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Abstract

Numerous problems in control and systems theory can be formulated in terms of linear matrix
inequalities (LMI). Since solving an LMI amounts to a convex optimization problem, such
formulations are known to be numerically tractable. However, the interest in LMI-based design
techniques has really surged with the introduction of efficient interior-point methods for solving
LMIs with a polynomial-time complexity. This paper describes one particular method called the
Projective Method. Simple geometrical arguments are used to clarify the strategy and convergence
mechanism of the Projective algorithm. A complexity analysis is provided, and applications to
two generic LMI problems (feasibility and linear objective minimization) are discussed. © 1997
The Mathematical Programming Society, Inc. Published by Elsevier Science B.V.
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1. Introduction

Linear matrix inequality (LMI) techniques are inspiring a growing interest in the
control community and are emerging as powerful numerical tools for the analysis and
design of control systems [4]. An LMI is any matrix inequality of the form

A(x) >0

where A(x) is a symmetric matrix that depends affinely on the entries of the vector
x € R". In other words, A(x) can be written as

A(.x) = xIA] + - +an" +B,
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where
e Ay,..., A, and B are given symmetric matrices,
e x=(x1,...,X,) is a vector of real scalar variables,
e > 0 stands for positive definite.
The entries of x are often called the decision variables. Note that the system of LMIs

Li(x) >0

Lp(x) >0
is equivalent to the single LMI
L(x) :=Diag(Li(x),...,.Lp(x)) > 0.

Hence the discussion below readily extends to systems of LMIs.
Two of the three generic LMI problems are discussed in this paper:
o The strict feasibility problem:

Find x € R" such that A(x) > 0. (1)

In other words, find values of the decision variables xi,...,x, that satisfy the
LMI constraint A(x) > 0.
e The linear objective minimization under LMI constraints:

Minimize ¢’ x subject to A(x) = 0. (2)
This problem only makes sense when the LMI constraint A(x) 2 O is feasible.
Both problems are convex due to the affine dependence in x. The third generic problem
is the generalized eigenvalue minimization problem discussed in [3, 16].

Optimization under LMI constraints is a very attractive field for the application of
modern polynomial-time interior-point methods. These methods are rooted in the seminal
paper of Karmarkar [12] where the first method of this type was proposed for linear
programming. Various extensions to semi-definite programming and optimization under
LMI constraints can be found in [1,3,6,11,13-16,19] and references therein. See also
[17,18] for alternative approaches to this class of problems.

This paper focuses on the so-called Projective Method. This interior-point method has
several interesting features:

e As a polynomial-time algorithm, it is guaranteed to find, for any & > 0, an e-
solution to the problem within a finite number of steps bounded by O(m) log(C/«),
where m is the total row size of the LMIs and C is some scaling factor (see The-
orems 7 and |3 for details).

e The Projective Method is applicable to a variety of LMI problems including linear
programs under LMI constraints and fractional problems of the form

min A subject to A(x) € AB(x), B(x)>0, C(x)=0.
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e No initial feasible solution is required for problem (2), and no separate Phase-I
algorithm needs to be run to generate such a solution.

The Projective Method was first described in [15,16] in the more abstract context of
the theory of self-concordant barriers. The present paper takes a different and more
straightforward perspective and provides simple geometrical insight into the algorithm.
Besides its tutorial value, the paper also contains details on the numerical implementation
and statistics on the computational overhead. Note that a version of the Projective Method
optimized for LMI problems with a block-matrix structure (see Section 5 is implemented
in the LMI Control Toolbox for use with MATLAB [8,9].

The paper is organized as follows. Section 2 summarizes the notation and reviews a
few instrumental concepts. Section 3 describes the Projective Algorithm for the strict
feasibility problem. This includes a detailed proof of convergence as well as a complexity
analysis. Section 4 shows how this basic algorithm can be adapted to solve the linear
objective minimization problem. Finally, Section S discusses the implementation aspects
with an emphasis on efficiency and numerical stability. The results of numerical tests
are also reported.

2. Notation and preliminaries

The following notation is used in the sequel.

e Tr(X) and Det(X) denote the trace and the determinant of the square matrix X,
and log(x} stands for the natural logarithm of the positive scalar x.

e S is the space of symmetric matrices of size m. This is a subspace of R"*" of
dimension

M :=dim(8) = im(m+1). (3

e K denotes the open cone of positive definite matrices in S, and K denotes the
closure of K, that is, the cone of positive semi-definite matrices of S.
e S is endowed with the family of scalar products (.,.)p defined for P> 0 by

(X,Y)p = Tr(PXPY).
The corresponding induced norms are
I1X]lp = (Te(PXPX))'/2.

The case P =] yields the usual Frobenius norm which we denote by (., .)go. The
origin and interpretation of the metrics (.,.)p are clarified in the next subsection.

2.1. Logarithmic barriers

As an interior-point method, the Projective Method generates a sequence of matrices
that remain in the open cone K. To preserve positive definiteness, the optimization
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criterion includes a logarithmic barrier that is defined on K and tends to +o0o when
approaching a boundary point of K. This barrier is defined for X > 0 by

f(X) = —log Det(X) (4

and constitutes a special case of the “self-concordant” barriers discussed in [16]. It is
easily verified that

X =-x"" [ X1 =x"yw"

(here we identify linear and bilinear forms with their matrix representation). Conse-
quently, the Hessian metric is given by

(LF(XVY), 2o = Te(XT'¥XT'Z) = (K Z) .

This explains the relevance of the inner products (., .)p introduced above.
2.2. Dikin ellipsoid

Instrumental to the updating of the current “best” solution is the notion of Dikin
ellipsoid (see Fig. 1). Given X > 0, consider the eilipsoid centered at X:

AX)={Y[||Y = X5 =Te{X" (Y = X)X (Y - X)} < 1}
={Y| X2V 2~ [||ge < 1}. (5)

Lemma 1. The Dikin ellipsoid Q(X) is contained in K.

