due  to the  i n f l u e n c e  of  
t he  i m p e r f e c t i o n .  

I n f l u e n c e  of  m 

T h e  i n f l u e n c e  of m i s  d e s c r i b e d  in  F i g .  6(b) f o r  ,z 
= 0 .1 ,  K = 510.16 M P a  and 4o = 0 ,003,  u s i n g  the  c o n -  

s t i t u t i v e  e q u a t i o n :  ~ = K[ e n + m In ('~/~o)}. E n g i n e e r -  
ing  s t r e s s  i s  r a i s e d  s l i g h t l y  by  an  i n c r e a s e  in m f r o m  
0 to 0 .05.  T h e  i n f l u e n c e  of e v e n  s m a l l  v a l u e s  of  m 
(0.01 - 0.05) in  e x t e n d i n g  the  p o s t - u n i f o r m  p o r t i o n  
of d e f o r m a t i o n  i s  q u i t e  d r a m a t i c  and a g r e e s  w i t h  
p r e v i o u s  e x p e r i m e n t a l  r e s u l t s ,  h2 W h i l e  the  s t a b i l i t y  
of  p o s t - u n i f o r m  d e f o r m a t i o n  i n c r e a s e s  and the  r a t e  
of l oad  d r o p  d e c r e a s e s  wi th  t he  r i s e  in  ;n,  the  un i -  
f o r m  s t r a i n  i s  a f f e c t e d  v e r y  l i t t l e .  

T h i s  f ind ing  c o n t r a d i c t s  s o m e  p r e v i o u s  s p e c u l a -  
t i ons  on th is  s u b j e c t .  T h e  p r e s e n c e  of e v e n  a s m a l l  
m c o n t i n u e s  to add d e f o r m a t i o n  t h roughou t  t he  e n t i r e  
g a g e  l e n g t h  ( m u c h  b e y o n d  n) in  a q u a s i - s t a b l e  m a n -  
n e r  a s  i l l u s t r a t e d  in  F i g .  6(c) .  S t r a i n  in  t h e  f i l l e t  
r e g i o n  a t s o  i n c r e a s e s  in  a s i m i l a r  m a n n e r .  N o t e  
tha t  e v e n  though the  s t r a i n  n o n u n i f o r m i t y  in  t h e s e  
p l o t s  i n c r e a s e s  wi th  l a r g e r  v a t u e s  of m,  t h i s  
would  be h a r d l y  v i s i b l e  when p lo t t ed  as  a func t ion  
of  i n s t a n t a n e o u s  d i s t a n c e .  F i g u r e  6(d) s h o w s t h e  i n -  
s t a n t a n e o u s  width  p lo t t ed  as  a func t ion  of i n s t a n t a n e -  
ous  l e n g t h  fo r  1) m = 0 and2)  m = 0.01,  r e v e a I i n g  the  
g r a d u a l  n a t u r e  of  s p e c i m e n  p r o f i l e .  T h e  w i d e r  t r u e  
n e c k  s i z e  i s  c l e a r l y  e v i d e n t  e v e n  f o r  s u c h  a s m a l l  
v a l u e  of m .  T h i s  l a r g e  a p p a r e n t  " u n i f o r m "  s t r a i n  
m a y  h a v e  b e e n  r e s p o n s i b l e  f o r  the  m i s c o n c e p t i o n  
j u s t  c i t e d .  
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Fig. 7-Engineering s t ress-s t ra in  curves calculated for (a) 
two different values of r (1.0 and 2.0) for the case ofn = 0.2 
and m = 0, (b) three different values of r (0.5, 1.0 and 2.0) 
for the case o f n  = 0.2 and m = 0.01. The vertical arrow 
indicates the maximum load position and the open circles 
in the decreasing load part of the curves correspond to the 
discontinuance of deformation at a node 1.27 mm from the 
specimen center. 

