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The cont r ibu t ion  of E. C. Bain in ident i fying the co r respondence  and pure  s t r a i n  involved 
in f e r rous  m a r t e n s i t i c  t r a n s f o r m a t i o n s  is rev iewed,  together  with l a t e r  work which has 
conf i rmed Ba in ' s  hypothesis .  Modern  c rys ta l log raph ic  theor ies  of m a r t e n s i t i c  t r a n s f o r m a -  
t ions have their  or ig in  in Ba in ' s  recogni t ion  that a pure  s t r a i n  by i t se l f  would produce a 
ma jo r  accommodat ion  p rob lem between the pa ren t  and product  phases ;  thus,  addi t ional  
la t t ice  i nva r i an t  p r o c e s s e s  have been in t roduced.  Some aspects  of the c rys ta l log raph ic  
theor ies  a re  cons idered  and at tent ion is drawn to the i nc rea sed  number  of fac to r iza t ions  
of a total  s t r a in  that become poss ib le  when sequences  of three  (or more)  s t r a i n s  a re  con-  
s ide red  ins tead  of the usual  two. Some impl ica t ions  of the r e c e n t  double shear  theory (and 
double in te r face  mechan i sm)  and p las t ic  accommodat ion  model are  examined.  The nuc l e a -  
t ion of m a r t e n s i t i c  t r a n s f o r m a t i o n s  with r e spec t  to the Bain s t r a i n  is cons ide red  br ie f ly .  

IN 1924 in a c l a s s i c  paper  concerned  with " T h e  
Nature  of M a r t e n s i t e , "  E. C. Bain in t roduced the con-  
cept that a s t r u c t u r a l  change of a c e r t a i n  kind might  
occur  by means  of a homogeneous deformat ion  in 
which the product  phase is  der ived  f rom the pa ren t  by 
a s imple  " u p s e t t i n g "  p r o c e s s ?  It s eems  to have been 
impl ic i t  in the thinking of the t ime that the m a r t e n s i t i c  
r eac t ion  in s t ee l s  is  d i f fus ion less ,  as evidenced by 
B a i n ' s  comment  that "The  outs tanding c h a r a c t e r i s t i c ,  
perhaps, of martensite is the complete alkotropic 
change from 7 to ot iron and the completely suppressed 
precipitation of carbide." Bain also appreciated that 
the transformation could involve only small relative 
displacements of neighboring atoms: "It is reasonable, 
also ,  that the a toms themse lves  wil l  r e a r r a n g e  with the 
g r ea t e s t  poss ib le  faci l i ty by a method that wil l  r e qu i r e  
the leas t  t empora ry  d i s tor t ion ;  we cannot  expect an 
atom to squeeze through some n a r r o w  spacing ,  for 
ins tance .  A mode of atomic shift  was conceived by the 
author some months ago and was la ter  d i scussed  with 
Dr .  Ancel  St. John who, in the mean t ime ,  had thought 
of the same  scheme of things and accepted it as highly 
probable .  It  is not s u r p r i s i n g  that this should have 
occu r r ed ,  as i t  is  the only easy method of cons t ruc t ing  
a body-cen te red  atomic s t r uc tu r e  f rom a f a c e - c e n t e r e d  
cubic c r y s t a l . "  Attent ion was then drawn to F igs .  1 
and 2 (taken f rom the or ig ina l  in which the f igure 
des ignat ions  were  3 and 4), and the Bain s t r a i n ,  as 
we now know it ,  was d i scussed .  It  was pointed out that 
" T h e r e  are  three  axes in the aus ten i te  gra in  on which 
this change may take place by the upset t ing  p rocedure  
jus t  i nd ica ted , "  and suggested that these d i f ferent  
va r i an t s  mus t  be operat ive  in p rac t i ce :  " U n l e s s  this  
movemen t  is compensa ted  by encoun te r ing  soon the 
opposite s tate  of a f fa i rs  along any given d i rec t ion  a 
rup tu re  would e n s u e . "  This  las t  comment  s eems  to 
ant ic ipate  that f e r rous  m a r t e n s i t e  p la tes  should be 
twinned,  which is now known to be the case  in a number  
of t r a n s f o r m a t i o n s .  

In a r ecen t  communica t ion  z Bain,  comment ing  on the 
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p r o g r a m  of this sympos ium,  s tated:  "I  would like to 
have a c l e a r e r  i m p r e s s i o n  of what the c h a r a c t e r i s t i c s  
of 'Ba in  S t ra in '  may be,  than I can now envis ion .  I 
fear  it may conceivably  r e l a t e  to the 'upse t t ing '  of the 
body-cen te red  te t ragonal  la t t ice  in any F .C.C.  a u s t e n -  
ite to form m a r t e n s i t e  or f e r r i t e ,  a r a t iona l  enough 
end r e s u l t ,  but one very  diff icult  for me now to model ,  
as ac tual ly  oc c u r r i ng  so s imply  and r easonab ly  as I 
once i m a g i n e d . "  

Th i s  ques t ion of s impl ic i ty  vs r ea l i ty  wil l  be con-  
s ide red  in the p r e s e n t  pape r ,  in addit ion to other 
aspec ts  of the Bain s t r a i n .  Also to be d i scussed  wil l  
be la t t ice  c o r r e s p o n d e n c e s ,  as impl ied by homogene-  
ous (Bain) s t r a i n s .  F u r t h e r ,  s ince  the homogeneous 
deformat ion  as specif ied by the Bain s t r a i n  can be 
only a pa r t  of the total  t r a n s f o r m a t i o n  c rys ta l log raphy  
for any given m a r t e n s i t i e  t r a n s f o r m a t i o n ,  other r e -  
qui red  and r e l a t ed  de format ions  such as the "inhomo- 
geneous shear  ' 's  or " c o m p l e m e n t a r y  s t r a i n  ''4 a re  d i s -  
cussed .  In p a r t i c u l a r ,  a t tent ion is drawn to the 
i nc r e a se d  number  of fae to r iza t ions  of the total s t r a i n  
that becomes  poss ib le ,  depending on the number  of 
component  s t r a i n s  and their  o rder  of oc c u r r ence .  
Th i s ,  in t u rn ,  leads  to an examina t ion  of r ecen t  m u l t i -  
ple shear  theor ies  and a t tendant  consequences  such as 
a double in te r face  me c ha n i sm  for the propagat ion of 
m a r t e n s i t e  p la tes .  F ina l ly ,  some comment s  a re  made 
on the nuc lea t ion  of m a r t e n s i t e ,  d propos the or ig ina l  
s t r a i n  suggested by Bain.  

THE BAIN STRAIN AND LATTICE 
CORRESPONDENCES 

F igs .  1 and 2 indicate  that for s t ee l s ,  m a r t e n s i t e  
may be der ived  f rom austeni te  by a homogeneous 
d i s to r t ion  in which a (100) axis  of aus ten i te  is con-  
t rac ted  by about 20 pct to become the m a r t e n s i t e  c 
axis and two (110) axes in aus teni te  are  extended by 
some 12 pct to become m a r t e n s i t e  a axes .  These  
s t r a i n s  are  l a rge  by any m e a s u r e .  The " u p s e t t i n g "  
p r oc e s s  suggested by Dain also indicates  that a c o r r e -  
spondence between the fcc and bcc la t t ices  ex is t s .  In 
genera l ,  a co r respondence  defines la t t ice  points  (and 
hence la t t ice  vec to rs )  in the pa ren t  that a re  t r a n s -  
formed into specif ied la t t ice  points (vectors)  in the 
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Fig. 1--Bct lattice delineated in austenite (fcc) structure.l 
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Fig. 2--Bet lattice of austenite and bcc lattice of c~ iron pro- 
duced by upsetting the former; drawn to scale for comparison.t 

m a r t e n s i t e .  In the t r a n s f o r m a t i o n  depicted in F igs .  1 
a] d 2 the lat t ice points  and atoms are  ident ica l  s ince  
in each phase the s t r u c t u r e  is the la t t ice ,  but more  
complex co r r e spondences  a re  thought to apply in m a r -  
tens i t ic  t r a n s f o r m a t i o n s  in some m a t e r i a l s  (e.g., 
uranium3).  The genera l  c rys t a l log raph ic  theory of 
m a r t e n s i t i c  t r a n s f o r m a t i o n s  deals  with la t t i ces  and 
is  thus independent  of the na tu re  of the a toms which 
occupy la t t ice  s i t e s .  

