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0 Introduction

This paper is the second of a series dealing with spectral multiplier oper-
ators on Heisenberg-like groups, in the setting where an underlying multi-
parameter structure plays a key role. Here we refine the initial version of the
Marcinkiewicz multiplier theorem considered in the first paper, and obtain a
sharp theorem of this kind: one which requires the minimum differentiability
hypotheses. We also broaden the scope of our results by extending the class
of groups considered. This larger class, the H-type groups, includes all nil-
potent Iwasawa sub-groups of real-rank one simple Lie groups, and has been
of substantial interest recently, (see [K], [R], [Me], [CDKR], {DR]).

Starting with one of these groups, suppose % is the associated sub-
Laplacian, and Uy, U,,...,U, an orthonormal basis for the center of the Lie
algebra. For an appropriate function m defined on IR} x R”, we consider the
operator m(L, Ui /i, Uafi,..., Uyfi) = m(%,U/i), and its variants below.

Our main result is then a sharp version of Marcinkiewicz multiplier theorem
with the following feature: that essentially d/2 +¢ smoothness of the multiplier
m suffices, where d is the (usual) dimension of the group.

More precisely, suppose we consider the following multi-parameter Sobolev
norm on functions defined on R x R" = {(t,u)}:

(0.1) 11z, = 10 +1060)* TL L+ 1o + 124 P
, i

With this norm, if

sup ||m’x||Lzﬂ < oo, witha > (d—n)/2and §>1/2,
r &,
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then we can conclude that m(.%, U/i) is bounded on L?, 1 < p < oo. Here
m'(t, ) = m(rot,”'pt), r € (IRT)**!, and y is a suitable cut-off function.

There are also corresponding results for functions of (A~!1.%, U/i) instead
of (&, Ufi), with A = [—(U} + --- + U?)]"2. Furthermore, we should note
that the above theorem is an extension of the recent result for functions of &
only, in [MS] and [He].

As in the first paper [MRS], the method of proof requires a reduction to
appropriate Littlewood-Paley square functions. Here, however, a crucial dif-
ference is that we do not lift the problem to higher dimensions, since this
would increase the needed differentiability; and thus we carry out our analysis
on the group itself. There are two forms of the square functions studied in
paragraphe 4, first g; and then g,, each depending on a decomposition of the
joint spectrum of & and U/i. The key estimate is the assertion

(0.2) Ng2(TfDlzr < Allg2(Hlee, 2 = p < 00,
where T is the operator m(A~'.%, U/i). This is demonstrated by showing that

(0.3) sup [ |N;i[*wj1dx < oo,
al

where N;,; are the kernels of the components of T corresponding to the
decomposition of the spectrum; also the w;; are appropriate weights which
have the property that

sup | fDIIwi(y~'x)dy < AL S]),
Is

with ., a “strong” (i.e. multiparameter) maximal function.

The weights can be expressed in terms of products of powers of |z| and
lug],..., |tnl, and the fact that (0.3) holds results from the relation between the
kernels N;; and their corresponding multipliers given by the Laguerre expan-
sion. This is carried out in paragraphe 5.

The proofs of our results are preceded by a discussion of several appli-
cations and examples. A basic example is given by A*.%*. In particular the
cases @ = —f and the case o = 0 considered in [MS] allow one to see that
our results cannot be improved.

As a ﬁnal remark we note that in the R” analogue (for spectral operators

(l i 6x2 .y , 6x )) our argument gives a corresponding variant of the
classical Marcmk1ew1cz multiplier theorem; we have learned that this particular
result has also been recently indicated in [CS].

1 Sub-Laplacians on H-type groups

Let us briefly recall the definition and some basic facts from harmonic analysis
on H-type groups, also called groups of Heisenberg type.
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Suppose g is a 2-step nilpotent Lie algebra which decomposes into sub-
spaces g = g; $ g2 such that g, is central and [g;,41] C g2. Suppose further
that g is endowed with an inner product (, } for which the above decomposi-
tion is orthogonal. This allows in particular to identify g with its dual g*, and
thus to endow g* with the induced inner product. For each u € g3, there exists
a skew symmetric endomorphism J, of g; such that

w(lz,2']) = (Juz,2"), z,7 €q .

g is said to be of H-type, if J, is orthogonal for each u € g3 of unit length,
ie. if

JP=—|ulfld, peg;.

This implies that dimg, = 2m is even, that [g;,9:] = g2 and that g, is the
center of g. Let » := dim g,.

In the sequel we assume that g is of H-type, and we denote by G =expg
the corresponding group of H-type. The element exp(z + u), z € gy, u € @,
will be denoted by (z,#). The left- and right-invariant Haar measure on G is
then given by the Lebesgue measure dz du.

A function f on G is said to be g;-radial, if it depends only on |z| and u.
Let us denote by &/ the closed subspace of the group algebra L'(G) formed
by the g;-radial integrable functions on G. Analysis on H-type groups is often
facilitated by the following facts [R] (see also [DR]):

& is a commutative, semisimple subalgebra of L!(G) whose Gelfand spec-
trum ./ can be parametrized by IRy U (g;\{0}) x N, where R := [0, +o00[
and N :={0,1,2,...}.

For p € R, put y,(z,u) := eP520)  where zq is a fixed unit vector in g1,
and for (u, k) € (g3\{0}) x N put

-1
k+m—1 PN I I A |
gty i= () e M Lt (e

where L} denotes the Laguerre polynomial of type m and degree k.

Then the Gelfand transform of f €.« is given by 9f(w):= fc; S (@) tw(x)dx
for w € Ry U(g3\{0}) x N.

