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1 Introduction and statement of results

In this paper, we will study the existence and regularity of complete constant
mean curvature hypersurfaces in hyperbolic space with prescribed asymptotic
behaviour at infinity. Let

H*!' = {(x,y) €R" xR,y >0}
denote the standard hyperbolic space equipped with the metric

dS2 - dx 2 + dy2

y2
In this model, H*}! = R" x {0}U{x} is the one-point compactification of R" x {0}
which can be identified with the asymptotic infinity of H**!. M. Anderson studied
complete area-minimizing submanifolds in H**'. One of his results is

Theorem 1.1 ([A1][A2]) Let N*~' C H"}! be a closed embedded n — 1 dime-
sional submanifold. Then there exits a complete absolutely area minimizing inte-
gral n—current X asymptotic to N~ at infinity.

He notes that in case n < 6, currents obtained are smoothly embedded com-
plete submanifolds. In case n > 7, as is the Euclidean case, there can be closed
singular set of Hausdorff dimension at most n — 7.

The question of the boundary behavior of such hypersurfaces was discussed
by R. Hardt and F.-H. Lin in [HL],{L1] and [L2}. It is proved that

Theorem 1.2 ([L2]) Suppose N is C' submanifold. Then there exists a positive
pn such that (X UN)YN{y < pn} is a finite union of C' submanifolds with
boundary. These have disjoini analytic interiors and meet R" x {0} orthogonally
atN.
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The above boundary regularity implies that all the singularity remains at some
finite distance, and the hypersurface has a finite genus in case n < 6. Concerning
the higher order regularity, F.-H. Lin showed that

Theorem 1.3 ([L1]) Suppose that N is C* with either | < k < n — 1 and
0<a<lorn <kandQ < a < 1. Then, there exists py such that (CUN)N{y <
pn'} is a finite union of C* submanifolds with boundary.

It is then natural to consider similar questions for constant mean curvature
hypersurfaces, and investigate the differences and similarities between the area
minimizing and non-zero constant mean curvature case. Let M C H"*! be a
smooth oriented hypersurface with continuous unit normal vector field v. The
mean curvature H of M atx € M is

1 n
H(x)= ;{Z<VZ€,’,V>

i=1

where {e; }_, is an orthonormal basis for the tangent space of M at x and v and

< ., > are the covariant derivative and inner product respectively associated
with hyperbolic space. Let 2 C R” x {0} ¢ H"!! be a bounded domain (in
Euclidean metric) with boundary 82, and suppose that there exists a smooth,
oriented hypersurface M with M \ H**! = 92 and constant mean curvature
H, where the closure is taken in Euclidean topology. We first show that such
M exists by assuming that |H| < 1 and 042 is of class C! at least, with the
possibility of M having a small singular set. The hypersurface M is realized as
a reduced boundary of a set of locally finite perimeter (See {S], [F,4.5.11} for
the definition) in H"™*! which locally minimizes a family of functionals

Ac(EY=nH - |ENC|lu+||0"ENCl|lu

for all compact sets C C H™*!. Here, || - ||u is the volume measure in hyperbolic
space of appropriate dimension. Then, the existence and interior regularity fol-
fows from standard results of geometric measure theory and the use of appropriate
barrior surfaces:

Theorem 1.4 Suppose 2 C R" x {0} is a C' bounded domain and |H| < 1.
Then, there exists a set of locally finite perimeter E C H**! with E \ H"*! = 2
and whose reduced boundary M = O*E satisfies :

(DM is smooth outside a closed set I' of Hausdorff dimension at most n — 7.

(2) M \ I" has constant mean curvature H with respect to the inward normal
vector field of 8*E.

(3)the closure M of M satisfies M \ H'*! = 3f2. (The closure in the above
statement is taken in Euclidean topology of R"*!.)

The regularity near the boundary (in Euclidean metric) is discussed. One
needs to examine the quasi-linear degenerate elliptic partial differential equation
(or PDE)
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.1 { v (Qu - ) — n (w, ~ Hy/T+1DuP) =0 on B
u(X,O)ch(x)

where u is the non-parametric representation of the graph of M and the equation
has degeneracy on {y = 0}. There have been numerous works on degenerate
elliptic PDE, notably by Kohn and Nirenberg ([KN]), Baouendi and Goulaouic
(IBGY). However, the above equation is not covered by these authors. F.-H. Lin
discussed the case H =0 in [L1], and the proof of this paper closely follows the
idea there. We proved that

Theorem 1.5 Suppose 0£2 is in the class Ckoe 1<k<n-land0<a<lor

k=nand0< a < 1. Then M U 8N is a C** submanifold with boundary near
12,

Hence in particular, M U 02 has finite genus for n < 6 and any interior
singularity of M remains within some finite distance for n > 7. Higher order
regularity exhibits certain differences depending on the dimension and the mean
curvature H. For the area-minimizing case, i.e. H =0, we show

Theorem 1.6 Suppose that M is area-minimizing, i.e. H = 0, and 812 is C*2,
k>n+land < a< 1.
(1) If n is even, then M U012 is a C** submanifold with boundary near 852.

(2) If n is odd, then M U 812 may not be a C"*! submanifold with boundary
near 812 in general.

For case (2), we will show that there is a necessary and sufficient condition
that 82 has to satisfy in the form of a non-trivial partial differential equation
involving derivatives of up to n + 1, to recover C*® regularity. The higher C™*!
regularity was claimed in [L1] for all dimensions, but the author found a gap
here which led to the interesting dependence in theorem 1.6 on the parity of the
dimensions. For H # 0 case, we can show regularity for n = 2.

Theorem 1.7 Suppose that M is 2 dimensional surface of constant mean curvature
H with \H| < 1, and 882 is C** withk > n+1=3,0<a < 1. Then M U812
is a C*% submanifold with boundary near 952.

We will exhibit that the case H # 0 is different somehow from the case H =0
by showing

Theorem 1.8 Forn =4, H # 0 and |H| < 1, there exists a smooth 882 such thar
M U8R is not a C™! = C> submanifold with boundary.