Proof. Let Z := X~'/2yX~'/? and denote by {A;}1<i<m the eigenvalues of Z. It suffices
to show that Z is positive definite whenever ||Z — [|[go < 1. Now

ni
1Z = HEe =) (Ai-D*<1
1

implies that [A;—1| < 1 for all i. Consequently, A;(Z) > 0 holds for all i if ||Z —1||pw <
I and the proof is complete. [

The importance of the Dikin ellipsoid comes from the fact that it delimits a re-
gion around X where we can move without leaving the cone K, i.e., losing positive

cone X

Fig. 1. Dikin ellipsoid.
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definiteness. Note that the Dikin ellipsoid is exactly the open unit ball in the metric
ll-x-r.

2.3. Orthogonal projection in the metric {.,.)p

An important tool in the Projective Method is the orthogonal projection onto a sub-
space E with respect to the metric (., .)p. In our case, E will be the range of the linear
map A associated with the LMI A(x) > 0 (see Section 3).

Given X € S, its projection X' onto E is defined as the unique solution of the
least-squares problem

min |[¥ — X{|p = min | Ax — X]p. (6)

The gradient g(Y) of the function Y + ||¥ — X||% is easily obtained from the first-order
variation

(g(Y), 8V )po = 8(||Y — X||3) =2 Tr(P(Y — X) P6Y)
which yields

g(Y) =2P(Y - X)P )
The projection X* is characterized by the optimality condition

VY €E, (8(X*),V)ro=2(X* — X,¥)p =0. (8)

This is nothing else than saying that X™ — X should be orthogonal to E with respect
to the inner product (.,.)p, or equivalently, that P(X* — X) P should be orthogonal to
E in the usual Frobenius metric {.,.)go. In the case E = Range(A), the orthogonality
condition (8) can be rewritten in terms of x* such that X* = Ax* as:

Vi €R", (Ax" — X, Ax)p = (P(Ax* — X) P, Ax)pro = 0. (9)

3. The strict feasibility problem

We first consider the strict feasibility problem (1). A vector x is called strictly feasible
if A(x) > 0. The affine function A(x) can be decomposed as

AXY=Ax+B=x1A + - -+ x4, +B (10)

where the 4;’s and B are given matrices in S, and Ax is the homogeneous part of A(x).
Without loss of generality, we can assume B = 0 for simplicity. To see this, introduce
an extra variable 7 and define

A(0)=(570)
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Clearly, if x solves Ax + B > 0, then ¥ := (f) solves A% > 0. Conversely, given a
solution (}) of A% > 0, 7 is positive and x/7 satisfies .Ax+ B > 0. Hence the two strict
feasibility problems are equivalent.

Up to redefining A, x, and n as A, %, and n + I, respectively, we can therefore
concentrate on the homogeneous strict feasibility problem:

Find x € R"  such that Ax > 0, (1)

where A is a linear map from R” to S. Henceforth, the range of this map is denoted by
E :=Range(A). (12)

The geometrical interpretation of this problem is as follows:

Given an open cone KC with its vertex at the origin, and a plane E passing through
the origin, find a matrix X in the intersection of £ and K.

Throughout the sequel, we require that
Nondegeneracy assumption. Ax is nonzero whenever x is nonzero.

In other words, .4 must have full column rank (dim E = n).
The next lemma captures an instrumental geometric property of X [2].

Lemma 2. The open cone K intersects the subspace E = Range{A) if and only if
ELNK = {0} (here EL denotes the orthogonal complement of E for the Frobenius
inner product). Consequently, strict feasibility is characterized by ENK # 0 while the
absence of strict feasibility corresponds to EX N K + {0}.

Proof. This lemma follows from a general result on convex sets. Specifically, if ENK = §
then K and E can be separated by an hyperplane of equation (S, X)po =0 (with § fixed
and nonzero) such that

(8 X)po >0 forall X € K, (13)
(8, X)ro <0 forall X € E. (14)

From (13) it is immediate that § € K. Now, E being a linear subspace, (14) is only
possible if in fact (S, X)po = O for all X € E, ie., if S € EL, Consequently S € ELNK.

The converse is proved by contradiction. Suppose that there exist X € ENK and a
nonzero ¥ € ELXNK. Then (X, ¥)g, = 0 because X € E and Y € EL, while (X, ¥)go > 0
because X € K, ¥ € K, and ¥ # 0. This is clearly a contradiction. [l

Remark 3. The matrix S characterizing the separating hyperplane in the proof above
is the slack variable for the following dual problem of (11):

Find S in the intersection of EX and K.
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The primal problem is strictly feasible if and only if § = 0 is the only solution of the
dual problem.

A two-dimensional interpretation of Lemma 2 is that the angle at the vertex of the
cone K is exactly 90° since (X,Y)go, > O for all nonzero X,Y € K with possible
equality if both X,Y are on the boundary (see Fig. 2). For tractability in the interior-
point framework, we rule out the limit case where .4x > 0 admits nonzero solutions x,
yet is not strictly feasible. This corresponds to the case when both ENX and EL NK
are empty.

3.1. The Projective algorithm

To find a strictly feasible vector x, the Projective Method relies on the following simple
strategy. Given some X in the open cone X, test whether the Dikin ellipsoid centered
at X intersects E. If it does, this provides a strictly feasible point since £2(X) C K.
Otherwise, update X to increase the “chances™ that this intersection be nonempty. More
precisely, the Projective algorithm proceeds as follows.

Algorithm 4 (Projective algorithm for strict feasibility problems).

Given an arbitrary initial point Xo € K (e.g., Xo = /), generate a sequence of positive

definite matrices X; as follows. To update X; into Xj.1,

Step 1. Compute the orthogonal projection X; of X, onto E in the metric (., .) X7

Step 2. If X > 0, terminate since then X € K N E. A strictly feasible point x € R"
is then obtained by solving

Ax = X{.
Step 3. Otherwise, update X to X, via the formula
Xeh = X¢ ' =X (X = X0 X (15)

where the step size vy, is selected to make X,;ll positive definite and “larger”
than X, ! by some fixed factor. Specifically, y; should be chosen such that

Det(X;!)) > «Det(X;"), (16)

where « > 1 is a fixed number (both iteration and problem independent).

The key of the Projective Method is of course the existence of a step size y; that
enforces (16) whenever £2(X,) N E = §. This is established in the next subsection and
for now we restrict our attention to the convergence mechanism of Algorithm 4.

