Crack Propagation in Ceramic Materials

Under Cyclic Loading Conditions

A. G. EVANS AND E. R. FULLER

An analysis is presented which enables crack propagation rates under cyclic loading condi-
ditions to be predicted from static slow crack growth parameters. A comparison of the
predicted times to failure under cyclic conditions with available measured failure times,
for several ceramic materials at ambient temperatures, suggests that there is no signifi-
cant enhancement of the slow crack growth rate due to cycling. This is verified in a series
of measurements of slow crack growth rates under static and cyclic conditions.

FOR- static loading of metallic materials, slow crack
growth can occur, for example, due to stress corro-
sion' and hydrogen embrittlement.? For these proces-
ses, the crack velocity (da/dt) during crack propaga-
tion depends primarily on the stress intensity factor,
Ky, and it is frequently observed that,3

(&) = 4x7. [1]

where A and »n are system constants which depend only
on the environment and the temperature. When cyclic
loading is imposed, an independent source of slow crack
growth can function, This mode of crack propagation
depends primarily on the amplitude of the cycle, AKj,
such that the crack growth per cycle, da/dN, is fre-
quently given for a limited range of AK; by,*%%"

(42 - B(ak " [2]

where B and »* are system constants.

In ceramic materials, the existence of static (envir-
onmentally dependent) slow crack growth is now well
established.®® The rate of crack propagation in the re-
gion of practical interest is determined exclusively by
the stress intensity factor, Kj, as it is for metallic ma-
terials (Eq. [1]). Slow crack growth under cyclic load-
ing conditions is also observed,'®'""** But, it has fre-
quently been suggested that there is no enhanced effect
of cycling on the crack propagation rate. It is intended
in this paper to develop relations which predict the
crack growth rate (or time to failure) under cyclic
loading conditions from the static slow crack growth
parameters. This can then be compared with experi-
mental measurements of crack growth rate under cy-
clic conditions to establish whether there is an en-
hanced effect on the crack growth rate due to cycling.

The only available experimental measurements un-
der cyclic loading are time-to-failure measurements,
Refs. 10 to 12, These are subject to considerable sta-
tistical variation and it is difficult to obtain effective
comparisons with static measurements. A technique
for obtaining more precise comparisons is thus de-
veloped. 1t is based on crack velocity measurements
for both static and cyclic loading situations. Finally,
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crack velocity data are obtained for two ceramic ma-
terials using this technique, and the measured varia-
tions are compared with those predicted analytically.

I. CRACK GROWTH RATE UNDER
CYCLIC CONDITIONS

In this section, the crack growth rate expected under
cyclic loading is evaluated for the condition that the
growth rate is exclusively dependent on the static slow
crack growth parameters, Applying the general condi-
tion,

KI =Yoa 1/ [3]

where o is the applied stress and Y is a geometrical
factor, and substituting for K; in Eq. [1] gives,

a‘n/z 1(_1_

ar = AY" 0", [4]

Integrating Eq. [4] to obtain the crack growth in time,
t, gives,

[2/(n—2) AY "] [(1/a;)""2/2 — (1/a)"~2/2]
t
= of [o(2)]dt’, (5]

where the initial crack length a; is related to the initial
stress intensity factor Kj; and initial stress o; through
Eq. [3]). The time to failure may be obtained from Eq.
[5] and is given by the time for a crack to propagate
from an initial subcritical size, a;, to a critical size,
ac, determined by the condition that K; = Ky, the crit-
ical stress intensity factor.

For static loading, o(t) = 04, and the time to failure,
ts, is given directly from Eqs. [3] and [5] as

ts = [2/("'2)AY2(’:KI'?2][1_(KIS/KIC) -2], [6]

where K;g = Yosa;/z. For ceramic materials, » is
typically a large number (9 to 60). Thus, (K;q/Kjc)™*
« 1 (except for short times to failure) and to a good
approximation'®

ts=[2/(n—2)AY *05 K] 2). (7]

For cyclic loading, the stress is periodic with an av-
erage value, o,, amplitude, o, (=¢0,), and frequency w
= 2n/X, where X is the period. If the time to failure for
cyclic loading, ¢., is expressed as an integer number
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of cycles N plus a fraction of a cycle 62, the integral
on the right-hand side of Eq. [5] can be written as

le=(N+6)A
/ [o(t)]"dt = oltg(n, ©)t,
0

-

v+ ) oo
o ondt
~ o7g(n, O)t.  (for N »1), [8]
where
1 A

gln, t) = f [o(t)/0,]"dt. (9]