These two theorems show that n = 2 is special, and that we do not have the
same kind of higher order regularity result for the H # O case as for the H =0
case. Even though there are no such obstructions on the boundary regularities
for minimal hypersurfaces in Euclidean space, we would like to note that the
similar parity dependence of the boundary regularity has been observed in other
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problems such as the complex Monge-Ampere equations ([FEL[CY]), harmonic
functions on hyperbolic spaces ([G]), and harmonic mappings between hyper-
bolic spaces ([LT1,2}). For example, in [LT1,2], Li and Tam studied harmonic
mappings from H™ to H* with prescribed boundary behaviors with various reg-
ularity assumptions and so called nowhere-vanishing energy-density hypothesis.
Among the other interesting results, they showed that the map constructed by
using the heat flow method is C™~ 17 if the prescribed boundary is C™ ¢ for
8 < a. The further higher order regularity seems to be difficult to prove, even
though they conjecture for the positive answers (JLT2]). They also observed that
there are obstructions for the smooth boundary regularity for odd dimension and
none for even dimensions, assuming that the harmonic map is smooth up to the
boundary. So the situation for the minimal surface here seems very similar, while
the non-zero constant mean curvature breaks the parity.

There are numerous works on the minimal surfaces as well as the constant
mean curvature surfaces in hyperbolic space, but we only mension the works
by Bryant [BR], Umehara and Yamada [UY] for the surfaces of constant mean
curvature 1 in H® and refer to the further references therein. In case |H| > 1,
there have been investigations on the behavior near the infinity (see [KKMS]),
and it seems to indicate that the analytic properties are totally different from the
case of |H| < 1. We will discuss only |H| < 1 case in this note.

After this paper was accepted, we were informed that Alencar and Rosenberg
([AR]), NeHi and Spruck ([NS}) studied the constant mean curvature hypersur-
faces in hyperbolic spaces and showed certain existence and uniqueness. Our
work has a different approach and should be of independent interest.

I would like to thank my advisor F.-H. Lin for continuous encouragement
and advice. This paper is part of Ph.D dissertation at New York University.

2 Proof of existence and regularity up to C%>*

In the following, we use Euclidean topology and metric associated with R"*!
unless steted specifically as “hyperbolic”.
First, we consider the special case of 2 = B,(xp) and |H| < 1. Direct calcu-

lation shows that, for a set E(’jo’,) c H™! with

2 2

Ego,,) = {(x,y) € R" x R |x — xo|* + (y + V%) < i :Hz}

MH" =9E{ , N {y > 0} has constant mean curvature H (in hyperbolic metric)
with respect to the inward unit normal vector field, and OM# = 802 = 8B, (x).
If H =0, M? is a totally geodesic plane, which looks like a half sphere in the
upper-half space model. If 1 > H > 0, M¥ is a graph over B,(xo), which looks
like a “cap of sphere” in the upper-half space model. We note that the boundary
behaviors of these examples suggest that of the general case. In particular, if
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the boundary behavior of the surface is smooth, we expect that the angle 6y of
intersection of the constant mean curvature surface and the bottom plane R” x {0}

. . . —~H2
at infinity is given, as is the case of the above example, by 8y = arctan (@) .

Suppose some bounded C! domain 2 C R" x {0} is given and that there
exists some open set E C R” x R* with £\ {R" x R*} = 2 and that M =
JE N{y > 0} is a smooth submanifold with (hyperbolic) constant mean curvature
0 < H < 1. Then, by using the family of aforementioned constant mean curvature
surfaces, we can use a moving planes method adapted suitably to this setting (See
[GNND. It shows that surfaces with the same constant mean curvature cannot
touch at a point away from (hyperbolic) infinity. One has to be careful with the
direction of the normal vector field with which one measures the mean curvature
of the surface in this argument. With these considerations, the followings are
true:

(1) if x € R" and Bg(x) C 2 for R > 0, then Eff ) C E.

(2) if x € R" and Bg(x) D 2 for R > 0, then E C E(’;’R).

(3)if x € R" and Br(x) N 2 =0 for R > 0, then ENE_ '} = 0.

Hence, the above E(ff R Serves as barriers for such E and are used to establish
existence and regularity of the surfaces. With these remarks, we prove existence
of a constant mean curvature surface for any given C' boundary at infinity and
interior regularity.

Theorem 2.1 Suppose 2 C R" x{0} is a C' bounded domain and |H| < 1. Then,
there exists a set of locally finite perimeter (in hyperbolic sense) E C R" x R*
with E \ {R" x R*} = £ and whose reduced boundary (in hyperbolic sense)
M = O*E satisfies:

(1) M is smooth outside a closed set I' of Hausdorff dimension at most n —7.

(2) M \ I has constant mean curvature H with respect to the inward normal
vector field of M.

(3)the closure M of M satisfies M \ {R" x R*} = 912

Proof. Without loss of generality, we can assume H > 0. If 0 > H > —1, then
we only need to invert H"*! with a suitable isometry and change the direction
of the normal vector field. Then define

E.={(x,»)) ER"xRx € 2,0<y <¢}
for ¢ > 0 and choose ry > 0 and xo € §2 so that 2 C B, (xo). Also define
De = {(x,):(x,y) € E{, ),y > €}

F ={E c H"*' E is a set of locally finite perimeter and E N (D) = E. }
@.1) Af =nH -|E|¢c +||0*E||~

=nH dVy + sup / divgddVy
ENne GECH), IS SO NE
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where volume, divergence and reduced boundary of the set of locally finite
perimeter are associated with hyperbolic metric. With these, we solve a min-
imizing problem for all sufficiently small ¢ > 0, i.e. we find a J. € % such
that

H s H
A{y>.§_}(-’e) = EICEL%A{)»%}(E)

This follows from BV function compactness (See [S]). Moreover, J; is in the
(hyperbolic) convex hull of E_.. Here, the convex hull of set A is defined to be