Inf luence of r 

The  e f fec t  of r is shown for  two d i f fe ren t  cases  
in F ig .  7(a) and (b). An i n c r e a s e  in r i n c r e a s e s  the 
p o s t - u n i f o r m  extension,  much l ike the m - e f f e c t .  This  
i n c r e a s e ,  however ,  is no m o r e  than 2 pct upon r a i s i n g  
r f r o m  1.0 to 2.0, for  the case  of n = 0.2, m = 0 a n d f  
= 0.004. F o r  m = 0.01 it is a bit  l a r g e r ,  as shown in 
Fig .  7(b). A drop in r causes  a s h a r p e r  downtrend 
for  the l as t  pa r t  of eng inee r ing  s t r e s s - s t r a i n  cu rve  
and a s m a l l e r  s t r a in  at  the onse t  of a l oca l i zed  th ick-  
nes s  neck.  

Inf luence o f f  

The inf luence of impe r f ec t i on  s i z e  on eng inee r ing  
s t r e s s - s t r a i n  curve  is shown in Fig .  8(a), for  n = 0.2, 
m = 0, and r = 1.0. Only for  a pe r f ec t  s p e c i m e n  is  
the un i fo rm s t r a i n  equal  to n, and app rox ima te ly  6 to 7 
pct  p o s t - u n i f o r m  s t r a in  ach ievab le .  The p r e s e n c e  
of an i m p e r f e c t i o n  r e d u c e s  both un i fo rm and pos t -  
un i fo rm pa r t s  of de fo rmat ion .  F o r  m = 0.01, the 
un i fo rm s t r a in  is  unaffected by sma l l  v a r i a t i o n s  in f 
(see Fig .  8(b)). With no impe r f ec t i on  p o s t - u n i f o r m  
s t r a i n  in e x c e s s  of 22 pct is  now achievable ,  however ,  
an i n c r e a s e  in impe r f ec t i on  s i ze  causes  a l a r g e r  
drop  in p o s t - u n i f o r m  s t r a i n  than that for  m = 0. 

F i g u r e  8(b) a l so  shows the inf luence of a loca l i zed  
cos ine - shaped  im pe r f ec t i on  o f f  = 0.002, sp read  only 
ove r  the cen t r a l  10.16 mm (4 e l emen t s  on e i the r  side 
of the center )  of an o the rwise  pe r f ec t  spec imen .  Th is  
loca l i za t ion  ef fec t  r educes  p o s t - u n i f o r m  s t r a i n  by 
as much as 7 pct  in c o m p a r i s o n  to a gradual  i m p e r -  
fec t ion  of the s a m e  s i ze .  The un i fo rm s t r a i n  is  not 
affected,  however .  

The combined inf luence of n and f on the un i fo rm 
and total  s t r a in  is i l l u s t r a t ed  in F ig .  8(c). Both uni- 
f o r m  and total  s t r a i n s  d e c r e a s e  with i n c r e a s i n g  im-  
pe r fec t ion  s i ze .  The amount  of drop in un i fo rm 
s t r a i n  i n c r e a s e s  with the value  of n i t se l f ,  and the 
s p r e a d  be tween  un i fo rm and to ta l  s t r a i n  a l so  shr inks  
in a s i m i l a r  manne r .  F o r  im pe r f ec t i on  s i z e  of ~0.006,  
even  the total  s t r a i n  fa i l s  shor t  of the n value .  

Combined Influence of n and m 

It has been shown that the p r e s e n c e  of m does not 
inf luence the un i fo rm s t r a in  s igni f icant ly  but a f fec ts  
the p o s t - u n i f o r m  por t ion  of the eng inee r ing  s t r e s s -  
s t r a i n  plot .  F i g u r e  9 shows plots  of p o s t - u n i f o r m  
s t r a i n  as  a function of m for  n = 0.05, 0.10 and 0.20. 
It is i n t e r e s t i n g  to note that the i n c r e a s e  in pos t -  
un i fo rm s t r a i n  produced by n alone (for m = 0) is  en-  
hanced many t i m e s  as m i n c r e a s e s .  On the o ther  
hand, the effect  of m is compl imented  wel l  by l a r g e r  
va lues  of n. Thus the combined inf luence of n and m 
is s igni f icant ly  g r e a t e r  than that of e i t he r  n or  m 
alone.  