]

The left-hand side of Eq. [5] can be related to the static
loading result, Eq. [6]; and the ratio of the cyclic time
to failure to the static time to failure for an initial flaw

of length a; is
K, \n-2 n-2
[ G ()]

Ks n-2
[1_ (K;c) :l
[1+6/N]

[1 + —-———f o/oa]”dt]]

Nig

tc/ts = g_l (Us/o‘a)”

[10]

where 0; and o are the initial and final stresses and
Ky; = Yo,a}/®="(0;/05)K}s. For a large number of cy-
cles to failure N > 1,* the difference between ¢, and

*This corresponds to the condition, ¢ < [(K;, — K;/(Ke + Kj)-

N is negligible, and Eq. [10] can be written to a good
approximation as

te/ts = g7 (05/0, ). [11]

Thus, if there is no enhanced cyclic effect on the crack
growth rate, the time to failure is amplitude dependent
through the factor g™, * and frequency independent.

*Pseudo- amplitude dependence may occur from the ratio {o,/a,]”, if for ex-
ample, 0, = 0, + 3, =0, [ 1 +{]. But here the effect of increasing the amplitude
at constant static load is equivalent to decreasing the average cyclic load.

1) The Evaluation of g

A case of particular practical importance is the
sinusoidal stress,

[12]

An analytical solution for g cannot be obtained for this
case, but a series solution is possible when » is inte-
ger. First, expand [6/0,]" =[1 + ¢ sin wt]” in a bino-
mial series,

[0/0,]" = EQ:O(Z)gk sin® wt.

Writing sin wt = (1/2i)(“! ~ e%“!) and expanding
sin® wt as a binomial series Eq. [13] becomes

[0/0,1" = Tks Z)’fzo(’;) (’;) (/20 (~ 1)1 e?le-2D0t
[14]

over one period vanishes,

o(t) = 0, + 0, sin wt

[13]

The average of gtlk-2lwt
unless # = 2], so that
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¢= Do The (3)() wrir-1to, (5]

where the summations over 2 and ! have been inter-
changed, and 8 g; is the Kronecker delta. Since &
varies from [ to », and & = 21, the summation over
can only give nonzero values for | < »/2. Thus,

[/2)T n!

gl 2) = DPPT[ s w®
where [n/2]r is the truncated value of #/2. Solutions
for g can be obtained quite simply from Eq. [16] for
various » and ¢. A plot of g~ vs the relative amplitude,
¢, is shown in Fig. 1 for selected values of 7.

The lower and upper bounds of g™ for the sinusoidal
stress are respectively the g™ for a square wave
stress and a saw-tooth stress. These are special
cases of the trapezoidal stress solution (given in Ap-
pendix A). The results for the square wave stress are

[16]

gln, &) = 3[(1+ &7 + (1—0)"]
_ ylr/2ir [ _(F;ﬁl)_' ] = [17]
and for the saw-tooth stress wave
§0,8) = g [ Ot = (= 2y)
- T [(n—zz)zﬂ(zn ! ] . [18]

These functions are plotted in Figs. 2 and 3, respec-
tively, and the series expansion is given for compari-
son with the sine wave result.

Finally, it should be mentioned that the relative am-
plitude ¢ is restricted to the range 0 < £ < 1. For rel-
ative amplitudes greater than one, the stress goes
through a compression region, during part of its cycle,
where no crack growth can occur., This portion of the
cycle must accordingly be omitted when calculating g.
Since tension/compression cycles are frequently used
in practice, the case of a sinusoidal stress wave about
a zero average stress is considered in Appendix B.