We first give an intuitive geometric explanation of the convergence mechanism. As-
sume that Ax > 0 is strictly feasible, i.e., that E-NK = {0} as shown in Lemma 2. By
construction, the size of X, ! grows exponentially with the number of iterations since,
from (16),

Det(X;') > «*Det(X5"), «> 1. (17)
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Meanwhile, the updating direction
-1 —1
LX) =X (X — X)X, (18)

remains orthogonal to E in virtue of (8) and of the discussion in Section 2.3. Con-
sequently, the sequence X ! moves toward infinity parallel to EL as the algorithm
progresses. But since £+ N K = {0}, no sequence of positive definite matrices can go
to infinity along E+ without leaving K. This is due to the geometry of the problem as
illustrated by Fig. 2, and in particular to the geometry of the cone K (see Lemma 2).
As a result, termination must occur in finitely many iterations, the number of iterations
depending only on (1) the growth rate «, (2) the position of K with respect to E*L,
and (3) the initial point Xjp.

More rigorously, assume strict feasibility, consider a strictly feasible vector x; € R”,
and let Xf := Axy € ENK. From (17), we have

IogDet(Xk_') P klogK+logDet(X0“)

while the arithmetic-geometric mean inequality applied to the eigenvalues of X;I yields

Tr( X, log(Det(X; ")
log< ](mk )2 > m : )'

Moreover, Tr(Xk_]X/) > aTr(Xk") for some a > 0 since Xy > 0. The combination
of these three inequalities shows the existence of some positive constant 7 such that

Tr(X; ' Xf) > retlosta/m, (19)

Now, since X;' is always updated along directions ¢ (X;) orthogonal to E for (.,.)Fro,
we have at all iterations k

(X' Xs) = Te( X' Xp). (20)
Hence
Tr(X(;.IXf) 2 Teklog(x)/m (21)

must hold as long as X; fails to be positive definite. Recalling that logx > 0 since
x > 1, and observing that the left-hand side is independent of k, this shows that X,/
must become positive definite after a finite number of iterations k. In other words, the
algorithm will terminate in finitely many steps, the polynomial-time complexity resulting
from (21) (see Section 3.3 for details).

In case of infeasibility, by contrast, the algorithm will in principle run forever. In
practice, we force termination when the size of X; ' exceeds some tolerance. Recalling
that X, approaches E, a large norm in X, " indicates that for all feasible vectors x
(if any), Ax is nearly singular. In other words, problems where this occurs are only
marginally feasible or even unfeasible up to rounding errors.

The convergence mechanism is illustrated in Figs. 2 and 3. Note that these two-
dimensional pictures are by essence simplistic since nonscalar problems are at least
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Fig. 2. Convergence mechanism: feasible problem.
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Fig. 3. Convergence mechanism: infeasible problem.

three-dimensional and the geometry of K is fairly complex. Through these figures
we only mean to give insight into the workings of the algorithm, not into the problem
geometry. Note that the algorithm actually works toward proving infeasibility, and solves
the feasibility problem only by failing to do so.

Computing the orthogonal projection X;7 amounts to solving the least-squares prob-
lem:

i - -t 22
min [l Ax Xk”Xk ! (22)

Even though this task turns out to be most expensive in terms of arithmetic operations,
it poses no theoretical nor practical difficulty (see Section 5.2 for more details). Con-
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sequently, the main challenge is to find a scalar y, that enforces the growth rate (16).
This central issue is now addressed in detail.

3.2. Determination of the step size v

Now that the convergence mechanism is understood, we are left with proving that X
can be updated in such a way that Det(Xk_') grows by at least some fixed factor « > 1.
Recall that this updating is performed as long as the orthogonal projection X; of X onto
E (for {.,.) X[') fails to be positive definite. Throughout this subsection, we therefore
assume that X; is not positive definite. As a by-product, we know that the Dikin
ellipsoid £2(X,) does not intersect E. Indeed, if ¥ € 2(X) N E, then Y — Xk”x;l <1
by definition and || X, — Xk”x;' <y - Xk“x;' since X is the point of E closest to
Xy. As a result, X;"L must be in £2(X;) whence X,j“ > 0 by Lemma 1, a contradiction.
That £2(X;) N E = @ proves critical in the subsequent derivation of an adequate step
size yi.

The shorthand notation X and X is used in place of X and X} for the rest of the
section. Define

(X)) =X"U(XxT-x)x"". (23)
Clearly
p=X" =Xy 21 (24)

since X* ¢ £2(X). To derive an adequate 7y, it is convenient to work with the barrier
F(x) = —logDet X~ rather than with Det X~!. Our goal is then to find ¥ € R such
that X~' — ¥{(X) > 0 and

FIXTY = F(X™' —9£(X))26>0 (25)

for some @ independent of X, or equivalently to show that F can be decreased by some
fixed amount in the direction —Z (X). This naturally leads to studying the function

m(y) = F(X™") — F(X™' —y{(X)) = logDet(] — v}, (26)
where
o= X20(xX)X" 2= x" V2 (xt - x)x~2 (27)

Two important properties of the symmetric matrix ¢ are stated in the next lemma.

Lemma 5. Consider X > 0 such that 2(X) NE =0 and let p := || X" — X||x-1. With
this notation, the matrix r defined by (27) satisfies

Tr(y?) = p?, (28)
Tr(y) = —p°. (29)

Proof. See Appendix A. [
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Given (28)-(29), 7(7y) can be evaluated as follows. Let A;,..., A, denote the real
eigenvalues of the symmetric matrix ¢, and introduce

= 1 30
Poo 1= max | Ail (30)

Clearly / — i is positive definite whenever
0< ¥poo <1 (31)

In this range of values, the next lemma provides a lower bound on 7r(y) and establishes
the existence of an adequate .

Lemma 6. For all y satisfying(31),
7(y) 2 p*{y + p2 (10g(1 = ¥poo) + YPoo) } (32)

and the right-hand side is maximized for v* = 1/(1 + p,) so that

2
7(y) > 7" = ppT(poo—log(l—f-pm)); 1 —log?2. (33)

o0

Proof. See Appendix B. [
Selecting ¥ ;= ¥* = 1/(1 + po) > 0 therefore guarantees that
logDet(X; ') —logDet(X;') > 1 - log2
or equivalently that
Det(Xy,|) > xDet(X; ")

where « :=exp(1 — log(2)) =e/2 ~ 1.36 > 1.

cross-section of the cone K

xpooox E = Range(.A)

X;;r (feasible)

Fig. 4. Updating of X;.
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When implementing this updating, it is more efficient to directly maximize 7 (y) via
a line search. To evaluate #(-y) and its first and second derivatives at a low cost, ¢ is
first reduced to tridiagonal form via orthogonal similarity. The cost of each evaluation
of 7(y) is then of order O(m). The main advantage of the line search is to generally
yield a faster growth rate for Det(X, 1y, hence a faster convergence of the algorithm,

A two-dimensional illustration of the sequence generated by this updating appears in
Fig. 4.