Moreover, either from the representation theory of G [R] or directly from
the orthogonality properties of Laguerre polynomials [E] one derives the
following Plancherel theorem for G:

If feof NLYG), then

L) f=x [ 190

(k +m—1
93 \{0} £=0

% )iut"’du,

where the constant x depends only on dimg; and dim g;.
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Correspondingly there is an inversion formula

12 few=x [ Sereogaen () .

g5 \{0} =0

valid for instance for f in the Schwartz space S(G).

These formulas show that the part of A corresponding to R} is of
Plancherel measure zero.

Next, let us fix an orthonormal basis Xi,...,Xo, of g1, and consider the
left-invariant sub-Laplacian

2m
£ = ——Z)(]z
=1

on G. Then one checks that £ is g;-radial in the sense that it maps &/ N C*>°(G)
2

into itself, and that £f = —(4, + Jz—‘l—Au)f for g;-radial f. Here 4, and 4,

denote the Laplacians on ¢; and g, respectively. Moreover, either by repre-

sentation theory or by direct calculation based on the spectral properties of

Laguerre polynomials [E, p. 188] one finds that

(1.3) G(LS X k) = 2k + m)| |G f (. k) .

Similarly, each U € ¢, is g;-radial, and

(1.4) G(US X k) = ip(U)Ef (u, k) -

2 Joint spectral multipliers

Besides the sub-Laplacian ., let us also fix an orthonormal basis Uy,..., U,
of g,. We denote by A the central pseudo-differential operator

A= [—(U?+ .-+ U2,

By means of the bases Xj,...,Xa, of g and Uj,...,U, of g2 we shall
identify g; with R?>” and g; with R,

Let us mention that the notation used throughout this paper differs partially
from the one in [MRS] and is more adapted to the one in [MR]. If G = H,,
is the Heisenberg group of dimension 2m + 1, the variable u appearing here
corresponds to the variable #/4 in [MRS], U = U, to 4T, u to 44, efc..

It is well-known that the operators .% and %Ul, cees %U,, are essentially self-
adjoint on F(G). Moreover, the sub-elliptic estimates for Rockland operators
in [HN] show that #~!4 is a bounded symmetric operator on L?(G), so that,
by spectral theory, A~'.% is essentially selfadjoint on #(G). Since all these
operators commute, they admit a joint spectral resolution, and we can thus give
meaning to expressions like m(Z,1Uy,...,1U,) or m(A7'2,1U,...,1U,)
for each continuous function m defined on the corresponding joint spectrum.
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Suppose m € C§°(R% x IR*) and suppm C R x (R"\{0}). For simplicity
of notation we write : 1
U/i = ('I:Ul,..., -l-'U,,) .

Since m(%,U/i) and m(A~'%,U/i) are bounded, g,-radial, left-invariant op-
erators on L?(G), they are given by right convolution with g;-radial distribu-
tions M, and N, on G. By (1.3) and (1.4) their Gelfand transforms are

(2.1) IM, (p, k) = m((2k + m)ul, 1),
YNy (u, k) = m((2k + m)p)

if we choose coordinates p = (u1,..., 4,) for g3 by putting u; == p(U;). From
(1.2) and (2.1) it can easily be seen that the support property of m implies
that M, and N, are in fact Schwartz class functions (see also [Hu], [Ma]).

We shall also use the notation M, = m(%,U/i)é and N, =m(A~1.L, U/i)é,
where § denotes the Dirac measure at the identity element (0,0) of G.

Remark 2.1 (2.1) shows that the joint spectrum of ¥ and Ui is contained
in the “Heisenberg fan” Z; = {(4pu) € R} x R" : 4 = (2k + m)jy| for
some k € N}, and the joint spectrum of A~'% and Ufi in 2, := {(4,u) €
R* x R": A = (2k + m) for some k € N}.

By means of representation theory and a reduction argument to the case
of the Heisenberg group as in [R] one can prove that Xy and X, are in fact
exactly the joint spectra (compare also [St]).

Remark 2.2 The mappings 6,(z,u) := (rz,r?u), r > 0, define automorphic
“dilations” of G, and the operators &, %l]j and A~ '.% are homogeneous of
degree 2,2 and 0, respectively, with respect to these dilations. From this one
infers the following scaling properties, which can also be read off directly
from (1.2):

(2.2) oM, (B x) =Mz . 20y (X),

(2.3) P ON, (3,-1x) =Ny 2.y (),

where Q := 2m + 2n is the homogeneous dimension of G. The Euclidean
dimension dim G = 2m + n will be denoted by d.

For later use, let us also introduce the canonical homogeneous norm | - |
(compare [FS]) on G given by

|(z,0)] = (|2]* + 16]uf)"*,

which in particular satisfies |6,x| = r|x|.

The identity (2.3) reveals in particular that if m =/ (1) depends only on the
first variable, then the corresponding kemel N,, = (A~'%)d is homogeneous
of critical degree —Q.

In order to formulate our main theorem, we need to introduce fractional dif-
ference respectively differentiation operators on the Lc. abelian group Z x IR”".



272 D. Miiller et al.

If f is a suitable function on this group, we denote by A4 the first order
difference operator in the Z-variable

(Af Yk pu) = flk+1u)— flkp),
and by 0, ,; the partial derivative in the y;-variable. If

fawy=3 [ flhpe @0

kEZ R”
denotes the Fourier transform of f, we have

AF(tu) = (¢" — 1)f (tu),

O f(tu) = iujf(t,u) .
Correspondingly, we define fractional powers |4|* and [0,,|*, « € C, by

(41 ) "t u) = |é" — 1]*f(t,u),
(18,1 ) "t u) = |w|*f (t,u) .

