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An analys is  is p resen ted  which enables c rack  propagat ion ra tes  under cycl ic  loading condi-  
dit ions to be predic ted  f r o m  stat ic  slow c rack  growth p a r a m e t e r s .  A compar i son  of the 
predic ted  t imes  to fai lure  under cyc l ic  conditions with available m e a s u r e d  fai lure  t imes ,  
fo r  seve ra l  c e r a m i c  mate r i a l s  at ambient  t empe ra tu r e s ,  suggests  that there  is no signif i-  
cant enhancement  of the slow c rack  growth ra te  due to cycling.  This is ver i f ied  in a s e r i e s  
of measu re m e n t s  of slow c r a c k  growth ra tes  under stat ic  and cycl ic  conditions.  

F O R  stat ic  loading of metal l ic  ma te r i a l s ,  slow c rack  
growth can occur ,  for  example,  due to s t r e s s  c o r r o -  
sion* and hydrogen embri t t lement ,  z For  these p r o c e s -  
ses ,  the c r ack  veloci ty  (da /d t )  during c r ack  propaga-  
tion depends p r i m a r i l y  on the s t r e s s  intensi ty factor ,  
KI ,  and it is f requent ly  observed  that, s 

where A and n a re  sys t em constants  which depend only 
on the envi ronment  and the t empera tu re .  When cycl ic  
loading is imposed,  an independent source  of slow c rack  
growth can function. This mode of c r ack  propagat ion 
depends p r i m a r i l y  on the amplitude of the cycle,  AKI, 
such that the c rack  growth per  cycle ,  d a / d N ,  is f r e -  
quently given for  a l imited range of LxK I by, 4,s'e'7 

_- B I2]  

where  B and n* a re  sys tem constants .  
In c e r a m i c  mate r ia l s ,  the existence of s tat ic  (envir-  

onmental ly  dependent) slow c rack  growth is now well 
es tabl ished,  e,9 The ra te  of c rack  propagat ion in the r e -  
gion of p rac t i ca l  in te res t  is de te rmined  exclusively by 
the s t r e s s  intensi ty factor ,  K I ,  as it is for  metal l ic  m a -  
t e r i a l s  (Eq. [1]). Slow crack  growth under cycl ic  load- 
ing conditions is a lso observed,  z~ But, it has f r e -  
quently been suggested that there  is no enhanced effect 
of cycl ing on the c rack  propagat ion ra te .  It is intended 
in this paper  to develop re la t ions  which p r e d i c t  the 
c r ack  growth ra te  (or t ime to failure) under cycl ic  
loading conditions f rom the s tat ic  slow c rack  growth 
p a r a m e t e r s .  This can then be compared  with exper i -  
mental  m e a s u r e m e n t s  of c rack  growth ra te  under cy-  
clic conditions to es tabl ish  whether there  is an en- 
hanced effect on the c rack  growth ra te  due to cycling. 

The only available exper imenta l  m e a s u r e m e n t s  un- 
der  c3~clic loading a re  t ime - to - f a i l u r e  measu remen t s ,  
Refs. 10 to 12. These a re  subject  to considerable  s ta-  
t i s t ical  var ia t ion  and it is difficult to obtain effective 
compar i sons  with stat ic  measu remen t s .  A technique 
for  obtaining more  p rec i se  compar i sons  is thus de-  
veloped. It is based  on c r ack  veloci ty  measu remen t s  
for  both s tat ic  and cycl i  c loading si tuat ions.  Finally, 
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c rack  veloci ty  data a re  obtained for  two ce r amic  m a -  
te r ia l s  using this technique, and the m e a s u r e d  v a r i a -  
t ions a re  compared  with those predic ted  analytical ly.  