3.3. Complexity
Summarizing the previous argument, we come to the following complexity estimate.

Theorem 7. Assume that the strict feasibility problem (11) is solvable, and let m
denote the total row size of Ax. Then the Projective Method started at Xo > 0 will find
a strictly feasible point in a finite number N of iterations bounded by

m
N-1<——— inf  logCondy,(X)
1 —log2 x,ck, x50 & R e

where the condition number Condy,(Xy) of Xy with respect to X is defined by

min{t | X0 > X/} Awax (X5 7XX5'1)
max{t | tXo < X} Amin (Xg X2y X"/Z)

Condy, (Xy) =

Proof. Assume that the method has not yet terminated after & steps and let
tmin = min{t | tXo 2= Xy}, tmax = max{t | tXo < X;}.
As seen above in (20),
Tr( X Xr) = Tr(Xg ' Xp)
and consequently
Fmax Tr(XoX,(Jrl ) < tmin Tr(J) = mingp. (34)
Meanwhile, recall from Section 3.2 that
Det(XoX; ) > «*

where logx = 1 — log2. This together with (34) implies that the positive definite
symmetric matrix Y = X(',/ ZX,;_],X(I)/ ? satisfies the inequalities

Condy, (X;) > Trfny), Det(Y) > «*

Since Te(Y)/m = > Det!/"(Y), we infer that
k
logCondy, (Xs) > ;logx > E(l —log2)

and the desired upper bound on N readily follows. O
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4. Minimization of a linear objective under LMI constraints

This section shows how the Projective Method described in Section 3 can be adapted
to the problem

Minimize ¢'x  subject to A(x) = Ax+B >0 (35)

where Ax = x1A; + - -+ + x,.A,. To stmplify the forthcoming analysis, we assume that

Selvability assumption. Problem (35) is stricily feasible and the optimal solution set
is nonempty.

As in Section 3, we first turn (35) into a homogeneous problem. Consider the
auxiliary problem

T
.. . C .
Minimize £y over y,7 subjecito Ay+ 7820, 7>0
T

This problem and (35) are equivalent in the change of variable x = y/7 and share the
same global minimum. Defining

(). (450, o (5) 4-(0)

we can therefore replace the original problem by the homogeneous problem:
N 1) , 7s s
Minimize —— subject to A¥ >0, d'% # 0. (36)
d's
For the sake of clarity, all tildes are dropped in the sequel, bearing in mind that we
are dealing with the transformed problem (36). As before, E denotes the range of the
linear map A.

Remark 8. Note that in the homogeneous reformulation introduced above, d'% > 0
whenever AX > 0, that is, whenever x is strictly feasible.

The first task consists of finding a feasible vector x. The objective
cTx
O(x) := T (37
plays no role at this stage and Algorithm 4 can be applied until a strictly feasible vector
xo is found; without loss of generality, we can assume that the 7-component of this
vector is 1. Let Xp = Axp > 0 denote the corresponding value of the LMI, and let
6o := cTxo/d xo. The level sets of the function @ are the hyperplanes

{xeR"[O(x) =0} ={x €R"| (c - 6d)"x =0}
and they are mapped by A to
E(0) :={Ax € E| (c—6d)"x=0}. (38)
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We are now ready to outline the Projective Method for linear objective minimization.

Algorithm 9 (Projective algorithm for linear objective minimization).

Given an initial strictly feasible Xo = Axp € KX N E computed by Algorithm 4, generate

a sequence of matrices X; > 0 and a sequence 8} of objective values at strictly feasible

solutions x as follows. To update X, 0, x; 10 Xpy1,607,1,%5,:

Step 1. Compute the orthogonal projection X = Ax; of X; onto E (for the metric
(.2 X[') and check its positive definiteness. If X,': > 0, call the step productive
and go to Step 2. Otherwise, call the step unproductive, set

6; =6;_,, xx:=xi_, Ye=X;—X;
and go directly to Step 3.
Step 2. Decrease @ starting from 6; = ¢"x;/d " x; until the orthogonal projection X9

of X, onto E(#) (still in the metric <"'>X[') is about to leave K. More
precisely, find 8 < 8 such that

X = X{ (O]l 2099 and  X{ (8) > 0. (39)

Let §; be the resulting value, x; be the strictly feasible vector such that
X7 (65) = Ax}, and set

Yo := XE(6F) — X
Step 3. Update X to X.; according to
X = X7 — XX (40)
where the step size y; is selected such that X,;'l > 0 and
Det(Xg,,) > «Det(X;") (41)
for some fixed « > 1. Go back to Step 1.

Note that the first iteration is always productive since xo is strictly feasible and
consequently Xo = X{ € E. Hence xj is well-defined for all k > 1. Moreover, x} is by
construction a strictly feasible solution of .4x > O with corresponding objective value
O(x;) =6;.

Remark 10. Note that the objective remains unchanged when the iteration is unpro-
ductive (see Step |). Thus the method does not necessarily improve the objective at

each iteration, even though it still achieves some progress of its own in unproductive
steps.
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(1) decrease ¢

E(8])

XF(65) 4

(2) update X, based on X (67)

Fig. 5. Progress of the algorithm: first step.

Before discussing this modified algorithm and its convergence properties, we give a
graphical illustration of the algorithm progress. The first step is depicted by Fig. 5.

Given the initial feasible solution X, = Axg and the corresponding objective value 6y,
the objective value @ is decreased in a way ensuring (39) (see Section 4.2). This yields
a current best value #; of the objective as well as a matrix X{{(B{;) in E(65) N2(Xp).
The latter is used to update X; according to Step 3.