0
Caceg , Eixn-

Since the normal projection map to a totally geodesic plane is Lipschitz contin-
uous with Lipschitz constant 1, the minimizer should stay inside of the convex
hull. Suppose x; € (2 and r; > 0 satisfies B‘,, (x1) C {2. Then, by the barrier
augument, J. O E(’;m) for any € > 0. The use of moving planes method for J,
can be justified by the fact that, if EY ,, touches 8*J. atz € {R" x R*}ND, then
g*J. is a smooth hypersurface in the neighborhood of z. This follows from the
fact that the tangent cone exists at every point of 3*J. \ D; and that it is actually
tangent plane at this point due to the extremal nature of this point. With these and
a suitable relative isoperimetric inequality, it follows that there exists a constant
C(n, (7) for any open set 7 CC H™! such that [J. |~ +]|0*J. ]| < C(n,(?) for
all small £ > 0. Thus, again by compactness, there exist a set of locally finite
perimeter J and subsequence ¢; — O such that J;, — J in L} and ae. and J
minimizes functional A’}f (+) for any bounded open set 7. By a similar argument
as in the smooth case, J has barriers of type (1 - 3) described above. This shows
that J \ {R” x R*} = 2 and 8*J \ {R" x R*} = 042. Standard regularity theory
of geometric measure theory gives the stated interior regularity of 9*J. O

Remark 2.1 The open set {2 only needs to be a set of finite perimeter to carry
out the above proof, and all the interior regularity holds as in the C! case.

We denote the set of locally finite perimeter obtained in the previous proof
by E, and let M = 9*E, where the reduced boundary is considered in hyperbolic
metric. Due to the barrier for the constant mean curvature hypersurfaces, we have

MNn{y<plcW,=R"x{0<y <p}

\{z € (;f);x eER'\2,0<r <d)}\{z € El ,;;x eR"NN,0 < r <d(x)}

where d(x) = dist(x,052). Let vsa(x) be an inward unit normal vector field of
O atx € 82 in R* and for x € 642 and r > 0, let 6(x,r) = min{d(x +
rven(x)), d(x — rvan(x))}. Simple calculations show the following.

Lemma 2.1

1) sup[l—r"16(x,”)] -0 asr—0 ifdRisC!
x€082
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(2) sup [1 —r716(x,r)] < cor®®/1=for r < pif 0 is Ch with0 < a < 1
x€082

Here, ¢y and p, depend on 9f2, n and o.

(3) r'6(x,r) = 1 for all positive r < ||max. principal curv.{| e g if 812 is CL1

Let P, C R" x (R* U {0}) be a (Euclidean) half plane through (x, 0) whose
intersection with the ‘bottom plane’ R” x {0} is tangent to 8f2 at (x,0), and

—_ 2 . . .
makes an acute angle fy = arctan(~Y IHH ) with the inward unit normal vector

to 812. Also let dp_(x1,y1) = dist(Py,(x1,y))) for any (x1,y;) € R* x R*. With
this notation, direct computations using the previous lemma show

Lemma 2.2 For (xo,y0) € W,
(1)dp, (x0, Yo)/yo — O uniformly as yo — 0 if 882 is C*.

(2)dpi0(xo,y0)/y0 < ey foryo < pr if 02 is CH° for 0 < o < 1. Here, c;
and p; depend on 02, n, a and H.

We next use the isometry of hyperbolic geometry under the scaling (x,y) —
(%> %)- By the previous lemma, the current is squeezed in narrow strips parallel
to the tilted plane P, as one lets A — 0.

Theorem 2.2 Suppose 82 is C1®, 0 < o < 1. Let E be a minimizer of the
functional (2.1) and let M be O*E where reduced boundary is considered in
hyperbolic metric and topology. Then there exists a positive p which depends
on 982, H, n and o such that M U902 N {y < p} is a CY* submanifold with
boundary.

Proof. We will show that there exists p > 0 such that M N {y < p} has no
singularity and v is continuously extended to the boundary by defining vy (x, 0)
as a unit inward normal vector to the plane P,. If this is false, then there exists a
sequence (x;,y;) converging to (x, 0) such that either M has a singularity at (x;, y;)
or lim; oo |ar(xi, ¥i) — vu(x,0)] > 0. Let % € 342 be such that d(x;,002) =
|%; — x;|. For each i, we shift ¥; to the origin and scale by (x,y) — G ny)- With
this scaling, (x;,y;) is shifted to (0, 1). Then, for any ¢ > O and for all large i,
we have

1 3
d (M N {('f,xnvy) : le S 1»5 Sy S E,dl’o(xay) S 1}>P0) S €

One can calculate that the generalized mean curvature (in Euclidean metric) of M
(See [S] for the definition) is bounded by C (n)(1+H )/y at (x,y), so that Allard’s
regularity theorem ([S],[AL],IBO]) combined with the small height conclude that
M is a C1! graph u; over Py near (0,1) and that [uilcias, ) — 0 asi — oo.
Since the normal vector to Py, converges to Py, im; o |var (xi,y:) — vy (x,0)] =
0. This concludes the proof of the C' case.
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For C1® 0 < o < 1 regularity, we view M near x € 02 as a C! graph over
the hodograph plane, i.e. let x € 812 be translated to the origin and To(012) =
{x, = 0}. Then a C! function u defined on B2'(0) x (0,p) C {x, = 0} x
R* for suitably small p represents the surface M. Suppose that u < yL on
B:710) x (0,p) N {x| < 1y} for some constant L. Then u locally minimizes
the corresponding functional

L__
2.2) /(1+u3+uy2)%/y"dxdy+nﬁ/ XW-“-dx
K K

for any compact set K CC B27'(0) x (0, p) N {|x| < jy}. The first term corre-
sponds to the hyperbolic area of the graph and the second term to the enclosed
volume times nH between the graph yL and u over K. The Euler-Lagrange
equation for such functional is given by

Uitk n <uy —H\/1+ lDu|2>
a 1+|Du|2uij - y

Au
Also we have a uniform estimate for u on Bg‘I(O) x©,mn{x| <35}

<c(n,H, 0,y

H
u(x,y) — ﬁy
if 882 is C1@. Consider a scaling
valx,y) = A"u(w, Ay)  for A > 0.
By the invariance of scaling, v(x,y) locally minimizes (2.2) on BZ/‘I\l(O) X

0, pA"H N {|x| <} and

<c(n,H, 2, ).