The meaning of more general expressions like (1 + |ro4|)* or (1 + |rod| +

|r;0,;1)* is then also evident.

Theorem 2.3 Let m = m(2k + m,n) be a continuous function defined on the
Jjoint spectrum (2N + m) x R" of A~ and Ufi. By putting

7 (k1) {m(2k+m,u) ifkz0,
m(k p) =
# 0 if k<0,

we identify m with a function & on Z x IR",

Fix a non-trivial bump function no € C§°(IR) supported in R, and define
Jor r = (ro,r1,...,rm) € (RLY'H! the function n, by n.(k,p) = no(%l)m(‘r‘—ll)
--m(52), where n1(x) := no(x) + no(—x). Suppose that

1

sup
ri>070 keZ ¥1 -+ Fu

2 .
Iy, o =

2
x Rf (1+|roéﬂ)“nl (1 + [rodd + [r;0,, 1) @n, Xk, )| dpe
n j::

is finite for some o« > m, B > 1/2. Then the operator m(A~' L, Ui} is
bounded on LP(G) for 1 < p < oo, and

m(A~' L, U/)|Lrrr < Cp,eH’"”12(1,2)(,,,‘3’5,‘,c .

We postpone the proof of this result to later sections, but remark already
here that, by standard partition of unity arguments, it can easily be shown that
different bump functions 7o lead to equivalent /2(L?),,g g0 norms (the symbol
“sloc” stands for “scale invariant localized”).

For Heisenberg groups, a weaker version, which did not specify the degree
of smoothness of the muitiplier, had already been proved in MRS, Thm. 2.2].
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If we define mixed L?-Sobolev spaces L 5 = L2 ;(R x R") by
172, = I+ 1) (T A+ ]+ oy 6 )2
: =

= c]l(1 + |34 n (1 + (8] + 10,1 Fllzz »

we have

Corollary 2.4 Fix a bump function ny as in Theorem 2.3, and let x denote
the corresponding bump function y :==ny®m Q@ --- @1 on R x R".

Let h be a bounded, continuous function on R x R, and put k' (t,p) =
M(roT,rifits. .o Futn) fO 1 = (Fg,...,1n) € (RL)*LIf

h :=sup ||A”
Wellzz o= sop IR xllzz

is finite for some « > m, B > 1/2, then the operators h(A™'%L,U/i) and
WL, Ufi) are bounded on LP(G) for 1 < p < oo, with norms controlled by
l1All 2

a, B, sloc

The proof of this corollary rests on the following

Lemma 2.5 Let o > 1/2, and suppose that g € LX(R) is continuous. Denote
by y the restriction of g to Z. Then

(24) L+ 1RAD Y 2@y £ Cell(1 + |R:|)* gl 2wy
for every R =z € > 0.

Proof. 1t suffices to establish (2.4) for g € (IR). Then, by Poisson’s summa-
tion formuila,

(1) = 3 glk)e™ = % gQnk +1).
kel keZ
Therefore

(1 +Rle™ ~ 10| < (1 + Rlz))* Xk: |g(2nk + )|

1/2
< (1 +Rjz))" [z (1 + R2nk + 1)1—2“}
k

1/2
X [2 |g(2nk + t)(1 + R]2nk + rl)“lz] .
k

And, for |t] £ 7w and R = ¢,

SS(1+R]2nk + 7)) = (1 +R7))™ + O(R™™) £ C:(1 +Rjz))™.
k
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So, by Plancherel’s theorem,

IA

I(L+ RAD* Hlgy < €3 [ |G@nk + )1 + Ri2mk + 7)) de
k —n
=n{|é(S)(1 +Rls|y**ds
= Cl|(1 + |R6,1)°‘gl[iz(m . a
For a partial converse to Lemma 2.5, see [MRS, proof of Thm. 2.2].
It is now easy to prove Corollary 2.4. Put m(k,p) = h(2k + m,p), if

k = 0,m(k,u) =0 for k < 0. We have

i (k) = [hxr (1 p=n )] @2k +m,p),

for every k € Z, u € R”, where x.(t, 1) = x(5, ,1 ,++ -, &), Since fin, = 0 for
rp sufficiently small, and since & > m > 1/2 it is clear by Lemma 2.5 that
llmll 222), 5 goe 18 dominated by

2
dtdu,

(2.5) sup !
r 70

J

<I'n gprtl

(1 + |rode])” H (1 + |rodc] + |ry0,, P (hy)
i

which equals ||A|| 25 0 as can be seen by scaling.

This proves the statement about h(A~'.&, U/i).
And, if we put Sh(t,u) = R(t, 1) := h(t|ul, ), then h( L, UJi) = A 2,
U/i), and

(2.6) 1Al . = CllAll2

«, B, sloc

In order to see this, it suffices to prove that the expression (2.5), with &
replaced by #, is dominated by the corresponding expression for /, maybe
with another bump function 7 in place of y. But, if we fix 7 and put 7max :=
max;»1 7j, then |u| ~ 7max oD supp ¥, and thus

il ~rjs e] ~ rmaxro
on the support of S~(hy,). Thus, if we choose 7, € C$°(IR) supported in

R* and identically 1 on a sufficiently large neighborhood of supp 7o, and if
we form 7, from #j, in analogy to the construction of yx, from no, then

() hyr = (hi:) % »
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where 7 = (¥max¥0,71,---,7»). Moreover, for any « = 0, § = 0, one has

1

rg..."n

(28) 11 + 1ro@el)® TT (1 + Irodel + 1y, P Chx

Jj=1

n

1
S Cop - [+ 1rode)* IT (1 + [rode] + |70, 1Y AllZ2 -

j=

For integer « and f§, (2.8) can easily be checked by straight-forward cal-
culation. For instance, we have

