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Macrotransport-Solidification Kinetics Modeling
of Equiaxed Dendritic Growth:
Part I. Model Development and Discussion

L. NASTAC and D.M. STEFANESCU

An analytical model that describes solidification of equiaxed dendrites has been developed for use
in solidification kinetics-macrotransport modeling. It relaxes some of the assumptions made in pre-
vious models, such as the Dustin–Kurz, Rappaz–Thevoz, and Kanetkar–Stefanescu models. It is
assumed that nuclei grow as unperturbed spheres until the radius of the sphere becomes larger than
the minimum radius of instability. Then, growth of the dendrites is related to morphological insta-
bility and is calculated as a function of melt undercooling around the dendrite tips, which is controlled
by the bulk temperature and the intrinsic volume average concentration of the liquid phase. When
the general morphology of equiaxed dendrites is considered, the evolution of the fraction of solid is
related to the interdendritic branching and dynamic coarsening (through the evolution of the specific
interfacial areas) and to the topology and movement of the dendrite envelope (through the tip growth
velocity and dendrite shape factor). The particular case of this model is the model for globulitic
dendrite. The intrinsic volume average liquid concentration and bulk temperature are obtained from
an overall solute and thermal balance around a growing equiaxed dendritic grain within a spherical
closed system. Overall solute balance in the integral form is obtained by a complete analytical
solution of the diffusion field in both liquid and solid phases. The bulk temperature is obtained from
the solution of the macrotransport-solidification kinetics problem.

I. INTRODUCTION

SIMULATION of casting solidification has lately re-
ceived increased attention because of the potentially signif-
icant savings in the time required for prototyping and in
the cost associated with defective castings. The most recent
breakthrough was the incorporation of solidification kinet-
ics models in macrotransport codes. A second generation
of computer models for solidification, the macrotransport-
solidification kinetics (MT-SK) codes, has been launched
and applied by a few progressive foundries. This resulted
in increased accuracy of model prediction, as well as in an
increased number of predictors, such as amount and spacing
of phases, grain size, microstructural transitions, etc. While
MT-SK modeling of solidification of eutectic alloys has
found an early satisfactory solution,[1,2] equiaxed dendritic
solidification has proven more difficult to tackle. This is
not surprising, considering the complicated geometry of
dendrites. Maxwell and Hellawell[3] have presented a model
for the nucleation and the initial stages of solidification of
spherical grains. Dustin and Kurz[4] developed a model in
which heterogeneous nucleation, solute, and thermal un-
dercooling were considered. Although their model predicts
interesting features such as grain number and recalescence,
it ignores the overall solute balance and assumes that the
internal volume fraction of solid is constant during growth.
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Rappaz and Thevoz[5] have proposed a model based on sol-
ute diffusion in the liquid, heat, and solute balances, and
diffusion-controlled growth kinetics. They assumed no back
diffusion, complete mixing of solute within the interden-
dritic liquid, and ignored the role of thermal undercooling
in growth kinetics.

The main goal of this research effort was to develop a
model for equiaxed dendritic solidification that capitalizes
on previous models, but relaxes some of their most restric-
tive assumptions. Indeed, in the case of relatively high cool-
ing rates and large grain size, the thermal undercooling
might become an important factor. In addition, even for
substitutional elements, where the solute-solid diffusivity is
very small, back diffusion has to be included to satisfy the
overall mass balance equation. This is particularly impor-
tant in the last stage of solidification, when the solute-liquid
diffusivity is less significant. For interstitially dissolved
elements, e.g., carbon in Fe-C alloys, kinetics models with-
out diffusion in the solid phase would considerably over-
estimate the growth of dendrites.