The following steps proceed in a similar fashion (see Fig. 6). First the matrix X is
updated until its projection X} = Ax, onto E regains positive definiteness. The value
0r = ©(x;) is then a feasible value of the objective, and we can decrease 6 down from
the value #; until (39) is satisfied. Denoting by 8 the resulting objective value, the
projection of X; (6} ) of X, onto E(8}) is used to update X; to Xgi.

4.1. Step size yi

First consider Step 3 and the determination of y; such that (41) holds. In unproductive
steps, the situation is completely similar to that in Algorithm 4, and from Section 3.2
there exists an adequate vy, that results in « = exp(1 — log2).

Next consider the case of a productive step. Here again the set-up parallels that of
Algorithm 4 with E replaced by E(8}). By picking 8} such that X; (65) is outside the
ellipsoid
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7

(1) project X; onto E

(2) decrease 8 O = CTxk/‘IT-"k

E(6})

(3) update X, based on X} (6})

Fig. 6. Progress of the algorithm: following steps.
$hoo(Xy) = {Y | ”Y — Xk“XL_" < 0.99}, 42)

the existence of some adequate y, is established as in Section 3.2, except that the
resulting « is now exp(0.99 —log(1.99)) instead of exp(1 —log(2)). This difference is
immaterial since exp(0.99 —log(1.99)) > 1 as well. Hence Step 3 causes no additional
difficulty.

4.2. Computation of 0;

Next we turn to the computation of §; in productive steps. Since A is a bijection
from R” to E, there exist two matrices Cy, Dy € E such that for all X = Ax € E,

<Ck,X) -1 =ch, Dk,X —1 =dTX. (43)
X, X,

Consequently, E(4) defined in (38) is an hyperplane of E with normal vector C;, — 8D,
and equation

E(0) ={X€E|{Ci—0D;,X)s=0}, S=X;. (44)

Using Pythagoras theorem in the triangle (X,, X}, X (#)) and the fact that X () is
the orthogonal projection of X;" onto the hyperplane E(8) with normal vector Cy — 8Dy,
the squared distance from X to X,f(ﬁ) is given by
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8%(0) = || Xk ~ X{ () I3
= [[Xe = XE 5 + 11X — X[ (O[5

(Cx — 0D, X%

ICe — 0D
From the previous subsection, we must find §; such that

(1) X} (65) is positive definite;

(il) X;7(6F) lies outside of the ellipsoid 12 90(X;) defined in (42).
Since the step in question is productive, X; = X; () is positive definite. If X,f_r already
lies outside £2.99( Xy ), simply take & = 8;. Otherwise,

o || Xi — X;|ls < 0.99 implies that

5(6:) < 0.99 (45)

since (Ck — Dy, XZ_)S =(c— ekd)Txk =0 by definition of 6.

e x;(6) must become infeasible as # approaches —oo. Otherwise, the objective would
be unbounded from below since the objective value at x;(8) is exactly 4, and this
would contradict our Solvability Assumption. As a result, X,‘f( ) = Axi(8) must
lie outside of the Dikin ellipsoid £2(X;) for small enough g, whence

= || X — X7 (15 +

”lir_n 8(0) 2 1. (46)

By continuity, (45)-(46) prove the existence of 8 < 6, such that 8(6;) = 0.99.
Observing that 8%(#) is the ratio of two quadratic expressions, this value 8} is given by
a simple explicit formula. Note that by construction X; (8;) belongs to the boundary
of the ellipsoid £2599( X;) and is therefore positive definite (see Lemma 1).

Remark 11. In the actual implementation of the algorithm, the value 6} derived above
is further decreased by a line search down to the value of § at which X;“ (8) leaves the
cone K.

4.3. Convergence and complexity

Denote by 6o the optimal value of the objective @(x) and by xope an optimal
solution of the problem (that is, such that A(xqpx) = 0 and @(xop) = Oopr); without
loss of generality, we assume that the 7-component of x,p is 1. What is meant by
polynomial-time convergence in the context of linear objective minimization? We say
that the algorithm converges in polynomial time if for some fixed “scale factor” R > 0
and for any £ € (0, 1), the objective value fop + Re is attained within a finite number
N, of iterations bounded from above by

Ne < O(mw(m,n)) log(C/e) 47

where m is the size of A(x), n the number of scalar variables x;, 7(.,.) is a polynomial,
and C is a data-dependent factor. For our purpose, it is convenient to take R := @(xg) —
Bope and C :=min{t | tXp > Xon} where Xo = Axo > 0 and Xop = Axop 2= 0.
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To prove polynomial-time convergence, fix € € (0, 1) and introduce
xe = (1 — &) Xop + &X0, X, = Ax,. (48)
Clearly x. is a strictly feasible vector such that
O(x:) < Bopr + Re (49)

(recall that the T-components of both xg and xqp are equal to [, so that &(x) = cTx for
X = Xo, Xopt: Xg). Let N, be the number of iterations performed until 8; < @(x.). To
bound N, from above, we use an argument similar to that of Section 3.3.

In Algorithm 4, the convergence proof relied critically on the following fact: given any
strictly feasible X = Ax € K, the quantity Tr(Xk_'X ) remained constant throughout the
updating of X, that is, Tr(XO_'X) = Tr(Xk_'X) for all k. Even though this property no
longer holds for the modified algorithm, the next lemma shows that for X introduced
above, we have Tr(X,;',Xz) < Tr(XA__'Xe) as long as 6; > O(x.), that is, for all
k < N.. As a result, Tr(XEXk“) is always bounded from above by Tr( XX, 1y, which
allows us to adapt the derivation of Section 3.3 to derive an upper bound for N.

Lemma 12. Let x; and X, = Ax. be defined by (48). Then
Tr(Xg, Xo) < Tr(X;'X.) (50)
holds as long as 0; > G(x,).

Proof. Consider some iteration k < N, where 8; > @(x,). If this iteration is unpro-
ductive, the updating is identical to that of Algorithm 4 and consequently Tr(X,Q_'IXe) =
Tr(X,:lxs). Assume from now on that the iteration is productive. We first show that

Xi(6;) — X =—a(Cr — 6;Dy) witha 20 (51
with Cy, Dy, defined by (43). To this end, consider x; and x} such that
X = Axy, Xi(6;) = Axy.