Inf luence of Cons t i tu t ive  Law 

F i g u r e  10 shows the inf luence of using Eq. [17b] 
in com pa r i son  to Eq. [17a] for  the s a m e  va lues  of n 
= 0.2 and m = m '  = 0.01. It must  be emphas i zed  
that  m '  = 0.01 means  a s l ight ly higher  r a t e  s e n s i -  
t iv i ty  than m = 0.01. In spi te  of this ,  however ,  Eq. 
[17bl a f fec ts  load equ i l i b r ium in such a manne r  as 
to produce  s l ight ly  s m a l l e r  e longat ion than Eq. [17a] 
sugges t s .  It is  c l e a r  that the t es t  r a t e  inf luences  
only the load l e v e l  if Eq.  [17b] is  ope ra t i ve .  In case  
of Eq.  [17a] both uni form and to ta l  e longat ions  might  
be af fec ted  by tes t  r a t e  as well  as the leve l  of load. 

COMPARISON WITH THE 
BIFURCATION THEORY 

Bi fu rca t ion  theory  has  been  used  in s tud ies  of neck-  
ing in c i r c u l a r  c y l i n d r i c a l  s p e c i m e n s .  8-t~ This  
theory  r e l a t e s  the change f r o m  a pure ly  un i fo rm 
de fo rma t ion  mode to a nonuniform one to the change 
in the s lope of s t r e s s - s t r a i n  cu rve .  It p r ed i c t s  that 
the necking (diffuse) s t r a in  for  a s p e c i m e n  with f ixed 
gr ip  ends is the s a m e  as  the s t r a in  at m a x i m u m  load, 
while the necking s t r a in  is somewhat  g r e a t e r  for  a 
s p e c i m e n  with s h e a r - f r e e  ends 9 Even though it  ap-  
p e a r s  n e a r l y  i m p o s s i b l e  to pinpoint  the diffuse 
necking s t r a i n  expe r imen ta l l y ,  the above r e f e r e n c e s  
sugges t  that the d i f f e rence  be tween the s t r a i n s  fo r  
necking and m a x i m u m  load is s t rongly  inf luenced 
by yie ld  s t ra in ,  s p e c i m e n  g e o m e t r y  and n va lue .  No 
e x p e r i m e n t a l  c o r r o b o r a t i o n  of e i the r  of these  effects  
o r  s i m i l a r  e f fec t s  on the load -ex tens ion  plots  (be- 
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Fig. 8-Engineering s t ress-s t ra in  curves calculated t~: {a) three different imperfection sizes (0, 0.002 and 0.004) for the ease 
ofn = 0,2 and m = 0, (b) three different imperfection sizes (0, 0.002 and 0.004) for the case ofn = 0.2 and m = 0.01. The 
vertical  arrows indicate the maximum load position and the open circles in the decreasing load part of the curves correspond 
to the discontinuance of deformation at a node 1.27 mm from the specimen center. An additional calculation is also shown for 
a localized imperfection of the type as in Fig. 3 (Size = 0.002), situated not over the entire 27.94 ram but over the central 4 
elements {5.08 mm) on either side of the specimen center. (c) Plots of uniform and total strains over 50.8 mm gage length 
are shown as function of specimen imperfection size for the type of imperfection shown in Fig. 3. The results are for different 
values ofn = 0.1, 0.2, 0.3 and 0,4. Elongations up to the point of the open circle {as in Figs. 7 and 8) are considered only. 

yond the m a x i m u m  toad) has been r e p o r t e d ,  In the 
p r e s e n t  work,  the s t r a i n  at m a x i m u m  load was found 
to equal  n, for  a p e r f e c t  s p e c i m e n  with gr ipped 
ends,  which is  what would be expected  on the ba s i s  
of b i furca t ion  theory .  Deta i led  c o m p a r i s o n  of load-  
ex tens ion  plots  f r o m  the p r e s e n t  ana ly t i ca l  r e s u l t s  
could not be made,  however ,  s ince  this  has not been 
worked out using the b i fu rca t ion  theory .  