The re  s e e m s  to be l i t t le  doubt that the Bain c o r r e -  
spondence impl ied  by Ba in ' s  " u p s e t t i n g "  p r o c e s s  is  
c o r r e c t  for s t ee l s .  This  co r re spondence  can be in -  
f e r r ed  f rom known or ien ta t ion  r e l a t ionsh ips  (e.g., 
G r e n i n g e r - T r o i a n o ,  Kurd jumov-Sachs ,  Nishiyama)  but 
these  also se rved  to indicate  that the s imple  s t r a i n  
envisaged by Bain does not alone desc r ibe  the whole 
t r an s fo rma t ion .  This  follows s ince  the m a r t e n s i t e  uni t  
cel l  axes are  found to be rotated with r e spec t  to the 
(001> and (110} aus teni te  axes f rom which the f o r m e r  
a re  generated.*  Thus ,  in a local ized reg ion  of the 

*Taking the Kurdjumov-Sachs relationship, (111)A IF (011)M and []01] A II 
I l l  1 ] rd as representative, it is easily shown that the martensite axes are rotated 
about 10 deg about a direction in the austenite which makes an angle o f~70  deg 
with the (001) contraction axis. 

product  phase the t r a n s f o r m a t i o n  s eems  to be com-  
p r i s ed  of the Bain s t r a in  and a ro ta t ion ,  this combi -  
nat ion being t e rmed  the total  la t t ice  s t r a i n  S T by 
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Bowles and Mackenzie .  4 In equation fo rm ST = RB 
where  R and B are  m a t r i c e s  which des ignate  a r ig id  
body ro ta t ion  and the Bain s t r a i n  r e spec t ive ly .  It can 
be seen  f rom F igs .  1 and 2 that the (100} and (110} 
aus ten i te  axes f rom which the three  (100> m a r t e n s i t e  
axes a re  genera ted  in B a i n ' s  upset t ing p roces s  a re  
mutually orthogonal axes which remain orthogonal in 
the martensite lattice, i.e., they are principal axes. 
Since every lattice correspondence implies a set of 
principal axes and a pure strain which extends these 
axes to their final lengths without rotation, it is clear 
then that the strain identified by Bain is the pure 
strain component of the martensite transformation in 
steel. The term "Bain Strain" has thus become a con- 
venient description for the pure strain component of 
martensitic transformations in general, and of course 
f igures  p r omi ne n t l y  as one of the s t r a i n  m a t r i c e s  with 
which the mode rn  c rys ta l log raph ic  theor ies  a re  con-  
ce rned .  

The te t ragonal i ty  of m a r t e n s i t e  in s t ee l s  containing 
carbon  or n i t rogen  is cons i s t en t  with the c o r r e s p o n d -  
ence impl ied by the Bain s t r a i n .  Whereas  in cubic f e r -  
r i t e  the oc tahedra l  i n t e r s t i t i a l  s i tes  a re  occupied at 
r andom (i .e . ,  along each of the cube axes),  in t e t ragona l  
m a r t e n s i t e  there  m u s t  be a p r e f e r r e d  occupancy of 
s i t e s ,  only those octahedra l  s i t es  along the m a r t e n s i t e  
c axes being f i l led,  so producing the observed  t e t r ag -  
onal i ty .  Even though the ca rbon  atoms in the aus teni te  
a re  d i s t r ibu ted  at r andom (along the midpoin ts  of the 
(100> axes of the aus teni te  un i t  cell)  the ca rbon  atoms 
in the m a r t e n s i t e  become o rde red  au tomat ica l ly  as a 
consequence  of the Bain s t r a i n .  This  follows s ince the 
fcc aus teni te  may also be r e f e r r e d  to a bct uni t  cel l  
of axial  ra t io  ~ and in this ce l l  the carbon  atoms are  
o rde red .  The i n t e r s t i t i a l  a toms need only r e m a i n  in 
situ as the Bain s t r a i n  occurs  reduc ing  the axial  ra t io  
to a value much c lose r  to uni ty .  

An even more  d i r ec t  expe r imen ta l  ve r i f i ca t ion  of 
the Bain co r re spondence  follows f rom work on an 
o rde red  F e - P t  alloy containing 25 at. pct  Pt .  5 For  this 
m a t e r i a l  the fcc m a t r i x  o rde r s  into a Cu3Au s t r u c t u r e  
dur ing  annea l ing  near  650~ T r a n s f o r m a t i o n  of the 
o rde red  aus ten i te  into m a r t e n s i t e  then occurs  dur ing  
subsequent  cooling below room t e m p e r a t u r e .  Using 
t r a n s m i s s i o n  e l ec t ron  mic roscopy  and dif f ract ion pa t -  
t e r n s ,  Tadaki  and Shimizu 5 showed that m a r t e n s i t e  
(001) and (111) r ec ip roca l  la t t ice  sec t ions  (both con-  
ta in ing super l a t t i ce  re f lec t ions)  were  in the conf igu ra -  
t ions which would be obtained had the m a r t e n s i t e  
formed by the Bain d i s to r t ion  of the o rde red  pa ren t  
phase .  

F u r t h e r  ve r i f i ca t ion  of the Bain s t r a i n  was provided 
r ecen t ly  by s tudies  of the t r a n s f o r m a t i o n  behavior  of 
thin f i lms  of i ron  vapor deposi ted on the {001} su r faces  
of copper 6 and n ickel  ~ f i lms .  Up to ce r t a in  f i lm th ick-  
n e s s e s  i ron  deposi ted on copper and n ickel  at r e l a t ive ly  
low t e m p e r a t u r e s  is (pseudomorphical ly)  fcc and the 
overgrowth is  comple te ly  epi taxia l ,  the cube p lanes  
and d i rec t ions  in FeJCu  or F e / N i  being pa ra l l e l .  In 
both cases  cont inuous i ron  f i lms  a re  formed in the 
ea r ly  s tages  of growth and are  s t r a ined  to match  the 
subs t r a t e  la t t ice .  The re  a re  impor t an t  d i f fe rences ,  
however;  i ron  has a s m a l l e r  la t t ice  p a r a m e t e r  than 
copper ,  but a l a r g e r  one than n ickel ,  so the i ron  de -  
pos i t s  on copper a re  in tens ion  while those on nickel  
a re  in compres s ion .  

M E T A L L U R G I C A L  TRANSACTIONS 



As the i ron  f i lms  i n c r e a s e  in th ickness ,  " n u c l e i "  of 
bcc i ron  fo rm ,  p r e s u m a b l y  m a r t e n s i t i c a l l y .  It  is quite 
c l ea r  that the i r o n - s u b s t r a t e  mis f i t  s t r e s s e s  i n t e rac t  
with the Bain s t r a i n  and accordingly  de t e rmine  the 
o r ien ta t ion  of the t r a n s f o r m e d  bcc with r e s p e c t  to i ts  
fcc i ron  ma t r ix .  In pa r t i a l ly  t r a n s f o r m e d  f i lms  the 
p a r e n t - p r o d u c t  o r ien ta t ion  r e l a t i onsh ip  has been 
m e a s u r e d  and the r e l a t i onsh ips  a re  c lose  to the P i t s ch ,  
Kurd jumov-Sachs ,  N i sh iyama ,  and Bain r e l a t i ons  in 
eases  s tudied,  although as might  be expected s the 
o r i en ta t ion  r e l a t ionsh ip  in thin f i lms  is not exactly 
that which obtains between aus teni te  and m a r t e n s i t e  
in the bulk.  The impor t an t  point ,  however ,  is  that in 
each case  7 the o r ien ta t ion  r e l a t ionsh ip  is cons i s t en t  
with i ts  being p r e s c r i b e d  by the i r o n - s u b s t r a t e  mis f i t  
s t r e s s e s .  For  i ron  f i lms  in tens ion  on copper the 
o r i en ta t ions  of the t r a n s f o r m e d  reg ions  a re  such that 
the expansion axes of the Bain s t r a i n  l ie in the plane 
of the f i lm,  whereas  for i ron  f i lms  (in compress ion)  
on n ickel ,  v a r i a n t s  of the con t rac t ion  axis  of the Bain 
deformat ion  lie in the f i lm plane .  In e i ther  s i tua t ion  
it  is as though f i l m - s u b s t r a t e  i n t e rac t ion  s t r a i n s  
" a s s i s t "  the p r inc ipa l  s t r a i n s  of the Bain deformat ion .  
These  examples  involving p a r t i c u l a r l y  s imple  and 
we l l - chosen  geomet ry  const i tu te  powerful  evidence 
that the Bain s t r a i n  in i ron  under  s t r e s s  occurs .  

For  a given t r a n s f o r m a t i o n  between two la t t i ces  an 
inf ini te  n u m b e r  of pos s ib i l i t i e s  ex is t  for the c o r r e -  
spondence .  An example  of an a l t e rna t ive  c o r r e s p o n d -  
ence 9 for the fcc to bcc t r a n s f o r m a t i o n  is shown in 
F ig .  3. In this  ca se ,  however ,  the p r i nc ipa l  s t r a i n s  a re  

l a r g e r  than those impl ied  by the Bain  co r r e spondence  
and the carbon  a toms would not be shifted f rom their  
pos i t ions  in aus ten i te  to the i r  p r e f e r e n t i a l  c axis a l ign -  
ments  in bct  m a r t e n s i t e .  To move the carbon  atoms to 
their  c o r r e c t  f inal  pos i t ions  " shu f f l e "  mot ions  (of 
carbon  atoms) would be needed in addi t ion to the homog-  
eneous  s t r a i n  impl ied  by the co r r e spondence  of F ig .  3. 