I. CRACK GROWTH RATE UNDER 
CYCLIC CONDITIONS 

In this sect ion,  the c r ack  growth ra te  expected under 
cycl ic  loading is evaluated for  the condition that the 
growth ra te  is exclusively  dependent on the stat ic  slow 
c rack  growth p a r a m e t e r s .  Applying the general  condi- 
tion, 

K1 = [3] 
where a is the applied s t r e s s  and Y is a geomet r i ca l  
fac tor ,  and substi tut ing for  K I in Eq. [1] gives,  

da  a-n~2 d-"ff = A y n o n "  [4] 

Integrat ing Eq. [4] to obtain the c rack  growth in t ime,  
t, gives,  

[2/(n - 2) A Y  n] [(1/ai) ~ n-2~/a _ (1/a)(n- 2~/a ] 

t 
= f [cY(t)]ndt ' ,  

o 
[51 

where the initial c r ack  length a i is re la ted  to the initial 
s t r e s s  intensity fac tor  KIi  and initial s t r e s s  o i through 
Eq. [3]. The t ime to fai lure  may be obtained f rom Eq. 
[5] and is given by the t ime for  a c rack  to propagate  
f rom an initial subcr i t tca l  s ize,  ai ,  to a c r i t i ca l  size,  
a c ,  de te rmined  by the condition that K I = K I C  , the c r i t -  
ical s t r e s s  intensi ty fac tor .  

For  stat ic  loading, a(t) = as ,  and the t ime to fai lure,  
t s ,  is given d i rec t ly  f rom Eqs. [3] and [5] as  

t s = [2/(n - 2)AY a ty~K~s~ ] [1 - ( K I s / K I c )  n-a ], [6] 

where KIS  = Ycrsa i . For  c e r a m i c  mate r ia l s ,  n is 
typical ly  a la rge  number  t3 (9 to 60). Thus, ( K I s / K I c )  n-~ 
<< 1 (except for  shor t  t imes  to failure) and to a good 
approximat ion n 

t s ~- [2/(n - 2 ) A Y a ~ a s K ~ s Z ] .  [7] 

For  cycl ic  loading, the s t r e s s  is per iodic  with an av-  
e rage  value,  ~a, amplitude,  a o (= ~aa) , and f requency c0 
= 2~/~, where ~ is the period.  If the t ime to fai lure  for  
cycl ic  loading, t c ,  is expressed  as an integer number  
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of c y c l e s  N~ plus  a f r ac t i on  of a cyc le  5~t, the i n t e g r a l  
on the r i gh t -hand  s ide  of Eq. [5] can be wr i t t en  as  

tc=(N+6)A 
f [a(t)] ndt = anag(n, ~)tc 
o 

~- anag(n , ~)t c (for N >> 1), [8] 

where  

A 
1 

g(n,  ~) : --~ f [cr(t)/aa]ndt. [9] 
o 

The l e f t -hand  s ide  of Eq. [5] can be  r e l a t e d  to the s t a t i c  
loading  r e s u l t ,  Eq. [6]; and the r a t i o  of the cyc l i c  t ime  
to f a i l u r e  to the s t a t i c  t ime  to f a i l u re  for  an in i t i a l  f law 
of length a i is  

t c / t  s = g-I (~s/aa)n [1- (K, t'1 
j J 

[I + 6/N]  

1 6X ] 
N ~ g  o f [ e / ea]nd t ]  

[10] 

where  a i and err a r e  the in i t i a l  and f inal  s t r e s s e s  and 
Kii = Yeia i = (a i /as )KIs .  F o r  a l a r g e  number  of cy -  
c l e s  to f a i l u r e ,  N >> 1,* the d i f f e rence  be tween  t c and 

*This corresponds to the condition, ~" ~ [(Klc - Kli)/(KIe + Kli)]. 

N~ is  neg l ig ib le ,  and Eq. [10] can be wr i t t en  to a good 
app rox ima t ion  as  

t c / t  s ~ g-1 (Crs/aa)n. [11] 

Thus,  tf t h e r e  is  no enhanced cyc l i c  effect  on the c r a c k  
growth r a t e ,  the  t ime  to f a i l u r e  Is ampl i tude  dependent  
through the f ac to r  g-~,* and f r equency  independent .  