An aspec t  of the p r e s e n t  model ,  apparen t ly  m o r e  
r e a l i s t i c  than o the r s ,  i s  that  the change f r o m  a uni-  
f o r m  s ta te  of de fo rma t ion  to a nonuniform one does  
not occur  at a s ingle  instant ,  but through a gradual  
d i scont inuance  of s t r a in ing  f r o m  the s p e c i m e n  f i l l e t  
r eg ion .  Sma l l  d e g r e e  of s t r a i n  nonuni formi ty  is  p r e s -  
ent  even  b e f o r e  m a x i m u m  load and t h e r e f o r e ,  the 
def ini t ion of a diffuse neck and i ts  exac t  point of oc -  
c u r r e n c e  b e c o m e  a r b i t r a r y .  Recen t  work on the b i -  
fu rca t ion  ana lys i s  of shee t  s p e c i m e n s  u ac tual ly  p r e -  
d ic ts  that a l a rge  number  of b i furca t ion  modes  a r e  
poss ib le  even be fo re  the load m a x i m u m .  Th i s  v iew 
is  somewha t  c l o s e r  to the concept  of g radua l  deve lop-  
ment  of a nonuni formi ty .  The r e m a i n i n g  chal lenge 
is  thus an unders tanding  of the l oad -ex tens ion  plot 
beyond m a x i m u m  load. In the e x p e r i m e n t a l  r e s u l t s  
to be p r e s e n t e d  fo r  va r i ous  shee t  m a t e r i a l s  (as we l l  
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as  those  in Ref ,  1), the d i f f e r ences  in these  plots  (for 
iden t ica l  s p e c i m e n  g e o m e t r y  and y ie ld  s t r a ins )  a r e  
not expl icab le  in t e r m s  of the i r  n va lues ;  the inf lu-  
ence of s t r a i n - r a t e  sens i t iv i ty ,  ze ro ,  pos i t ive  o r  
neKative, mus t  be included to comple te ly  unders tand 
these .  

COMPARISON WITH EXPERIMENTAL RESULTS 

To test the analytical model with real material be- 
havior, tensile tests were conducted on the following 
materials: i) aluminum-killed steel, 2) rimmed steel, 
3) 70 : 30 brass, 4) 2036-T4 aluminum (AI-2.7 pet Cu) 
alloy and 5) 5182-0 aluminum (Ai-4. 9 pct Mg) alloy. 
E-8 specimens were pulled at 1 cm/min and n, K, 
r, and m parameters were determined, n and K val- 
ues in Eq. [17a] are obtained respectively, from the 
slope and intercept (at E = I) of log (true stress) vs 

log (true strain) plots, r values, f.e. the ratio of 
width-to-thickness strains, are obtained from 
measurements of deformed grids on the specimens 
(Fig. l(b)) prior to the load maximum. The strain- 
rate sensitivity parameters, m, are determined from 
changes in crosshead speed during a test. The stress 
differential, Ae, from strain rates of El to ~e, is used 
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Fig .  9 - - P e r c e n t  e longat ion ove r  50.8 m m  gage length beyond 
m a x i m u m  load, ( o r  p o s t u n i f o r m  elongation)  is  plot ted as  a 
funct ion of  rn f o r  t h r e e  d i f fe ren t  va lues  of n = 0.05, 0 . t  and 
0.2.  E longa t ions  up to the point  of the open c i r c l e  ( a s  in F igs .  
7 and 8) a r e  c o n s i d e r e d  only. 