S 1rod:( by, X(r, ) dre dp
< C J [eluldch(el, (e, ) dedpa+ C [ Iroh(elul, 1)t (5, ) dr di

HA

C
— { [ Irodch(r, w)* dvdp + [ |h(z, ) dvdp},
max

and

2

J17i8y; Chyy Yo, )P dedp < C{f drdp

ry ﬁf | u|0:h(Tul, )x-(t, 1)

+ [ 10, kel (o ) dedp + [ {rih(elpl, 1)y, 23, ) drdn}

C

Fmax

< —{ [ (e, wP dedn+ [ Ir;d,, bz ) drdu+ [ |h(e, wf dedu},

and the general term in (2.8) can be estimated similarly.

Interpolating the estimates for the operator # — hy, between integer values
of o and f, we obtain (2.8) for arbitrary o, f = 0.

Then (2.6) follows, since by (2.7) we may replace % in the right-hand side
of (2.8) by hj; and from (2.6) we finally conclude that WA~ L, Ul =
WZL,Ufi) is LP-bounded. 0O

If we apply Corollary 2.4 to multipliers depending only on the first vari-
able, we retrieve the HOrmander-Mihlin multiplier theorem for functions of
£ of [MS],[He]. Since this result was shown to be essentially sharp with
respect to the critical degree of differentiability of the multiplier, this indicates
that also Theorem 2.3 is essentially optimal. For further evidence to this, see
also Section 3.

3 Some applications

Before we come to the proof of Theorem 2.3, let us discuss some applications.
The first one is obvious.
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Corollary 3.1 Let m = m(2k + m) be a multiplier defined on the spectrum

of A~ %, and put
-+ ray (o (£ ) ) 0

If |ml) 2 W< oo for some & > d/2, then m(A~'¥) is bounded on LP(G),
1 < p < oo, with norm controlled by ||m|| 2 o

2

1
Iml% =sup- 3
a,sloc r>07 kez

We remark that || - || 1 is related to the wbv, a-norm studied in {GT].

Example 3.2 For k € N let #; = x{2k+m}(A‘1$) denote the orthogonal
projection onto the (2k + m)-eigenspace of A~'.%. Then

(3.1) 1Pellirrr < Cpo(l+B)@DIB2H 1 < p < o0,
b p)

for every ¢ > 0.

This follows easily from Corollary 3.1. Since (/) = xq)(/), we have
Ano(Y-) = 0 unless r ~ k + 1. And if r ~ k + 1, then fne(*£"=) = a4,
with |a,| = |n0(*:L)| < ||nol|zoo. Moreover, Plancherel’s theorem implies

SIA + AP EDR = C [ 11+ e — 1)e P di
{ -7

= C(l -+ r)2°‘ ~ C(l +k)2a ,
so that
“X{2k+m}”1§ "= O((1 + k)12,

hence by Corollary 3.1

d—1
IPsllLe.Lr = O(1 + k)T ™)

for every ¢ > 0. Interpolating with ||#%|;2 ;2 = 1 then leads to (3.1).

For the Heisenberg group H,, for which d — 1 = 2m, estimate (3.1)
is due to Strichartz [St]. He derived it, however, by a completely different
method, making use of the explicit formulas for the kernels P, as defined
below (respectively their analogues on H,,). Theorem 2.3 could indeed easily
be applied to obtain the same estimates as for % also for the corresponding
projections Py ..

Example 3.3 Let a,B € R. The operator A% is bounded on LP(G), 1 <
p < oo, and for every ¢ > 0
(32) AL 1o < CLA+IBDP(L + o] + B3

We apply Corollary 2.4, If we put hyp(t, 1) := t|p|™, then, by some
standard interpolation argument,

1AL irzr S Cllhaplly | S CA+IBYI+]B]+[a)E0H
m(1

+&), -?,sloc

Interpolation with ||A™ 2|, 2 =1 leads to (3.2).
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Notice that for |« < C|f| we have

. . 1
A= 2P0 S C1+ BB

In particular ||£#|1rr < C(1 + !ﬁl)(‘“)‘”%_%l and (A" LYPlor S

C1+|p l)(”s)‘” 51! 1t was shown in [MS] that the first estimate is essentially
sharp for p close to 1 and |} large (and G a Heisenberg group), and the same
is in fact also true of the second estimate.

In order to see this, let us look more closely at the case of the 3-dimensional
Heisenberg group H,, for which g, = R?, g = R and J, = (%4),
weR,

The discussion to follow will also illuminate the meaning of the spectral
parameters k.

For Hi, the results in [St] imply the following spectral decomposition of
m(A~ #):

D

n(A™ L) =N, = Y. m(2%k + D(Pe-1 + Pra) ,
k=0

where, away from the origin, Py (e = £1) is given by the Calderon—Zygmund
kernel

1}
Pyelz,u) = ( nlz) (k+ 1+k

212 + dieu\ (|z|* — dieu)*
|z|2 — 4icu /| (|z|* + dieu)k+?

(Py,; is in fact the sum of this kernel and a multiple of the Dirac measure §).
From these formulas it is again evident that m(A~!.#)d is a kemel of crit-
ical degree —4, so that it is determined by the angular parameter 8 defined by

du+ilz)? =: |z, w)]*%?, 050 <2,

where |(z,u)| denotes the homogeneous norm defined in Section 2. Then, in
polar coordinates r := |(z,u)| and §, we may write Py as

—1 . .
Pk,e(r, 9) — W((k 1 l)els(k-H)@ . ke:ekﬂ) .

