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S u m m a r y :  In  this paper,  sufficient statistics for the parameters  a and v 
of the PARETO distr ibut ion are obtained.  Using sufficiency, it is shown tha t  
the stat is t ic  

N ( y i / Y 1 )  Z -- ~ log 
~=1 

is s tochast ical ly independent  of  the  sufficient s tat is t ic  Y1. Using suf- 
ficiency and stochastic independence of  Z and Y1, the  exact  dis t r ibut ion 
of  the  m a x i m u m  likelihood es t imator  ~ is derived. 

1. Introduction 

I t  is well known t h a t  a PARETO distr ibut ion 

/ ( x )  -~ v a V x - V - 1  a > o, v > o, x ~_ a (1.1) 

Provides  reasonably  good fits to dis t r ibut ion of  income and of p roper ty  
values. For  detai led arguments  on the existence of  such dis tr ibut ions in 
economic life the rcader  is referred to the  discussions by  DAvIs, HAG- 
STROEM [1925, 1960] and MANDLEBROT [1963]. 

Le t  X 1 . . . . .  X N be a r andom sample of  size N f rom (1.1). Le t  
Y1 ~ Y2 ~ • • • ~ YN represent  X1 ,  . . . ,  X W when t h e l a t t e r  are ar ranged 
in ascending order  of  magni tude.  Then  Yi (i z 1, 2 . . . . .  N) is called the 
i th order  s tat is t ic  of  the r a n d o m  sample X 1 . . . . .  X N. Then  it  is easily 
seen [9] t ha t  the  m ax imum likelihood est imate  of a is Yl --= 1V[in (X 1 . . . .  , X N )  

and  t h a t  of  v is 
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I n  this paper ,  sufficient s tat is t ics  for the  pa r ame te r s  a and  v of  the  
PARETO dis t r ibut ion  are obta ined.  I t  is shown t h a t  Y1 = Min (X 1 . . . . .  XN) 
is sufficient for a when v is known;  the  sample  geometr ic  m e a n  g is suf- 

ficient for v when a is known,  and  Y1, ~2 log Yi is a jo int  set of  sufficient 
i=1 

stat is t ics  for (a, v), when bo th  are unknown,  where (Yl, Yo . . . .  , Yzv) arc 
the order  s ta t is t ics  of  the r a n d o m  sample .  Using sufficiency, it is shown 

N y~ 
t h a t  the  s ta t is t ic  Z = ~ tog - -  is s tochast icMly independent  of  the  suf- 

i=1 Y~ 
ficient s ta t is t ic  Y~. Using sufficiency and  s tochast ic  independence of 
Z and  Y1, the  exac t  d is t r ibut ion of the m a x i m u m  likelihood e s t ima to r  ,~ 
is derived.  

2. Sufficient Statistics and Stochastic independence 

T h e o r e m  1 : Le t  X 1, X 2 . . . . .  X N be a r a n d o m  sample  of  size N t h a t  
has p. d. f. 

/ ( x )  ---- v a V x  - v - 1  a ~ o, v > o, x > a (2.1) 

Then  the  sample  geometr ic  mean  g is a sufficient s ta t is t ic  for v for 
known  a and  Y1 z M i n  ( X 1 ,  X 2 ,  . . . ,  X N )  is a sufficient s ta t is t ic  for a for 

known v and  log Y1 is a joint  set  of  sufficient s tat is t ics  for (v, 
"= Y1 

a) when  bo th  are unknown.  

Proof :  (i) a K n o w n  

I t  can be easi ly shown t h a t  the s ta t is t ic  U = log X 1 4- log X~ 4- . . .  4- 

4- log X N has  the  p. d. f. 

i N 
g (%; V) - -  F (N)  lu  - -  N lo~ a ) N - l e  - v ( u - N l ° g a )  

u - -  N log a > o 

Accordingly,  the  joint  p. d. f. of  X 1 . . . . .  X v f rom (2.1) m a y  bc wr i t ten  as 

] w Y a N v x l  - v  - 1 . . .  XN  - v  - 1 = (U - -  N log a) N - 1 e -v(u -.~v zoo a) 

(u - -  N log a) N-1  xl . . .  XN 

= ~/(U; V) H(Xl ,  x2, . . . ,  XN) 

I n  accordance with  the FISI~ER-NEYMA~ cri terion [HOG, CRAIG, p. 262], 
U = l o g X  1 4 - 1 o g X  24-  . . .  4- l o g X  N is a sufficient s ta t is t ic  for v for 
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known a. Since the sample geometric mean  9 is a funct ion of u and N 
only, the sample geometric mean g is also a sufficient statistic for known a. 