to ca l cu la t e  m,  us ing  the r e l a t i onsh ip :  m = ~cr/ln (~e /~ )  
F i g u r e s  l l ( a )  to (e) c o m p a r e  the e x p e r i m e n t a l  eng i -  

n e e r i n g  s t r e s s - s t r a i n  cu rves  with ca l cu l a t ed  ones  
fo r  the  v a r i o u s  m a t e r i a l s .  F o r  both a l u m i n u m - k i l l e d  
and r i m m e d  s t e e l s ,  the a g r e e m e n t  i s  exce l l en t .  
A n a l y s i s  does  not s i m u l a t e  the b e h a v i o r  at  low s t r a i n  
l eve l s  v e r y  c lo se ly  s ince  the ac tua l  n - v a l u e s  for  
t h e s e  m a t e r i a l s  a r e  lower  at  t he se  s t r a i n  l e v e l s .  In 
c a s e  of b r a s s  (F ig .  l l ( c ) ) ,  the  b e s t  f i t  va lue  of n 
(= 0.54) ove r  the e n t i r e  s t r a i n  r ange  p r o d u c e s  r e a s o n -  
ab le  a g r e e m e n t  of mos t  of the  cu rve ,  however ,  c a l c u -  
l a ted  un i fo rm  and to t a l  s t r a i n s  a r e  much l a r g e r  than 
the o b s e r v e d  va lue s .  It is  wel l  known that  b r a s s  and 
c e r t a i n  a luminum a l loys  have a s ign i f i can t ly  lower  
va lue  of n n e a r  the  m a x i m u m  load.  ~ B a s e d  on the 
m e a s u r e d  t e r m i n a l  va lue  of n (= 0.46), the  c a l c u l a t e d  
cu rve  m a t c h e s  the e x p e r i m e n t a l  r e s u l t s  qui te  wel l  
n e a r  the m a x i m u m  load .  As expec ted ,  however ,  th is  
w o r s e n s  the f i t  for  the lower  s t r a i n  r e g i o n  on the 
cu rve .  The  input  of a s t r a i n - d e p e n d e n c e  of n into the 
a n a l y s i s  wi l l  be  r e q u i r e d  t h e r e f o r e  for  a c l o s e r  f i t  
ove r  the  e n t i r e  s t r a i n  r a n g e .  

F i g u r e  l l ( d )  shows a s i m i l a r  r e s u l t  fo r  2036-T4 
a luminum,  us ing  the t e r m i n a l  va lue  of n (= 0.18). 
Aga in  a l a r g e r  va lue  of n can b e s t  d e s c r i b e  the e a r l y  
p a r t  of the curve ,  while  a lower  n d e s c r i b e s  the  l a s t  
p a r t  b e t t e r .  It is  i n t e r e s t i n g  to note that  the s e r r a -  
t ions  in the eng inee r ing  s t r e s s - s t r a i n  plot  a round  and 
beyond the m a x i m u m  load  have been  a p p r o p r i a t e l y  
p r e d i c t e d  f r o m  the nega t ive  va lue  of m (= - 0.0025). 
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Fig. lO--The influence of the constitutive laws, 1) ; =KE n-~ 
and 2) "~ = K[ '~  n + rn" l n i ' / d  )], on the eng ineer ing  s t r e s s -  
s t r a i n  c u r v e s  i s  shown for  n = 0.2 and m = rn' = 0.01. 

This  effect  was found to r e s u l t  f r om p e r i o d i c  i n c r e a s e  
and d e c r e a s e  in s t r a i n  r a t e s  in  the e l e m e n t s  of the 
s p e c i m e n .  The  ampl i tude  and f r equency  of these  
s e r r a t i o n s  a r e ,  however ,  d i f fe ren t  f r o m  those  ob-  
s e r v e d ,  p r o b a b l y  be c a use  the  s t r a i n  i n c r e m e n t s  used  
in computa t ion  w e r e  much too c o a r s e  to r e s o l v e  such  
d e t a i l s .  