Consequently, whenever convergence is guaranteed (say in the sense of
distributions),

(3.3) N, (r,0) = 7—;2? i% (k+ 1Y dm)(k)cos((k +1)0), r>0,
k=0

where we have again put (k) := m(2k 4+ 1).
The numbers (k + 1)(Af )(k) are thus nothing but the Fourier coefficients
for the Fourier series expansion of N, with respect to the angular variable 6.
Corollary 3.1 thus presents a condition on the Fourier coefficients of the
angular Fourier development of a homogeneous multiplier of degree 0 which
ensures L?-boundedness. For corresponding results on R”, see e.g. [CS].
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Let us specialize (3.3) for the case of the multiplier m, defined as follows:
my(k)= f (k), where for y € R the function f on R is defined as

j( ) |xr4+we*hh x>0,
x =
|x|__1+iye—(l—i)!xl’ x<O0.

Since
x~Heie ™M dx = I(—iy)(1 + iu)™7,

owg

one has . . .
J@)=T(=i){Q+u)™" + (1 —i(u+1))""}.
In particular we see that f (—k)= f (k — 1), k € Z. This relation implies that

1 N )
— ik+1)8
Nay (0) = 33 3 (ko DAFR.

And, by Poisson’s summation formula,

S f k)™ =22 £(0+ 2nk) = F(6),
keZ k€EZ

where

F(0) = 2z|0| 17 101-00 1 £(@),

with E(8) =2n ), ., f(0 + 2rk). Here we have put &(8) = 0, if § > 0, and
&(0)=1, if 8 < 0. It is then easily seen that, say for |6} < =,

E (k + I)Af(k)ei(k+l)0 - i[(l - etB)F(H)]
kel d

=2n(y + D)0+ 1 O(ly]) as |y] — oo,

i.e.
Nay (50) = 5 {7+ D]0] ™77 1+ 03D} a5 y] — oo

This shows that the weak type (1,1) norm of m,(A~!%) is grows at
least like a multiple of |y} (and the norm on L? at least like a multiple of
[7]'~%(e > 0) for p sufficiently close to 1) as |y| — oco.

On the other hand, since |I'(—iy)| ~ (2n)Y2e~"M2[y|=12 as |y| — oo
and (1 4 ik)™ = O(e™/2), one verifies easily that ||m},|l,§/2+(s LS Cs|y|t+?

as |y| — oo.

This shows that Corollary 3.1 is essentially sharp with respect to the critical
index d/2, at least for the Heisenberg group (which however seems to be
representative for the general case here).

The preceding example allows also to give a lower bound for the operator
Aty 7,
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In fact, we may write

71" (k) = Y2k + D+ 1), k€N,

} . —iy o —iy

One checks that for any a > 0 ||§] 2 i < C, for |y| sufficiently large,
and thus Corollary 3.1 shows that, for p close to 1,

where

Cb’l%_e < W Pef A L) rr € CIAT LY P 1o 1e -

Our discussions show that the operators ¥ and (A~ %)? essentially do
have comparable norms on L? for p close to 1. This somewhat surprising result
reflects the fact that the operators ¥ and A are not independent operators, like
for instance 0y, and 0y, on IR?, which act on separate coordinates, but both act
on the u-variables. Also this indicates why one should expect a “non-standard”
Marcinkiewicz condition in Theorem 2.3.

Corollary 2.4 could of course also be used to estimate operators like
|Ui|™ ...|U,|"* £, Another immediate consequence is

Example 3.4 Let a,b,7,r € R, r = 0. The operator (#° + rA®)" is bounded
on LP(G), 1 < p < oo, with norm of order O((1 + [y)**2=3!). This
includes for example powers of the full Laplacian & — (U2 +---U?) on G.

As a last example, let us consider the Heisenberg group H,, for which
g1 2 R™ g 2R and J, = (4 ), p € R. There is only one central
vector field U; in this case, which we shall denote by U. For r = 0,a € R,
let us consider (formally)

T:=|%—rU?—iaU*, BeR.

The corresponding multiplier on R% x R is a(t,u) = |tju] — ap + ri? |, ie.
T = KA 1%,1U). If a+0, h will not be continuous, so that Corollary 2.4
does not apply. However, if we consider the restriction to the Heisenberg fan,
i.e. if we look at & defined on Z x R™ by

Ak, u) = |2k + m)|u| — ap + r? |

for k € N, and & = 0 for k negative, we see that & is continuous if » = 0, and
if in addition a avoids the singular set {£(2k +m) : k € N}, ie. if & —iaU
is hypoelliptic. Notice that for ¢ in the singular set T is not defined. And, if
r=0and k € N, then

. { |2k +m) —a®u®, p>0,
f o= o
|2k +m) + alP|u®, u<o0,
which by Theorem 2.3 easily implies
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Example 3.5 If a ¢ {(2k +m) : k € N}, then |£ — iaU|# is LP-bounded
on Hy for 1 < p < oo, and |||.Z —iaU|#||1s1r < Cy(1+ )o@ DI5—31,

In contrast, if for instance r = 1, i.e. if we consider |L —iaU|*#, where L =
& —U? is the full Laplacian on H,, and if |a| > m, then (2k +m)|u| —ap+ u?
will always vanish away from u = 0. This will, however, happen on a set of
Plancherel measure zero, so that T is still defined on L2, and one expects that
T is also bounded on L? for 1 < p < co. However such a result does not
seem to be attainable with our methods.
4 Littlewood-Paley decompositions
Fix y € Cg°(R) such that = 0, suppy C [1/2,2] and 3% _ x3(x) = 1 for

x > 0, where we have put y;(x) := z(27/x). Let 1;(x) = x;(x) + x;(—x), and
for | = (Iy,...,1,) € Z" let us write f;(u) = X1, (1) ... %, (4n). Then one has

(4.1) lexf.(,l)i,(,u) =1 for A >0, uc R"\{0}.
Js
Set
@; = (L),

Yo = 7 (Ufi)o .

