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D E S C R I P T I O N  O F  P E R I O D I C  E X T R E M E  G I B B S  M E A S U R E S  O F  

S O M E  L A T T I C E  M O D E L S  O N  T H E  C A Y L E Y  T R E E  

N.  N.  G a n i k h o d z h a e v  ~ and  U. A. R o z i k o v  ~ 

The uniqueness of  the translation-invariant ex treme Gibbs measure for the anti ferromagnetic  Pot t s  model 

with an external field and the existence of  an uncountable number  of  ex treme Gibbs measures for the Ising 

model with an external field on the Cayley tree are proved. The classes of  normal subgroups of  finite index 

,)f the Cayley tree group representation are constructed. The  periodic ex t reme Gibbs mea.~ures, which are 

invariant with respect to subgroups of  index 2, are constructed for the lsinE model  with zero external ficht. 
From those nleasllres, the' existe~we of az~ llllCOllntablQ number  ~f ,mrq)eriodic ex t reme  Gibbs measures [or 

he an tiforroma~~, , i{" Isiv~ n.~d,'l f(,ll, m.. 

I n t r o d u c t i o n  

L(,t the (.';~\'lev tr(,e '7 -k (()r, in ()1her t<qms. ~t Beth( '  ]attic(,. ,~(,(' {11) of  o rder  L: > 1 b(' >tu infinit, e 

tree graph,  i.e.. a g r a p h  with n() ('voles and  wit.h exac t ly  /c 4- i ed<es im' ident  to each ver tex  of  the e~r:q>h. 
The  absen('o ,)f closed c o n t o u r s  in the (Tayley tree allows o n .  t,<) us(' the M a r k o v  r a u d o m  field th(,ory em(t 

recur ren t  equa t ions  of  this theory .  This  p e r m i t s  some la t t ice  mode l s  [2 9] to be solved exact ly .  

In the present  paper ,  we cons ider  mode l s  on the C a y l e y  t ree  for the p u r p o s e s  of  

(1) proving the uniqueness of translation-invariant Gibbs  measures  in the a n t i f e r r o m a g n e t i c  Por t s  
mode l  with an external field: 

(2) p rov ing  the  exis tence  of  an u n c o u n t a b l e  n u m b e r  of  ex t r eme  Gibbs  m e a s u r e s  in the Ising model  
with an ex te rna l  field: 

(3) (h's( 'ribin< n()iulal sul)~r()Ul)S ,)f finite ind(,.~ in th( > ..,,r,,~l> )el~r<'sentati(>n of the  Cavlev  (r('e: this 

(,)ml)l(,s ()n(, t(~ c()usid(q l . ' r i , . l i ( '  (;il)l)s n~(,a.s~ir(,s f(,r )u()~l('Is , i . l e ru f incd  in the ( ' ayh ,  5' t)('(': 
1.4) ,l('>(rii)in< l. 'ri ,)(li( (;il)l~.. m(,asm( 's  iu th(, Isiu.e, m < . h ' l  
(5) , h , s ( r i lm~ ~ u(,w ~lass ()f (,xtr(,u~(, (;ibi~s l~l(,asur(,s in rh(' aurit 'crr(m~agneti(" Is ing mo(h,l witl~ z(,r() 

( 'xternal fiehl. 

1. T h e  c o n s t r u c t i o n  o f  e x t r e m e  G i b b s  m e a s u r e s  o n  t h e  C a y l e y  t r e e  

Lel: '7 -k = (l" L) be a Be the  la t t ice  of  order  k _> 1. The  d i s t ance  d(./7,.~), a:..~ E ~" in 'T k, is as follc)ws: 

d(2" ' .  V)  = l I l i l l { d  ' ,/" = d?(').,1" 1 . . . . . .  / 7d -1 . , / 7 ,1  = !l } .  

where the' traits <./7.../7~} . . . . .  (-/7,z-1..r,,} are ('h)sest n(,ighb(:)rs. "FII(' s('qu('n('e 

;r {.1--.~'().,rl . . . . . .  /',t 1..J,t !r ~ ~} 

I h ; t l  r l()l}li:'< >hc) l t ( ' s l  ,listanc'(' is ,",dl(',l vh(, l)atll fI,,)ix .r ,(, //. 
[7()I ;Ill ; t l ' l ) i I l '~ t l 'V [ ) ( ) i l l l  ,l.t) ~ ~ ' ,  W('  ";(q 