An important parameter in equiaxed dendritic solidifi-
cation is the internal fraction of solid. Some models[4] as-
sume a constant internal fraction, until the primary dendrite
tips of adjacent grains come into contact (dendrite coher-
ency), after which coarsening of secondary dendrite arms
occurs to the end of solidification. Other models[2,5] relate
the internal fraction of solid directly to solutal supersatu-
ration, neglecting the curvature and thermal undercooling.
Again, when coherency occurs, coarsening is calculated
through Scheil’s equation. Other models[5,6] calculate the
fraction of solid directly from the heat balance, assuming
uniform temperature within the grain and considering again
only the solutal undercooling. These models relate the in-
terface temperature variation only to the interface concen-
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Fig. 1—Assumed morphologies and associated concentration profiles of solidifying equiaxed dendrites: (a) star dendrite (fE variable) and (b) globulitic
dendrite (fE constant).

tration. However, if one assumes uniform temperature
within the whole grain, i.e., the interface temperature is
equal to the bulk temperature, uniform concentration in the
grain is imposed. The challenge is to simultaneously relate
the internal fraction of solid to the movement of the den-
drite tips, driven by the local undercooling in the liquid
adjacent to the tip, and to the dynamic coarsening of den-
drite arms occurring concurrently with the growth of den-
drites.

A second goal of this work was to incorporate the solid-
ification kinetics model for growth of equiaxed dendrites
into a macrotransport solidification code. This MT-SK code
could then be used for validation on shaped castings made
of commercial alloys.

For the case of no convective transport, macroscopic
modeling involves the solution of the heat-conduction equa-
tion subject to appropriate boundary conditions:

]T ]fz Src (T) 5 ¹[K(T) ¹T] 1 Q with Q 5 rL [1]p ]t ]t

where T is the temperature, K is the thermal conductivity,
r is the density, cp is the specific heat, Q̇ is the source term
associated with the phase change, which describes the rate
of latent heat evolution during the liquid/solid transforma-
tion, L is the latent heat of fusion, and fs is the fraction of
solid. Micromodeling essentially relies on the application of
nucleation and growth kinetics laws to the derivation of the

time evolution of solid fraction that is explicitly coupled with
the heat-conduction equation through the source term Q̇.

II. MODEL DEVELOPMENT

To build a MT-SK model for casting solidification, it is
necessary to develop a methodology for the calculation of
the evolution of the fraction of solid, and then to couple
this evolution with the governing macrotransport equations.
Such an approach has been previously discussed in the lit-
erature for eutectic alloys,[1,7,8] as well as for dendritic al-
loys.[1,2,5,9]

Consider a spherical volume element, vf , within a liquid
multicomponent alloy. A spherical nucleus of radius Rn

grows, develops surface instabilities, and eventually fills the
whole volume element. The assumed geometry and the sol-
ute concentration profiles developed in the solid and liquid
phases for one of the elements are presented schematically
in Figure 1. Solidification begins when the radius of the
solid is that of the critical nucleus, r 5 Rn. At the nucleation
temperature Tn ≤ TL, the first solid formed has a solute con-
centration kC0, where k is the equilibrium partition coeffi-
cient at the interface. It is considered that the unconstrained
growth of the equiaxed dendritic grain is controlled by the
thermal and solutal fields as well as by curvature.

The initial growth of the grains is assumed to be spher-
ical (unperturbed sphere), until a critical size corresponding
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to the onset of morphological instability is reached. Then,
surface perturbations occur and dendritic growth starts. The
growth of the dendrite is related to morphological instabil-
ity and is calculated as a function of melt undercooling,
which is controlled by the bulk temperature and the intrin-
sic volume average concentration in the liquid. Dynamic-
coarsening kinetics of dendrite arms within the interden-
dritic region (mush) occurs simultaneously with dendritic
growth. The coarsening process must be treated as dynamic
since, as opposed to isothermal coarsening, it takes place
as the fraction of solid increases and, therefore, within a
liquid that changes composition. The driving force for the
coarsening process is the difference in chemical potential
(volume diffusion) of dendrite arms with different curva-
tures (interfacial energies). Once the diffusion fields around
dendrite tips interact with those of neighboring dendrites,
the dendrite tips stop growing. Then, only the coarsening
process within the mushy zone causes the thickening of
dendrites.