Notice that if G, := expg, denotes the center of G, then we may form
71(Ufilc,)8 =: Y on G,. Then y’ € ¥(G,), and
(42) W) = Yp () .. U () »
iz, u) = 6(2) ® Y () ,
@ x Y = (x; ® I (&L, U/i)s,

where Y2(2) := 7,(3 £)6 on R.
If we replace % by A1, we may formally also define

¢j = XI(A~I$)5 .

By Remark 2.2, @; is a kernel of critical degree which, in the sense of
distributions, can be defined correctly for instance by ®; := 3, @, * {);, where

(4.3) @ x = (; @ {NAT' L, UJi)s .
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We define two g-functions as follows:

172
gi(f)(x) := (5:; lf*(<0j*lﬁ1)(x)l2) ,
Jr

12
g2(f)(x) := (2}: Lf % (@) l//l)(x)|2) ,
Js

for f € ¥'(G). Observe that the Littlewood—Paley decomposition appearing
in g;(f) is just the “projection” to the Heisenberg (type) group of the one
defined in [MRS].

By applying the Gelfand transform and (4.1), we observe that
(4.4) im 3 (=)= (g * )", ) = f(0)

N=ooj1gn (<N
for each f € F(G).
In fact, by polarization of (1.1) and (1.2), this is clear for g;-radial f, and
the general case follows by “radializing” f.
(4.4) implies that |lg;( ;2 = || fll2 for f € F(G), i.e. that g; is an iso-
metry of L%(G).
Similarly one proves that also g, is an isometry of L*(G).

Proposition 4.1 For each p €)1,+o0[ there exists a constant c, > 0 such
that

cpllfllee < llgu(Hler £ 5 1S Ner
[ € LP(G). One may choose ¢; = 1.

Proof. By a standard duality argument [S], it suffices to prove the second
inequality.
Moreover, in order to simplify the notation, we shall assume that n = 1,
the extension of the argument to the general case being straight-forward.
fe= ((s},a%))j,I is a double sequence of numbers sj» = %1, we denote by
K. the singular kernel

K.:= Y 8}8%(10} Y.
HMEZL

By some standard randomization argument based on Khintchin’s inequality
[S,p. 276] it then suffices to prove that

(4.5) I1f *Keller < ¢ [1f e

independently of .
But, if we put
K} = Za}rpj =my(Z)o,
J

K3 =3 & =my (%U) s,
i
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with
ma(A) == Y&} 1(4),
j

msz(”) = ; G%ZI('“) s

then m, and m, satisfy a Hormander-Mihlin condition of any fixed degree,
uniformly for all ¢! and 2. Therefore, by any of the known Hérmander-Mihlin
type multiplier theorems for stratified groups, right convolution with K;l and

Kfz is bounded on LP(G), uniformly in ¢! and £2. This implies (4.5), since
K. = Kel1 * KZZ. a

As a corollary, we shall obtain a weak Marcinkiewicz type multiplier the-
orem for G. For Heisenberg groups, this had already been proved in [MRS],

however by a somewhat different method. The proof of this corollary will also
make use of the following

Lemma 4.2 Let a > 0,M € IN. There exists a constant C = C, ,p and
N € N, such that each function g € CY(]— a,a[") admits a development into
a tensor series

(o o}
g=27N® - ®,

v=1

where the v} are in Cj!(]1 - a,a[) and

i Il - llew < Cllglln -

Proof. This follows for instance easily from a Fourier series expansion of g
on ] —a,al” (compare [MRS]). O

Corollary 4.3 For N € N and m € CV(R* x R") put

2\ 2\ 7 \™
(@) (ma) (o) ]

There exists N € N such that if ||m||y < oo, then m(Z, UJi) is bounded
on LP(G) for 1 < p < oo, with norms controlled by ||m||).

Proof. Choose n € C§°(R) such that # = 0, suppny C [1/4,4] and n =1 on
supp x. Define #; and 7, in analogy with x; and f,, and put

llmljvy := sup sup
je| N Ap

M1 = [m(n; ® i)NZ, Ufi)o .
In order to control the kernel M, = m(%, U/i)d, we observe that

My x (@ % Yn) = (@; x ) x M,
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and thus by Proposition 4.1 and standard Littlewood—Paley theory it suffices to
prove that the maximal operator

#(g) := sup lg * M|
Js

is bounded on L9(G) for 1 < ¢ £ oo, with norms controlled by |jm](v). Put

rﬁj,l(la ,u) = m(zj'la 211 Hiseons 21"#")’70(’1)’70(/‘) .
Then, for every j and I,

(4.6) I7jilley < |lmliy -

Fix M € N. By Lemma 4.2 and (4.6) there is an N € N such that each
m;,; admits a representation

rﬁj,z(&u)=2v,,(l)v () -7y (hin)

where each term is supported in [1/8,8]"*! and
(47) LI len - Avprllew < Climlly

Put
j, = (2”.3’)6

1
S = (2"’*7Uk)6.

_ v v,1 v,n
Mj, = ZRj,l kS kxS
v

Then

Moreover, for M sufficiently large, well-known functional calculus [H], [Ma]
for & yields uniform size estimates

(UL S CllySllen(L+ x)7E,
which in combination with (2.2) imply
(4.8) lg * IR} /1| £ ClY N cmHolg)

where # denotes the anisotropic Hardy-Littlewood maximal operator on G
(see [FS]).