It,, , { ; ~  ~ -  , l l , . . ,"' l= l,~. 
7t 

l l , = l l  

�9 / 

L,, l /  -- ".~', .'1 ~7 L �9 ./7..,/~ ~,, s 

1 .Nlath,,m:~ti~';*l lusti) u)(,. A,';ld(,mv ,,f ,v;(i,,t.'(,s ,d ['/.I.,kis~;m. 
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T h e  part ia l  order ing  re la t ion  x < y m e a n s  t h a t  the  p a t h  from x ~ to  y pas se s  t h r o u g h  the  ver t ex  x. T h e  
ver t ex  y is cal led a "direct d e s c e n d a n t "  of the  v e r t e x  x if y > x and x, y are  c loses t  ne ighbors .  Le t  S(x) be 
tile set  of  all "dlr' e.ct d e s c e n d a n t s "  of  ve r t ex  :r. Then ,  for any  v e r t e x  x E V, which  is not  equa l  to x ~ we 
have IS(~:)l = k. while IS(m~ -- k + 1 [6]. 

In the C a y l e y  t ree,  t.tw H a m i l t o n i a n  of the  Is ing m o d e l  wi th  an e x t e r n a l  field reads  

(x,~}eL~ xEV~ 

wherea, JE R, cT(x) E { - 1 . 1 } . a n d x E  V. 

Let  A C V be a finite subse t  and  let fiA = { - 1 .  1} a d e n o t e  the  space  of  c o n f i g u r a t i o n s  on the  se t  .4. 
Le t  tb. C R be a r ea l -va lued  func t ion  of x E ~,'. For any  n, consi ler the  m e a s u r e  #,, on the  space  f i r , ,  
which is d e t e r m i n e d  as follows: 

#"(cr'~) = Z'~l exp{ T-'H';,(cr) + Z h ~ u ( m ) } .  (1.2) 

Here  T > 0. ~,, { c r ( . r ) . , : ~  i ; ,}  < ~2v,, and  Z,, is the  n()rmalizinK fact()r. Cons i s t ( racy  c(m(li t i(ms for the 
tneasurt ,s  ll,,(cr,~), n > 1. ar(' 

}2 11.:3  
rTc ,i ) 

where cr <''I = {0-(3:) 3" �9 l,I"r,}. In this case, the Gibbs measure # exlsts in the space ~v.  This nwasure is 
Markovian and it is called the Markov (.'hah~ with interactions d and (~. 

T h e o r e m  1.1 [7, 8]. Measures (1.2) satisfy the consistency condition (1.3) iff Vx # V, 

h~ =a/T + Z a r c t a n h ( 0 t a n h h y ) ,  (1.4)  
yes(~) 

where 0 = t a n h ( J / T ) .  

In the  P o t t s  m o d e l  wi th  an  e x t e r n a l  field in the  C a y l e y  t ree,  spin  va r i ab l e s  o( . r ) ,  J: ~ t" t, ake t im 
values crl. ,T . . . . . . . .  7,~ amt  t lw [{ami l t (mian  r('ads 

,;.r .9> E L ,, x f f  "t',, 

where  cr is tile Kroneckc,  r S,vlnbol. T h e  a n t i f e r r o m a g n e t i c  Pot.ts inodel  is d e t e r m i n e d  by Hamil t . (mian  (1.5) 
for J < 0. 

A s s u m e  t h a t  o~. or._, . . . . .  <Tq �9 R q-~ are  such t h a t  

1, if" i =j ,  .6) 
uioj = - l / q -  1, if i C j .  

(1 

Then ,  fl)r any  x, 9 ff i ' ,  we o b t a i n  that. 