When supe r l a t t i c e s  or p r e f e r r e d  a r r a n g e m e n t s  of 
i n t e r s t i t i a l  a toms a re  not p r e s e n t  to aid the iden t i f i -  
cat ion of the c o r r e c t  co r r e spondence  it m u s t  be de-  
duced by other m e a n s .  The f i r s t  sugges t ion  that was 
made 1~ for de t e r mi n i ng  the c o r r e c t  co r re spondence  
f rom the inf ini te  n u m b e r  of poss ib i l i t i e s  that exis t  for 
any p a r t i c u l a r  t r a n s f o r m a t i o n  was that the logical  c o r -  
r e spondence  would be the one involving the s m a l l e s t  
a tomic d i s p l a c e m e n t s .  Such a se lec t ion  p rocedure  
r e q u i r e s  a knowledge of the o r ien ta t ion  re la t ionsh ip  
and is  therefore  r e s t r i c t e d  in its appl icat ion to those 
cases  for which this r e la t ionsh ip  is known. A la te r  
p roposa l  by Lomer  3 avoids this diff iculty.  He suggested 
that the c o r r e c t  co r re spondence  is always the one for 
which the assoc ia ted  p r inc ipa l  s t r a i n s  a re  s m a l l e s t .  
Th i s  c r i t e r i o n  r e q u i r e s  no knowledge of the o r ien ta t ion  
r e l a t ionsh ip .  F o r  the fcc-bcc  Bain co r r e spondence  it  
is  wel l -known that the assoc ia ted  p r inc ipa l  s t r a i n s  are  
s m a l l e r  than for other poss ib le  c o r r e s p o n d e n c e s .  

Even though the p r inc ipa l  s t r a i n s  f rom the Bain c o r -  
respondence  in s t ee l s  and i ron  al loys a re  s m a l l  c o m -  
pa red  to those assoc ia ted  with a l t e rna t ive  fcc-bcc  
c o r r e s p o n d e n c e s ,  they are  la rge  compared  with those 
involved in many nonfe r rous  t r a n s f o r m a t i o n s .  F o r  

Fig. 3--Alternative fcc-bcc lattice correspondence 
involving larger principal strains than required by 
the Bain correspondence. This correspondence 
does not homogeneously convey interstitial atoms 
(carbon) to selected positions along the martensite 
tetragonal axis and thus shuffle motions would be 
required. ~ 

f 

f 
J 

J 

I 
1 I 

i t 
J 
I 

I 
I 

Ira / 

f 
f 

i 
I 
I 
I 
I 
I 

2 

j f 

I 
I 
I 
I 
I 
I 
I 

)--- 
J 

J 
f 

\\- 

_ _ _ 

/ 

METALLURGICAL TRANSACTIONS VOLUME 3, MAY 1972 1115 



cm 1~/~ ~ ,, i . ' ,  

% "': 

I Fig. 4--Cubic-orthorhombic lattic corre- 
spondence for the fi to fl 'martensitic 
transformation in Au-Cd alloys showing 
both "direct"  and "shuffle" atomic move- 
ments. 
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example ,  in the f cc -bc t  t r a n s f o r m a t i o n  in In-T1 al loys ~1 
the s t r a i n s  vary  f rom 1 to 2 pct and a re  thus an order  
of magni tude s m a l l e r  than for s t ee l s .  As would be 
expected f rom theore t ica l  cons ide ra t ions ,  the observed 
width of the t r a n s f o r m a t i o n  twins is  i nve r se ly  p r o p o r -  
t ional  to the r e l a t ive  magni tude  of the p r inc ipa l  s t r a i n s ,  
being as sma l l  as 50A in s tee l s .  

In some m a r t e n s i t i c  t r a n s f o r m a t i o n s  all  the atomic 
movement s  a re  not p r e s c r i b e d  by the homogeneous 
Bain  s t r a i n  impl ied  by the la t t ice  co r re spondence .  A 
cor respondence  mus t  of course  re la te  uni t  ce l l s  con-  
taining equal n u m b e r s  of a toms in the in i t ia l  and final  
s t r u c t u r e s .  If the t r a n s f o r m a t i o n  is between s t r u c t u r e s  
which both have only one atom in each p r imi t i ve  uni t  
ce l l ,  the Bain  s t r a i n  wi l l  desc r ibe  the movemen t  of 
every  a tom.  If, however ,  the p r im i t i ve  unit  ce i l s  of the 
two s t r u c t u r e s  contain d i f ferent  n u m b e r s  of a toms,  
then the co r re spondence  wil l  r e la te  n o n - p r i m i t i v e  
ce l l s .  In this case ,  the Bain s t r a in  wil l  desc r ibe  the 
movemen t  of only a f rac t ion of the a toms and the r e -  
ma inde r  wil l  undergo shuffling movemen t s .  This  
s i tua t ion has been cons ide red  in de ta i l  by C h r i s t i a n ,  ~2'~ 
who proposed that the def ini t ive  fea ture  of a m a r t e n -  
s i t ic  t r a n s f o r m a t i o n  is  the ex is tence  of a la t t ice  c o r r e -  
spondence,  with no diffusive mixing  of a toms other than 
the shuffles needed to complete  the s t r u c t u r a l  change.  

An example  of this behavior  is  found in the w e l l -  
known nonfe r rous  mar t ens i t i c  t r ans fo rma t ion  occu r -  
r ing  in Au-Cd al loys containing about 47.5 at .  pct  Cd. 14 
The lat t ice co r re spondence  bel ieved appl icable  to this 
t r a n s f o r m a t i o n  is shown in Fig ,  4, in which case  an fct 
uni t  cel l  is del ineated within four CsC1 uni t  cel ls  of the 
pa ren t  phase .  The mar t ens i t i c  product  is  b a s e - c e n t e r e d  
or thorhombic  with cadmium atoms taking the pos i t ions  

5 i 1 1 [0 ,0 ,0]  and [0 ,~ ,T  ] and gold a toms the posi t ions  iT, T,0]  
I 1 15 and [~,~,~]. If the structure were face-centered 

orthorhombic, the previous coordinates would be 
[O,O,O]and ~ I I 1 1 1 [0, v, ~], and [~,-$, 0 ] and iT, 0, ~] respec  - 
t ively.  The cor respondence  in Fig .  4 involves r a the r  
s m a l l  p r inc ipa l  d i s to r t ions  14 (5, 1.4, and 3.5 pct along 
the or thorhombic  a, b, and c axes respec t ive ly )  but it  
i s  to be noted that half the a toms in the m a r t e n s i t e  uni t  
cel l  a re  d isplaced f rom face -cen t e r ed  pos i t ions .  It is 

impl ied  therefore  that in the course  of t r a n s f o r m a t i o n  
half of the a toms undergo homogeneous movemen t s ,  as 
indicated by the la t t ice  c o r r e sponde nc e ,  whereas  the 
other  half,  in addition to this ,  undergo shuff les .  This  
s i tua t ion is not ex t r ao rd ina ry  in the sense  that both 
homogeneous and shuffling movements  are  a lso involved 
in mechan ica l  twinning.  F o r  example ,  in the case  of 
(301) [503] twinning in te t ragonal  t in,  only half ~6 the 
a toms undergo the s t r i c t  twinning d i sp l acemen t s ;  the 
other half undergo shuffle mot ions  to sa t i s fy  the r e -  
q u i r e m e n t  that the deformat ion  be la t t ice  i nva r i an t .  

In even more  complex s i tua t ions  such as the /3 to ot 
t r a n s f o r m a t i o n  in u r a n i u m ,  if the co r respondence  is 
deduced f rom the m i n i m u m  pr inc ipa l  s t r a i n s  c r i t e r i o n ,  3 
it  tu rns  out that the major i ty  of a toms mus t  undergo 
shuffl ing mot ions .  Lomer  examined  some 1600 poss ib le  
co r r e spondences  for the u r a n i u m  case and concluded 
that only a few of these r e su l t ed  in r ea sonab ly  sma l l  
p r inc ipa l  s t r a i n s ,  and even then shuffles were  needed 
for the ma jo r i ty  of the atoms.* Although the p r inc ipa l  

*in the "best" correspondence only one atom in thirty is placed in its correct 
position due to the homogeneous distortion. 

axes of the Bain  s t r a in  a re  usua l ly  r a t iona l ,  in the case 
of u r a n i u m ,  the m i n i m u m  pr inc ipa l  s t r a i n s  c r i t e r i o n  
leads to axes that a re  not ra t iona l .  P r o c e d u r e s  for 
de t e rmin ing  the p r inc ipa l  axes and s t r a i n s  a re  we l l -  
es tab l i shed .  3,4'~v 