*Pseudo- amplitude dependence may occur from the ratio [Os/Oa] n, if for ex- 
ample, o s = o a + o o = o a [ 1 + ~']. But here the effect of increasing the amplitude 
at constant static load is equivalent to decreasing the average cyclic load. 

1) The Evalua t ion  of g 

A c a s e  of p a r t i c u l a r  p r a c t i c a l  i m p o r t a n c e  is the 
s inuso ida l  s t r e s s ,  

a(t) = a a + a o s in  cot [12] 

An ana ly t i ca l  so lu t ion  for  g cannot  be obta ined  for  th is  
ca se ,  but a s e r i e s  so lu t ion  is  p o s s i b l e  when n is  in t e -  
ge r .  F i r s t ,  expand [a /aa ]  n =[1 + ~ s in  wt] n in a b ino-  
mia l  s e r i e s ,  

[ a / a a ] n =  ~__o ( k )  ~k sinkwt.  [13] 

Wr i t ing  sin tot = (1/2i)(e/wt - e-it~ and expanding 
sin k tot as  a b inomia l  s e r i e s  Eq. [13] b e c o m e s  

[a/aa] n= S f f -o  S k = O ( k ) ( k l )  (~/2i)k(  - 1) le i (k-2l)wt  

[14] 
The a v e r a g e  of e i[k-2l]wt ove r  one p e r i o d  van i shes ,  
un less  k = 21, so that  

g ~ n  n k [15] 

whe re  the  summat ions  ove r  k and 1 have been i n t e r -  
changed,  and 6k,2l is  the K r o n e c k e r  de l ta .  Since k 
v a r i e s  f rom l to n, and k = 2 l ,  the s u m m a t i o n  over  l 
can only give nonze ro  va lues  for  l _ n /2 .  Thus, 

~7~[n/2]T [ n! ] 
g(n,  ~) = z-al=o ( n _  2l) ! (li)Z (~/2) 2/, [16] 

whe re  [n/2]T i s  the t r u n c a t e d  va lue  of n /2 .  Solutions 
for  g can be obta ined quite s i m p l y  f rom Eq. [16] for  
v a r i o u s  n and ~. A plot  of g - i  vs  the r e l a t i v e  ampl i tude ,  
G is  shown in Fig.  1 for  s e l e c t e d  va lues  of n. 

The lower  and upper  bounds of g-1 for  the s inuso ida l  
s t r e s s  a r e  r e s p e c t i v e l y  the  g - i  for  a s q u a r e  wave 
s t r e s s  and a saw- too th  s t r e s s .  These  a r e  s p e c i a l  
c a s e s  of the t r a p e z o i d a l  s t r e s s  so lu t ion  (given in Ap-  
pendix  A). The r e s u l t s  for  the s q u a r e  wave s t r e s s  a r e  

g(n,  ~) : �89 + ~)n + ( 1 -  ~)n] 

~[n /2]T  [ n! ] ~zl, [17] 
= l=o L ( n -  20[  (20!  

and for  the saw- too th  s t r e s s  wave 

1 g(n,  ~) - [(1 + ~)n§ _ ( 1 -  [)n§ 
2 (n+  1) 

= ~In /ZJT [ n! ] ~ t .  [18] 
l=o ( n -  2/)t (2 /+ 1)! 

These  funct ions a r e  p lo t ted  in F igs .  2 and 3, r e s p e c -  
t ive ly ,  and the s e r i e s  expans ion  is  g iven for  c o m p a r i -  
son with the s ine  wave r e s u l t .  