Two typical cases of dendrite morphology can be con-
sidered: ‘‘star’’ dendrites developed at low undercooling
(Figure 1(a)), and ‘‘globulitic’’ dendrites growing at high
undercooling (Figure 1(b)). The formation of these two dif-
ferent morphologies can be understood in terms of the driv-
ing force for growth that is active in the interdendritic
space. When undercooling in the interdendritic space is
small, higher order instabilities (secondary, tertiary, etc.,
arms) would develop rather slowly, with the formation of
star-type dendrite. On the other hand, if the undercooling
is large, significant growth of higher order instabilities is to
be expected, resulting in globulitic-type dendrite. The star
dendrite is a single crystal consisting of six primary arms,
one in each ^100& direction of the dendritic crystal. Each
primary arm has secondary arms, which in turn have ter-
tiary arms. The number of secondary and tertiary arms in-
creases rapidly with undercooling, eventually resulting in a
globulitic dendrite. For a star dendrite, the volume fraction
of solid fS (equivalent dendrite volume, vS) is smaller than
that of the dendrite envelope fE (equivalent dendrite volume
vE), as shown in Figure 1(a). For a globulitic dendrite, the
volume fraction of solid is of the same order as the volume
fraction of the dendrite envelope.

A. Calculation of Solid-Fraction Evolution for the Star
Dendrite

Referring again to Figure 1(a), four different envelopes
are defined:

(a) the dendrite envelope, which is the surface that includes
the solid dendrite and the liquid between the secondary,
and higher order dendrite arms;

(b) the equivalent dendrite envelope, (of radius RE), which
is the sphere having a volume equal to the volume en-
closed by the dendrite envelope;

(c) the equivalent dendrite volume (of radius R*), which is
the sphere that has a volume equal to the solid dendrite;
and

(d) the final grain size (of radius Rf), which is the sphere
having a size equal to the maximum space allowable
for dendrite growth; this is in fact the microvolume
element.

From the foregoing, a number of fractions of solids can

be defined:

3v R*Sf 5 5 fraction of solid in the volume elementS ~ !v Rf f

3v RE Ef 5 5 fraction of mush in the volume element [2]E ~ !v Rf f

fSf 5 internal fraction of solidi fE

Considering constant density and using the volume-aver-
aging procedure,[10,11] the volume of solid in the mush (den-
drite envelope) at any time during solidification can be
calculated as

Ni

jv 5 * x dv 5 v [3]ΣS S Svf j51

where xS is the solid volume distribution function (that is,
1 for a point in the solid and 0 for a point in the liquid),
vf is the final grain volume, Ni is the number of instabilities
(arms) at time t, and is the solid volume of the insta-jv S

bility.
Then, maintaining mass balance within the dendrite en-

velope (mush), all dendrite arms (primary and higher order)
existing at one time for a given dendrite can be approximated
as average instabilities that grow at the limit of their mor-
phological stability, having the same total mass as the den-
drite arms, but differing from them in number and size. Thus,

Ni

j i iv 5 v ù ^N& ^v& [4]ΣS S m S
j51

where is the average number of instabilities developedi^N&m

within the mush, and is the average volume of the solidi^v&S

instability.
Dividing Eq. [4] by vf and then differentiating it in time,

the time evolution of the solid fraction, can be obtained
]fS

]t
as follows:

i i]f 1 ] 1 ]^N& ]^v&S m Si i i i5 ^N& ^v& 5 ^v& 1 ^N& [5]~ m S! S m~ !]t v ]t v ]t ]tf f

where is the rate of creation of new instabilities, and
j]^N&m

]t

is the incremental volume change of an instability.
i]^v&S

]t
The number of instabilities at time t and the finali^N&m

number of instabilities can be calculated as follows:i^N&f

v vE fi i^N& 5 f and ^N& 5 [6]m C fi iv vf f

where vE is the volume of the mush (dendrite envelope), fC

is a coarsening factor, and is the final volume of insta-jv f

bility. Inserting Eq. [6] into Eq. [5] and for constant fC,
the fraction of solid evolution can be further obtained as
follows:

i i]f 1 ]v ^v& v 1 ]^v&S E S E S5 f 1 [7]C ~ !i i~ !~ ! ~ !@ #]t v ]t v v v ]tf f f f
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In this equation, two length scales are involved: the scale
of the equiaxed dendritic grain and the scale of instability.

Since fE 5 (Eq. [2]), the evolution of solid fraction
vE

vf

can be further written as

i i]f ]f ^v& f ]^v&S E S C S5 f 1 f [8]C Ei i~ ! ~ !]t ]t v v ]tf f

As shown in previous models,[2–6] the fraction of solid can
be defined as fS 5 fE fi, where fi is the internal fraction of
solid. If this expression is differentiated in time and then
compared with Eq. [8], term by term comparison shows
that the internal fraction of solid can be described as

i^v& fS Sf 5 f 5 [9]i Civ ff E

This is a very important correlation between the evolution
of instabilities and that of the dendrite envelope. In fact,
the internal fraction of solid in Eqs. [8] and [9] couples the
length scale of the dendrite with that of the instability. In
the previous models, the length scale at the level of insta-
bility, i.e., the dendrite arm scale, was neglected.