H
ua(x,y) — ﬁ)"

By the interior gradient estimate (See [GT]), we have

D(vy — <cn,H, N, o)X

H
NP sz)
|D%uy| < c(n, H, 2,0)\*

on 0 < A< p, % <y< % x| € %. After scaling v), back to u, we have

H
lD(u(x,y) - sz). <c(n,H, 2,a)(|x| +y)*

,/1 —
ID2u(x,y)| < c(n, H, 2,)(x| +y)*™

for all (x,y) € {|x| < $}N{y < §}. This shows, after the change of coordinates,
that u is a C1'* graph in the neighborhood we are considering. [J
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We now assume that 842 is C>*, 0 < a < 1. We showed above that the
graph u over the vertical plane satisfies

@3) y (Au - %ﬁuij) —-n (uy —H\/1+ |Du|2> =0 onBy
u(x,0) = p(x)

where Bf = {(x,y);x € Bl'(0),0 <y < 1} and u € CPY(BI*1(0) x [0,1)).
We can choose a coordinates so that ¢(0) = |V(0)| = 0, and 1,(0,0) = H

V1-H?'
Simple calculation also shows that u,(x,0) = \/1%71-3\/1 +|Vox)2.

Theorem 2.3 Let u be a solution of (2.3) on Bf and ¢ € C?*(B;). Then u €
C>(B}), for0< a < L.
2

Progf. The idea of proof is the same as [L1], so we only point out the difference
in case of H # 0. First we consider the C? case. Let (x;,y) € By, y; > 0 and
(x;,y:) — (x9,0) as i — oc. We subtract a linear part of # and form a new
sequence

u'(x,y)
=y |ulx +yix, yiy) — (x) — N —. IVolei)yiy — yix - Vw(x)} :
i i vy i 1 \/T:—H—i t i i t

By using C!! estimate, one can conclude that there exists a subsequence u™ of
u™ such that u™ converge locally uniformly in C' with uniform bound in C*-!
on the half-space R” and converge locally uniformly in C? with uniform bound
in C28 (3 < 1) on R". The limit 4 of u™ satisfies the equation

Y(Au>® — H*u™),,) — n(1 — H)*), =0 on R”
@, )] < elxf? +y?)
Letj=y(1 -H 2)=1. Then the above equation is
A 5u™ —n@™); =0,

s0 that it reduces to the same equation as that of the minimal surface. Hence, the
subsequent arguments for C? and C>“ are similarly done as the case H =0 in
[L1]. We omit the detail of the computations. O

3 Tangential derivative estimate and regularity up to C™“

In this section, we obtain tangential derivative estimates as well as the C"®
estimates. The idea of the proof is basically the same as for the C>* case, that
is, we use the maximum principle to show a C'! bound and a blow-up argument
for the C%“ bound. It is technically more involved, though, mainly due to the
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presence of non-vanishing mixed derivatives. The estimate will be used to obtain
normal derivative estimates in the following sections.

Theorem 3.1 Suppose that u is a solution of (2.3) with |u| < 1 on B}. Suppose
that o € C5* fork > 2,0 < a < 1. Then D¥2u ¢ C** for 0 < o < 1 and
D¥lyechl fora=1.

Proof. We prove by induction. Assume that D¥~'u € C*%(B}) have been proved
for o < 1 with the assumption that ¢ € C**1*(B)), which is true for k = 1.
Assume that ¢ € C**1:!(B)) and we will show that D¥u € CU!. We differentiate
equation (2.3) k times in x. Then,

kN Wil ko y. k k—1 2: )
y <A(Dxu) 1+lvul2(Dxu)lj) n(D u)y+nHD ( 1+|vu]2 xuz)
=k uiu;
_ k1! i Y I
" 5 () (o) i)

1=0

We will change the above equation into one for which we can find a suitable
comparison function for D¥u with quadratic decay at the origin. We will collect
terms of order O(y) and O(jx|) with control of decay depending only on the
derivatives of ¢ up to C**1'1, The last term on the left hand side of (3.1) is

(Dfu)i + Bl + Bl

|3 e,

(x,y)

(Df u);

Zm

k-2 n
k~1 u;
B(x,y) = < ) { (Df‘-l“‘————’-—) (D,i“u,-)}
; l z§=1: V1+|Vul?

and B|x,0) = B(x,0), B|$;%) = B(x,y) — B(x,0) and so on. By using u,,(x,0) =
= H _ 11Vl
@x (%), 1y (x,0) m 1+ IVQO’ (x), and T\/—[_V—Lu_lz
satisfies
i V 1 - 2 X,
y (Av e B — G ) n(1 — H*v, + nH 2 ,(x)in
1+ |Vul VT+ [ Vel(x)

k-2
k-1 . Vi
- B ( )(Df 1 ’—————-) (DI o)(x) + R
%.; ! V1+[VepP

where

=H,v= (Dfu)
(x,0)
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where

k—2 n
k—1 u;
R , = —nH ~1 Dk”l—l_____'___ Dl+l ;
(x,y) = —nHy 1§=0 ( / ) {?ﬂ ( o r——————lﬂvulz)( x u)}

x,¥)

k—1
k u; U;
Dk . k—1 "%y 1 i)
ot +3 (1) (04 e ) @t
(x,0) =0

x.y)

x,0)

n
U;
Yt
o V1I+[Vul|
The highest order of differentiations in R(x,y) is &, and since we have control

of derivatives C*¥*1* in the x direction and C® for D¥~'u,, for a < 1, we can
check that [[R|jca@) < c(n,H,q,l|l¢llcia) for @ < 1. Let & be v minus a

constant and linear term at the origin, i.e.

