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ON L!-VORTICITY FOR 2-D INCOMPRESSIBLE FLOW

Italo Vecchi, Sijue Wu

We prove the existence of a classical weak solution for the 2-D incompressible Euler
equations with initial vorticity wo = w} + w{/, where w} is in L'(R?)n H~1(R?),
compactly supported, and w{ is a compactly supported positive Radon measure
in H71(R?).

1. Introduction

The Euler equations for an inviscid incompressible 2-D fluid flow are given
by

%+v-Vu=—-Vp ZERz,t>0

dive =0

v(z,0) = vo(z)

where v = (v1,v,)! is the fluid velocity, p is the scalar pressure, and vy is an initial
incompressible velocity field, i.e. divvy = 0.
In Di Perna-Majda’s fundamental paper [3], the following problems are studied,

(we refer to [3] for notation and terminology.)

Problem 1. Assume that the initial incompressible velocity field v, vanishes as
|z] — oo and that the vorticity wp = curlvp is a Radon measure contained in
Sobolev space H;;1(R?). Is there a classical weak solution v(z,t) of 2-D Euler

equation with initial velocity field v,?
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Problem 2. Given an initial velocity field vy with the same properties as in
Problem 1, assume that v¢(z,t) is an approximate solution sequence for 2-D Euler

equations such that at time zero
v¥(=,0) = () + 7°(=)

and

[15°(0) — %ol + [15°(0) — Bo|| — ©

as € — 0. Does v*(z,t) converge to a classical weak solution of the Euler equation

with initial data vo(z) as e — 0 ?

The definition of a classical weak solution for the 2-D Euler equations is given

in [3] as follows.

Definition. A velocity field v(z,t) € L>=([0,T), L*(R?; R?)) for any T > 0
and vanishing as |z]| — oo is a classical weak solution of the 2-D Euler equations
with initial data vo(2) provided that

(1) for all test functions & € C°(R? x R*; R?) with div® =0,

//(‘I‘g-v+V<I>:v®v)dzdt=0;

(2) the velocity is incompressible in the weak sense, i.e., for all ¢ € C$°(R? x

RY),
//V¢-vdzdt=0;

(3) v(=,t) € Lip([0,T), H;Z(R?)) for some L > 0 and vy(z,0) = vy(z) in
HE
Here v ® v = (viv;), V® = (8%;/8z;), and A : B denotes the matrix product
2,5 @ijbije

In [3], Di Perna and Majda construct approximate solution sequences v*(z, )
in different ways and study the related concentration-cancellation phenomena.

There are many other works devoted to these problems. See, among others, [4],

[8].
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The key point in proving that a weak limit v(z,¢) of an approximate solution
sequence v*(z,t) is a classical weak solution of the 2-D Euler equations is to

2 2
prove that viv; — viv; and v{® — v§

— v? — v]. Here “—" denotes weak
convergence in the sense of distributions. By assuming that initial vorticity
wo = curlvg € L2, (R?), with p > 1, Di Perna and Majda [3] prove that the
weak limit v(z,t) is a classical weak solution for 2-D Euler equation by using
Sobolev embedding theorem, whereas J.M. Delort [1] proves it for initial vorticity
we = wy + wy, where wy is a compactly supported positive Radon measure in
H-'(R?), and w{ is in L?, p > 1, and compactly supported.

In this note, we prove the existence of a classical weak solution v(z,t) for
the 2-D incompressible Euler equations with initial vorticity wy = wj + wy,
where wj, is in L*(R?) N H~!(R?), compactly supported, and w§ is a compactly
supported positive Radon measure in H~!(R?). Moreover, we prove that the
vorticity w(-,t) = curlv(-,t) stays in L!(R?) for each time ¢ > 0 if the initial
vorticity wg is in L!(R?). The new element in the present paper is the idea of
using Dunford-Pettis theorem to show that weak L} -convergence is preserved

by the flow. Again by Dunford-Pettis theorem, this is sufficient to apply Delort’s
argument.

Note. After completion of this paper J.M. Delort kindly informed us that
that P.L. Lions had commented to him on the possibility of proving the result
described here. Actually such remark is referred to in a footnote on page 9 of [2].
However, to our knowledge, not even the hint of a proof has ever been published.
We would like to thank Prof. Delort for his remarks and for making reference [2]
available to us. Moreover, we would like to thank Bob Kohn for his support.

2. Main Results

Notations. Let z = (z1,2;) be the coordinates on R?, D'(R?) denotes the
space of distributions on R? and M(R?) is the space of Radon measures on R?.
If ¢ € D'(R?), we denote

8 ,
Gp=32, i=L2 Ve=(8pby),
zj

Vip = (=80,010),, Ap = (8] +8})e.
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If v = (v;,v2)* and w = curlv is compactly supported, we have
v=ViAly,

where
u=A"lw= /log |z — ylw(y) dy.

Moreover we recall that if w is a radially symmetric function in C$°(R?), then
v = V+A-1w is a stationary solution of 2-D Euler equation.