Recalling that X; (8} ) is the orthogonal projection of X, onto E(6}), and that E(6})
is an hyperplane of E with normal vector Cy — 6} Dy, the vector X; (6;) — X7 must be
collinear to Cy — 87 D;. In addition,
(Ck — Ok Da X{ (67) — X ) g1 = (c = 0:d) xt — (c— 0;d) T
=(0(x}) — 0))d"x; — (O(xi) — 05)d xs
=—(6—6;)d"x; <0

since @(xy) =6 = 07 = O(x}) and dTx, > 0 from Ax; > 0. This establishes (51).
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Back to the proof of (50), we have from (40):
Ve Tr((X; ' = XD Xe) = Te(X (X (67) — Xi) X, ' Xe)
=(X;(6) — X&., X, )x"
= (Xt(@,’:) - X,:F,XG;)X;x + (XZ_ - X, Xe)xk—l
Now,
o (X — Xk, Xo )X_x =0 since X;7 — X is orthogonal to E while X € E;
° from (51) it follows that
(XF0) — X, X )x—' =—a(Cy — 0; Dy, Xs)X,j'
=—a(c—0;d)Tx,
=—a(@(x,) — 6})d x,.
Summing up, we have established the identity
Ve Tr((X; ' = XD Xe) = —a(O(xe) — 67)d" x..

This completes the proof of (50) upon recalling that (1) @(x.) < 6; whenever k < N,
(2) v« >0, and (3) a and d7x, are nonnegative scalars. [

The argument used to prove Theorem 7 is readily adapted to derive an upper bound
on N from (50). Here X, plays the role of X and consequently, the resulting upper
bound on N, will be 1+ mlog{Condy,(X.))/ log« with logx > 0.99 —log1.99. Since
X:. = (1 —&)X* +&Xq and Xy, X, are positive definite, we clearly have Condy,(X,) <
C/e. This leads to the following result.

Theorem 13. Let Problem (35) satisfy the Solvability Assumption, and let xo be
a strictly feasible point (Axg > 0). For any € € (0,1), the number of iterations
performed by Algorithm 9 before a feasible solution with objective value less than
Oopt + £(O(x0) — bopt) is found does not exceed the quantity

log(C/e)

1 _
599 —log1.99°

where
C: mm{t | t.Axo Axcp(}

and Xop is the optimal solution of the problem.

S. Implementation and numerical results

From the previous discussion, solving the least-squares problem

;Tellﬂ{)' | Ax — Xk||X_ (52)
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is the main computational effort involved in each iteration of Algorithms 4 and 9. This
section shows that for control-oriented applications, much can be gained by exploiting
the specific block-matrix structure of each problem. Numerical stability issues near
the optimum are also addressed. Finally, experimental data on the running time and
computational overhead for a typical control application are reported. The details given
next pertain to the implementation of the Projective Method available in the release 1.0
of the LMI Control Toolbox [8,9].

5.1. Structured representation of LMIs

Henceforth, the discussion is implicitly specialized to the case of a single homogenous
LMI constraint

Ax=3"xd > 0. (53)

i=!

All arguments readily extend to non-homogenous LMIs and to the case of multiple LMI
constraints. The canonical representation (53) is generic and without further information
on the LMI structure, the LMI is best described by storing the upper triangles of the
symmetric matrices .4;. In most control applications however, LMI constraints are heavily
structured which renders the canonical representation quite inefficient. Specifically, most
control-like LMIs are of the form

n
Ax=) (L. ZR +RZ LT}, (54)

r=|

where L,, R, are given matrices and Z, is a particular instance in a collection 1;,..., ¥
of structured matrix variables, e.g., symmetric, block-diagonal, Toeplitz, etc. Here the
decision variables x;,...,x, are the free entries of Vj,...,¥ (taking structure into
account). From now on, (53) is referred to as the “unstructured” representation while
(54) is called the “structured” representation.

To illustrate the benefits of the structured representation, we use the following simple
example:

AYE" + EYAT <0, (55)

where A, E € RP*? are given and Y is a symmetric matrix to be determined. This
LMI would be called a generalized Lyapunov inequality. Note that this example is only
chosen for its tutorial value, and that in the particular case of Lyapunov inequalities,
additional properties could be used to further boost efficiency [19]. However, while the
speed-ups obtained in [19] are limited to Lyapunov or Riccati inequalities, the benefits
of the structured representation and rank-one linear algebra discussed below pertain to
the general class of structured problems (54). To clarify the subsequent argument, we
summarize the dimensional parameters involved in Problem (55):
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e p denotes the number of states in the problem, that is, the row dimension of A.

o n= %p( p + 1) is the number of decision variables (free entries of Y when ac-
counting for symmetry).

M= %p( p + 1) is the dimension of the image space S where AYET + EYAT takes
values.

n, denotes the number of terms in LMIs of the form (54). It is typically small
compared to n, and n, = | for the LMI (55).

In the flop counts and storage estimates given below, we only keep the dominant term
so that, e.g., 3p(p + 1) + 3p is approximated by 3p”.

An immediate benefit of the structured representation is in terms of storage require-
ment and cost of evaluating .Ax. Take the example (55). With the unstructured repre-
sentation (53), we need to store all .A; which uses §p* storage since there are n ~ Jp?
decision variables. By comparison, in the structured representation it suffices to store the
matrices A and E which uses 2p? storage. Similarly, evaluating .Ax in the unstructured
case costs $p* flops vs. only 2p* with the structured representation.

Thus, the structured representation is significantly cheaper in terms of storage re-
quirement and evaluation cost. More importantly, the computational burden attached to
solving the least-squares problem (52) can also be significantly reduced. This claim is
Jjustified next.

5.2. Rank-one linear algebra

The main computational effort in the Projective Method, as in any other interior-point
method for this type of problem, is the one required to project a given symmetric X
onto the range space of A in the metric {.,.)s where § > 0. That is, to compute the
solution x* € R” of the least-squares problem

i - X|s.
o | Ax IIs

Let
S=LL"
be a Cholesky factorization of S. There are two main linear algebra techniques to
compute x*:
o Cholesky-based approach: x* is the solution of the normal equation
Hx*=gq (56)

where A and ¢ are the matrix and vector with entries
Hij =Tr(ASA;S),  qi=Tr(ALXLT). (57)
To solve (56), we compute a Cholesky factorization

H=R"R
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of the positive definite matrix A and x* is then obtained by solving two triangular
linear systems. Note that # must be assembled as a preliminary to the Cholesky
factorization.

e QR-based approach: introducing the linear mapping £ defined on S by

L£:Zw— LTZL,
the least-squares problem is equivalent to

min | 1£Ax = LXk|Fro-

To solve this problem with the QR approach, we first compute the M X n matrix
B associated with the mapping £.A. Then, by an orthogonal transformation Q, we
reduce B to upper-triangular form:

QB=(§>, Qvec(EXk)=<2).