II. COMPARISON WITH AVAILABLE
TIME-TO-FAILURE MEASUREMENTS

There are few measurements of time to failure under
cyclic loading conditions which can be compared di-
rectly with measurements made under static loading
conditions. The most recent data, which are also the
most comprehensive, have been obtained for polycrys-
talline alumina by Krohn and Hasselman,' Using a sta-
tistical plotting technique,'® we first obtain » for the sys-
tem from the static data (Fig. 4(a)). This gives 50+ 5 as
the best value. Using this » and taking ¢ from Fig. 1,
the failure times under cyclic loading conditions can
be predicted from the static data. These predictions
are compared with experimental measurements, for
three relative amplitudes, in Fig, 4(b). Most of the
cyclic data lie within the range of failure times pre-
dicted from the static data, although the wide variabil-
ity makes precise comparison difficult. We can only
conclude at this stage, therefore, that the failure of
polycrystalline alumina subjected to cyclic loads (super-
imposed on a constant average tensile load) is due
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Fig. 2—The time-to-failure ratio, g, for a square wave form.
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Fig. 4—(a) Static time-to-failure data for polycrystalline alu-
mina (after Krohn and Hasselman). (b) A comparison of cyclic
time-to-failure data measured on the same alumina with the
time to failure predicted from the static data, using g from
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largely to the conventional stress corrosion process,
and that a smaller effect due to cycling may exist, par-
ticularly at high frequencies* (»40 Hz).

*This is an ambiguous point because an additional problem associated with
making cyclic time-to-failure comparisons at different frequencies (as in Fig. 4b)
concerns the large effect of the shape of the wave form on g (see Figs. 1, 2, 3).
The wave forms must be identical if effective time-to-failure comparisons are to be
made, and this is difficult to achieve in practice.

The other available cyclic data is for glass'® and
alumina.'* The data for both materials show that the
time to failure under cyclic loading is less than the
time to failure under static loading at the equivalent
maximum stress. Yet the analysis (Appendix B) would
predict that the time to failure for cyclic loading under
these conditions should be larger than that for static
loading if the slow crack growth is due exclusively to
stress corrosion. There is, however, an anomaly as-
sociated with these comparisons. The static measure-
ments are made in bending (of rods), whereas the cy-
clic measurements are made in a rotating/bend fixture,
which exposes a much larger surface area to the maxi-
mum tensile stress. The fast fracture strength in the
rotating /bending mode (0,;) is thus expected to be
lower than in the bending mode (o), due to the statis-
tically related volume dependence of strength,'* This
strength ratio is given by,'* 6, /0, = (6/2m)1/™  where
m is a measure of the strength distribution’® in the
glass or alumina and 6 is the included angle, at the
maximum tensile stress, in the bend experiment. The
ratio of failure times (7) in the two modes at constant
applied stress is thus,” 7,4 /75 ~ (6/21)"/™. For both
glass and alumina, » is almost invariably larger than
m (see for example Ref. [13]), and it can reasonably
be expected that 6/27 < 1/10. The effect will therefore
be very large and will more than counteract the in-
crease due fo g in Eq. [B1].

It may be concluded from available cyclic time-to-
failure data, therefore, that the existence of an en-
hanced effect of cycling on the slow crack growth rate
has not been established.

III. STATIC/CYCLIC COMPARISONS FROM
CRACK VELOCITY MEASUREMENTS

3.1 The Double Torsion Technique

The problems associated with making precise static/
cyclic comparisons from time-to-failure measurements
suggest that an improved method for comparison should
be devised. The requisite improvement can be achieved
by comparing crack growth rates for the two loading
conditions, because the constraint due to flaw size vari-
ations is essentially removed. A convenient method for
measuring crack growth rates in ceramic materials
entails the use of a double torsion specimen under con-
stant displacement conditions.®”'® This gives the crack
velocity for static conditions from the rate of load re-
laxation;®

da _  0;P; ¢dpP

at_‘_—Pz‘ W)y! [19]
where P is the load, a; and P; are the initial values of
the crack length and load respectively, and y is the dis-
placement. The corresponding stress intensity factor
is then obtained from, %'’
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1/2

= 8P

3(1+ V)] [20]

K= P¥om [Wd"d
n

where W, W,,,, d, and d,, are specimen dimensions (see
Ref. 16) and v is Poisson’s ratio. Similarly, for cyclic
loading, it can easily be shown that the increment in
crack length during one cycle, 6a, is given by

a; P;(6P)
P(P+6P) "’ [21]

where 8P is the load decrement during a cycle mea-
sured between points of constant displacement y.