Theorem 1. Suppose wy is a compactly supported function on L' N H ~*(R?)
and let vo = VX A~lw,. Then there exists a function v € L2.(R; L} (R?; R?)),
and a function p € L2 (R; D'(R?)), s.t. (v,p) is a classical weak solution of the
2-D Euler equation:

%tv-+v-Vv=—Vp z€R, >0
(2:1) dive =0
v(z,0) = vo(z)
Moreover, v(z,t) = #(z) + 9(z,t), where 8 = V+A~'w, with ® € C{°(R?)
radially symmetric and [ ®(z)dz = [wo, € L{.(R; L*(R?; R?)). The vorticity

w(+,t) = curlv(-,t) is in L'(R?) for every t > 0 and

[lw(-, )il prcry < llwollz1-

By combinning with the result of J.M. Delort [1], we have Theorem 2. Suppose
wo = wh+wf, wherewf) € L,,,,NH}(R?), wy is a compactly supported positive
Radon measure in Sobolev space H~1(R?). Let vy = V+A~'wy. Then there
exists a function v € L3> (R; L2,.(R?; R?)), and a function p € L3 (R; D'(R?)),
s.t. (v,p) is a classical weak solution of the 2-D Euler equation (2.1). Moreover,
v(z,t) = 8(z)+5(z,t), where® = VA9, with® € Cg°(R?) radially symmetric
and [ d(z)dz = [wy, ¥ € L{S(R; L*(R*; R?)). The vorticity w(-,t) = curlv(:,t)
can be decomposed asw(z,t) = w'(z, t)+w"(z,t), wherew'(z, t) € L=(R; L'(R?))
with

o' Dllzscany < oz,
for all t > 0, and w"(-,t) is a positive Radon measure for each t > 0 with total

mass bounded by the total mass of w{.
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3. Proof of the theorems

In [3] Di Perna and Majda construct approximate solution sequences for the
2-D Euler equation by smoothing the initial data. For completeness we repeat
their construction here.

We consider an initial velocity field vg such that
(3.1) wo = curlvy € H b, (R?) [ M(R?).

Choose p € C§°(R?), p 2 0, [p =1, and define v§ = p, * vy, with p.(z) =
1

e—z-p(g), then v§ € C®(R?) and w§ = curlv§ = p, * wy € CL(R?). It is well
known (see [6]) that the 2-D Euler equations have a smooth global solution
v*(z,t) so that v¢(z,0) = v§(z). Setting w*(.,t) = curlv®(:,t), we have that

w'(z,t) € C(R; C3°(R?)), and

(3:2) 8t

Ow +(@-V)w*=0 =zeR}t>0
w(z,0) = w§(z).

So w*(z,t) = wi(Us ,()), where U; ,(z) is a solution of the ODE

(33) { 2 s ) = v (U2 (), )

Uf't(z) =z

The Jacobian of z +— Ug ((z) is identically equal to 1 for all £ > 0, € > 0, since
divv® = 0, (see [6]). Consequently,

(3.4) /w'(z,t) dz = /w;(z)dz zs /wo for all t,e > 0,

(3.5) / (2, 8)] dz = / ot (2)| dz < / o]  forall e > 0.

I is shown in [3] that v*(z,t) = v¥(z,t) + #(z), where 5 € L2 (R; L*(R*; R?))
uniformly in ¢, i.e. for all T > 0, there is a constant Cz, such that

(36) sup sup [|%°(:,t)||L2(r2;R2) < Cr-
0<t<T 0<e<1
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Moreover #(z) = V1A-lw(z), with @ € C{°(R?) chosen s.t. @ is radially
symmetric and [(z)dz = [ wy. The velocity field 5(z) is a stationary solution
of the 2-.D Euler equation and satisfies

3.7) 222 (1 + [=Dollz= + (1 +[2])*Vollz=) < Cr,

for all T > 0, where Cr is a constant depends only on T'. Therefore for all T > 0,
v¢ € L=([0,T], L}, (R?; R?)) uniformly in e. Moreover v¢ € Lip([0, T}, H;;X(R?))
and v¢ is uniformly Lipschitz [3, Lemma 1.1]. So there is a subsequence of v¢, which
we do not relabel , such that for all t > 0 fixed, thereis a function v(-,t) € L} (R?),
which is the weak limit of v*(-,t) in L? (R?), so that

(3.8) v(-t) — v(,t), ase—0.
For the corresponding vorticity sequence w*(z,t) one has
(3.9) we(+,t) = w(-,t)  weak * in M(R?).

with w(,t) = curlv(-,t) € M(R?)(\ H~'(R?), since for all t > 0, w'(z,t) €
L'(R?) uniformly in € (3.5). It is easy to see that v(z,?) is also a weak limit of
v*(z,t) under the topology L} (R? x R*) (by Lebesgue’s convergence theorem).
Therefore v(z,1) satisfies all the properties in Theorem 1.1 of (3], and moreover,
v(z) = 9(v,t) + ®(z,t), where %(z,t) € L2 (R; L*(R? : R?)). In order to show
that v(z,t) is a weak classical solution of Euler equation, we only need to show

that for any ¢ € C§°(R? x RY),
(3.10) / / o (2, )iz, )6(z, t) dz dt — / / vi(z, t)va(z, (2, 1) dz dt

and
(3.11)
/ [t - o5 e etz ) et — / / (@322 1) — w322 )(2s8) da dt.