FURTHER ASPECTS OF THE BAIN STRAIN 

As ment ioned e a r l i e r ,  Bain recognized  that the oc-  
c u r r e n c e  of his proposed atomic movements  as a 
homogeneous s t r a i n  would involve a major  a c c o m m o -  
dation p rob lem and that the mis f i t  between the m a r -  
tens i te  and the su r round ing  aus teni te  would be reduced 
if d i f ferent  v a r i a n t s  of the Bain  S t ra in  occur red  on a 
suff ic ient ly  fine sca le .  The phenomenologica l  theor ies  
of m a r t e n s i t e ,  4'.8 which were  developed about 20 y e a r s  
af ter  the publ ica t ion of Ba in ' s  paper ,  were  der ived  
f rom a deta i led cons idera t ion  of this accommodat ion  
p rob lem.  These  theor ies  have their  or igin  in the con-  
c lus ion  that the homogeneous change of shape a c c o m -  
panying the fo rmat ion  of a m a r t e n s i t e  plate m u s t  be,  
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at  l e a s t  a p p r o x i m a t e l y ,  a s t r a i n  in  w h i c h  the  i n t e r f a c e  
b e t w e e n  the  m a r t e n s i t e  and the p a r e n t  p h a s e  i s  u n d i s -  
t o r t e d  and u n r o t a t e d ,  i .e . ,  the  shape  change  is  an 
i n v a r i a n t  p l ane  s t r a i n .  S ince  the  B a i n  s t r a i n  i s  no t  an 
i n v a r i a n t  p l ane  s t r a i n ,  the  t r a n s f o r m a t i o n  canno t  be  
d e s c r i b e d  as  a s i m p l e  h o m o g e n e o u s  d i s t o r t i o n  of the 
p a r e n t  l a t t i c e .  I t  i s  n e c e s s a r y  to p r o p o s e ,  t h e r e f o r e ,  
tha t  in add i t ion  to the p u r e  (Bain) s t r a i n ,  o t h e r  p r o c -  
e s s e s  tha t  do not  p r o d u c e  any f u r t h e r  d i s t o r t i o n  of the 
m a r t e n s i t e  l a t t i c e  a l s o  a c c o m p a n y  the t r a n s f o r m a t i o n  
and tha t  the  r e s u l t a n t  of a l l  t h e s e  s t r a i n s  i s  an i n v a r i -  
an t  p l ane  s t r a i n .  T h e  add i t i ona l  p r o c e s s e s  tha t  h a v e  
b e e n  c o n s i d e r e d  in t h e s e  t h e o r i e s  a r e  s l i p ,  tw inn ing ,  
f a u l t i n g ,  and the  r i g i d  body r o t a t i o n ,  R ,  m e n t i o n e d  
e a r l i e r .  

T h e  p h e n o m e n o l o g i c a l  t h e o r i e s  a r e  c o n c e r n e d  wi th  
the  r e l a t i o n s h i p s  tha t  e x i s t  b e t w e e n  the  Ba in  s t r a i n ,  
the  s h a p e  s t r a i n ,  the  r o t a t i o n ,  and the  s h e a r  p r o c e s s e s  
that  c o m p r i s e  the  s o - c a l l e d  i n h o m o g e n e o u s  la o r  c o m -  
p l e m e n t a r y  4 s t r a i n .  S o m e  d e t a i l e d  a s p e c t s  of t h e s e  
t h e o r i e s  w i l l  be  c o n s i d e r e d  l a t e r ,  bu t  i t  w i l l  be  s u f -  
f i c i e n t  a t  th i s  s t a g e  to i n d i c a t e  the  d i f f e r e n c e s  in the 
a p p r o a c h e s  adop ted  in the  o r i g i n a l  t h e o r i e s  of W e c h s l e r ,  
L i e b e r m a n ,  and R e a d  (WLR),  and B o w l e s  and M a c k e n z i e  
(BM).  In the  W L R  t h e o r y  the shape  s t r a i n  w a s  d e r i v e d  
as  the r e s u l t a n t  of R ,  B and an i n h o m o g e n e o u s  
s h e a r .  In the  BM t h e o r y  4 the  t o t a l  s t r a i n  S T = R B ,  
which  d e s c r i b e s  the  h o m o g e n e o u s  l a t t i c e  s t r a i n  o c c u r -  
r i n g  o v e r  a r a n g e  of a few un i t  c e l l s ,  w a s  d e r i v e d  as  
the  r e s u l t a n t  of the shape  s t r a i n  and a c o m p l e m e n t a r y  
s h e a r .  T h e  two a p p r o a c h e s  a r e  e q u i v a l e n t .  

I t  w a s  o r i g i n a l l y  p r o p o s e d  by B o w i e s - M a c k e n z i e  tha t  
the  c o m p l e m e n t a r y  s t r a i n  i s  p a r t  of a twinn ing  s h e a r  in 
the  m a r t e n s i t e . *  T h i s  h y p o t h e s i s  i m p l i e s  the  p o s s i b i l i t y  

*Without going into detail here, it can be mentioned that an internally twinned 
martensite is mathematically equivalent to one which is internally slipped, Further- 
more, the inhomogeneous shear aspect of the total transformation can as well be 
referred to the parent phase�9 That is, algebraically a "predeformed'" austenite fol- 
lowed by the Bain deformation is equivalent to a martensite formed by the Bain 
mechanism followed by an inhomogeneous shear. Both situations provide for a 
macroscopically undistorted plane of contact, or habit plane�9 

tha t  o p p o s i t e l y  d i r e c t e d  c o m p l e m e n t a r y  s h e a r s  cou ld  
p r o d u c e  twin o r i e n t a t i o n s  wi th in  a m a r t e n s i t e  p l a t e ,  
and i t  i s  now w e l l  known tha t  the  p l a t e s  p r o d u c e d  in 
m a n y  m a r t e n s i t i c  t r a n s f o r m a t i o n s  a r e  twinned  on a 
v e r y  f ine  s c a l e .  The  e x i s t e n c e  of tw ins  in a m a r t e n s i t e  
p l a t e  m e a n s  tha t  t h e r e  a r e  two m a r t e n s i t e  o r i e n t a t i o n s  
and two to ta l  l a t t i c e  s t r a i n s ,  S T . T h e  f o r m a t i o n  of t h e s e  
twin  m a r t e n s i t e  o r i e n t a t i o n s  i n v o l v e s  two d i f f e r e n t  Ba in  
s t r a i n s  but ,  p r o v i d e d  tha t  the  l a t t i c e  c o r r e s p o n d e n c e s  
fo r  the tw ins  a r e  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t ,  i t  
c a n  be  shown tha t  the  two B a i n  s t r a i n s  a r e  v a r i a n t s  of 
one  a n o t h e r  and tha t  the twinn ing  p l a n e  i s  g e n e r a t e d  
f r o m  a p l ane  of s y m m e t r y  in the p a r e n t  l a t t i c e .  T h i s  
r e s u l t  w a s  d e m o n s t r a t e d  f i r s t  by B o w l e s  and M a c k e n z i e  
fo r  T y p e  I twinning  but  has  r e c e n t l y  b e e n  shown by R o s s  
and C r o c k e r  19 to hold  a l s o  fo r  T y p e  II twinn ing .  In f e r -  
r o u s  m a r t e n s i t e s  c o n t a i n i n g  tw ins ,  the  twinn ing  p lane  is  
{l12}M, which  is  g e n e r a t e d  f r o m  { l l0}A , and i t  i s  c l e a r  
f r o m  F i g .  (1) tha t  the p l a n e  (I01)A is  s y m m e t r i c a l l y  
d i s p o s e d  wi th  r e s p e c t  to the [100]A and [001] A d i r e c -  
t i o n s .  T h e s e  a x e s  b e c o m e  the  m a r t e n s i t e  c a x e s  in the 
two twin  o r i e n t a t i o n s  in the m a r t e n s i t e .  T h u s ,  the 
m o d e r n  t h e o r i e s  c o n f i r m  B a i n ' s  e x p e c t a t i o n  tha t  the 
c o n t r a c t i o n  of a <100~ a u s t e n i t e  a x i s  to g e n e r a t e  a m a r -  
t e n s i t e  c a x i s  cou ld  not  con t inue  to o c c u r  o v e r  a v e r y  

g r e a t  d i s t a n c e .  The f o r m a t i o n  of twinned m a r t e n s i t e  
p l a t e s  in wh ich  d i f f e r e n t  v a r i a n t s  of the p u r e  (Bain)  
s t r a i n  o p e r a t e  a l t e r n a t e l y  on a f ine  s c a l e  to r e d u c e  the  
m i s f i t  b e t w e e n  the p a r e n t  p h a s e  and the m a r t e n s i t e  and 
a l low the shape  s t r a i n  to be  an i n v a r i a n t  p l a n e  s t r a i n ,  
i s  a f e a t u r e  of m a n y  m a r t e n s i t i c  t r a n s f o r m a t i o n s . *  

*When the martensite is not internally twinned (e.g., "lath" martensite in low- 
carbon steels) a single correspondence relation and Bain deformation applies to an 
entire plate, In general, the reason(s} for a particular operative substructure (in- 
homogeneous shear) in a given material are still rather obscure. 