In order to develop a comprehensive model for the de-
scription of the evolution of solid fraction, additional con-
stitutive and geometrical relations have to be defined.
Accordingly, it is further assumed that there is no direct
coupling between the solid instability and extradendritic
liquid (outside the dendrite envelope); that is, a mushy zone
(interdendritic region) develops such that the solid has only
pointwise contacts with the extradendritic liquid (the den-
drite tips). In this case, the interfacial area between the solid
and liquid is nil, and

i i iA 5 A 5 A A 5 A 5 A [10]Ld dL E Sd dS S

where A is the interfacial area, and the subscripts i, S, d,
L, and E denote instability, solid, interdendritic liquid, ex-
tradendritic liquid, and dendrite envelope, respectively.

The shape factors of the instability, , and of the en-ix S

velope, x
E
, are defined as

2 i 24p R 4p (r )E Six 5 and x 5 [11]E S iA AE S

where is the position of the solid instability and RE isir S

the position of the equivalent dendrite envelope (Figure 1).
Note that the shape factors defined in Eq. [11] are functions
not only of the material under consideration but also of the
undercooling or cooling rate. Usually, higher undercoolings
produce larger shape factors (closer to unity).

The specific interfacial areas of the solid instability jSS

and of the envelope SE are

iA AS EiS 5 f and S 5 [12]S C Eiv vf f

If the evolution of the volume dendrite envelope is approx-

imated as , and that of the instability as 5
i]v ]^v&E S5 A VE E]t ]t

, it can be shown that the evolution of the fraction ofiA VS S

solid of an equiaxed dendrite can be related to the interfa-
cial area concentrations SE and as follows:iS S

2]f 1 4p RS Ei5 (S V ) f 1 (S V ) f with S 5E E i S S E E]t v xf E [13]
i 2 i4p(r ) 1 NS fi i iS 5 N f and N 5 5S V C Vi ix v vS f f

where E is the average normal velocity of the dendriteV
envelope, S is the average normal velocity of the solid-V
interdendritic liquid interface, is the surface area of in-iAS

stability, is the radius of instability, and is thei ir NS V

volumetric density of instabilities. The term can be cal-iNV

culated based on stereology[12] as

2pNAiN 5 [14]V 4NL

where NA and NL are the areal and lineal densities, respec-
tively.

The preceding expressions for the specific interfacial ar-
eas assume that the solid/liquid interfaces do not impinge
upon each other. To take into account impingement during
the late stages of solidification, an Avrami correction factor,
(1 2 fS), can be added to Eq. [13].

Equation [13] is the general expression for calculation of
the evolution of solid fraction. It is related to the branching
and coarsening by fi, S, , and , to the number of in-i iV x rS S

stabilities by or , and to the topology and movementi iN ^N&V f

of the dendrite envelope by xE, RE, and E. The first termv
in Eq. [13] describes the evolution of the dendrite envelope.
The second term describes the coarsening (thickening) rate
in the mush. If the dendrite envelope approaches the final
grain size before complete solidification, fi 5 fS and only
coarsening in the mush will occur until the end of solidi-
fication or until the second-phase (usually eutectic or per-
itectic) transformation starts.

The specific interfacial areas SE and must be calculatediS S

through additional relations, either based on theoretical con-
siderations or developed from experiments. Physically, they
include the correct information regarding the geometry of
the interfacial structures, and are thus related to complex
multiscale phenomena, such as growth of various solid mi-
crostructures, impingement of interfaces, coalescence of
grains, grain multiplication, and coarsening of dendrite
arms (instabilities).

The specific interfacial area S is related to the specific
surface area (surface-to-volume ratio) Sv by Sv 5 S z (1 2
f), where f is the volume fraction of the microstructure un-
der consideration. The term Sv can be related to certain
dendrite spacing, nuclei density, and time.[6] The term S is
time dependent through coarsening (that is occurring in-
dependently of growth of the dendrite tip) at the scale of
instability, and, generally, through the various volume frac-
tions that are also functions of time.