F ina l ly ,  tt  should be ment ioned  that  the r e l a t i v e  a m -  
p l i tude  ~ is r e s t r i c t e d  to the r ange  0 _< ~ _< 1. Fo r  r e l -  
a t ive  a mp l i t ude s  g r e a t e r  than one, the s t r e s s  goes  
through a c o m p r e s s i o n  r eg ion ,  dur ing  p a r t  of i t s  cyc le ,  
where  no c r a c k  growth can occu r .  This  por t ion  of the 
cyc le  mus t  a c c o r d i n g l y  be omi t t ed  when ca lcu la t ing  g.  
Since t e n s i o n / c o m p r e s s i o n  c y c l e s  a r e  f r equen t ly  used  
in p r a c t i c e ,  the e a s e  of a s t nuso ida l  s t r e s s  wave about 
a z e r o  a v e r a g e  s t r e s s  is  c o n s i d e r e d  in Appendix B. 

H. COMPARISON WITH AVAILABLE 
T I M E - T O - F A I L U R E  MEASUREMENTS 

T h e r e  a r e  few m e a s u r e m e n t s  of t ime  to f a i l u r e  under  
cyc l i c  loading condi t ions  which can be c o m p a r e d  d i -  
r e c t l y  with m e a s u r e m e n t s  made  under  s t a t i c  loading  
condi t ions .  The mos t  r e c e n t  data ,  which a r e  a l so  the 
mos t  c o m p r e h e n s i v e ,  have been  obta ined  for  p o l y c r y s -  
t a l l ine  a lumina  by Krohn and H a s s e l m a n .  t~ Using a s t a -  
t i s t i c a l  p lo t t ing  technique,  13 we f i r s t  obta in  n for  the s y s -  
t em f r o m  the s t a t i c  da ta  (F ig .  4(a)). This  g ives  50 • 5 a s  
the b e s t  va lue .  Using th is  n and tak ing  g f rom Fig .  1, 
the f a i l u r e  t i m e s  under  cyc l i c  loading  condi t ions  can 
be p r e d i c t e d  f rom the s t a t i c  data .  These  p r e d i c t i o n s  
a r e  c o m p a r e d  with e x p e r i m e n t a l  m e a s u r e m e n t s ,  for  
t h r e e  r e l a t i v e  ampl i tudes ,  in Fig.  4(b). Most  of the 
cyc l i c  da ta  l ie  within the r ange  of f a i l u r e  t i m e s  p r e -  
d i c t ed  f rom the s t a t i c  data ,  a l though the wide v a r i a b i l -  
i ty  m a k e s  p r e c i s e  c o m p a r i s o n  diff icul t .  We can only 
conclude at  th is  s tage ,  t h e r e f o r e ,  that  the f a i l u r e  of 
p o l y c r y s t a l l i n e  a lumina  sub jec ted  to cyc l i c  loads  ( s u p e r -  
impose d  on a cons tant  a v e r a g e  t e n s i l e  load) is  due 
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Fig. 1--The t ime- to - fa i lu re  rat io,  g, for a sinusoidal wave 
form as a function of the s t r e s s  ampl i tude-average  s t r e s s  
rat io,  C, for se lec ted  n. 
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Fig. 2--The t ime- to - fa i lu re  ratio,  g, for a square wave form. 
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Fig. 3--The t ime- to - fa i lu re  ratio,  g, for a saw-tooth  wave 
form.  
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Fig. 4--(a) Static t ime- to - fa i lu re  data for polycrystal l ine alu-  
mina (after Krohn and Hasselman).  (b) A compar ison of cyclic 
t ime- to - fa i lu re  data measured  on the same alumina with the 
t ime to failure predic ted  f rom the s ta t ic  data, using g f rom 
Fig. 1. 
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largely to the conventional s t ress  corrosion process,  
and that a smaller  effect due to cycling may exist, par-  
t icularly at high frequencies* (~>40 Hz). 

*This is an ambiguous point because an additional problem associated with 
making cyclic time-to-failure comparisons at different frequencies (as in Fig. 4b) 
concerns the large effect of the shape of the wave form on g (see Figs. 1, 2, 3). 
The wave forms must be identical if effective time-to-failure comparisons are to be 
made, and this is difficult to achieve in practice. 