The double torsion specimen can thus be used to ob-
tain both the K; — da/dt curve for static loading and
relationships between the average velocity per cycle,
the stress intensity factor and the stress intensity am-
plitude, AK}, for cyclic loading. It is also possible with
this technique to make direct static/cyclic compari-
sons on a single specimen so that the microstructural
variability constraint is minimized.

ba = —

3.2 Comparison of Static and Cyclic
Behavior — Analytical

The comparison of static and cyclic slow crack
growth from crack velocity measurements requires
analytical values for the average velocity per cycle
calculated in terms of the static slow ecrack growth
parameters.

For the double torsion specimen,® %!’

[22]

where « is a constant and y is a constant =~ 0 for ce-

ramic materials. Substituting the static slow crack

growth parameter from Eq. [1] and eliminating P give
1l/aV?

4 (§) ata

Integration for a periodic displacement with a constant

average, y,, and amplitude, y, (= gy,), gives

y = P(aa +v)

y'dt = [23]

1 (3_)" [am 1 — éinu]

t
Jo/solmat = m+1)Ayy \B

(24]

The left-hand integral is g, as evaluated in section I.
For one cycle, therefore,

1 o n a?*’- [ ai + ﬁa n+1 ]

- (=) =2 - 25
(n+1)Ay% (B) by ( a; ) (25}
If the crack length increment per cycle is small this
reduces to

g:

aV da (4 Y
e=(7) &G (26]
From Egs. [20] and [22]
Ya = (%) Kpaa; [27]

where K, is the average stress intensity factor for a
cycle. Substituting for y, in Eq. [26] gives the average
crack velocity per cycle.

ba

~ = &AKf (28]
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Comparing this with the static solution {Eq. {1]) shows
that the ratio of the crack velocities under cyclic and
static loading will be given by g (for equivalent K;) if
there is no enhanced effect of cycling on the rate of
slow crack growth.

3.3 Comparison of Static and Cyclic
Behavior —Experimental

Using double torsion specimens, we compare crack
velocities under static and cyclic loading for two ce-
ramic materials—porcelain and glass.* The data ob-

*The glass is a soda-lime glass and the porcelain is an electrical porcelain con-
taining quartz particies ~20 gm in diam.

tained are plotted in Figs. b and 6. The cyclic experi-
ments were conducted on an Instron testing machine,
so the shape of the deflection cycle was essentially
trapezoidal (see Appendix A). The exact characteris-
tics of the cycle were obtained from an oscilloscope
trace and appropriate values for g computed. Using
these g values, the crack velocities per cycle can be
evaluated from the static velocity data and compared
with the measured crack velocities (Figs. 5 and 6). In
all cases, there is no significant difference between
the measured crack velocities and the velocities pre-
dicted from the static slow crack growth. We conclude,
therefore, that for these ceramic materials within the
range of frequencies used (< 20 Hz), there is no en-
hanced effect of cycling on the rate of slow crack
growth.

TV. DISCUSSION

It is shown in the preceding sections that the room
temperature slow crack growth in several ceramic ma-
terials under cyclic loading conditions can be attrib-
uted primarily to the static slow crack growth process.
The materials analyzed—glass, porcelain, and alumina
—do not exhibit significant plastic deformation during
crack propagation at room temperature.'®'® It would
perhaps be anticipated, therefore, that these materials
should not show an enhanced effect of cycling on the
crack propagation rate, because cyclic fatigue phenom-
ena are generally attributed to defect production due to
plastic deformation in the vicinity of the crack tip.2° At
higher temperatures, however, where plastic deforma-
tion is observed to accompany crack propagation, e.g.,
above 400°C for alumina,'® an enhanced effect of cy-
cling may be observed. It is clearly of importance,
therefore, to compare static and cyclic slow crack
growth at elevated temperatures, and it is intended to
make these comparisons using the double torsion tech-
nique which can be readily adapted for high tempera-
ture use.

For low temperature structural applications of the
ceramic materials studied here, the absence of an en-
hanced effect of cycling results in a very substantial
simplification of the failure prediction procedure. It
is simply required to obtain relationships between K
and da/dt for static loading and then to apply the ap-
propriate g to obtain the time to failure. For example,
the minimum time to fallure 7 ;, under static load o,
after proof testing is given by,*®