't - 1 cr(.r)cr(U) + = ,i, .~. ,jl. 
q q [ 

wh('m'( '  II~ (,-r) has th(' fl)lh)v<in~ f()[ll): 

f l y  ( r r ) = - J  V "  <~(;)<~(.~i)- ~ ~ ,-~(.rlc~. (1.7) 

<x,  ),,) E L ,, r E  ~, ",, 

Let A C I" be a finite subse t .  D e n o t e  })V f)-A = {crl . . . . .  (7,1}"~ th(' space  ()[' contigtlrations ,in th(, set..3/. 
A f ini t ( ' - ( t im( 'nsional  di,~tril)ution <)f a I l l ( ' [ tSIl l ' ( '  /I ( ] /  iS a G i } ) t ) s  l l N ' a s l l r ( , )  i l l  a v o h l l l l t '  ~ ; l  is ( [ ( ' | ( ' F l l l i n ( ' . d  a s  

f, )lh ),,vs: 

H"( " " )  = Z']-'('Xl>{ T - ' / 2 / ' ' ' ( ~  K /-,,.cr(.r)}. (1.8) 
. - # i t ' , ,  

where  Z,~ is a no luna l iz ing  face.or and  i. ~ R '~- i 

-181 



T h e o r e m  1 .2  [3, 4]. Measures (1.8) satisKy Eq. (1.3) iff Vx E V, 

i ~ =  ~ F(/h,.~l.~). (1.9) 
y E S ( x )  

H e r e  F is t he  t r a n s f o r m a t i o n  that. m a p s  _g q 1 o n t o  i t s e l f  I t  r eads  

K/~q-- 1 
h~ ~ . (t~l - 1) exp  h., + a...j=l exp  h.j + 1 

' ~ t l ,  + log _ i = 1, q - 1, 
E ~ = [  exp / ' v  + e l  

w h e r e  01 = exp (LT/T)  arid h. = (h i ,  h,2 . . . . .  h q - 1 )  E R q-1 .  A unique Gibbs m e a s u r e  g on t2v c o r r e s p o n d s  

to ~'ach .set o f  v e c t o r s  {h.x, ~" E 1"} s a t i s S q n g  (1.9). 

2. Trans lat ion- invar iant  Gibbs  measures  in  t h e  a n t i f e r r o m a g n e t i c  
Po t t s  mode l  wi th  an ex terna l  f i e ld  

In this sect ion,  we c (ms t ruc t  (-;ibbs measur( ,s  t h a i  ar~' iu \ 'a r iaut  w.r . t .  ;dl spatl~d shif ts  ,ff lh,, l.attic(, 
7 -a. Iu 55. 47. f',,r th,, f , r> , lua .<uet i (  P( , t ts  m,..:hq wi th  ~l /~'1",~ ( 'xtVl'll;t[ lh'ht, th(! exist.once of 't ~r:~nshtti.n- 

invar iant  and ,~f ~m((mnt~d)lv m a n y  t r a n s l a t i ( m - n o n i n v a r i a n t  Giblos m<:~sures xv;~s prov~'d. Th , '  ('~)ilslill('I ix.'( ̀ 
descript i~m ~d t lws,' m~'asures was alst~ pr~>cut,,d lh~,r,. 

A s smm,  ~hat ]~ = 1; (1;1. h.2 . . . . .  /*,;-i) fl,r V.r ~ I Theu .  fr,,,~ T h ~ , r e m  1.2. m a k i n g  the  s u b s t i t u t i o u  

z = ~• wc ,~l)tain 

z~ = exp dl, q-1 , i 1 ,q  - 1. (,2.1) 

Note  t h a t  for 0 < 01 < 1 ( ,7  < 0), s y s t e m  (2.1) has a u n i q u e  so lut ion ,  z* = ( z , , 1 , 1 , . . . , 1 ) .  D e n o t e  by # .  
the  Gibbs  measure  correspond ing  to the  set  of  vectors {h~ = ( l o g z , , 0 , 0  . . . . .  0) Vx ~_ K } .  

Thorefore .  we have  jus t  p roved  the  following t heo rem.  

T h e o r e m  2.2 .  F,,r  q > 1. 1, > 1. ~F < ( ) . . m , l  ,) ,~ ~ .  ,, rr,,(,.,l,'~ti~)~>inv;uiant m~,a.'~m,' in rh,, l~,,,r., 

m~,],'] i.< I m i q l w  ,~nd ,'qu;~l t,, IZ,. 