The other available cyclic data is for glass TM and 
alumina. ~t The data for both materials show that the 
time to failure under cyclic loading is less than the 
time to failure under static loading at the equivalent 
maximum s t ress .  Yet the analysis (Appendix B) would 
predict that the time to failure for cyclic loading under 
these conditions should be larger  than that for static 
loading if the slow crack growth is due exclusively to 
s t ress  corrosion. There is, however, an anomaly as-  
sociated with these comparisons.  The static measure-  
ments are made in bending (of rods), whereas the cy- 
clic measurements are made in a rotating/bend fixture, 
which exposes a much larger  surface area to the maxi- 
mum tensile s t ress .  The fast fracture strength in the 
rotating/bending mode (~rb) is thus expected to be 
lower than in the bending mode (~b), due to the statis-  
tically related volume dependence of strength. ~4 This 
strength ratio is given by, t4 (Trb/(7 b ~ (O/21t)l/m, where 
m is a measure of the strength distribution '5 in the 
glass or alumina and 0 is the included angle, at the 
maximum tensile s t ress ,  in the bend experiment. The 
ratio of failure times (r) in the two modes at constant 
applied s t ress  is thus, xa ~rb/Tb .~ (O/2y)n/m. For both 
glass and alumina, n is almost invariably larger  than 
m (see for example Ref. [13]), and it can reasonably 
be expected that 0/2u ~< 1/10. The effect will therefore 
be very large and will more than counteract the in- 
crease due to g in Eq. [B1]. 

It may be concluded from available cyclic t ime-to-  
failure data, therefore,  that the existence of an en- 
hanced effect of cycling on the slow crack growth rate 
has not been established. 

HI. STATIC/CYCLIC COMPARISONS FROM 
CRACK VELOCITY MEASUREMENTS 

3.1 The Double Torsion Technique 

The problems associated with making precise s tat ic /  
cyclic comparisons from t ime-to-fai lure  measurements 
suggest that an improved method for comparison should 
be devised. The requisite improvement can be achieved 
by comparing crack growth rates for the two loading 
conditions, because the constraint due to flaw size var i -  
ations is essentially removed. A convenient method for 
measuring crack growth rates  in ceramic materials  
entails the use of a double torsion specimen under con- 
stant displacement conditions. 9't6 This gives the crack 
velocity for static conditions from the rate of load re -  
laxatlon ;o 

da _ a iP i  ( d P ) y  [19] 7K-~- ~ -3V ' 

where P is the load, a i and Pi are the initial values of 
the crack length and load respectively, and y is the dis- 
placement. The corresponding s t ress  intensity factor 
is then obtained from, le't7 

3 (1 + v) 1 ,/2 
= Pw , J [20] 

where W, Win, d, and d n are specimen dimensions (see 
Ref. 16) and v is Poisson 's  ratio. Similarly, for cyclic 
loading, it can easily be shown that the increment in 
crack length during one cycle, 5a, is given by 

5 a = -  aiPi(SP) 
P (P + 5P~ ' [211 

where 5P is the load decrement during a cycle mea- 
sured between points of constant displacement y. 

The double torsion specimen can thus be used to ob- 
tain both the K I - da /d t  curve for static loading and 
relationships between the average velocity per cycle, 
the s t ress  intensity factor and the s t ress  intensity am- 
plitude, SKI, for cyclic loading. It is also possible with 
this technique to make direct  s ta t ic /cycl ic  compari-  
sons on a single specimen so that the microstructural  
variability constraint is minimized. 

3.2 Comparison of Static and Cyclic 
Behavior --Analytical 

The comparison of static and cyclic slow crack 
growth from crack velocity measurements  requires 
analytical Values for the average velocity per cycle 
calculated in terms of the static slow crack growth 
parameters .  