T h e  twinning  p l ane  is  a p p a r e n t l y  a l w a y s  g e n e r a t e d  
f r o m  a s y m m e t r y  p l ane  of the  p a r e n t  l a t t i c e  bu t  in 
s o m e  c a s e s  the twinn ing  s y s t e m  is  not  tha t  o b s e r v e d  
d u r i n g  p l a s t i c  d e f o r m a t i o n .  E x a m p l e s  of th i s  b e h a v i o r  
a r e  to be  found in a n u m b e r  of bcc  to hcp m a r t e n s i t i c  
t r a n s f o r m a t i o n s  wh ich  p r o d u c e  m a r t e n s i t e  p l a t e s  
twinned  on the {10],1} p l ane ,  s~ 

F O R M U L A T I O N S  O F  THE T H E O R Y  ON 
M A R T E N S I T E  C R Y S T A L L O G R A P H Y  

T h e  n o t a t i o n s  and f o c a l  p o i n t s  o r i g i n a l l y  t aken  by 
BM and W L R  a r e  d i f f e r e n t ,  bu t  a l g e b r a i c a l l y  the 
c e n t r a l  e q u a t i o n s  a r e  i d e n t i c a l .  In e a c h  c a s e  the shape  
s t r a i n  ( s u r f a c e  t i l t )  i s  m a c r o s c o p i c a l l y  h o m o g e n e o u s  
and an a d d i t i o n a l  i n h o m o g e n e o u s  d e f o r m a t i o n  i s  r e -  
q u i r e d .  F o r m a l l y ,  the c o m p l e m e n t a r y  s t r a i n  C e m -  
p l o y e d  by BM is  the m a t r i x  i n v e r s e  of the i n h o m o g -  
e n e o u s  s h e a r  u s e d  by W L R .  Whi l e  c e r t a i n  i n s i g h t s  a r e  
to be  g a i n e d  by the W L R  a p p r o a c h  in wh ich  the Ba in  
s t r a i n  i s  t aken  as  an en t i ty  and in e f f e c t  i t  i s  c o n -  
s i d e r e d  wha t  o t h e r  l a t t i c e  i n v a r i a n t  p r o c e s s e s  a r e  
r e q u i r e d  to a l low a known hab i t  p l ane  to be  m a c r o -  
s c o p i c a l l y  i n v a r i a n t ,  f o l l owing  the BM type of a n a l y s i s  
m a y  f o r m  a m o r e  c o n v e n i e n t  b a s i s  of d e p a r t u r e  fo r  
the  a n a l y s i s  of s t r a i n  s e q u e n c e s  and a l t e r n a t i v e  t h e -  
o r e t i c a l  f a c t o r i z a t i o n s .  

In the o r i g i n a l  BM t h e o r y ,  the i n v a r i a n t  l ine  s t r a i n ,  
S, d e r i v e d  f r o m  the  to ta l  s t r a i n  ST by r e m o v i n g  a 
s u i t a b l e  d i l a t a t i o n ,  w a s  f a c t o r i z e d  into  two i n v a r i a n t  
p l ane  s t r a i n s ,  a shape  s t r a i n ,  Sh = I + mldrp;, and a 
c o m p l e m e n t a r y  s h e a r  C = I + m2d2p~.* T h e  e l e m e n t s  

*The complementary shear is a lattice strain but does not contribute to the 
macroscopic shape change because its effects are annulled by an equal and oppo- 
site lattice invariant deformation. In the various equations m, d and p' respectively 
refer to the magnitude of the strain, the direction of displacement, and the normal 
to the plane which is invariant; I denotes the unit (3 X 3) matrix. 

of the c o m p o n e n t  s t r a i n s  r e f e r  to t h e i r  p o s i t i o n s  b e f o r e  
the s t r a i n  S and s i n c e  Sh was  a s s u m e d  to o c c u r  f i r s t  
the  f a c t o r i z a t i o n  was  w r i t t e n  

S = (I + m2Sd2p~'S -~) (I + m~drp;) = (SOS -~) Sh [1] 

w h e r e  (SCS-1) i s  an i n v a r i a n t  p l ane  s t r a i n  on the p l ane  
p~'S -1 and in the d i r e c t i o n  Sd2, to wh ich  p~ and d2 a r e  
t r a n s f o r m e d  in the f ina l  l a t t i c e .  

I t  w a s  no ted  by B o w l e s  and M a c k e n z i e  that  an a l t e r n -  
a t i ve  f a c t o r i z a t i o n  of S is  

s : ShC [2] 

and th i s  o r d e r  of f a c t o r s  has  b e e n  u s e d  in r e c e n t  
p a p e r s  as  a m o r e  c o n v e n i e n t  r e p r e s e n t a t i o n  than that  
g i v e n  by [1]. T h i s  f a c t o r i z a t i o n  d e s c r i b e s  a m a t h e m a t i -  
c a l  s e q u e n c e  of s t r a i n s  in wh ich  the c o m p l e m e n t a r y  
s t r a i n  C o c c u r s  f i r s t  as  an i n v a r i a n t  p l ane  s t r a i n  on 
the e l e m e n t s  p~' and dz in the i n i t i a l  l a t t i c e ,  fo l lowed  by 
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the  shape  s t r a i n  Sh. When  Sh o c c u r s  s e c o n d  i t  i s ,  of 
c o u r s e ,  no l o n g e r  the s a m e  l a t t i c e  s t r a i n ,  fo r  i t  i s  
o c c u r r i n g  on the p l ane  and d i r e c t i o n  tha t  have  b e e n  
d i s p l a c e d  to p[ and d~ in the  f ina l  l a t t i c e ;  the m a c r o -  
s c o p i c  shape  change  i t  d e s c r i b e s  i s ,  h o w e v e r ,  the 
s a m e  as  b e f o r e  b e c a u s e  the m a c r o s c o p i c  e l e m e n t s  of 
the  s t r a i n  h a v e  not  c h a n g e d .  

In the  W L R  a n a l y s i s  ~a the a p p r o a c h  was  s o m e w h a t  
d i f f e r e n t  and the  shape  s t r a i n  Sh = I + m~d~p~ was  r e -  
g a r d e d  as  the  r e s u l t a n t  of the  l a t t i c e  s t r a i n  S and a 
l a t t i c e  i n v a r i a n t  s h e a r ,  C -~ = I - rr~depg so  that  

Sh = SC -l. 

This relationship is clearly the same as [2] and the 
a l t e r n a t i v e  r e p r e s e n t a t i o n ,  

Sh = (SC-~S -~) (S) 

i s  e q u i v a l e n t  to [1]. In th i s  c a s e ,  s i n c e  both  (C -~) and 
($C-~S -~) a r e  l a t t i c e  i n v a r i a n t ,  S r e p r e s e n t s  the  s a m e  
l a t t i c e  s t r a i n  w h e t h e r  i t  o c c u r s  f i r s t  o r  s e c o n d .  T h e  
s t r a i n  (SC-18 -~) has  r a t i o n a l  e l e m e n t s  in the f ina l  l a t -  
t i c e  if  the e l e m e n t s  of C -~ a r e  r a t i o n a l  in the i n i t i a l  
l a t t i c e .  

An a l t e r n a t i v e  e x p r e s s i o n  fo r  the  f a c t o r i z a t i o n  d e -  
s c r i b e d  by E q .  [1 ] can  be  ob ta ined  by s u b s t i t u t i n g  
S = S h e  to g ive*  

*These expressions are quite general and do not depend on the component 
strains being invariant plane strains. Any strain S = S~S2, where St and S2 are not 
necessarily invariant plane strains can be written as 

s = (ss~s") (s~) = (slses1")(sl) 
and the factorization given recently by Dunne and Wayman 2~ can be written as 

s = (s2) (s 1 s, s) = (so (s~"s, so. 