In this work, by using Eqs. [9] and [13], can be di-iS S

rectly related to the internal fraction of solid and the radius
of instability as

f 3iiS 5 [15]S i ir xS S

Equation [13] can be further simplified by using the two-
scale coupling equation, Eq. [9]:
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t]f V 1 V 1 ]fS E S S5 3 f 1 with f 5 * dt [16]S S 0i i~ !]t R x r x ]tE E S S

Equation [16] is valid until impingement of growing grains
occurs. Note that the coarsening factor has disappeared in
Eq. [16]. The first term in Eq. [16] involves calculations at
the dendrite length scale. The second term includes calcu-
lations at the instability length scale and describes both for-
mation and coarsening of instabilities.

The movement of the envelope ( E) is directly related toV
the kinetics of the various dendrite tips, which is discussed
in more detail in Section II–C. The position of the equiv-
alent dendrite envelope is calculated as follows:

t

R 5 * V dt until R 5 R [17]E E E f0

where the final equiaxed grain radius Rf is

21/3
4p

R 5 z N (x,y,z) [18]f @ V #3

Here, NV is the number of grains per unit volume (volu-
metric grain density), and x, y, and z, are the coordinates
of the microelement within the macrosystem.

Let us now discuss the variables in Eq. [16]. Considering
coarsening and growth (thickening) of spherical instabili-
ties, the shape factor of instability is taken to be one.ix S

The shape factor for the dendrite envelope can be calculated
assuming that the dendrite envelope preserves a cubic shape
that encloses a growing sphere, that is, the equivalent den-
drite envelope shown in Figure 1. In this way, it can be
shown that the shape factor of the dendrite envelope is sim-

ply . With these assumptions, the only unknowns in
p

x 5
E 6

Eq. [16] are S and . They are related to coarsening andiV rS

growth of instabilities. The additional constitutive relations
required for the calculation of S and will be shown iniV rS

Section II–E.
Equation [16] is used to model the fraction of solid ev-

olution. When the dendrite envelope radius RE extends to
the final grain radius Rf , E 5 0 and fE 5 1. Then, onlyV
the second term of the Eq. [16] contributes to the fraction
of solid evolution until fS 5 1. When the bulk temperature
is below the eutectic temperature, nucleation and growth of
the eutectic phase begin. Growth competition between eu-
tectic and dendritic phases occurs below the eutectic tem-
perature to the end of solidification.

The particular case of this model is the calculation of
solid fraction evolution for the globulitic dendrite.

B. Calculation of Solid-Fraction Evolution for the
Globulitic Dendrite

For the particular case of a globulitic dendrite, Eq. [16]
is used, assuming that fi is constant. In this case, the second
term of the Eq. [16] is zero. Physically, such an approach
implies constant rates of creation and thickening of insta-

bilities during solidification. Therefore, using , the
p

x 5
E 6

solid fraction evolution for globulitic dendrite is

]f 18 VS E fs5 f (1 2 f ) [19]S S~ !]t p RE

The impingement factor is introduced to take intofs(1 2 f )S

account the effective surface interfacial area between the
solid equiaxed dendritic grains and the liquid phase. The
classic Avrami correction factor (1 2 fS) was derived for
the case of spherical grains, for which coherency occurs
rather late, e.g., at 0.74 fraction solid. However, since den-
drites are not spheres, their coherency will occur consid-
erably faster than that of spherical grains, i.e., when their
dendrite envelopes collide. Accordingly, the impingement
factor was modified to describe the onset of impingement
at an earlier stage.

Unlike the Avrami correction factor, which must be used
only during the late stages of solidification, the impinge-
ment factor in Eq. [19] is used from the beginning to the
end of solidification. It becomes important when fS ≥ 0.5.
If RE extends to Rf before solidification is complete, fi 5 fS

and the fraction of solid evolution can be calculated using
the coarsening model described in Section II–E. In the Dus-
tin and Kurz model,[4] the internal solid fraction was as-
sumed to be an unknown material constant. In the present
globulitic model, the internal fraction of solid is implicitly
included in Eq. [19], and thus need not necessarily be
known for the calculation of the growth of globulitic den-
drites.