For the double torsion specimen, a''6'17 

y = P ( a a  + ~) [22] 

where (~ is a constant and ~ is a constant ~ 0 for ce- 
ramic materials .  Substituting the static slow crack 
growth parameter  from Eq. [1] and eliminating P give 

yndt = A \ f l  / anda [23] 

Integration for a periodic displacement with a constant 
average, Ya, and amplitude, Yo (= ~Ya), gives 

t 

f[y(t ,)/ya]ndt,  = 1 (-~-f  [a n+` - an,,] 
(n + 1)Ay~ o 

[24] 

The left-hand integral is gk, as evaluated in section I. 
For one cycle, therefore,  

[25] 
g -  (n§ - 7 -  - J 

If the crack length increment per cycle is small this 
reduces to 

g = ~ \Ya / 

From Eqs. [20] and [22] 

Ya : ( ~ )  Kiaai [27] 

where Kia is the average s t ress  intensity factor for a 
cycle. Substituting for Ya in Eq. [26] gives the average 
crack velocity per cycle. 

6a n 
X - gAgla  [28] 

3 0 - V O L U M E  5, J A N U A R Y  1974 M E T A L L U R G I C A L  TRANSACTIONS 



C o m p a r i n g  th is  with the s t a t i c  solut ion (Eq. [1]) shows 
that  the r a t i o  of the c r a c k  ve loc i t i e s  under  cyc l i c  and 
s t a t i c  load ing  wil l  be given by  g (for equiva len t  K I) if 
t h e r e  is  no enhanced effect  of cyc l ing  on the r a t e  of 
slow c r a c k  growth.  

3.3 C o m p a r i s o n  of Static and Cycl ic  
Behav io r  - - E x p e r i m e n t a l  

Using double t o r s i o n  s p e c i m e n s ,  we c o m p a r e  c r a c k  
v e l o c i t i e s  under  s t a t i c  and cyc l i c  load ing  for  two c e -  
r a m i c  m a t e r i a l s - p o r c e l a i n  and g lass .*  The da ta  ob-  

*The glass is a soda-lime glass and the porcelain is an electrical porcelain con- 
taining quartz particles ~20 gm in diam, 

t a ined  a r e  p lo t t ed  in F igs .  5 and 6. The cyc l i c  e x p e r i -  
men t s  w e r e  conducted  on an Ins t ron  t e s t i ng  machine ,  
so the shape  of the def lec t ion  cyc le  was e s s e n t i a l l y  
t r a p e z o i d a l  (see  Appendix A). The exac t  c h a r a c t e r i s -  
t i c s  of the cyc le  were  obtained f rom an o s c i l l o s c o p e  
t r a c e  and a p p r o p r i a t e  va lues  for  g computed .  Using 
these  g va lue s ,  the c r a c k  v e l o c i t i e s  p e r  cyc le  can be 
eva lua ted  f rom the s t a t i c  ve loc i ty  da ta  and c o m p a r e d  
with the m e a s u r e d  c r a c k  v e l o c i t i e s  (F igs .  5 and 6). In 
a l l  c a s e s ,  t h e r e  is  no s ign i f ican t  d i f f e rence  between 
the m e a s u r e d  c r a c k  v e l o c i t i e s  and the v e l o c i t i e s  p r e -  
d i c t ed  f rom the s t a t i c  slow c r a c k  growth.  We conclude,  
t h e r e f o r e ,  tha t  for  these  c e r a m i c  m a t e r i a l s  within the 
r ange  of f r e q u e n c i e s  used  (~< 20 Hz), t h e r e  is  no en-  
hanced effect  of cyc l ing  on the r a t e  of slow c r a c k  
growth.  