S : (ShCSh -~) (Sh) 

= (I + rnzShdzp~'Sh -~) (I + rn~d~p/) [3] 

In th i s  f o r m  the s t r a i n  ( S h e S h  - ' )  i s  c l e a r l y  an i n v a r i a n t  
p l ane  s t r a i n  on the p l ane  and d i r e c t i o n  to wh ich  de and 
p~ a r e  d i s p l a c e d  by the  shape  s t r a i n ,  Sh. T h e  d i s t i n c -  
t ion  b e t w e e n  th i s  d e s c r i p t i o n  of the " s e c o n d "  s t r a i n  
and tha t  g i v e n  above  is  t r i v i a l  fo r  the c a s e  of f a c t o r i -  
z a t i o n  into  two s t r a i n s ,  but  i t  a s s u m e s  m o r e  s i g n i f i -  
c a n c e  when  the f a c t o r i z a t i o n  of 8 in to  t h r e e  s t r a i n s  i s  
c o n s i d e r e d .  T h e  n e e d  to c o n s i d e r  f a c t o r i z a t i o n  of the 
to t a l  l a t t i c e  s t r a i n  in to  t h r e e  s t r a i n s  has  a r i s e n  f r o m  
the  f a i l u r e  of the o r i g i n a l  t h e o r i e s  to e x p l a i n  the fu l l  
c r y s t a l l o g r a p h y  of c e r t a i n  m a r t e n s i t i c  t r a n s f o r m a t i o n s ,  
in t e r m s  of two c o m p o n e n t  s t r a i n s .  T h e  d i l a t a t i o n  of 
about  1 i  p c t  wh ich  w a s  o r i g i n a l l y  s u g g e s t e d  4 to a c c o u n t  
f o r  (225~ f e r r o u s  m a r t e n s i t e  c r y s t a l l o g r a p h y  has  now 
b e e n  shown by d i r e c t  m e a s u r e m e n t  to be  a b s e n t  z2 and 
e v i d e n c e  tha t  t h e r e  m a y  be m o r e  than one c o m p l e m e n -  
t a r y  s h e a r  o c c u r r i n g  in s o m e  t r a n s f o r m a t i o n s  i s  
a c c u m u l a t i n g .  23-e5 T h u s  r e c e n t l y  a t t e m p t s  have  b e e n  
m a d e  to e x p l a i n  m a r t e n s i t e  c r y s t a l l o g r a p h y  in t e r m s  
of a c o m p l e m e n t a r y  s t r a i n  tha t  i s  not  a s i m p l e  s h e a r .  
T h e o r i e s  have  b e e n  d e v e l o p e d  i n d e p e n d e n t l y  by Ac ton  
and B e v i s  26 and R o s s  and C r o c k e r  e7 fo r  the c a s e  w h e r e  
the c o m p l e m e n t a r y  s t r a i n  c o n s i s t s  of two s h e a r s ,  and 
B o w l e s  and Dunne  z8 have  d e s c r i b e d  a m o d e l  of the (225) 
t r a n s f o r m a t i o n  in wh ich  the c o m p l e m e n t a r y  s t r a i n  is  
e v e n  m o r e  c o m p l e x .  

I t  i s  e a s i l y  shown that  in f a c t o r i z i n g  a to ta l  l a t t i c e  
s t r a i n  8 T into a shape  s t r a i n  Sh and two o t h e r  s t r a i n s  
82 and fin, e x p r e s s i o n s  ana logous  to E q s .  [1] and [3] can  
be  w r i t t e n .  T h u s ,  

Table I. Equivalent Representation of ST = SbS2 $3 

BM Expressions WLR Expressions 

ST = ShS2Sa 
S T = Sh (828352 -i )S 2 
ST = (SHS2S3S2 "t Sh "l)shS2 
S T = (ShS2S 3S2 "1Sh "1 ) (ShS 2Sh "1 ) Sh 
S T = (ShS2Sh'I)ShS3 
S I = (ShS2 Sh "l ) (ShS3 Sh "l )Sh 

Sh = STS S -1S2-~ 
Sh = S T (83 "1S 2 -1 S3)83"1 
Sh = (STS3 ~ S2 -1 S3ST-1 )STS3-1 
Sh = (STS3"Is2 "1S3ST "1 ) (STS 3 "IST'I )S T 

Sh = (STSs "1 ST "~ )STS2 "1 
Sh = ( S i S s  "1 ST "1 ) (STS2"I ST-1 ) ST 

Note that still more sequences can be derived, e.g., Sh = STS2 "1 (S2S3S 2 -1 )21 

S T = ShSeSa [4] 

and 

S T = (ShSeS3Sz -1 Sh -~) (ShSeSh -~) (Sh) [5] 

If Sz and $3 a r e  a l s o  i n v a r i a n t  p lane  s t r a i n s  [5 ] b e -  
c o m e s  

S T = (I + m3ShS2d3p~Se-~ Sh -I)  (I + meShdep~Sh -~) 

(I + rnldlp~) 

w h e r e  d2 and p~ and ds and p~ a r e  the e l e m e n t s  of the  
s t r a i n s  S2 and Sa in the i n i t i a l  l a t t i c e .  In add i t ion  to 
t h e s e ,  h o w e v e r ,  m a n y  o t h e r  e q u i v a l e n t  p h e n o m e n o l o g i -  
c a l  d e s c r i p t i o n s  b e c o m e  p o s s i b l e  when  t h r e e  c o m p o n -  
en t  s t r a i n s  a r e  c o n s i d e r e d .  O t h e r  f a c t o r i z a t i o n s  of S T 
in to  s e q u e n c e s  of l a t t i c e  s t r a i n s ,  in a c c o r d a n c e  wi th  
the  BM and W L R  a p p r o a c h e s ,  a r e  shown in T a b l e  I .  
I t  i s  e v i d e n t  tha t  the  s t r a i n s  Se and S3, p r o v i d e d  they  
a r e  " m o d i f i e d "  s u i t a b l y ,  can  be c o n s i d e r e d  to o c c u r  
in any o r d e r  both b e f o r e  and a f t e r  Sh to p r o d u c e  the 
s a m e  S T. If $2 and 8 3 a r e  s i m p l e  s h e a r s ,  then  the 
" m o d i f i e d "  v e r s i o n s  a r e  s h e a r s  on the p l a n e s  and 
d i r e c t i o n s  to w h i c h  the s h e a r  p l ane  and d i r e c t i o n  have  
b e e n  d i s p l a c e d  by p r e c e d i n g  s t r a i n s .  I t  shou ld  be  n o t e d ,  
h o w e v e r ,  tha t  a s i m p l e  i n t e r c h a n g e  in the  o r d e r  of $2 
and $3 is  not  p e r m i s s i b l e . *  

*This is only possible if (P'2 d3) d2 p~ = (p~ d2 ) d3 p~. 

If the  W L R  a p p r o a c h  i s  u s e d  and the shape  s t r a i n  Sh 
i s  d e s c r i b e d  as  the r e s u l t a n t  of S T and two l a t t i c e  
i n v a r i a n t  s t r a i n s  $2 -1 and S3 -~, then  the s e c o n d  s e t  of 
e x p r e s s i o n s  shown in T a b l e  I can  be  d e r i v e d .  T h e s e  
two s e t s  of e x p r e s s i o n s  r e v e a l  the r e l a t i o n s h i p  to one 
a n o t h e r  of the v a r i o u s  c u r r e n t  t h e o r i e s  i n v o l v i n g  t h r e e  
s t r a i n s .  In the R o s s - C r o c k e r  and A c t o n - B e v i s  t h e o r -  
i e s  the  s t r a i n  $3 -~ i s  c o n s i d e r e d  to be  p a r t  of the t w i n -  
n ing  s h e a r  and S2 -~ i s  taken  to be  a s u p p l e m e n t a r y  
s h e a r ,  Su,  f o r  wh ich  v a r i o u s  s p e c i f i c  s y s t e m s  a r e  s u g -  
g e s t e d .  T h e s e  t h e o r i e s  a r e  p r e s e n t e d  in t e r m s  of the 
f i r s t  e x p r e s s i o n  in the  r i g h t  hand c o l u m n  of T a b l e  I ,  
but  any of the o t h e r  e x p r e s s i o n s  cou ld  h a v e  b e e n  u s e d .  
T h e  p l a s t i c  a c c o m m o d a t i o n  m o d e l  of B o w l e s  and 
Dunne  28 is  d e r i v e d  f r o m  a c o n s i d e r a t i o n  of an " a c c o m -  
m o d a t i o n "  s t r a i n ,  P ,  o c c u r r i n g  in the a u s t e n i t e  at  the  
edge  of an a d v a n c i n g  (225) p l a t e .  As  they  have  po in t ed  
out ,  h o w e v e r ,  the m o d e l  i s  e q u i v a l e n t  to a h y p o t h e s i s  
tha t  the c o m p l e m e n t a r y  s t r a i n  i s  c o m p o s e d  of the 
twinn ing  s h e a r *  fo l l owed  by the  i n v e r s e  of the a c c o m -  

*Bowles and Dunne also consider the possibility that $3 is a combination of a 
shear on (111)F with the twinning shears. 

m o d a t i o n  s t r a i n  P, i . e . ,  S3 is  c o n s i d e r e d  to be p a r t  of 
the twinn ing  s h e a r  and S2 = p - 1 .  T h u s  the m a i n  d i f f e r -  
e n c e  b e t w e e n  the c u r r e n t  t h e o r i e s  l i e s  in the h y p o t h e s e s  

1118 VOLUME 3, MAY 1972 METALLURGICAL TRANSACTIONS 



made about S2. Ross and Crocke r  and Acton and Bevis  
propose  that 8~ is a s imple  shea r ,  while Bowles and 
Dunne propose  that i t  i s  an i n v a r i a n t  l ine s t r a i n  r e s u l t -  
ing f rom mul t ip le  s l ip .  