While  the un i fo rm s t r a i n  is  not  inf luenced by m 
= - 0 . 0 0 2 5  in the ca se  of 2036-T4 a luminum,  a l a r g e r  
nega t ive  m o f - 0 . 0 0 7  in the  c a s e  of 5182-0 a luminum 
(F ig .  l l ( e ) )  not only r e d u c e d  the un i fo rm and to ta l  
s t r a i n s  f r o m  t h e i r  expec ted  va lue s ,  but  sh i f ted  the  
onse t  of s e r r a t i o n s  to much s m a l l e r  s t r a i n s .  Th i s  
a g r e e s  with the  o b s e r v e d  b e h a v i o r ,  excep t  for  the 
ampl i tude  and f r equency  of s e r r a t i o n s .  L ike  the p r e -  
v ious  two m a t e r i a l s ,  a s m a l l e r  value  of t e r m i n a l  n 
a l s o  ex i s t s  fo r  th i s  m a t e r i a l .  The  i m p o r t a n t  con-  
c lus ion  h e r e  i s  tha t  a su f f i c ien t ly  nega t ive  rn can 
ac tua l l y  r e d u c e  the  un i fo rm s t r a i n  to a va lue  lower  
than n. 

SUMMARY AND CONCLUSIONS 

A rigid/plastic constitutive relation including 
p o w e r  law s t r a i n  ha rden ing  and s t r a i n - r a t e  h a r d e n -  
ing has  been  used  to mode l  the  d e f o r m a t i o n  in a shee t  
t e n s i l e  s p e c i m e n .  A f in i te  d i f f e r e nc e  computa t ion  p r o -  
cedure  s i m u l a t e s  the  p r o g r e s s i v e  c e s s a t i o n  of d e f o r -  
ma t ion  s t a r t i n g  f r o m  e l e m e n t s  in the  f i l l e t  r e g i o n  
toward  the m i n i m u m  sec t ion  (in the cen te r )  of the 
s p e c i m e n ,  t h e r e b y  gene ra t i ng  a s t r a i n  peak .  Th is  
g r a d u a l  s t r a i n  l oca l i za t i on  i s  m o r e  r e a l i s t i c  than 
the ab rup t  mode change in the  b i fu r ca t i on  theo ry ,  
and exp la in s  l a r g e  p o s t u n i f o r m  e x t e n s i o n s .  Good 
a g r e e m e n t  has  been  ob ta ined  be tween e x p e r i m e n t a l  
and c a l c u l a t e d  eng inee r ing  s t r e s s - s t r a i n  c u r v e s  fo r  
a v a r i e t y  of m a t e r i a l s ,  p a r t i c u l a r  e m p h a s i s  having 
been  given to the  ex tens ion  beyond m a x i m u m  load .  
Some g e n e r a l  conc lus ions  r e g a r d i n g  the d e f o r m a t i o n  
p r o c e s s  and in f luences  of v a r i o u s  m a t e r i a l  and 
g e o m e t r i c  p a r a m e t e r s  a r e  l i s t e d  below:  

1) The s t r a i n - r a t e  in the m i n i m u m  sec t ion  i n c r e a s e s  
f rom the onse t  of d e f o r m a t i o u  in two s t a g e s .  It 
r e a c h e s  an e x t r e m e l y  r a p i d  r a t e  of i n c r e a s e  n e a r  
c x = n (for m a t e r i a l s  with m = 0), which co inc ides  
with the  d i scon t inuance  of d e f o r m a t i o n  in  a l l  f i l l e t  
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e l e m e n t s .  The  second stage c o n s i s t s  of s tra in  l oca l i -  
zat ion within the gage length with another rapid r i s e  
in s train  rate,  up to near ly  two orders  of magnitude.  
The p r e s e n c e  of a s m a l l  pos i t i ve  m (~0.01)  reduces  
the rate of i n c r e a s e ,  and thereby shi f t s  the t rans i -  
t ion s tra in  (from f i r s t  to the second  stage  of rate 
increase )  to a larger  va lue .  