(ii) v K n o w n  

The statistic Y1 -= Min (X1, X 2 . . . . .  X N )  i. e., the first order statist ic 
in a random sample of size N has the p. d. f. 

g(Yl) --= NvaNV Yl _:~Tv-1 a < Yl < 

The joint  p. d. f. of X 1, X~ . . . . .  X N from (2.1) m a y  be wri t ten 

v2VaNvXl-V-1 " "" XNv-- - - I = [ N v a N V y l N V - - I ]  [lvN-I(xlx2L--'v " ' "  xN)-°- 'YN'+I]  

= g(Yl, a) H ( x  1, x~ . . . . .  XN). 

In  accordance with  the FISHER-NEYMAN criterion [HOGG, CRAIG, p. 262], 
Y1 ---= M_in (X1, X~, . . . ,  Xlv ) is a sufficient statistic for a for known v. 

N Yi 
(iii) Both  u n k n o w n .  The p. d. f. of U = ~ log - -  derived in Theorem 3, is 

i=1 Y1 
vN--1 

f (z) =- F(N -- 1) z N - 2  e - v z  • :> 0 

On the  other hand,  the likelihood of  the sample m a y  be rewri t ten as 
--V --1 L---- vNaNVy~ - ' - 1  . . .  y N 

= g(z, Yl;  a, v) H ( y  1 . . . . .  YN) 

= g(Z, Yl; a, v) H ( x  1, . . . ,  XN). 

In  accordance with the FISHEmNEYMA~ criterion [HoGG, CRAIG, p. 262] 

Z = ~ log Y1 is a joint  set of sufficient statistics for (v, a). 
i = l  Y l  " 

Theorem  2: Le t  X 1, X 2 . . . . .  Xiv denote a random sample of size N 
from a distr ibution having a p. d. f. 

/ ( x )  = va~x - v - 1  a > o, v > o, x > a 

Let  Y1 < Y2 < . . .  < Y N  denote the order statistics of this r andom 

sample. Then Z ---- ~_~ log is stochastically independent  of the suf- 
i=1 Y 1  

ficient statist ic Y1. 

Proof:  

Since the dis tr ibut ion of Z is uniquely  determined by  its moment  
generat ing funct ion M z ( t  ). To establish the  independence of Z and  Y1, 
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we have to show that  Mz(t ) does not depend upon a, since the p. d. f. of 
Y~ is complete. 

The moment generating function M z ( t  ) is given by 

N 
Y i  

I Z log f~  N 

M z ( t )  = a a , J i ' "  e N !  v X a  A~" 1~i=1 Y l " - l d Y i  

Make the transformation 

a ~ a 
w l  = w ,  = w = - - .  

1 YN 

The transformation is one-to one, ] J  ] = a N, and it maps 

a < y l < Y 2 <  . . .  < y N  ~ 
into 

consequently, 
0 < W N < W N _ I  < " ' "  < W l  < 1 

N 
wl t ~ zoo--  )v " a ' - V - 1  

M z (t) = ' . . .  e IV  !aYVv  N 
i ~ l  

dw t I J 

(2.2) 

Substituting I J l = aN in (2.2), we get 

N 

t Z  log wl. N 
ltyt 

M z ( t  ) =  . . .  WN-2 wN-1 e N ! v  ~ ~ w~. dwi 
J 0  d 0  i = 1  

which clearly does not depend upon a. Thus, by a Theorem given in [ItoGo, 
CRAIG p. 232], the distribution of Z does not depend upon a, and so 

N 
Z ---- ~ log Yi 

i = 1  Y1 
is stochastically independent of Y1, the sufficient statistic for a, since 
the p. d. f. of Y1 is complete. 

3. Distribution of the Maximum Likelihood Est imator  of v 

Theorem 3: Let X 1, X 2 . . . .  , X N be a random of size N from a distri- 
bution having a p. d. f. 