F u r t h e r  accu ra t e  expe r imen ta l  m e a s u r e m e n t s  a re  
needed to tes t  the c u r r e n t  t heo r i e s ,  but on the evidence 
at  p r e s e n t  ava i lab le  i t  s e e m s  that  ne i the r  the double 
shear  theor ies  nor  the p las t ic  accommodat ion  models  
a re  tenable  in the i r  p r e s e n t  fo rm.  Dunne and Wayman 2~ 
have made a deta i l  ed a s s e s s m e n t  of the double shear  
theor ies  and they conclude that although a shear  in  
the twinning d i rec t ion  is  a major  component  of the 
c o m p l e m e n t a r y  s t r a i n ,  the r e m a i n i n g  pa r t  is ne i the r  
a s imple  ra t iona l  shea r  as r equ i red  by the double 
shear  theor ies  nor  is  i t  the r e s u l t  of mul t ip le  r a t i ona l  
s h e a r s  as r e q u i r e d  by the p las t ic  accommodat ion  
model .  

Interface 2 

MARTENSITE INTERMEDIATE LATTICE 

S T = ST2STI ST1 - Sh I Su -I 

=ShSu- 1Tw - 1  

Interface i 

PARENT 

Sh 2 ~ ST2(STITWSTI-II Sh I - STISU 

Fig. 5--Sequence of strains implied by a double interface 
mechanism when Sh = STTwSu, Interfaces 1 and 2 produce 
the shape changes Sin 1 and Sh 2 respectively. The total lattice 
strains which generate the intermediate lattice from the 
parent and the martensite from the intermediate lattices are 
ST1 and ST2 respectively. 

MECHANISMS AND PHYSICAL IMPLICATIONS 

Although the or ig ina l  c rys t a l log raph ic  theor ies  were  
phenomenologica l ,  in la te r  modif ica t ions  there  has 
been an i nc r ea s ing  tendency to a t t r ibute  r e a l  phys ica l  
s igni f icance  to the component  s t r a i n s .  The f i r s t  and 
mos t  s ign i f ican t  development  in this d i rec t ion  was the 
appl icat ion by Bullough and Bilby 29 of the concept  of 
su r face  d i s loca t ions  to the m a r t e n s i t e  in te r face .  In the 
BB theory,  the boundary  between the pa ren t  phase and 
the m a r t e n s i t e  is cons ide red  to cons i s t  of an a r r a y  of 
d i s loca t ions  which accommodates  the m i s m a t c h  be -  
tween the two la t t i ces .  When this in te r face  moves  
n o r m a l  to i t se l f ,  genera t ing  the m a r t e n s i t e  l a t t i ce ,  the 
mot ion of the d i s loca t ions  produces  the la t t ice  in -  
v a r i a n t  (complementary)  s t r a i n ,  and the macroscop ic  
shape change produced is  an i nva r i an t  plane s t r a i n .  
Such an in te r face  is  g l i s s i l e  and can move without 
changing i ts  s t r u c t u r e  provided that the la t t ice  i n v a r -  
iant  (complementary)  s t r a i n  is a s imple  shear .  

The sur face  d is loca t ion  concept  p rovides  an e legant  
m e c h a n i s m  for growth of m a r t e n s i t e  p la tes  n o r m a l  to 
the habit  plane but does not r e v e a l  how the habit  plane 
in te r face  is c rea ted  and, of cou r se ,  is not appl icable  
when the complemen ta ry  s t r a i n  involves  two unre l a t ed  
shea r s  as in  the double shear  t h e o r i e s Y  '27 In this 
case ,  the in te r face  would need to contain two se ts  of 
d i s loca t ions  and o rd ina r i l y  would not be g l i s s i l e .  

To avoid this diff iculty,  Ross  and Crocke r  proposed 
that the boundary  cons i s t s  of two c lo se ly - spaced  p a r -  
a l le l  i n t e r f aces ,  each containing one se t  of d i s loca t ions  
and each producing one of the lat t ice i nva r i an t  s h e a r s .  
They drew at tent ion to the fact that such a double i n t e r -  
face desc r ip t ion  impl i e s  a r ea l  phys ica l  s ign i f icance  
for the s h e a r s  in the i r  ana lys i s  and for the order  in 
which they occur .  Ross and Crocke r  bel ieved that the 
reg ion  between the two in t e r f aces  would have the 
s t r u c t u r e  of a s ingle  c r y s t a l  of m a r t e n s i t e  and pointed 
out that this agreed  with their  conclus ion  that the two 
mos t  sa t i s f ac to ry  m e c h a n i s m s  they had found both 
involved the supp lemen ta ry  shea r ,  Su, p reced ing  the 
twinning shea r .  They thus in t e rp re t ed  the t r a n s f o r m a -  
tion twins as fo rming  in this m a r t e n s i t e  between the 
two in t e r f aces .  This  m e c h a n i s m ,  however ,  impl ies  
that the untwinned m a r t e n s i t e  la t t ice  can be genera ted  
by the passage  of the f i r s t  in te r face ,  which conta ins  
only the s ingle  set  of d i s loca t ions  that produce the 
supp lemen ta ry  shear .  In other words ,  i t  is being i m -  

pl ied that S T = ShSu, which is  not c o r r e c t ;  the r e a s o n  
for the deve lopment  of the double shear  theor ies  was 
the fa i lu re  to d i scover  any s imple  shea r ,  Su, which, 
combined with an i nva r i an t  plane s t r a i n  on the (225) 
habit  p lane ,  would genera te  the m a r t e n s i t e  la t t ice  in 
i ts  observed  or ien ta t ion  re la t ive  to aus ten i te .  

It is  c l ea r ,  the re fo re ,  that if a double in te r face  
m e c h a n i s m  does occur ,  the f i r s t  in te r face  cannot  gen-  
e ra t e  the f inal  m a r t e n s i t e  la t t ice  and probably  not even 
the total shape change.  The sequence of events  r e -  
qu i red  by a double in te r face  m e c h a n i s m  in which a 
supp lemen ta ry  shear  occurs  at the f i r s t  in te r face  is  
shown in Fig .  5, 

This  sequence amounts  to not one t r a n s f o r m a t i o n ,  
but two consecut ive  t r a n s f o r m a t i o n s ,  each occu r r ing  
by a sur face  d is loca t ion  m e c h a n i s m .  Such a m e c h a n i s m  
is poss ib le  only if both t r a n s f o r m a t i o n s  have the s ame  
habi t  p lane ,  and so far  it has not been proved that the 
component  shape s t r a i n s  Shl and $h2 can have the same  
habit  p lane .  

An in t e r e s t i ng  poss ib i l i ty  that a r i s e s  f rom Fig .  5 is 
Sh2 = I. This  could happen if In ter face  1 genera ted  an 
i n t e rmed ia t e  s t r u c t u r e  that could be t r a n s f o r m e d  to 
m a r t e n s i t e  by a shear  on the m a r t e n s i t e  twinning 
sy s t e m.  The second in te r face  would then s imply  be the 
boundary  between the f inal ly  twinned m a r t e n s i t e  and 
the i n t e rmed ia t e  la t t ice ,  and this in te r face  would have 
no assoc ia ted  shape change. 

The acceptabi l i ty  of the double in te r face  m e c h a n i s m  
depends f ina l ly ,  of course ,  on whether  or not it  can be 
es tab l i shed  that two independent  la t t ice  i nva r i an t  
s h e a r s  a re  involved in the t r a n s f o r m a t i o n .  As m e n -  
tioned e a r l i e r ,  Dunne and W a y m a n ' s  r e s u l t s  indicate  
that this  does not s e e m  to be poss ib l e ,  and if such is  
the case ,  then it  wil l  be n e c e s s a r y  to examine  other 
kinds of m e c h a n i s m s .  A poss ib le  modif icat ion of the 
sur face  d is locat ion  m e c h a n i s m  is suggested by the 
ideas developed by Bowles and Dunne in the der iva t ion  
of the plas t ic  accommodat ion  model .  They cons ide red  
the propagat ion of a (225) m a r t e n s i t e  plate in the d i r e c -  
tion of the c lose -packed  line lying in the habit  plane and 
concluded that the dec rea se  in in t e ra tomic  d is tance  
along this l ine would need to be accommodated  by 
deformat ion  of the aus teni te  in f ront  of the growing 
pla te .  They pointed out that for this p las t ic  a c c o m m o -  
dation s t r a in  to be a homogeneous la t t ice  i nva r i an t  
s t r a i n  p las t ic  de format ions  assoc ia ted  with each i n c r e -  
men t  of growth of the plate mus t  be local ized at the 
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tip (or edge) of the growing p la te .  
Such a p las t ic  s t r a in  d i f f e r s  f r o m  the la t t i ce  i n v a r i -  

ant s t r a in  produced  by a su r face  d i s loca t ion  in that  
the d i s loca t ions  producing i t  mus t  move  away f rom the 
edge of the p la te  into the aus teni te  at an angle to the 
habit  p lane .  Th is  sugges t s  that the moving in t e r f ace  
(which might  not n e c e s s a r i l y  be p a r a l l e l  to the habit  
plane) may be able to main ta in  a constant  f o r m  only by 
pe r iod i ca l l y  genera t ing  d i s loca t ions  which move away 
into the aus ten i te .  