We only prove that (3.10) is true under the conditions of Theorem 1 or
Theorem 2. The proof of (3.11) is similar. By Lebesgue’s convergence theorem,
we only need to show that for any ¢ € C$°(R?),

(3.12) / of (2, £} (2, t)(z) dz — / o1(2, ) (2, 1)(z) d,
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for a.e. t > 0. We proceed as in [1].
Fix t > 0, take ¢ € C°(R?) and assume that supp¢ € Bg(0). Taking
¥ € CP(R?), s.t. (z) =1, for |z| < R, since v* = VLA~ w*, we have

(3.13) /v{(z,t)v{(z,t)d)(z)dz = /w‘(z,t)w‘(y,t)H¢(z,y) dz dy,

where

Z1 Y2 —

3.14 H =cpo. [ 2L d

( ) ¢(z7y) cpv I zlz |‘.¢/ zlz ¢(Z) Zy

c being a universal constant. (In the following, we use the letter ¢ to indicate a
ng

universal constant, which may be different in each case.) We know that (see [7])

Ty -2 ¥
(3.15) pov. Fvﬁ l; 7 2 dz = ch(z —y),
where
T1T2
3. =
(3.16) ) = 225

Now setting

617 r@y) =epo. [ Cm R (B(0(E) ~ H)b(a)) d,

we have
(3.18) Hy(z,y) = ch(z - y)¢(z)¥(y) + r(=,y)-
It is easy to check that r(z,y) € Lip*/3(R?) and

(3.19) r(z,y) < when |z| + |y| > 1.

= Tel+ ol + l’
Therefore by the fact that

we(-,t) = w(-,t)  weak » in M(R?),
and by Ascoli-Arzela’s Theorem,

(3.20)
[ 00,0001 - xtz — A= - 99D ) + 7o) ddy

— [ wle,0(u,1((1 - x(z - )bz = D) + r(z,)) de d
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where x is any C§° function satisfies that x(z) = 1, when |z| < §, for some § > 0.
As in [1}, the following lemma implies (3.12). Lemma 1 Assume the conditions

as in Theorem 1 or Theorem 2. Then for any integer j, there is §;, ¢;, s.t.
(3.21) / o (2, )0 (v, )l (2, )| dedy < 1/j,  forall 0 < e < ¢;.
Jz—vl<8;

Proof. Suppose that wg = wj) + wf, where wj € L*(R?) and w{ is a positive

Radon measure. Then
(3.22) w*(2,) = wi(Us 1()) = w'5(Us () + w"5(Us +(2)),

where w'y = w{ * p,, and w"; = w} * p,, therefore we have that w'y — w}
in L}(R?). We write w'(z,t) = w's(Us (), w"*(z,t) = w"g(US(z)) where
w"*(z,1) is positive.
As in [1], it is enough to prove that there exist sequences §;, and ¢;, s.t.
(3.23) sup / |w(y, )| dy < 1/3, for all 0 < € < ¢;.
z€BRr(0) J[2—y|<¥;
If (3.23) were not true, then for some § > 0, there would be a subsequence ¢, — 0,

and a sequence z,, € Bg(0), z, — z¢ € Bg(0), s.t.

(3.24) 5< / o™ (3, 8)] dy.
ly—zai<l/n

We recall that level sets of w® are preserved by the flow since the Jacobian of
z +— Us ,(z) is identically equal to 1, and so by Dunford-Pettis theorem (see [5,
p.240)), since w'y — w} in L*(R?), there is a subsequence of w'**, w"**, which

we do not relabel, s.t.

(3.25) w' (1) = w'(-,t)  weak in L} .(R?),
and
(3.26) w"(,,t) = w"(,t)  weak » in M(R?).

The same Dunford-Pettis theorem also implies that there is an N > 0 s.t., when

n > N, we have

(3.21) / '™ (v, )| dy < 6/2.
ly—2a|<1/n
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So (3.24) and (3.27) implies that

(3.28) §/2< / """ (y,t) dy,
ly—2a|<1/n

for n > N. This is impossible since the measure wy = w(-,t) is diffuse, and so is
wy = w"(-,t), since w'(-,¢) € L' (see [1]). This concludes the Lemma.
It is easy to see from (3.25), (3.26) that

w(zvt) = w'(zat) + w"(zit)’
and w'(+,t) € L'(R?),
(3.29) llw' ()l £2m) < Hlwellzs-

Moreover w"(-,1) is positive with total measure bounded by the total measure of

wg. This proves Theorem 2. Theorem 1 follows by assuming that wf = 0.
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