#(x,y) = v(x,y)—(DFp)0)—x;(V,, DE p)(0)—y (Df—”/f_—? 1+ |V<p|2> (0).
Then, © satisfies

nH\1 —H%p;

N

U; U; _ _
(32) y (A"l_) — T-‘-_]—VJ—L¢_|EU'7> —n(1 — HZ)’U), +

(x)

k-2
k—1 —1- Wi I+1
=yR—nH\V1-H? | ( ) D ————— ) (D))
ey ! V1+ |Vl

i
+—=——(x)(D,, D¥ p)(0)
TrEeton)
= yR — P(x).
Note that [P(x)| < c(n,H, |¢lcr)|x|. We show that |(x,y)| < c(|x|* +y?)

on Bf for some constant ¢ = c(n,H, ||| cw1.1) by finding a suitable sub- and
super-solution for © as follows. Let L be defined as

©)

N Wiy B 2 nH«1—H?%p,
Lo=y (A¢ [+ [Vul ¢u) H%¢y + T Ao Vol )by, -
Then,

L(}xi2 +oy?)

u?
_ _ Y _ 2
<2y {(n D+ <1 T3 IV”|2) } 2n(l — H)cyy

+2rzH\/1—H2\/T_Ii X)x;

<opl+2y {n— D+l —n)1 —H) +cn,H, |plci)y}
< —y(n — 1)1 — HYey +calx ]2
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The last line is true by assuming that c¢; is suitably large. Also the calculation
shows that
L(x[*y) < c3y — n(1 — HY)|x|?

LPx)y/n(l ~ H?) < csy — P(x)

where ¢;,¢3,c4 depend on n,H ,[j¢||cr.1, and note that the second derivative of
P(x) can be bounded by ||p||ct+i.1. Let

ge,y) = os(x|* + c1y?) + clx [y + Px)y /n(1 — H).

Then, by using the above calculation, one can choose ¢, cs, ¢g depending only
on n,H, ||@|cw, so that the following are true:

o(x,y) < glx,y) on OBf
Lg <L? onB;.
Then by the maximum principle, we have
9<g onB.

Since |[P(x)ly < c(|x|? +y?), for a suitably large constant ¢ = c(n, H, |||/ cts1.1),
we have
7 < c(xf +y?)

on Bf. A similar argument shows that
|50, )l < e(x[* +y*)  on B},
We return to equation (3.2) and note that

IP)lcir < e, H, {|@llcre,1)-

By using the scaling
17}\(?5»}’) = )\—26(’\xa )\}’)7

we have

<y S HUAHCO(B+)+||)’R||c°a(3+)+HP”c'1)

oxllczaga<t1<r<ty

for o < 1, 0 < A < 1, and subsequently
V28]l coge1<3 00y <y S €0, H, Il o).

Since a similar estimate is true for any |x| < 1/2 after a change of coordinates,
we have C"! estimate for D{u on Bj,.

Here, one may not see immediately the necessity of taking B ]g :(y); instead of

B lgf)(y))) The reason is that, even though we obtain bound of the kind c(jx|+y) for
the right hand side of equation (3.2), it is not good enocugh to construct barrier
functions since x changes sign in B;'.
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For ¢ € C**? and C**2®, the method is the same as the C? and C%* estimate
(just more computations), and we omit the proof. [
For n > 3 we can prove the following by employing the similar method.

Theorem 3.2 Suppose that u satisfies the equation
y(Au—l—}l‘%guij)—n(uy—H 1+qu|2)=0 on Bf
u(x,0)=<p(x) on Bla

peChB),2<k <n—lLand0<a <1 Thenu € CH*B},) and

”u”C“'a(Bl*/z) < C(H’kv «, HQOHC""’(Bl))'

If k = n, then the above is true for 0 < o < 1.

4 Higher order regularity for dimension 2

In this section, we will show that constant mean curvature surfaces are as regular
as the boundary near infinity in case the dimension is two. As we will see in
section 5 and 6, unless we impose an extra condition on the boundary behavior,
we may not have C™*! regularity for certain cases depending on the dimension
and value of H. Hence, dimension two can be considered special in the sense
that it recovers all the regularity without any extra condition on the boundary
behavior.

Theorem 4.1 Suppose that u satisfies the equation

@n y(Au-l—:l—’g,’“—;zu,«j)—2(uy~H 1+1Vu]2)=0 on B}
u(x,0) = (x) on By,

p e ChBy), k >3,and 0 < o< 1. Thenu € Ck"’(l—il*/z) and

||u||C"rQ(I§1"/2) < c(H,k, o, “‘pHC"'“(Bl))‘

Proof. Assume ¢ € C>%(By), 0 < a < 1. We proved that u € Cz’ﬁ(l_if/z) for

any 3 < 1 and Vu € C>*(B{,) with the growth estimate for the higher order
derivatives

@42)  |Du|x,y) < c+oy?o, \D/ Doul(x,y) < ¢ +cy?o

forj =0,1,---,0 <y < 1/2 and |x| < 1/2. For any x € B/, we can assume
that x = 0 and p(0) = V(0) = 0 by a suitable transformation. Let

2
() = u(0,y) — 1y (0,0)y — y (0, 0>¥2~
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_ pa(0) ¥
1_H2y 1-H?22"

We need to prove that 7 € C he([o, 1 /2]). From the equation (4.1), i satisfies

=u(0>)’)“

2

@43 Y@y =28)1-HY) =y [(171%7712 - HZ) Hyy + 0 (0)

2usu, u? 2 H
—Ugy + T IVulzuxy + 17 Ivulzum} + {(1 H*) (uy - T\/—T—I-—I—Z)

1 Er— 2H
e /1 2) _H 2}
8 <\/1 — H? +|Wl> u" uy, +H\/1+|Vul?
= fo(y).

By using estimate (4.2), we can check that

u?

S T
14 |Vul?

H? =2H\/1 — H2p (0)y + O(y'*®)

H
G (0) — Uy = ‘ﬁ%fx(o)y +0(y'*)

1
VI—H? 1

2

H
1+ |Vul? — —7 0Oy + 0O
B 4 —u
1+ |Vul2™ 14 | Va2 ™

= 0(G?).