C. Calculation of the Interface Position

At the beginning of growth, immediately after nuclea-
tion, the solid develops as a sphere (unperturbed sphere).
At some point, perturbations will form on the surface of
the sphere. Thus, the problem is now to evaluate not only
R*, but also the time at which the sphere will start losing
its stability.

1. Model for growth of the unperturbed sphere
Mullins and Sekerka[13] found that the critical size at

which morphological instabilities occur on a growing
sphere is Rc 5 14 G DT21, which is seven times the size
predicted through the theory of critical nucleation. This cor-
responds to a radius of 1 to 2 mm. They also found that
more severe instabilities, characterized by an increase, not
only of the amplitude but also of the ratio of the maximum
to minimum polar radii of the harmonic perturbation would
occur for particle radii somewhat larger than Rc. Further,
they showed that a sphere growing in the liquid would es-
sentially remain unperturbed until its radius becomes three
times Rc. The radius of the unperturbed sphere is calculated
with the following equations (Appendix I provides details):

2V Vc c =R* 5 1 1 2V D t where= c L~ !=p p

2G
DT 2

R*
V 5 [20]c

2G
L(k 2 1) m ^C & 2 DT 2@ L ~ !#R*

where Vc is the solutal supersaturation, m is the slope of
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Fig. 2—Temperature and concentration fields and undercoolings at the
dendrite tip.

the liquidus line, DT is the interface undercooling, G is the
Gibbs–Thomson coefficient, DL is the liquid diffusivity, k
is the partition ratio, t is time, and ^CL&L is the intrinsic
volume average concentration.

2. Model for growth of the equiaxed dendrite
Two parameters, growth velocity, V and dendrite tip ra-

dius R, can be calculated by solving the thermal and dif-
fusion field around the dendrite tip in conjunction with the
stability criterion, as discussed in References 13 and 14.
This implies that the dendrite will grow with a stable radius
at the limit of its morphological stability. The simplest so-
lution for the coupled problem of heat and mass transport
at the dendrite tip is that suggested by Fisher (referred to
in Reference 15) for the hemispherical dendrite tip. This
solution also is applicable to both the thermal and solutal
cases for a closed system.

The driving force for the dendrite growth is determined
by the melt undercooling at the tip. If the curvature effect
is introduced through the morphological stability criterion,
as discussed hereafter, the total melt undercooling may be
expressed as

DT 5 DT 1 DT [21]c t

where the thermal undercooling is defined as DTt 5 T* 2
TLt(Rf) and the solutal undercooling as DTc 5 TLc(Rf) 2 T*
(Figure 2). These two undercoolings can be evaluated
through the Ivantsov transport solution in the first approx-
imation form as

L
DT 5 DT 1 DT 5 m (k 2 1) C* V 1 V [22]c t L c tcp

where Vc and Vt are the solutal and thermal supersatura-
tions, respectively, L is the latent heat of fusion, is theC*L
interface liquid concentration, and cp is the specific heat.

Using the hemispherical approximation, both supersatu-
rations can be directly related to the solutal and thermal
Peclet numbers as follows:

VR VR
V 5 Pe 5 V 5 Pe 5 [23]c c t t2D 2aL L

Growth velocity and tip radius can be coupled through the
Mullins and Sekerka stability criterion as modified by Kurz
and Fisher:[15]

G
R 5 l 5 [24]=i s* (mG 2 G )c t

Here, li is the wavelength of instability of the solid-liquid
interface, s* is a stability constant of the order of (2 p)22,
and Gc and Gt are the concentration and temperature gra-
dients at the interface, respectively.

The concentration and temperature gradients at the tip of
the dendrite are determined from the flux conditions at the
interface to be

]C (R*) VC*(k2 1) ]T (R*) VrLL L LG 5 5 G 5 5 2 [25]c t]r 2D ]r 2KL L

where R* is the interface position, r is the density, and KL

is the liquid thermal conductivity. These gradients are re-
lated to the undercoolings through the Peclet numbers as

Pe DT Pe L DTc c t tmG 5 m (k 2 1) C* 5 G 5 2 5 2 [26]c L tR R R c Rp

Substituting Eqs. [26] into Eq. [24] results in

G
R 5 [27]

s* DT

Finally, a mean growth velocity of the dendrite tip E,V
driven by both the intrinsic volume average interdendritic
and extradendritic liquid concentrations, can be calculated
by substituting Eqs. [23] and [27] into Eq. [22]:

21
d2s* m (k 2 1) ^C & rLd2V 5 mDT with m 5 1 [28]E @ #G D kL L

where ^Cd&d is the intrinsic volume average interdendritic
liquid concentration.