3 .  E x t r e m e  G i b b s  m e a s u r e s  i n  t h e  I s i n g  m o d e l  w i t h  a n  e x t e r n a l  f i e l d  

In nl~d~q (1.1). the necessa ry  condit i~m fl~r ;t m e a s m ' ,  t ~ / . ,  t r ansb ,  ti, m- iuva r i an t  is/,:~ = h ~ /]' 'vb- ~ I" 
T twn.  fi ,ml {1.4/ w,  ~bt~dn 

]~ ~ + 1,: arct~ulh(~) t a u h / I ) .  (3.1) 

F rom the p r o p e r t i e s  r f lmct ion  , , / T  + / , ' a r c t a n h ( ( ~ t a n h  h). it follows t h a t  for (~ #_ ( (k - 1 ) J .  ( t : -  l ) J ) .  
{1) (2) t( .3) ,_7 > 0. Eq. (3.1) hastxv'~)stal)l~'s~duti ,  m s r t .  < t~. and  one lmstat~h!sol~t t ion ~,  . which  li~s betv,'~,~,u ]ll. ~ 

(2) 
; tmi  1~. . 

C, m s i ( h q  , h , '  > . i s  {h.,. I , ' . "  'v.~ W I } .  a m t  { / ' c  =: ]l(- -~' v . ~ ~  I ' }  ~tu~l. , h ' n , , t , '  I~v l~{l} nn(t  i r t tu,  

Theorem 3.1 .3. !t]. Th, m,,asur<q y':~;' ~md I~' -'~ ,',r, , , x r r , ' n , '  {;iht,.q me,:~sur,.q. 

T,, ;tuv p;t th 7. whi~'I~ is t in i t ,  ,)i iIlliui~( ~. we (';t~l l)~t ii~t,, c~u'r~'sl~(mdcn('v, in a sl;i.lld~tIl] \v;i.v, lhl ,  

m u u b c r  t E (). 1 t>,.,, [2 $:). t)n~, cal~ <tsi lv sh,,w th~tt f,)r any  ! ~ [0. 1 ~, t lw s~t ,)f" ttunutiti~.s ]l ~{t) 

{, .~t , ,  = " ' ( / e : " .  '-') }mat, isf)iu,., K( t. ,1 1)i> , m i ( l , w l ) , t , ' , , ' , m i , w , l  ,~  =t,.,.  t~ ) . . ~ q  1- . 

Dcll~,r~, ]1\" l~t i}l t '  ( ; i l~ t )5  lll( ' / t ,qlllT' <,~trcst l (m,l i l i ,~  **, / ,=!t)  

T h e o r e i n  3.2 .  f:,,r . ' , , v  I ,-~ hi. 11. th, '  (;ibb.~ n . , . , . < . , , / i  t i,~ ~,xlr~,l ,~,.  

P r o o f .  T lwi . ) r~ . f f i s~ tuah~g~a> l ~ t h ( , i ~ r < . _ , f o f ~ h , ~ r c u t  3.2 uf i2]. 
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4. Group representation and automorphisms of the Cayley tree 

Let Gk+~ be a free p roduc t  of k + 1 cyclic groups of the second order with generators  a~, a2 . . . . .  ak+l,  
respectively. 

P r o p o s i t i o n  4.1 [10]. Th~r~ j e x i s t s  a o n e - t o - o n e  corr~ 's toondence  between the set o f  v e r t i c e s  V o f  t he  
Cayley tree Tk and t he  group Gk+l .  

In the group Gk+t ,  let us consider the left (right) shift t ransformat ions  defined ms follows. For 90 
(Tk+~, let us set 

T q,,(h) = .q,~h. (T,~,(h)  = hgo) Vtl. ~ G~+t.  (4.1) 

The set of all left, (right) shifts in Gk+~ is isomorphic to the group G~+~. By vir tue of Proposi t ion 4.1, any 

t ransformat ion  S of the group G k +  1 induces the transfcwmaticm ~q of the set of vertices ~ of the Cayley 
tree. The  following theorem ,~bviously hcflds. 

T h e o r e m  4.1.  The, .<r up c)f le f t  ( r igh t }  s h i f t s  ,m the, ri,r ( le f t )  r e p r o s e n t a t i , m  ~)f the' ( ' a y l o y  t ree  is 

the, .'.zr,~t~t; ~,f rr ;msla t i , ) I , s  o f  thr, (_ 'avbw trr'~'. 

5. N o r m a l  s u b g r o u p s  o f  f i n i t e  i n d e x  f o r  t h e  g r o u p  r e p r e s e n t a t i o n  o f  

t h e  C a y l e y  t r e e  

Any element  .r ~ Ga-+i has the folhwvqng form: 

x = a ~ a z ~ . . . a ~ ,  where 1 < i,~ _< k +  1, m =  1,n. 