Direct substitution shows that the coefficient of y? of the Taylor expansion of f,
equals 0, and
y(@yy — 2,)(1 — H?) = 0(y**®).

The vanishing of the coefficient is the decisive factor to obtain the higher order
regularity, and it is uniquely so for dimension 2 with H # 0. Let

=%

=52
Then, y3wy = O(y?*®), so that w(0) is well defined by the integral and
[w©)] < c(H, [[¢llcse, )

By integrating equation (4.3), we have

1
dt
(=90 =0+ [ fo)%.
0
By using estimate (4.2), we can check that

IDifo)] < cy**e
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forj =0,1,---. This shows that
IDia|(y) < ¢ + ey}

which implies that u € C 3"’(31“ /2) with the desired estimate.

For Ck* k > 4,0 < a < 1, assume that the theorem is true for k — 1,
0 < a < 1 with the estimate

(4.4) D u|(x,y) < ey + cpyf e

for |x| <3/4,0 <y < 3/4, ¢;’s depend only on H, k, , j and {|plici-1.«. By
the tangential estimates, we have Df~2u € C>*(B; 1) and

4.5) ID/Df2ul(x,y) < ¢ +cy**

for [x| < 1/2,0 <y < 1/2. We prove D *u € C>*(B}),) at first. To do so,
differentiate the equation with respect to y. Then, we have

U;Uj Ui ij
S R 2 -y
y<Au 1+|Vu|2u’>yy+ (Au 1+]Vu|2uJ>y

Uylyy + Uy Uy
—2uyy, +2H (——————— =
y

V1+|Vul?

There is a cancelation of 2u,y,, and by solving for yDju, we have

2yon4,, — Wit 22
(4.6) ~(1—-H )yDyu =Yy {ux.xyy - (muij - H Dyu)yy}

Uil 22
+2umy -2 (—1+—|v—-u—|5u,j —H Dyu)v

+2H (w"x“"” L ——HDyzu) -0
y

JI+ [ Vup

on Bl’“/2 x (0,1/2). Since we have established C 3o estimate, for each x € B, /29
we can let y — 0. Then the equation above yields

Uiy

(47) 214”0,()6, 0) -2 (I—;WMU -

HZDyzu) (x,0)
y

U llyy + Uy Uy ’
+2H | —=——=—= —HD;u | (x,0)=0
<\/1+|Vul2 7 )y( )
for |x| < 1/2. Note that expression (4.7) does not actually include Dy3u(x,0)

Uy

terms, since o = H . Also note that each term is explicitly represented
+HVu
(x,0)

by the boundary value D} of order up to j < 3, so that it makes sense to take
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derivatives with respect to x k — 3 times. Then, by using such identity, tangential
derivative estimates and (4.7), we can check that

(4.8) lyDE > Dju|(x,y) < c(H, k, o, ||l cxa)y®

for |x| < 1/2,0 <y < 1/2. This shows that D} ~*D}u has decay of order y*~,
which implies that D¥ 3y € C3"’(12f/2) with

“Df_:’uHC‘%'“(&?/Z) S C(H7k1 , “‘P”C‘h“)a

(4.9) I/ DX 3u|(x,y) < ¢ + cy>o

on x| <1/2,0<y < 1/2 forany j.
Next, we show that D"u € C"“"’*a(ﬁ]*/z) for 1 < m < k — 4, with the
estumate

(4.10) IDIDTul(x,y) < ¢+ eyt

Suppose that estimate (4.10) is proved form + 1,---,k — 3. The case k — 3 is
proved already in (4.9). Then we will prove it for m. Set v be D{’u minus the
Taylor expansion of up to the second order at x. By shifting x to the origin and
assuming p(0) = V(0) = 0, and restricting v on x = 0, v satisfies

vy — 20,)1 — H?)

2 2
. Uy 2 Uplthy Uy
‘y{ ”’“(Htw H)””” v (vape * 1+IW|2““}

m-—1 ©,y)
m U; U;
§ pr-i_ TV (Dly;
" { (1)( * 1+|w|2)( i)

+G(0,y)
©.)

0,9
(Du)i —y <ﬁ
0,0
20 {A[02) - y4,0,0)}
=f")

) (D{w)i ¢ (0,0)
¥y

—2H
Z V1 +|Vu]2

forx =0,0 <y < 1/2, where

m—2 2
m-—1 u;
e =5 (7155 oY
1=0 t i=1 1+ |Vuf?

Gy =y | — a2 ) ey e 2 e
BV ETRIVaE M T\ T+ Vap? LT VUl

with
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c1 = (D )y, (0,0)

dy = (D' u)x(0,0)

an = (D7 u)(0,0).
Since m < k — 4, v € C>([0, 1/2]) at least. Also,

“.11 Iyvyy — 20y{(0,y) < c(H ,m, Hcpucma,a)y“*z
by the estimate (4.8), and
DY vy, — 20)[(0,) < c(H ,m, il emaa )y

By a similar procedure as in the C3 case, we have

i
dt
(4.12) (1= H*uy () = y*w(0) + / )5
0
where w(y) = ;’—; and is well-defined at O due to the estimate

(4.13) IDEmly) < IDETl(y) < ey

We can estimate the order of growth of each term of f£,,(y) by using the estimates
(4.2) and (4.10), which gives

|D]fm|(y) <c +Cyk+a_-m_1__j.

By this and the expression (4.12) for vy, the estimate (4.10) for 1 <m <k —3
as well as the estimate (4.13) are proved.

To finish, we need to prove u € C"'“(Bl*/z), or m = 0 case. This is accom-
plished by using estimates for m = 1,---,k — 2, and one can show that

ID/fol) < ¢+ eyt

This completes the proof that u € C**(B} ). []

5 Higher order regularity for area-minimizing case

For n > 3 and H = 0, we show the following.