](X) = vaVx - v - 1  a > o, v > o, x >_ a. 

Let g be the sample geometric mean and Y1 = Min ( X  1 . . . . .  XN) .  Then 
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g is given by  the p. d. f. of  S = log 

V N -  1 N N -1  
g('~) --  F(N -- 1) s Y - 2  e - vNs  s > o (3.1) 

Proof :  

We make  the observat ion t ha t  

N X i  
log = l o g X  2 +  . . . + l o g X N - -  ( N - -  1 ) l o g X  1 

i=l  X 1  

does no t  depend on the  ordering of  X 2, Xa, . . . ,  X N. Thus, if  we take  

X 1 < X 2 ,  X 3 . . . . .  X v 
x Yi N X. 

i=IE log Yll = /~----1 log Xll 

and the condit ional  dis t r ibut ion of  X 2, X a  . . . .  , X N, given X a = x 1, is 

l(x~) . . . / (xlv) 
~(X2' " ' ' '  XN I l l )  = [1 - -  F - ( X l ) ~  ~ 1  Xl <~ x2 . . . .  ' x N  

The character is t ic  f imction of 

N y~ N X~ 
Z = ~ log = ~ log g i v e n  X 1 ~--- X I is 

i=1  

x, _11 / 
O(t) = E e Xl - -  ~', 1 - -  F ( x  0 

This follows from the fact  t ha t  each X i, i = 2, 3, . . . ,  N, given X 1 = xl, 
has the same distr ibution and the X i, i = 2, 3 . . . . .  N are condit ional ly 
mutua l ly  independent .  

The p. d. f. of  Z is given by  
~cD 

/(z) = ~ .-~t~ O(t) dt 
/ - -  o o  

400 

1 i e -Uz 
2 r :  

--oo 

l ~ooll log ~ 1 N - 1  

dt (3.2) 

Subs t i tu t ing  F ( x l ) =  1 - - a V x ~  x, and af ter  some algebraic simplifications 
(3.2) reduces to 

/ (u )  - -  2 ~: J _ ~ ( v  - -  i t)  N - i  
(3.3) 
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I t  is shown in [8] that  
oo 

f e ibx dx  2 r~ ba_ l e_vz  (3.4) 
( r - i x ) o  r(a) 

Now using (3.4), we have 
V 

/(z) - -  F(N -- 1)z'V-2 e-~'~ z > o (3.5) 

N Y i  
(3.2) is the conditional distributions of Z---- ~ log y ~  given Y1. Since 

Yl is a sufficient statistic and since the p. d. f. of Yl is complete. By Theorem 2, 

Z = ~ log Yi i=1 ~ and Y1 are independent and thus the conditional distri- 

bution of Z = log Y1 given Y1 ~ Yl is equal to the unconditional 
i ~ l  

N Yi 
distribution. So the p. d. f. of Z = ~=x ~ log ~ is given by (3.5). But  

Z = log Y1 can be rewritten as 
,=1 

N Y i  
Z ~ ~]  log ~ =- log Y~ + log Y: + . . .  + log yY - -  N log Y1 

i = l  

1 

Y I  Y2 " "  Y N  Y2 " "  Y~v)N] 'v 
= l o g  )/; log -] 

o r  

g 
Z ---- N log YI" 

g 
Setting log ~ ~-- S and making the transformation Z = N S ,  (3.5) reduces to 

v N - 1  N N - 1  
g(s)  - -  F(N--1) s N - 2  e -VN~ S > O. 

I Corollary : The p. d. f. of the maximum likelihood estimator ~ =- log 

is given by 

v y - 1  IV N-1 1 - ,~-N ~3 > 0 (3.6) 
g(~) = r ( N -  1) (v) :re 

Proof: 

Making the transformation ~ = 
1 
- in (3.1) and multiplying by the 
8 
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1 
Jacob ian ,  I J I = ~ ,  we get  (3.6) the  p. d. f. of  the  m a x i m u m  likelihood 

v 
2 N v  . 

es t ima to r  ~. We  also no te  t h a t  the  dis t r ibut ion of  is x~-distr ibuted 

with  2 N - -  2 degrees of  f reedom. 
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