The number rz is called the length of the word z and is denoted by l ( z ) .  The number of letters a i ,  

i = 1, k + 1, t, hat  enter the noncontrac t ib le  representa t ion  of the word z is denoted by ~,,.~(a,). 

P r o p o s i t i o n  5.1 (see [11, 12]). L~'t ~ be  a h o m o m o r t ) h i m n  o f  t he  .~roup Gk--1 w i t h  t he  k e r n e l  H. 

T h e n  H is ,t l~,,vu~al.~ul>vr()u t) ()f t l~' .Vi ,)ui~ G'a:+t s~nd /((,~,.~t) "- (2~,..1: H ((;~,-+t: [I is it t:~,'t()r-gr(~ut>). 
i.,'., th, ii~d,,x ](;s..~I : H '  ,',)i~,('i,t,,s w i t h  rh,' ~>rde'r ,:(C;a.+i )! , , f  th , '  ~:r,~ul> #((7,.+11. 

13v virlu,, ,)f Prr 5.1, in ,)rr tr constru('l st l l ( ) l ' i l la l  Nlll)gr,)ll!9 ()f a finite imh'x ,~t th,' ~l(ni l) 
Gk~-t, ,m~' should c ,mstruct  a homom,wt~hisni of the gr~mp Gk+t int{i some finite gro,,,~. 

D e f i n i t i o n  5.1.  Let ) , I t ,  :~,l~ . . . . . .  l ira be some sm.s a n d  :l,[i ~ A/o for i r j ( i , j  1, m.). We call 
the intersection f-']i"-t 3.I, ~'oI~traetible if there exists i~ (1 <_ i0 < m) such that  

rr l 1 l i t  

= t = l H q - t  

[ i l  ',~: 

l.~'t .\'~. = {1 .2  . . . . .  l," * 1 }. 

T h e o r e m  5.1. 1:]~i , 'my C ~ A C A],.. r , ' x i s t s  ,i sut,_:'r,~l~ I) f l  ~ 2 (?~-+l v.irh th,,  f~,II,)wi,.i.,r t)r(q)eI - 

(;t} ff..~ is ,~ ~. ,rm, 'd  ,*~Jb~r~mt) ,m , l  I(;~+t " H A  2: 

(,') H a  " H t r  ~._ , , . d  [I.x '~ f f i3 - []. tG[3. tier .-t. 1~ :Z .\),.: 
(,I) It" . - t l . . - l  . . . . . . . .  -1,,, ,- .X].. .'tud ..t, -' ..l I = ::~ t})r ;~nv z : = 1. Ir~, tllr 

(-'] H.~,  ,2 I [ U Z  ' .~, 
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(el Let A~,  A2 . . . . .  A m  C_ N~. If [']i=~ H A ,  is a noncontractible intersection, then it is a normal 
s u b g r o u p  o f  i n d e x  2'~: 

(f) For  a n y  m = l, 2k (where  ]~: is t he  o r d e r  c)f t he  lat t: ice) ,  t h e r e  e x i s t  n o n c o n t r a c t i b l e  i n t e r s e c t i o n s  

H,,~ = ("] HA,. 

P r o o f .  

f ; ( . r ) =  _~.  

One can eas i ly  find t h a t  fA is a h o n ~ o m o r p h i s m ,  
holds. By  v i r tue  of  P r o p o s i t i o n  5.[ ,  [ t 4  = {,r 

Let  ~ ~ A C Nk. Define the  m a p p i n g  as follows: 

if ~ . 4 c c ~ ( a ' )  is even,  

if xT~,~ Aco~(a,)  is odd.  

i.e., for any  =r !I ~ Gk+~.  the  equa l i t y  f A ( x y )  = f A ( X ) f A ( y )  
Gk+l  : ~_.~A~oa-(a~) is even } is a n o r m a l  s u b g r o u p  of 

index 2. One  can  eas i ly  check t.hat HA sat isf ies  all a s se r t ions  of  T h e o r e m  5.1. T h e  t h e o r e m  is prowed. 