The least-squares solution x* is then given by solving
Rx* ={). (58)

Note that the n x n matrix R is nothing but the Cholesky factor of H, i.e., H= RTR.
In the unstructured case, there is no incentive at all for using the Cholesky approach
since (1) the cost of assembling H is comparable to the cost of the QR factorization
of LA, and (2) the normal equation (56) is more badly conditioned than (58) since
«(H) = k(R)? [10]. In the case of LMIs with structure (54), however, assembling the
Hessian becomes cheap which makes the Cholesky approach very appealing as long as
the least-squares problem remains relatively well-conditioned.

To evaluate the speed-up attached with the Cholesky approach, consider again the
simple example (55). The cost of the QR approach is easily estimated as follows: p/3
flops to form the matrix B (i.e., compute LT A;L for i =1,...,n) and 2Mn? = p®/4 10
perform the actual QR factorization. In comparison, the Cholesky approach costs n/3=
p®/24 to factor the Hessian matrix H, to which we must add the cost of assembling
H. As mentioned earlier, this cost is comparable to that of the QR factorization of
B in general since H = BTB. However, it drops by orders of magnitude for LMIs of
the form (54). To see this, denote by {e;}i1. ., the standard orthonormal basis of the
design space R", and consider the term-oriented representation (54). Then H;; can be
decomposed as

My "

Hyj=) ) Hj

r=1 s=1
where
H =Tr{S(L,ER" + R,E; LT)S(L,E;R] + RE]L])}
=2Tr{E;(R'SLy)E;(RYSL,)} + 2 Tr{E] (LTSL,)E;(RTSR,) } (59)
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Table 1
Relative expense of the Cholesky and QR approaches
Cholesky approach QR approach
Assembling Factorization Total
O(Np*) rtj2a Np®/4

and E;, E; denote the values of Z, and Z, for x = ¢; and x = e;, respectively. For typical
matrix variable structures, E; and E; are low-rank matrices, i.e.,

@ B

T T

Ei= 28111'5;,,-, Ej= 281,'5,,-,
h=l P

where a, B are small integers (0, 1, or 2 in most cases) and &, § are canonical vectors
of the appropriate space.
Using this low-rank decomposition of E; and E;, we obtain

a B
HE=2> "> {18} (RISLy)ey;) x [8];(RYSL,)en]
h=1 I=]

+ L& (LT SLy)e;] x [8;(RYSR)Oni] } . (60)

Now, this expression can be evaluated in O(1) flops since
o All matrix products RISLs, RISL,, ... can be computed beforehand (once for all
H;;) at a negligible cost.
e The scalar products 8}, (RSL;)s;, 8);(RTSL, )&y, .. . simply amount to selecting
particular entries of these pre-computed matrices.
As a result, each entry H;; of H can be assembled in O(n?) flops by exploiting the
structure, and H is therefore assembled in O(n?n?) flops.

We call this assembling scheme rank-one linear algebra. In example (55) where
n, =1 and the rank of E; (value of the matrix variable Y for x = ¢;) is at most two, the
precise cost of assembling H is

e 3p3 flops to compute the matrices ETSE, ATSA, and ETSA (once and for all);

¢ 8 flops to evaluate each H;; via (60), yielding a total of p* flops since there are

p*/8 entries to be evaluated.
The overall cost of the Cholesky approach is therefore p%/24. Table 1 summarizes the
previous analysis. The flop counts are given for a system of N Lyapunov inequalities of
type (55).

These figures are clearly in favor of the Cholesky approach. Note that the cost of
QR grows linearly with the number of LMI constraints, while the dominant term in the
Cholesky approach is invariant since it only depends on the number of variables in the
problem. In the general case of block-matrix LMIs such as
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ATX + XA+ CTC XB 0
BTx —t! ’

the block structure of the L, and R, factors can be further exploited to eliminate all
multiplications by zero blocks. Overall, the rank-one assembling scheme is very efficient
as long as the average number n, of terms involving a given decision variable x; remains
small. Finally, note that for an LMI

A+ +x,A4,<0,

where A),...,.A, are unstructured p x p matrices, the structured representation does
no worse than its unstructured counterpart provided that we exploit the scalar nature of
the variables x,...,x,.

Remark 14. In linear objective minimization, the optimal solution lies on the boundary
of the cone K. When the optimal objective value ought to be computed with high
accuracy, numerical instability may occur in the final stage of the iterative process as
we come very close to the boundary of the feasible set. Indeed, X; = Ax; is then
nearly singular, and § = Xk_1 has a large condition number. As a result, the least-squares
problem may be badly conditioned, in which case the normal equation becomes difficult
to solve accurately since its condition number is roughly the square of that of the the
least-squares problem, i.e., the condition number of R. In fact, the Cholesky factorization
of H may even fail due to rounding errors. When this happens, there is no alternative but
switching to the QR approach to solve the least-squares problem. Fortunately, the QR
steps are typically a small proportion of the total number of iterations and are ofien not
needed if a relative accuracy of 1% on the optimal value is acceptable (see Section 5.3
for details).

5.3. Numerical results

The Projective Method as implemented in the LMI Control Toolbox has been tested
on a wide variety of control-oriented applications. The qualitative conclusions of these
experiments are as follows:

o The method is fairly fast when the desired relative accuracy on the optimal value
of (35) is not too high, i.e., around 1072, In particular, it quickly finds a feasible
solution and knocks off most of the inaccuracy in the objective.

s The total number of iterations seems to be almost independent of the problem size
and typically ranges between 20 and 30 for well-conditioned problems and between
40 and 60 for badly conditioned ones.

e When a high accuracy is required, the need to switch to QR-based linear algebra
significantly increases the running times and the final iterations account for most of
the computational burden. For large problems with a thousand variables, this may
result in relatively large running times (see Table 1).
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Typically, the rank-one phase produces solutions within 1-5% of the optimal value.
Since such accuracy is generally sufficient in control applications, it can be argued that
the method is highly efficient for most practical purposes.