If the m o v e m e n t  of the in t e r f ace  invo lves  the g e n e r a -  
tion of d i s loca t ions  which move away into the pa ren t  
phase ,  these  d i s loca t ions  would have to be n o r m a l  
s table  d i s loca t ions  of the pa ren t  phase .  The inhomogen-  
eous s t r a i n s  that  a re  gene ra t ed  by the m o v e m e n t  of an 
i n t e r f ace  n o r m a l  to i t se l f  without changing i ts  s t r u c t u r e  
a r e  not r e s t r i c t e d  in this way however ,  and they need 
not n e c e s s a r i l y  be p r o c e s s e s  that  no rma l ly  occur  d u r -  
ing p las t ic  de fo rma t ion .  An in t e r e s t i ng  example  of this 
is  p rovided  by the bcc to hcp t r a n s f o r m a t i o n  in t i tan ium 
and its a l loys .  These  t r a n s f o r m a t i o n s  p roduce  p la tes  
that a r e  twinned on a (1011} plane that i s  gene ra t ed  
f r o m  a {110} s y m m e t r y  plane in the pa ren t  phase  so 
that both o r ien ta t ions  have equiva len t  c o r r e s p o n d -  
ences.20 This  mode of twinning is not obse rved  when 
bcc t i tanium is  de fo rmed  p l a s t i ca l ly .  The extens ion  
of a twinned produc t  as  the in t e r f ace  advances  into the 
pa ren t  phase without changing its s t r u c t u r e  does not 
involve the o c c u r r e n c e  of a twinning shea r  in the f inal  
l a t t i ce .  In a double in t e r f ace  m e c h a n i s m  i t  may involve 
the shea r ing  of a t r ans i t ion  p roduc t  in opposite  d i r e c -  
t ions to f o r m  twins but this in no way impl i e s  that  the 
shea r ing  p r o c e s s  should be a f avored  twinning shea r  
in the f inal  l a t t i ce .  Th is  d is t inc t ion  be tween t r a n s -  
fo rma t ion  twinning and de fo rma t ion  twinning sugges t s  
that in a s s e s s i n g  which " d e f o r m a t i o n  m o d e s "  a re  to 
be r e g a r d e d  as " r e a s o n a b l e "  or "phys i ca l l y  r e a l i z -  
a b l e "  inhomogeneous  s t r a i n s  for a m a r t e n s i t i c  t r a n s -  
fo rma t ion ,  convent ional  c r i t e r i a  do not n e c e s s a r i l y  
apply.* 

* (1032), (1121}, [1122), and {1124) twin modes have been reported, the 
first two of these being predominant. 2~ 

MARTENSITE NUCLEATION 

Although the phenomenolog ica l  theory  of m a r t e n s i t i c  
t r a n s f o r m a t i o n s  dea ls  with in i t ia l  and f inal  s t a tes  and 
does not p re tend  to indicate  actual  a tomic  paths ,  the 
s imp l i c i t y  and probable  ut i l i ty  of the Bain s t r a in  cannot 
be denied.  Var ious  i nves t i ga to r s  have sugges ted  
" p h y s i c a l "  means  accord ing  to which the aus t en i t e -  
m a r t e n s i t e  s t r u c t u r a l  change might  occur .  Kurd jumov 
and Sachs,3~ for  example ,  employed two consecu t ive  
s h e a r s  to gene ra t e  m a r t e n s i t e ,  the f i r s t  cons i s t ing  of 
a ( l i 2 ) [ i l l ]  A shear  fol lowed by another  on (1i2) [111 ] M'* 

*These shears do not produce the correct structure and some atomic readjust- 
ments are required. 

Although this ea r ly  m e c h a n i s m  is not cons i s t en t  with 
al l  of the obse rved  c r y s t a l l o g r a p h i c  f ea tu r e s  of the 
t r a n s f o r m a t i o n ,  the i r  work  was the f i r s t  example  of 
using s h e a r s ,  a phys ica l ly  r e a l i s t i c  ent i ty,  to ef fec t  a 
s t r u c t u r a l  change.  Zene r  31 l a t e r  pointed out that  a 
ha l f - fau l ted  fee la t t i ce  is in a n e a r - b e e  conf igura t ion  
and sugges ted  that e l a s t i c  ins t ab i l i t i e s  may be r e s p o n -  
s ib le  for  the p a r t i c u l a r  a tomic  m o v e m e n t s  in m a r t e n -  
s i t ie  t r a n s f o r m a t i o n s .  A number  of subsequent  " s h e a r "  

mode l s  for s t r u c t u r a l  changes  have appeared  in the 
l i t e r a t u r e .  Kel ly  and Nutting 32 r e a c t i v a t e d  the 
Kurd jumov-Sachs  m e c h a n i s m ,  with some  modi f ica t ion ,  
in an a t tempt  to account  for  the fo rma t ion  of untwinned 
lath m a r t e n s i t e  in s t a in l e s s  and low carbon  s t e e l s .  

Shear  mode l s  have a lso  led to s tacking fault  nuc l ea -  
tion hypotheses .  3~ A m a j o r  diff icul ty with this approach 
is the p rob l em  of de t e rmin ing  whether  a faul t  caused 
the event  or was s imply  a consequence ,  i . e . ,  the faul ts  
obse rved  in a s soc ia t ion  with p la tes  of m a r t e n s i t e  may 
have a r i s e n  because  the aus teni te  is d e f o r m e d  by the 
growing m a r t e n s i t e  J 4 

It is commonly  accepted  that s t r u c t u r a l  i m p e r f e c -  
t ions such as d i s loca t ions  may play a ro le  in the n u c l e -  
ation of m a r t e n s i t e .  F o r  example ,  the s t r a ined  reg ion  
in the v ic in i ty  of a d i s loca t ion  in the aus teni te  may 
find i t se l f  in a nea r  m a r t e n s i t i c  ( i . e . ,  bcc) con f igu r a -  
tion. 35 C l a s s i c a l  nuclea t ion  theory  s imply  does not 
apply to the nuc lea t ion  of m a r t e n s i t i c  t r a n s f o r m a t i o n s .  
T h e r e  a re  a number  of d i f f icul t ies  in applying the 
" c r i t i c a l  p a r t i c l e  s i z e "  and ac t iva t ion  b a r r i e r  ap-  
p roach ;  not the l e a s t  is  the s imp le  fact  that in a number  
of s y s t e m s  m a r t e n s i t i c  t r a n s f o r m a t i o n s  occur  at ve ry  
low t e m p e r a t u r e s  where  t h e r m a l  ac t iva t ion  cannot be 
app rec i ab l e .  One wel l -known nucleat ion theory  36 holds 
that  p r e f o r m e d  e m b r y o s  a r e  f r o z e n - i n  and become  
c r i t i c a l  at  low t e m p e r a t u r e s ,  but t he re  a r e  d i f f icu l t ies  
with this approach.  

It  has been r ecogn ized  that  k inemat ic  paths for phase  
t r ans i t i ons  may be r e l a t ed  to la t t i ce  v ib ra t ion  modes .  37 
A d i f fe ren t  approach  to the m a r t e n s i t e  nuclea t ion  
d i l e m m a  has been sugges ted  by Clapp,  38 who env is ions  
that s tanding phonon waves  cause  a tomic  d i s p l a c e m e n t s .  
Accord ing  to the mode l ,  p lanar  de fec t s  such as f r ee  
s u r f a c e s  and gra in  boundar ies  enhance the fo rma t ion  
of s tanding waves .  In e s s e n c e  the phonon model  p r o -  
v ides  for  coord ina ted  a tomic  mot ions  out of the equ i -  
l i b r i um  pos i t ions  and this is a means  for  p rov id ing  
the co l l ec t ive  m o v e m e n t s  impl ied  by the o r ig ina l  Bain 
model .  A m a j o r  weakness  of the phonon model  is  that  
the extent  of co l l ec t i ve  a tomic  excu r s ions  is on the 
o r d e r  of a few pe rcen t ,  and the re  a re  p r e sen t ly  no p r o -  
v i s ions  for  s t r a i n s  as high as 20 pct ,  as  demanded by 
the Bain s t ra in  for  s t e e l s .  N e v e r t h e l e s s ,  c l a s s i c a l  
nuc lea t ion  mode l s  fa i l ing and f r o z e n - i n  em bry os  sub-  
j ec t  to c r i t i c i s m ,  the phonon nuclea t ion  approach to 
phase t r a n s f o r m a t i o n s  may be quite  p r o m i s i n g ,  and at 
the l e a s t  is  a f r e s h  d e p a r t u r e  f r o m  t rad i t ion .  
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