Let  :r = (~ ,a , . : . . . ,L , , , ,  where  1 < i,,,. _< / , :+ i. m = 1 .u .  F o r . r  ~ {y ~ G k + t  " 1(~1) = 7~}. we set  
u.~(~z.~) = {ru ~ .'\',,_] , , , ,  .]}. F()r ins tance ,  i f ' . , =  (ll,1418(tlul(z.2,,  4 . t h e l l  / / t-(o,4) = {2 ,4 ,7} �9  Let (t(x) 
d(?llOte l } l e  i l l l l l l t ) ( , l  ~)f ( ' ( ) l l S l i l l l e l l l S  ( ) [  1}1('  ('}elll('Ilt J'. 

T h e o r e m  5 .2 .  L~'t , ~ .re ~ C7k+1. Th, 'n  thor~, e x i s t s  ,~ nonrea l  Hr  s u b g r o i i p  I f , , , .  whi~'h does  
not  c o n t a i n  t he  ,,]Olm,nt .re amt  /})r whi, 'h  t he  i n e q u a l i t y  

o~(.ro) + 1 <_ i(,'k+~. H x o ]  _< ( l ( .r0)  + 1)! 

holds .  

' ' ' 1 < m < k +  1, the  c o n s t i t u e n t s  a , ,  i = 1 k +  1, P r o o f .  Let  oe(x0) = m .  D e n o t e  by' a 1, a2,  . . .  , a,~ . . . .  

in  the  n o n c o n t r a c t i b l e  f o r m  of  t h e  e l e m e n t  x.  T h e n ,  0:0 reads  

' ' ' w h e r e  1 < i ,  < k + l .  s =  1 n:. X 0 ~ a z ~  (1,{2 . . . a / ,  s �9 __ _ 

In the s v n m w r r i c  g:roup S, ,+ l  t h a i  acts on the s:vmb{~ls 1. 2 . . . . .  n + 1. we choose t.he su'r)stit.uti~)ns 7r,. 
= 1. u, as f,)lh,ws: if ~ '~. , I , ; I  = {Jl.J '- '  . . . . .  .],,,, }. where  .1~:, ~ -\ ' , ,-1 ;thai 1,1 = 1. ,u l ,  t hen  

( 1  ..]1 .]; -4-1....1,_ .]2 ~- I l .... ],,,, - I , , §  i )  
.Tj 1 . . .  1 + 1 .]1. . . .12 + 1 J e . . . . h , , ~  + 1 .j,,,, . I t  + 1 " j = 1.u~. 

()t,viouslv.. .-r~ = ~0. .1 = t .u~. where  ~ is tile idenl ica l  p c r m u t a t h m .  Le t  us define the imq)i)ings 

U~: {r 1 . . . . .  e lk+l}  --+ { 7 1  . . . . .  ~ m }  and f , ,  Ga-+l -+ $,,+~ as fl)ll()ws: 

{ ~,,. i~ .~ .# ,z) .  
u(.r) = .] 1. m.  

�9 ~ a "  if .r ~'5" 

f , , , ( . r )  = f,,,((~,,cz,.: . . � 9  = u(,,,, )u(,,._~) . . .  u(,,,~). 
.) 

Since 77 7 . .  the  umt)I) ing f , , ,  is a hc)m~uu(~ri)his|ll. T h e  kern, ' l  H~.. ,,f this  h o m , ) m o r p h i s m  is it u , , ' m a l  
f in i te- in~iex .,ui, ' .:,,Ul). () ])vi~mslv. lhe elem,'nt  .r (h),'s u~)t I)('h)n.u: t{~ th is n{ ) rmal  suhgro|q).  D'urlh, 'r.  by 

vi r tue  of P r , / t , ) s i t ion  5.1. i(;k+~ t t , ,  = , / . , . (Ga.+~) '  an, t, fi(ml r h ,  I)r,~cedure . f  c()nstrH.l'tin~ fro.,, it is 
cl~:,ar tha t  

. r , , i -  1 ": ;(;~+~ ft , .  ':s (/I; , ,~ - 1)!. 

P r o p o s i t i o n  5 .3 .  [h~'  fi~ll~m.m~ r('l;lri,,r~s h , h l :  

(I )  If., f t  .... ~ l , ~  ~ 1: 

(2) i[r :::_" ).2. f l w n  (-;A.+I ' n j  .:. 3: 
(3) :G t :+ :  f l  ...... ~ = ( J  [ h r r  ~ : j  <- Y~.. 