9 O, -2
(n—Z)AYZUz [;2 (‘E‘) [29]

Tmin =
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where 9 is the proof stress. I there is a cyclic com-
ponent superimposed on the static stress, the minimum
time to failure is simply reduced by an amount equiva-
lent to g.
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Finally, it is interesting to develop the relationship
between crack velocity and stress intensity amplitude
from the static slow crack growth parameters and to
compare them with the relation obtained for a cyelic
fatigue process (Eq. [2]). It will then be possible to
specify the distinguishing features of the two slow
crack growth processes under cyclic loading. The
crack growth per cycle, obtained from the static pa-
rameters (Eq. [28)) is

da

dN = )\gAKIa [30]

Using an expansion for g which applies for ¢ > 0.1, the
crack growth per cycle for a saw-tooth wave form be-

comes,
(n—1) (A&} }
exp [
da o rakp, %) : (KI") [31]

o[

It is apparent from Eq. [31] that (da/dN) depends on
both K; and AK}, and upon the frequency (1/). Where-
as for conventional cyclic fatigue, (da/dN) is dependent
primarily on the amplitude, AK;, independent of the
frequency.

V. CONCLUSION

An analysis is presented which predicts the slow
crack growth under cyclic conditions from the static
slow crack growth parameters. A comparison of avail-
able time-to-failure measurements made for glass and
alumina under static and cyclic conditions with the pre-
dicted effects does not give any precise information due
to the wide experimental variation of failure times and/
or the incompatibility of the static and cyclic measure-
ments,

A comparison of crack growth rates for static and
cyclic loading, using the double torsion technique, for
two ceramic materials—glass and porcelain—shows
that the cyclic crack growth rates are due primarily
to the static slow crack growth mechanism. There is
no significantly enhanced effect of cycling. The simple
approach to failure prediction that can be used with
materials that do not exhibit an enhanced cycling ef-
fect is outlined.

APPENDIX A
g FACTOR FOR A TRAPEZOID STRESS WAVE

In this appendix the g factor relating the time to fail-
ure, ., for a trapezoid stress wave to the time to fail-
ure, t¢, for a static stress, o, (= 6,) is evaluated. The
wave form is illustrated in Fig. 7. It should be noted
that the #’s must sum to one, Z7_ %, = 1, and that o, is
no longer the average stress unless h, + kg + 2h, = b,
+ hq, + 2hg. The integral, Eq. [9], is easily performed

by splitting it into eight parts. The result is
ts/te =8 (n, &) = (hy + hg) + [ (L4 )" + ke (1— )]

1 N AEl
+ CTSIVa {(h1 + hg) [(1+8) 1]

+ (g + ) [1 = (1= O™} [A1]
There are several interesting special cases of this
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Fig. 7—A schematic representation of the general trapezoidai
cycle used for analysis.

general result. A square wave stress is obtained for
hy=hy=hg=h,=h,=h,=0andh, = b, = } to give

gln, &) =3[(1+ "+ (1-8)"] [A2]

A saw-tooth stress wave requires h, = h, = hs=hy, =0
and &, + hy = hy + b, = § to give

gln, ¢) = [(1+ ™ = (1— )™ [A3]

1
2(n+1)¢
Note that the result is independent of the way in which
the stress peaks and drops over a half period, /2.

APPENDIX B
g FACTORS FOR TENSION/COMPRESSION CYCLES

When a cyclic load goes through regions of compres-
sion there is no crack growth in these regions and the
integration of Eq. [9] to obtain g should be taken only
over the tensile portion of the cycle. In general, these
integrals would have to be performed numerically.

One particular case of practical importance which
can be integrated analytically is that of a sinusoidal
stress wave with zero average stress. For the case
of zero average stress, the time-to-failure ratio, Eq.
[11], is rewritten in terms of the stress amplitude, Co»
as

te/ts = g o /a)". [B1]
The g-factor is defined as
f [o(t) /0" dt, [B2]

I
[020]

where [0 = 0] means that regions of compression are
omitted from the integral. For a sinusoidal stress
wave

o(t) = 04 sin wt
Eq. [B2

[B3]

] gives
1 m
= 9r [ sin 6 do
0
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n+1

1 P(‘Tr")

= - [B4]
4m)yt/2 " ’
(4m) r(z +1)
where I'(x) is the gamma function. For larger n,
Stirling’s asymptotic series,
= 1/2 X 1 1 -
T{x+1) = (2mx)"*(x/e) [1 *1ox t e ]
[B5]
can be used to give
R 1 1
1~ 1/2 1
gl = (2m) [1 Yt g T ] . [B6]
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