The melt undercooling for the system under considera-
tion can be calculated based on the following defini-
tion/assumption (Figure 2):

L LDT 5 T 1 m[^C & 2 C ] 2 T 5 T 1 m ^C & 2 T [29]L L 0 b m L b

where TL is the equilibrium liquidus temperature, Tm is the
melting temperature of the pure metal, Tb is the bulk tem-
perature defined as the average temperature in the volume
element, and ^CL&L is the intrinsic volume average extra-
dendritic liquid concentration. Equation [29] includes both
thermal and solutal undercoolings.

D. Calculation of Solute Redistribution

The model for solute redistribution used in the calcula-
tion of the equiaxed dendritic growth is a modified version
of that recently published by the authors.[16] The main
model assumptions include the following: solute transport
in both phases is by Fickian diffusion, free movement of
the solid-liquid interface, which is planar and under local
equilibrium, and there is no solute flow into or out of the
volume element. Overall mass balance is used to couple the
concentration field in the extradendritic liquid, interdendri-
tic liquid, and solid. In order to circumvent the difficulties
that may arise in the calculation of solid-liquid interface
concentrations, well-mixed interdendritic liquid was as-
sumed (Figure 1), i.e., ^Cd&d 5 . This is in line withC*L
Reference 6, where it was shown that the diffusion length
of the interdendritic liquid is of the order of secondary spac-
ing (here, instability spacing) and can be neglected at the
scale of the whole grain. Considering a closed system and
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constant densities (this is to simplify notations), the overall
mass balance can be written as

*R

2C v 5 * 4pr C (r,t) dr 1 C* (v 2 v )0 f S L E S

0 [30]
Rf

21 * 4pr C (r,t)drL

RE

where C0 is the initial concentration, t is time, and r is the
radial coordinate.

The solute redistribution model allows calculation of the
interface liquid concentration (t) and of the local con-C*L
centration in the extradendritic liquid CL(r,t). The interface
liquid concentration is given by the following equation:

21

(1 2 k) fSC* 5 C 1 2 withL 0 @ #1 2 3 [kI 1 I ]S L

2`
2f 1 np D tS SI 5 exp 2 and [31]ΣS 2 2 1/3 2~ !@ #n51p n f RS f

2`
1 a D tn L2/3 1/3I 5 2f (1 2 f ) exp 2ΣL E E 2 1/3 2~ !@ #n51 a 1 2 f Rn E f

where an is the nth root of the equation an/tan (an) 5 1

2 and fE 5 .
3RE1/3f E ~ !Rf

The intrinsic volume average concentration ^CL&L is ob-
tained by integrating the local concentration over the extra-
dendritic liquid phase. The solution of the local liquid
concentration was taken from Reference 16. The only dif-
ference consists of interchanging the radius of the equiva-
lent dendrite volume R* with the radius of the equivalent
dendrite envelope RE.

Rf4p
L 2^C & 5 * r C (r) dr 5 C* 1 6(C 2 C*)L L L 0 LREvL [32]

`
R 2 R exp (2l D t)f E n L2R ΣE 3 3 2n51R 2 R af E n

where vL is the volume of liquid phase and ln is ln 5 2an

(Rt 2 RE)22.

E. Growth and Coarsening of Instabilities

The second term in Eq. [20] is based on the creation rate
and thickening of spherical instabilities. It is assumed that
the rate of creation and growth of instabilities occurs until
RE 5 Rf . Thereafter, the liquid between instabilities be-
comes solid based on a spherical coarsening model. The
spherical instabilities grow at the limit of morphological
stability with a morphological radius given by Eq. [27], i.e.,

Thus, when thickening of instabil-
G 1

i j .r 5 r 5 R 5S 0 s* DT
ity is neglected, i.e., during the creation period, the second
term in Eq. [16] can be calculated as

iV 1 ]r 1 ]DTS S5 5 2 [33]
i ir r ]t DT ]ts s

where is the variation of the cooling rate at the S/L
]DT

]t
interface of instability.