2) The s t r e s s - r a t i o  (ay /ax)  developed in a sheet  
t ens i l e  s p e c i m e n  i s  genera l ly  very  s m a t l  (~10 -~) and 
i n c r e a s e s  only s l ight ly  with deformation.  The great-  
e s t  increase ,  however,  i s  near the m i n i m u m  sec t ion  
where  it r eaches  about 10 "x before fa i lure .  

3) A cos ine - shaped  imperfec t ion  in the width 
d imens ion  (to s imula te  s p e c i m e n  taper) was studied.  
Imperfect ions  of s m a l l  s i z e  (/',u/wo ~ 0.004) reduce  
uni form s tra ins  u n l e s s  m i s  pos i t ive .  However ,  a 
larger  drop occurs  in postuni form strain: for ex-  
ample ,  in the case  of n = 0.20 and m = 0.01,  pos t -  
uniform s tra in  drops by 7 pct when imper fec t ion  
s i z e  r e a c h e s  ~ 0 . 0 0 4 .  L o c a l i z e d  imperfec t ion  is  sub-  
s tant ia l ly  more  de tr imenta l  than a gradual  tapering 
imperfec t ion  of the s a m e  s i z e .  

4) Both uniform and postuniform s tra ins  i n c r e a s e  
with i n c r e a s i n g  n, the i n c r e a s e  in postuni form s tra in  
being within 1.5 to >4 pct upon an i n c r e a s e  in n from 
0.05 to 0 .40 .  

5) The most  dramat ic  effect  c o m e s  from the p r e s -  
ence of s m a l l  pos i t ive  m.  Uniform stra in  i n c r e a s e s  
s l ight ly  (~1 pct) f rom the p r e s e n c e  of a pos i t ive  m,  
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Fig. l l - C o m p a r i s o n  of experimental and calculated engineer- 
ing stress-strain cuves for (a) aluminum-killed steel, (b) 
rimmed steel, (c) 70-30 brass-two calculations were carried 
out,  one  on  the  b a s i s  o f n  = 0 . 5 4  for  l o w  s t r a i n s ,  and the  
o t h e r  on  the  b a s i s  o f n  = 0 .46  for  s t r a i n s  n e a r  m a x i m u m  load,  
(d) 2 0 3 6 - T 4  a l u m i n u m - t h e  c a l c u l a t i o n  i s  b a s e d  on the v a l u e  
of  n that  b e s t  f i t s  n e a r  the m a x i m u m  load,  (e) 5 1 8 2 - 0  a l u m i -  
n u m - t h e  c a l c u l a t i o n  i s  b a s e d  on the v a l u e  of n that  b e s t  f i t s  
the near maximum load. 

however ,  postuniform s tra in  i n c r e a s e s  f rom 3 pct to 
43 pct due to an i n c r e a s e  of m from 0 to 0 .05.  The 
combined inf luence of n and m i s  substant ia l ly  larger  
than those  of n or m a lone .  For example ,  an rn = 0,02 
can produce 27 pct postuni form s tra in  when n = 0.2,  
as  against  only 15 pct when n = 0 .05.  A suf f ic ient ly  
negat ive  m can reduce both uni form and total  s t ra ins  
s igni f icant ly  and produce s e r r a t i o n s  in eng ineer ing  
s t r e s s - s t r a i n  plot.  The s t ra in  for the onset  of s e t -  
rat ions  d e c r e a s e s  with more  negat ive  va lues  of m.  

6) An i n c r e a s e  in r i n c r e a s e s  postuniform s tra in  
s l ight ly .  This  increase  is  somewhat  enhanced by the 
p r e s e n c e  of a pos i t ive  m. A change of r f rom 1 to 2 
in the case  of n = 0.20 and m = 0.01 i n c r e a s e s  post -  
uni form stra in  by ~ 3  pct. 
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