Theorem 5.1 Suppose that u satisfies the equation

5.1 y (Au - 1:{:;’,[‘"2 uij) —nuy =0 on By
u(x,0) = px) on B,

with ¢ € Ch*B), k >n+1,and 0 <o < 1. Then
(1) (n is even) u € Ck’a(Br/z) and
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”““Ck»a(iz;/z) <c(n,k,a, Il‘P”C“v“(Bl))-

(2) (n is odd) u does not belong to C ""'(Bl+ /2) if v does not satisfy a partial
differential equation P, = 0 on By ;. P, involves derivatives of ¢ of order n + 1
, and the form of P, depends only on n. If the equation P, = 0 is satisfied on B,
thenu € C"""(Bl*/z) with

”““ckra(z‘;rﬁ) < c(n,k, o [[@llcraea)-

To prove the above theorem, we need the following

Lemma 5.1. Suppose u is a solution for equation (5.1) and ¢ € C™*(B)) for
some 0 < o < 1. Then

D§u|y=0 =0 for odd number j with 1 <j <n
D; <1+—II“V%_|7""J')|FO =0 forodd numberj withl <j<n-—2"
If o € C™V° and n is even, then

n— W;lU;
0 (e ) =0

as y — O uniformly in x.

Proof of Lemma.
Dyuly- = 0 follows from the equation. Then all the mixed derivatives of the
form DPD,u is identically O on y = 0. From this follows

Uity ) _
Dy | —=—Fu; = 0.
g (l + lvulz Y y=0
Suppose that
DyI”‘Iy=0.E 0
Ui
D! (———l——]——u> =0
Y\ 1+|Vulr™? =0

for all the odd numbers [ less than or equal to some odd number s, and s < n—2.
Then, take (s+1) derivative of the equation (5.1) with respect to y. By rearranging,
we have

1. (s+1)
5.2) n-1- s)u(5+2) =y (Au(sﬂ) _ ( Uj; ) )

1+ | Vup"

(s)
0) wiu
+5 (Axus - (1+ivu{2ulj) )
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where u) = D]u. By the C™* estimate,
(5.3) ID*ul(x,y) < ey * +c.

Hence, the first term of the right-hand-side of (5.2) goes to 0 as y — O uniformly

=0
y=0
by the inductive assumption. This shows that u®*?|, o = 0. If s +2 > n — 1,

this proves the first part of the Lemma. If s +2 < n — 2, then we need to show

(5+2)
iy
1+ |Vul2™
y=0

1 @
<1+|Vu]2) =
y=0

for odd [ with 1 <[ < s+ 2. Since

(s+2) 542 ()]
u; u; B _ s+2 —_1___ 42—l
() "Z( ) (o) @0t

we only need to prove

(s)
in x. Since 4|, = 0, we have A,u*)|,_o = 0, and also (ﬁ%vflﬂ;uij)

0.

ft

We can check that

<

(D;‘+2—luiuju,‘j)ly=0 = O

for even . But this follows from the inductive assumption and s being an odd
number. To show the last statement, we use the tangential estimate for C"*®
and we can conclude the proof. O]

We first derive a necessary condition for ¢ to have u in C™*' up to the
boundary. So assume u € C"™'(B; /2)- Take (n — 1) derivative of equation (5.1)
with respect to y. Then,

=1
(5.4) D B 7 W R L A,
¥ L+ |Vulr™

(n—2)
i — -2 _ Wl
n—1) (Axu (1 " ]Vu\2uu> ) )

By Taylor expansion at any x € B;,, and by substracting a suitable constant
term depending on x from both side, one can see that the left-hand-side of

(n—1)
-y _ | _ "%
(5.5) {Axu (1 " IVuPuU) }

has to be satisfied. From the equation (5.1), we have

{m—2)
e gy 1 mey _ [ __Widi
(5.6) u™(x,0) ——— {Axu (1+I\7u|2uu) }

=0
y=0

x,0)
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for 2 < m < n. If n is odd, then, one can show that (5.5) combined with (5.6)
impose a condition on ¢ in the form of non-trivial partial differential equation
of order n + 1. This shows the necessary condition for odd dimension n. By
the previous lemma, (5.5) is satisfied by the even dimension » with an extra
assumption that ¢ € C™e,
Proof of theorem.

We first prove w € C"* implies u € C"ha  Also, assume that condition
(5.5) is satisfied for the odd dimensional case, which is necessary as was noted.
By the tangential derivative estimate, we have

D}"'u € C¥*(B}))

D} 7’D.u € C**(B})y).

Hence, we only need to prove that D;’“2u € C3*°‘(1§1+ 12) with the appropriate
estimate. Take (n — 2) derivative of (5.1). Then,

(n—2)
(n-2) (n-2) _ (n—2) Uil
6D g =2 =y (A -(W) )

(n—3)
n — -3 _ ("%
(n-2) (Axu <1+|Vu|2u”) ) .

By subtracting a suitable constant and linear term, we can assume that both sides
of (5.7) vanish at least of order O(y?) at a fixed x. The crucial point here is
that the quadratic term of the right-hand-side of (5.7) also vanishes due the the
condition (5.5). With the help of tangential derivatives, we can conclude that

(5:8) |ugy ™ = 26 )0x, y) — (202 — gy ™P)(x, 0)

2+

< e, pllemas @)y

This, combined with an argument similar to the one used for n = 2 shows that
D! ~u € C(By ).

This concludes the C™*1® estimate.

For CH* with k > n + 2, the proof is similar to the argument described for
n =2 with H = 0, so we will only sketch the proof. Suppose that the theorem is
proved for C*¥—1, with the estimate

IDu|(x,y) < ¢ +ey* e,
Assume that ¢ € C*©. By the tangential derivative estimate, we have
(5.9) ID/Diul(x,y) < ¢ + eyt

foranyj and i =k —n,--- k — 2. Then we show that
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‘Dij'n—lquyy) S C+Cyn+}+a—j

by examining the equation satisfied by D} ~2Df~"~'u, as was done for n = 2.
Then, assume that (5.9) is true for any j and for i = m +1,---,k — 2 with
m+1 < k —n — 1. Then a similar computation can be carried out to show
that (5.9) is satisfied for i = m, and this concludes the proof of higher order
regularity.