IV. DISCUSSION 

It is  shown in the p r eced ing  s ec t i ons  that  the room 
t e m p e r a t u r e  s low c r a c k  growth in s e v e r a l  c e r a m i c  m a -  
t e r i a l s  under  cyc l i c  loading  condi t ions  can be a t t r i b -  
uted p r i m a r i l y  to the s t a t i c  slow c r a c k  growth p r o c e s s .  
The m a t e r i a l s  a n a l y z e d - - g l a s s ,  po rce l a in ,  and a lumina  
- -do not  exhib i t  s ign i f i can t  p l a s t i c  d e f o r m a t i o n  dur ing  
c r a c k  p ropaga t i on  at  room tempera tu re . /8 ' I~  It would 
p e r h a p s  be an t i c ipa ted ,  t h e r e f o r e ,  that  t he se  m a t e r i a l s  
should not  show an enhanced effect  of cyc l ing  on the 
c r a c k  p ropaga t i on  r a t e ,  b e c a u s e  cyc l i c  fa t igue phenom-  
ena a r e  g e n e r a l l y  a t t r i bu ted  to defec t  p roduc t ion  due to 
p l a s t l c  d e f o r m a t i o n  in the v ic in i ty  of the c r a c k  t ip.  2~ At 
h ighe r  t e m p e r a t u r e s ,  however ,  where  p l a s t i c  d e f o r m a -  
t ion is o b s e r v e d  to accompany  c r a c k  p ropaga t ion ,  e .g . ,  
above 400~ for  a lumina ,  is an enhanced effect  of cy -  
c l ing may  be o b s e r v e d .  It is  c l e a r l y  of i m p o r t a n c e ,  
t h e r e f o r e ,  to c o m p a r e  s t a t i c  and cyc l i c  slow c r a c k  
growth at  e l eva t ed  t e m p e r a t u r e s ,  and i t  is  intended to 
make  these  c o m p a r i s o n s  us ing  the double  t o r s i o n  t e c h -  
nique which can be r e a d i l y  adap ted  for  high t e m p e r a -  
tu re  use .  

Fo r  low t e m p e r a t u r e  s t r u c t u r a l  app l i ca t ions  of the 
c e r a m i c  m a t e r i a l s  s tud ied  he re ,  the absence  of an en-  
hanced effect  of cyc l ing  r e s u l t s  in a v e r y  subs tan t i a l  
s imp l i f i ca t ion  of the f a i l u r e  p r ed i c t i on  p r o c e d u r e .  It 
is  s i m p l y  r e q u i r e d  to obta in  r e l a t i o n s h i p s  between K I 
and da/dt  for  s t a t i c  loading and then to app ly  the ap -  
p r o p r i a t e  g to obta in  the t ime  to f a i l u r e .  F o r  example ,  
the min imum t ime  to f a i l u r e  Tmi n under  s t a t i c  load  o s 
a f t e r  proof  t e s t ing  is given by,  13 

: 
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Fig. 5--Crack velocity measurements under static and cyclic 
loading conditions for porcelain, including cyclic velocities 
predicted from the static measurements. 
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where  ap is  the proof  s t r e s s .  If t h e r e  is  a cyc l i c  c o m -  
ponent  s u p e r i m p o s e d  on the s t a t i c  s t r e s s ,  the min imum 
t ime  to f a i l u r e  i s  s i m p l y  r e d u c e d  by an amount  equ iva -  
lent  to g .  
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Finally, it is interesting to develop the relationship 
between crack velocity and s t ress  intensity amplitude 
from the static slow crack growth parameters  and to 
compare them with the relation obtained for a cyclic 
fatigue process  (Eq. [2]). It will then be possible to 
specify the distinguishing features of the two slow 
crack growth processes  under cyclic loading. The 
crack growth per cycle, obtained from the static pa- 
rameters  (Eq. [28]) is 

da = ~gAg~a" [30] 
dN 

Using an expansion for g which applies for ~ ~> 0.1, the 
crack growth per cycle for a saw-tooth wave form be- 
comes, 

da ~_kAK~ a 2 n exp ~ 4  \-~-/a ]~ 
d N  (n-n--fT) [31] 

It is apparent from Eq. [31] that (da/dN) depends on 
both K I and ~I'i ,  and upon the frequency (l/X). Where- 
as for conventional cyclic fatigue, (da/dN) is dependent 
pr imari ly  on the amplitude, Z~rfi, independent of the 
frequency. 