Similarly, if .#; denotes the strong maximal operator with respect to the
central variables uy,...,u, on G, then

(49) lg % IS77 1% % ISP £ ClyFllem -9} Tl cm#(g) -
Combining (4.7) to (4.9) yields
lg * Mj,1| £ Cllml\wy#(Ho(9))

hence
M(g) S Clim|lov)#(AHAg)) -



284 D. Miiller et al.

But .# and .#; are bounded on L¥(G), 1 < g < oo [FS], [S], and thus
the Corollary is proved. O

Let us finally turn to g2(f).

Proposition 4.4 For each p €]1,400[ there exists a constant ¢, > 0 such
that

cplfllze £ Nlg2(Nller = ;' I fllew s
[ € £P(G). One may choose c; = 1.

Proof. If ¢ = (ej?s}],...,s;'n );,1 is an (n + 1)-fold sequence of numbers + 1, let
us put

me(A, ) = 213 &, ef ... &), (AT (1)
Js

A comparison with the proof of Proposition 4.1 reveals that it here suffices
to prove a uniform (in &) estimate

(4.10) Im(A™ L, U flle = ;I f Il -

To this end, let n, be the multiplier

A
ns(’luu) = Mg (m,#) .

Then clearly m.(A™'.%, Ufi) = n(¥, U/i). Moreover, one readily checks
that

mellvy < Cw

for every &, which easily implies also
Inellavy < Cr -

Thus (4.10) is a consequence of Corollary 4.3. O

5. Proof of Theorem 2.3

By analogy with the proof of Corollary 4.3, we need here to consider the
kernels
Njyi = [m(n; © (A~ L, U/i)d,

with # as before.

Observe that N;; =0if j < 1.

The main problem will be to derive precise size estimates for these kernels.
However, even with these at hand, one still has to argue more carefully than
in the proof of Corollary 4.3 in order to obtain Theorem 2.3.

Let us begin with this part of the proof, which will be based on an adapta-
tion of a method from [S] to the present setting of “discrete” Littlewood-Paley
theory. If I € Z”, with some slight risk of confusion |/| will denote the integer
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[l|:==1; +- -+ I, € Z; notice that |/| may be negative. Also, we put
Imax = max ;.

j=l..n

Lemma 5.1 Let w;; be the weight
; i+ Imax n
wje-’,(z,u) = 2—m(/+lmax)(1 + 2!+_ Iz')lm(H'E) ’_I‘II 2—1,-(1 + zliluil)l+8 .

Suppose there is some ¢ > 0 and A > 0 such that

(5.1) JINPwe (x)dx < 42
G

for every j = 2,1. Then for 1 < p < o0
Im(A™' L, Ufi)||1p,1r < CpA4.

Proof. By Proposition 4.4, we have

1/2
Im(A™' L, Ui fllr S ¢! (lefj,z*Nj,zlz) ,
A
LP

where
= *(P;xh).
By Holder’s inequality and (5.1),

% N2 = lff,-,z(xy-l)N,-,z(y)dylz

S A by

]I(y)

Assume now that p = 2 (the case p < 2 follows by duality). Then there
exists g € LP2 = LP(P=D) with g 2 0 and ||g||, »/p—2) = 1 such that

|m(A~ 2, Ui f 125

A

2

S I\ NlPgax,
Cp 0t

hence, by Fubini’s theorem,

(A~ 2, U fllfr < AszZIfj z(xy")l

» dy g(x)dx

- 2 ] 2 1
= GA*[ (74“7 Lfi) ) (fg(X)—-———Wi,(y‘lx) dx) dy.

Denote by # the following strong maximal operator on G:

1
Ms(9)(¥) —sup-f,,.—— I [ le(zu))| dzdu.

0rg - Tn lz| <rg lui| <r:
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Then clearly

Ja(x) dx £ Mg(y).

I
w; (¥ ~lx)
Since by [C] (here also the simple argument sketched in the introduction
to [RS] would apply) #; is bounded on LY(G), 1 < ¢ = oo, we obtain, again
by Holder’s inequality and Proposition 4.4,

|m(A™ L, Uli)fll}» < Co A [ (Z: |fj,1(y)|2> M g(u)dy
1

< CpAz}192(.70)”1229”%gnz,p/(p—l)
= CpAzllf“%P”gHLp/(p—Z)
=G4\ fl,. O

It remains to prove that the conditions in Theorem 2.3 imply the estimate
(5.1) for some ¢ > 0. This will be accomplished by means of the Plancherel
formula (1.1).

If p(z,u) is a g;-radial polynomial on G, it multiplies the subalgebra of
radial Schwartz class functions of 7, and we can therefore define an operator
dp by

Y(pfYwk)=:0(9 )mk), (mk)e(@G\{0H)xN, fesnd.

If R is a function on (g3\{0}) x N, we define translation operators 1,
leZ, by
Rk +1), ifk+120,

0, else .

(uiRX)(u, k) := {

Notice that the 1; can be considered as ordinary translation operators, if we
extend R to g3\{0} x Z by setting it 0 for k < 0.

Straight-forward computations, based on well-known properties of Laguerre
polynomials [E] yield

2

(5.2a) 612‘2 = m((2k +m)tg -kt — (k +m)ty),
(5.2b) O = 2 b Pt + ket — (k4 myny).
Do 2uf

Let us denote by 4 the first order difference operator 4 := 1; — 79. Then
the following commutation relations between 4,t; and multiplication by £,

(5.3) [1.'1, A] = 0, [T[,k] = I’t], [A,k] =T],
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allow us to re-write (5.2) as

-1
p = (kA + (@m 4 1o — -1)4),

A 8
(342) I

|z

a .
(54b) 0y = o 2]’2|2((to 1)k + (mTy — (m = D)to — 1_1)).