6 Remark on the regularity of non-zero constant mean curvature case

The discussion in the previous section may motivate a conjecture that one can
establish similar regularity results for H # 0. In particular, we have already
established the higher order regularity for dimension n = 2 without any extra
condition on the boundary value ¢, so that one may speculate that the regularity
for even dimension may be obtained without any extra condition on ¢ for H # 0
as well. In this section, we show that there exists a smooth ¢ in n = 4 such
that constant mean curvature surface u with H # 0 is not C> = C"**! up to the
boundary. This shows that ¢ has to satisfy some condition to assure that u is as
smooth as the boundary value ¢. For n > 5 and even, we do not prove that it
is necessary for ¢ to satisfy extra condition. But the example strongly suggests
that constant mean curvature surfaces with H # 0 may not be as regular as
the asymptotic boundary value even if the dimension of the surface is even and
n > 6 unless ¢ satisfies some extra condition. More precisely,

Theorem 6.1 For dimension n = 4 and H # 0O, there exists a smooth boundary
value  defined on B\ and a solution to the equation

6.1) y (Au - -I;rir—'vﬁfmu,,) - R (uy —H\ 1+ IVu|2> =0 on Bi*
u(x,0) = p(x) onx € By
such that u does not belong to C>(B} 1)

Note that the equation (6.1) can be written in divergence form

n—1
Dy u Dyu Dyu
Dl ———|+Dy) | ———= 1} | ———=—-H | =0.
y{: <\/1+|Vu|2> ¢ (,/1+|vu12>} <\/1+]Vu|2
By taking the n — 2 derivative with respect to y and by comparing the coefficient

of the Taylor expansion at x, we can obtain a necessary condition for u ¢
C"”(Bl"/2), that is,

n—1 Du
n—1\ D . Xi
(6.2) D! 2 ( — qulz)

=0 for x| <1/2.
x,0)
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Notice that in view of the C™ estimate, all the normal derivatives of u up to
order n are determined in terms of ¢, so that the condition involves derivatives
of order up to n + 1.

Proof of Theorem 6.1. We only need to find ¢ such that the condition coordinate
so that ©(0) = V¢(0) = 0. We choose ¢ such that the second derivatives of ¢
vanish at 0, i.e., V2p(0) = 0, but at the same time, some of the third derivatives
are non zero af the origin. With this choice of boundary value, we will prove

that
3
D; Ej (———-—W I”')( ,0)£0.

We recall that

H /
(63) uy(x, 0) = ‘\71—:—‘—}-1—2‘ 1+ ]ch{z(x, O)
1 2_ ;
6 0) = Sy AP 04 3(1 T O

The second identity can be obtained by taking first derivative of the equation we
eliminate terms which vanish at the origin. Then,

6.4)

D} — 10,0
Z <\/|—v1>( )
Acu Uy Uy,
=D} | ———=—= ] (0,00 - 3—22 4., (0,0
y< P_—Hmp)( ) 1+1w123u”’( )

the third line follows by using u,,, (0,0) = 0. From (6.3),

(6.5) 328y (0,0)=

V1+|Vul?

H 2
W= VARI0,0).

Next, we have

0,0)=0

1
Dy (\/1 +pvu12)

Dy Azu(0,0) = Au(0,0) =0.

by u,,(0,0) =0 and

Thus,
6.6) p3 2\ g,0= 222 g0
' PAVIHIVUE )T T+ Vup

Hence, we need to find A,u,,,(0,0). To do so, take second derivative of the
equation and rearrange to obtain
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—

n—
Uy; ux,

2 -
(n — (1 — Huyyy =240,u, — 2 7 IVulZ Uy, x,

ij=1
—4 ”}:‘_: u____x,uy -2 uyz u
+|Vul? Uy 1+|Vuf? icd

i=1 y y

uxlux,y uy

where the above is evaluated at (x, O). We have some nice cancelations in case
n =4, that is,

y

Uy u?
! (W) ‘2(1+qu12>y””

U U U
4| 5 _4 y y _0
<\/1+|vu12>y“yy <\/1+[Vu|2> (\/1+1vu|2)y“”

since < W) (x,0)=H. Also,
o owu
nH a4 -4 e AV
( ,/1+|vu|2> (ZHIV B '”)y

\/1+|Vu|2 ; \/1+|Vu|2
The second derivative in the tangential direction for the last identity vanishes

at the origin, hence we can eliminate this term as well. With these remarks, we
have

Axtyyy(0,0)

Uy, Uy,
5 Ay Ayuy(0,0) — Z Tr [T (0,0).

y
One can check that the second term of the above also vanishes due to the as-
sumption V2(0,0) = 0. Thus, ﬁnally,

=1—

6.7) Arityyy(0,0) = T——53 Ax A1ty (0,0)

H ’ .
=1 (i) + V(AR | (0).
Vvi-— Hz3 i,;k:I "

Combining (6.4), (6.5), (6.6) and (6.7), we obtain
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3
D3 D, M 0,0
y ; N\ Tirrour 0,0
H 3
_ 2
=30 |3 2 G’ +2V A0 | O

i k=1

If the third derivatives of ¢ at the origin are non-zero at the origin and H # 0,
then u does not belong to C 5(l?l"/z) with this choice of ¢. O

Remark 6.1 The proof also indicates that u is not in CS(BI’“/Z) if |V2p|(0) is

sufficiently small relative to the size of |V3|(0). This follows from the continuity
of .

Remark 6.2 It is possible to prove higher order regularity of a non-zero constant
mean curvature surface beyond C”* by assuming condition (6.2). But we will
not pursue further in this note.

Remark 6.3 The calculation for dimension » larger than 4 seems quite compli-
cated, even though it is possible in principle. It would be nice if one could prove
a similar theorem for any even dimension. It is not proved that there is some
boundary value ¢ which does not permit the surface u to be in C"*! for odd
dimension n, but it is most likely that it is so in view of the area-minimizing
case.
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