V. CONCLUSION 

An analysis is presented which predicts the slow 
crack growth under cyclic conditions from the static 
slow crack growth parameters .  A comparison of avail- 
able t ime-to-fai lure measurements made for glass and 
alumina under static and cyclic conditions with the pre-  
dicted effects does not give any precise information due 
to the wide experimental variation of failure times and/ 
or the incompatibility of the static and cyclic measure-  
ments. 

A comparison of crack growth rates for static and 
cyclic loading, using the double torsion technique, for 
two ceramic mater ia ls--glass  and porce la in-shows 
that the cyclic crack growth rates are due pr imari ly  
to the static slow crack growth mechanism. There is 
no significantly enhanced effect of cycling. The simple 
approach to failure prediction that can be used with 
materials  that do not exhibit an enhanced cycling ef- 
fect is outlined. 

APPENDIX A 

g FACTOR FOR A TRAPEZOID STRESS WAVE 

In this appendix the g factor relating the time to fail- 
ure, tc, for a trapezoid s t ress  wave to the time to fail- 
ure, ts, for a static s t ress ,  a s (= %)  is evaluated. The 
wave form is illustrated in Fig. 7. It should be noted 
that the h's must sum to one, r~ 8. h i = 1, and that a a is 

$ = 1  

no longer the average s t ress  unless h t + hs + 2hz = h s 
+ h~ + 2h 6. The integral, Eq. [9], is easily performed 
by splitting it into eight parts.  The result  is 

t s / t  c = g (n ,  ~) = (h 4 + hs) + [h~(1 + ~)n + h6 ( l_  ~)n] 

1 { 
+ (n+1)------~ (hl + hs)[(l+~)n*'- I] 

+ (h s + hT)[l - (1- [)n+1]} [AI] 

There are several interesting special cases of this 

% U+{;) 

O" o . . . .  

%0-;) 

hs~---,= =-- h 6 ~'. : ~= :-.h 8 k 

t _h7X 
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X t 

Fig. 7--A schemat ic  represen ta t ion  of the general  t rapezoidal  
cycle used for analysis. 

general result.  A square wave s t ress  is obtained for 
h l = h  3 = h  5 = h  7 = h  4 = h  8 = 0 a n d h  2 = h  6= �89 to give 

g(n;  ~) = �89 ~)n + (1 -  ~)n] [A2] 

A saw-tooth stress wave requires h a = h 4 = h B = h s = 0 
andh z+h 3 =h s+h 7= �89 to give 

1 
g(n, ~) - 2(n+1)--~ [ ( I+ C)n+1 _ (i_~)n+t] [A3] 

Note that the result  is independent of the way in which 
the s t ress  peaks and drops over a half period, k/2. 

APPENDIX B 

g FACTORS FOR TENSION/COMPRESSION CYCLES 

When a cyclic load goes through regions of compres-  
sion there is no crack growth in these regions and the 
integration of Eq. [9] to obtain g should be taken only 
over the tensile portion of the cycle. In general, these 
integrals would have to be performed numerically. 

One particular case of practical  importance which 
can be integrated analytically is that of a sinusoidal 
s t ress  wave with zero average s t ress .  For the case 
of zero average s t ress ,  the t ime-to-fai lure  ratio, Eq. 
[11], is rewritten in terms of the s t ress  amplitude, %, 
a s  

t c / t  s ~- g-t(as/ao) n. [B1] 

The g-fac tor  is defined as 

g = 1 / [a ( t ) /ao]nd t  ' [B21 

[~_>0] 

where [a _ 0] means that regions of compression are 
omitted from the integral. For a sinusoidal s t ress  
wave 

a(t) = ao sin wt [B3] 

EQ. [B2] gives 

7[ ' /  g ; ~ sin n0 dO 
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where F (x) Is the gamma function. 
Stir l lng's  asymptot ic  se r ies ,  

r ( x §  = ( 2 7 r x ) I / ~ ( x / e ) ~  + - i ' ~  § ~ 

For l a rge r  n, 

1 
288x z 

Carl be used to give 

g-1 ~ (21rn)1/~ 1 + - ~  + ~ + . . . .  

[r 4] 

[B6] 
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