If one applies these operators iteratedly, induction and (5.3) easily lead to
the following lemma (we omit the details):

Lemma 5.2
(1) For p € N\{0} one has

— P ~ v
5(;‘2 = lul™" gam - TRATT,

where each a, , . ; denotes a finite sum of terms aj1;, a; € R.
(2) Introducing auxiliary variables Ty,...,T, € R, we have for g € N

azx

o = T2 2y () - 7 | 1N g 1B 4181
(T ) (T 4] a,mzew ! ORI o
aj+P;=2g

aj+2vj+§j=2q

where each by, p,s(u) « T is a finite sum of terms b;(p)t;, with by € C*(g3\
{0}) being homogeneous of degree 0, hence in particular bounded.

Let us put (compare (2.1))

N, (k) = (m(n; @ 7)N2k +m,p), k20,

(k) =
mj,l( H) {0, k<0,

and let us denote by A also the ordinary difference operator on Z. With the
aid of Lemma 4.2 and the Plancherel formula (1.1) we shall now prove the
crucial

Proposition 5.3 For pc R, | € Z" and j = 2 we have

(5.5) [LIIC1 4 27+ m |22 y27(1 4+ 221d) .. (1 + 222))PN, (2, w) [ dz du

1 1

é C2m0+lmax)+’l| -
Y ez

. . 2
x [+ 24 T QU+ [274] + 1250,y my, (k)| du.
i=1

Before we enter the proof, let us remark that the estimate (5.5) can
be reduced to the case / = 0 by means of the scaling identity (2.3), if
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dimg; = 1. This reduction, which would simplify the argument consider-
ably, will however fail in the general case, since the group of “dilating” auto-
morphisms of G will in general be too small for this purpose.

Let us put

w(z,u) := 22W1P[1 4 (2 +max |z 22y (272 4}y (272 +u2))P,

where again /. = max /;. To prove Proposition 5.3, we have to show that
J IwGeIN i) dx
G

is dominated by the right hand side of (5.5). Moreover, it will suffice to prove
this for p € N, since the general case will then follow by interpolation.
So, assume p € N. By Lemma 5.2 and (5.3) we see that

(5.6)
2np—|a| . sl o
Owizay =2 2. ba,y,a,v(u)~f(22""’“2’ um —~) KA
F  v=0 oux

2(m+n)p—|a| o
. . s
+3 S Capen(p) - 7 2P Amplman— e ) = l+2mp)__a
B4 y=( a#

x (@ g
where £ is the index set
S =A{a,7,6 €eN":0; £ 2p, a; +2y; + 9, =2p},

and where the “coefficients” of the by, 5.,(1) « T and c,y5,(pt) - 7 are bounded
functions. Observing that |u;| ~ 2% on suppm;,, one sees that

G7) |u| ~ 2" on suppm;;
and hence in the first double sum of (5.6)
(5.8) 2UUP=20 7|y | =1 o 2l p=2 " y—lOlhmax < ol v @

since 2|l|p—21 +yp=1-a+1-8and I+ 3 < (Imaxs-- -, Imax) * 0 = Ionax 0.
Similarly, in the second double sum

(5.9) QU p+2mplax =1+ )| |~ (181 +2mp) < ]+ o

On suppm;; one also has

k+l~2, (k‘f'rl:l—'l)Nz(m—l)j’

in particular

(5.10) kY~ 29, (2 Y2PkY ~ 2@
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The statements (5.6) to (5.10) in combination with (1.1) imply the follow-
ing estimate:

) 2dp—|a]
(5.11) [Ny (x)[Fdx < C2m+medtll 5§52 lz—}ﬁ
G a€N? a;<2p v=0 2 k2

j v .o 6a
x [12/4) (2’ E) myak )P

An application of the following lemma to the terms in (5.11) will finally
conclude the proof of Proposition 5.3.

Lemma 5.4 Suppose that f = f(k, 1) is a square integrable function on the
Lc. abelian group Z x R". Let R, p1,...,pn 2 0, v,a,...,0, € N be such
that o; < p, j = 1,...,n, and v+ |a| < g, where q = np. Then, with
o . %1 U
p* = pi' ... o,

6“
5 [ iray (o5 ) S0P ds
keZ R" U

2

(1+ R4}y Hl(l +IRA| + |00 )P fllo )| .

=cy. [

Proof. By Plancherel’s theorem for the group Z x IR” this will follow from
the estimate

(5.12)

R 0 AT LA = ()
FC{1,..n} ief

n
(l+r+rj)p9
Jj=1

with #; = p;|u;| and r = R|e” — 1|, if w; and ¢ denote the variables dual to ;
and k, respectively.
But, if r 2 1 and # := {i : ; > r}, then

ry\ % Fp\ %
r‘;‘l P = prrial (_) (_”)

r r
< P (ﬁ)p
- ieg \T

= =LA T 2
ie g

< -Vl P
i€y
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And, if r < 1, then

i S (U4 m)P (L +m)P,

and again this is bounded by the right-hand side of (5.12). O
If we now choose p = i? in Proposition 5.3, we obtain the following
estimate of type (5.1) as required in Lemma 5.1:

1 1
2
R T

n . & 2
x [ |(U+ (274D IT (1 + (274 + 258, ) mygh )| d,
i=1

which by Lemma 5.1 proves Theorem 2.3.
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