P r o o f .  T h e  p r o o f  follows f rom T h e o r e m s  5.1 and  5.2. 
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/,.D, 

Fig. 1 

6.  P e r i o d i c  G i b b s  m e a s u r e s  o f  t h e  I s i n g  m o d e l  o n  t h e  C a y l e y  t r e e  

Th{ '  n{~ti{)i is o f  l he  t )o r iod i { '  G i l ) bs  u l { ,asure,  i l l {"  H a i i l i l t { n l i a n ,  { ' { )n f igur~tdons.  {,t.{'., aI',' in t r {>{hl { ' , (  
staI~d~tr{t way  (see [13, 1.-1]). Le t  us {:{}llsi(ler t im [sin!4 Ulii{h'l wit i i  ;~ z{'I'O e x t o r n i d  field, i.{'., w i t h  <, = I 

&:+,ld.. : {O . .  ( ; . , }  1,,, whet,, 

G, = H N ,  = {37 < (7Ik+ 1 " Z(J')iS c v e n }  

(see See. 5). Let us construct G.-periodic Gibbs measures. To obtain the periodic measures, we put 

h e =  { hl,  if m E G . ,  
h2, if - r C 0 . 1  

in to  (1.4). T h e n  we o b t a i n  

ill }t 

Let 

h i  = k f (h2 .O) .  
{d.1 

h._, = A'f(h~, ~/, 

wh(T{' fl = t ; u i h ( , . f / T ) ,  - 1  <. 0 < 1. ~uld f { . r . # )  = a r c t a n h { f T t a n h . r ) .  
( )he  n m v  eas i ly  n o t e  that,  thi:5 s y s t o m  o f c q u a t ,  ions has  a u n i q u e  s M u t i o n  h .  = (I). 0) t'~}r _ # - 1  < # < / . -  

t, hr~e s o l u t i o n s  h!  ~} ( - D . , - h . . ) .  hc. '2} = (0 ,0 ) ,  a n d  h~. 3) = ( h . , h . )  ( h .  > 0) for k [ <~ 0 <_ 1, an, t  t, hre, '  

s o l u t i o n s  h~  = { h . , - h . ) .  h(~ = ({},0), 'and h~  = { - h . . h . )  for - 1  < # < - k  -1 .  

T h e o r e m  6 . 1 .  F o r  the tbrromagnetic ( J  > 0) ( r e s p e c t i v . / > ;  ;mti ferromagnetic (<77 < {})) Isis84 model,  
there exist three (rost)e(:tively, two) ex trome periodic Gibbs measures it (1), /_t (2), and ft.. {rospectively, 12T 

am:t fi• ). 

P r o o f .  T im  pr{}{}fis a n a h } g o u s  t{} th{' pro{ff{}fThe{}r{ 'm 3.2 <,[' [4 I. 

I[shl,e{ ih{'  lll{'asllr{'s 1} q- ~tlld l) •  \vc c a n  {'{}nstru{'t ~tll illl{'{}utltaJ}h' set  {}[{,xtr{,nB, (~;ilJ}> lHo;tSUl{,s. ()n{'  

In;.tv I)I{Iv{ ' ({'[. ['2 1)  lh',tl lur 1 < 0 < -A'  i t im f{>lhiwinl sr ,>I" {iu~u "it i{'s s~tt i s f \  E{I. (1.-1): 

). h . .  if ./ r , .  . r . . r ,  ~ I I ,  : l + l .  

t~e)  __ h,~{,~ h. .  it .r,, ~ .r. .r..r. -s II',z=2l, ,r ~ I . 

h..  if .r,, ~:.r. .r..r,, ~ II ' , ,=2z+l. 

h,,,5_ [ - h . . h . ] .  it" .r = . 1 . .  

where  u = {}. i . '2  . . . .  {se~, Fig;. 1). Those sots of  { t uan t i t i { ' s  ar{' { t i t [ { , r { 'nt  f l)r difl '(~r{'nt t s r{}. 12. 

L{-'I, IIS {h'n{}to }}y I t  t t}}.{' (-;il}t,s lli{'O_5/ll'O t h a t  {'{)rresl}{}n{ls 1{) the  ,~{'i. /l '~{t). T h e  flJlh)win< st&Ll}illenl 

holds .  
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T h e o r e m  6 .2 .  For a n y  t E [0, 1], the  G i b b s  mea~ure  #t  is e x t r e m e .  
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