To iflustrate these conclusions, we present detailed numerical results for the following
LMI probiem drawn from H control (see, e.g., [7]):

Minimize ¥y
AR+ RAT B, RCT

subject to N, Bl  —yI D, | M2<0
CiR  Dn —vyl

ATS+SA $B, CT
N BTS —yI DY, | Ny <0
C Dy —vyl

R 1
(F1) >0

Here the variables are the two p x p symmetric matrices R and S and the scalar .
Accordingly, the dimension of the design space is n=p(p+1) + 1.

This linear objective minimization problem was solved for various values of the
state-space dimension p and with the additional constraint

Ixf2 < 107.

Two experiments were conducted:

(1) Optimization using only rank-one linear algebra.

(2) Optimization with a required relative accuracy of 10~ on the optimal .2
All problems were randomly generaied and can therefore be considered well condi-
tioned. Since such problems can also be solved by direct linear algebra techniques [5],
we compared the optimal value obtained by LMI optimization with the Riccati-based
optimum to derive the final relative accuracy estimates.

The results of these experiments appear in Table 2. The CPU times are for a DEC
Alpha 200 4/166 workstation. The number of states, the total number of scalar variables,
and the dimension of the image space S are denoted by p, n, and M, respectively.

Table 3 indicates the distribution of the CPU time (in %) between the various linear
algebra tasks. These figures are relative to the second experiment and confirm the high
cost of the final few QR-based iterations.

2 There is an additional built-in test to detect when the required accuracy is achieved which is as follows:
at a productive iteration k, when an imiproved value of the objective #; is obtained, we compute the matrix
Xe=X ,f((); —&), 6 being the required absolute accuracy in terms of the objective value, and check whether the
matrix Z; = Xy — Xy is positive semidefinite. If it is the case, then the actual optimal value is 2> 0’ = 0z — 6,
since the positive semidefinite matrix X, 'Zka_' is orthogonal (in the Frobenius Euclidean structure) to the
plane E(8') and therefore gives a separator of the cone of positive semidefinite matrices and the plane. Thus,
the indicated test provides us with a sufficient condition for detecting that the required accuracy is already
achieved.
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Table 2

Experimental results

V4 n M First experiment (rank-one only) Second experiment (107%)

iter. relative error CPU time iter. relative error CPU time

8 73 292 18 2x 10™* 2 23 2 x 106 4"
12 157 680 18 2x 1074 7 24 2x 1073 23"
16 273 1178 18 2% 1072 20" 25 3% 1073 1'57”

20 421 1750 19 6x 1073 1'00" 25 1 x 10—¢ 6'20”

24 601 2436 19 2 x 10~? 244 24 5x 1073 16°00”

28 813 3236 19 2 x 103 7°00” 24 1 x 1073 39°45”

32 1057 4242 20 4x10~3 15°00” 26 3x 1073 1h30°00”

Table 3

Distribution of CPU time

P Assembling H Cholesky QR factorization Other
8 20 2 50 28
12 15 2 69 14
16 8 3 82 7
20 7 5 84 4
24 7 6 83 4
28 5 8 82 5
32 4 7 85 4

6. Conclusions

A first-principle and comprehensive description of the Projective Method for solving
LMI problems has been given. As a modern interior-point method, this algorithm has
polynomial-time complexity and extensive practical experience confirms its high perfor-
mance on LMI problems. In the context of control-oriented applications, the Projective
Method can be implemented in a highly efficient manner so as to minimize the compu-
tational overhead per iteration. In addition, experimental results suggest that the number
of iterations grows very slowly with the size of the problem.

Appendix A

Proof of Lemma 5. Let § := X~!. The first identity is immediate from the definition
of
Tr{y?} =Tr{S'2(X* — X)S(X* — X)$"?} = Tr{S(X* - X)S(X* - X)}
=[xt - Xi5 = o

To derive the second identity, observe that
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Xt — X|3=Te{S(X* — X)S(X" - X)}
=Tr{S(X" — X)SX*} — Tr{S(XT — X)SX}
=(Xt - X, X*)s — Tr{S(XT — X)}.

Now, (XT —X, X")s =0 since X7 is the orthogonal projection of X onto E for the inner
product (.,.)s. Consequently,

=—Tr{S(Xt - X)} = —Te{S/2( Xt - X)§'*} = —Tr(y). O
Appendix B

Proof of Lemma 6. Using a series expansion of the log function, we obtain

m

o kAk
() =logDet( — ) = 3 log(1 — 74 = Yy

i=1 k=1 =)
n oo m ‘)/kAk

SR DI B I

k=2 =l k=2 i=1

(B.1)

In the last identity we used that Tr(y/) = —p? (see Lemma 5). Now, for k > 2 we have
m ‘ n ) k—2 2 k2
2] < () (mas ) = el
= =

using this time Tr(¢?) = p®. From the expression (B.1) of 7(y), it follows that

O k2 k=2
w0 > 90t =Y L = 2y 08 (1= ye) + 701}
k=2

which is exactly (32).

Elementary calculus shows that the right-hand side is maximized for y* = 1/(1+po0).
Finally, to establish 77* > 1—log 2, first observe that the function f(t) = ¢t~2(t—log(1+
1)) is monotonically decreasing for ¢ > 0 since

! )
f(t)=t_2/(t_7)(1+7)—2d7=/(1—S)(l-f-ts)—zds.
0 0

Two cases must now be distinguished:
o If poo < 1, then 7* > p2f(1) = p*(1 —log2) > 1 — log2 (recalling that p >
from (24) since we assumed that £2;(X) NE =0).
» Otherwise, we have 7* > p®p32(1—log2) since t — t—log(1+1) is monotonically
increasing. Now, p > po, since from Lemma 5:
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m

2 2 } : 2 2 2
p =Tr(¢*) = “>=m S=po .
r¢) - /\' ~ l?iaZXIn/\’ oo
=

Hence 7* 2 | — log?2 also holds in this case. []
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