A coarsening (thickening) model for spherical instabili-
ties is derived in Appendix II. It is supposed that the coars-
ening mechanism is analogous to Oswald ripening of
precipitates. The coarsening model follows some of the as-
sumptions used in References 17 through 20. The model
considers the dynamic nature of the spherical coarsening
process through the fraction of solid evolution and time
variation of liquid concentration in the mush. The mecha-
nism of coalescence of instabilities is ignored in this model.
The final result is

i 1/3]r 0.75 A fS iV 5 5 withS i 2 d 1/3]t (r ) ^C & (1 2 f )S d i [34]
3

i i^v& rS Sf 5 f 5i Ci ~ !v l/2f

where l is the average spacing between instabilities (at time

t) and .
D GLA 5

m(k 2 1)
To compare the present model with other coarsening

models, Eq. [34] is written in terms of l. Assuming that
during solidification, the instantaneous rate of coarsening is

identical to the isothermal rate of coarsening, i.e.,
1 ]l

5
l ]t

, Eq. [34] can be written as
i1 ]rS

ir ]tS

]l 6A
2l 5 or

d 2/3 1/3]t ^C & f (1 2 f )d i i [35]
1 ]l 6A

5
d 3 2/3 1/3l ]t ^C & l f (1 2 f )d i S

Thus, under this assumption, Eq. [35] is the same with the
dynamic coarsening model developed by Mortensen[21]

when fi and 6 in Eq. [35] are replaced in Eqs. [10] and [15]
from Reference 21 by fs and 4.5, respectively.

When RE 5 Rf , fi 5 fs and the fraction of solid evolution
is calculated using Eqs. [34], [35], and the second term of
Eq. [16] as

4/3]f ]f f 18A 1i S S5 5
1/3 i 3 d]t ]t (1 2 f ) (r ) ^C &S S d

1/3f 18A 1S5
1/3 3 d(1 2 f ) l ^C &S d

with
RE3 G

i 2r 5 * r dr [36]0 RnR 2 R s* DTE n

In Eq. [36], is the average tip radius over the dendrite2 ir0

envelope and is calculated at the onset of coarsening. Equa-
tion [36] gives information about the evolution of both frac-
tion of solid and spacing between instabilities.

III. DISCUSSION

A. Calculation of Specific Interfacial Areas

The time evolution of the specific interfacial area during
solidification also may be evaluated experimentally. Using
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stereological calculations,[12] Sv can be obtained from Sv 5
(4 / p) z LA 5 2 z PL, where LA is the sum of lengths of
linear features divided by total test area (perimeter) and PL

is the number of point intersections per unit length of test
line.

It was also shown[22,23,24] that Ss can be associated with
the permeability Kp of the porous envelope. The perme-
ability can be experimentally measured or it can be esti-
mated from the Kozeny–Carman model.[23,25]

B. Multiscale Interactions in Equiaxed Dendritic Growth

Using ^CL&L rather than CL(Rf) that was used in Reference
5, the overall mass balance is satisfied. Also, the interaction
between instabilities around the dendritic grain is approxi-
mated.[5,25] The term ^Cd&d is used to take into account the
interaction among instabilities in the interdendritic region.
Generally, each dendrite tip (primary, secondary, etc.)
moves at a different speed, depending on the local under-
cooling in the liquid adjacent to the tip. Since growth of
average instabilities is considered, a mean dendrite tip ve-
locity can be uniquely related to the average undercooling
in the extradendritic liquid, i.e., Eq. [29]. In fact, this is the
main advantage of using the averaging method, in that it
allows calculation at multiscale level.

C. Equiaxed Dendritic Growth in Multicomponent
Systems

Assuming that the influence of various elements on the
liquidus slope and partition coefficient can be obtained from
mass weighted average, for a multicomponent system, the
growth coefficient m can be modified as follows:

21
n 2m (k 2 1) C* r rLi i L iim 5 2 s* G 1 [37]Σ i n~ !$ @ #%i51 KL

D C* rΣL L ji jj51

where n is the number of components in the alloy. Simi-
larly, the undercooling can be evaluated with

n

LDT 5 T 1 m ^C & 2 T [38]Σm i L bii51

This is valid in particular for low concentration of the com-
ponents (,1 pct), when it is assumed that the interactions
among various alloying elements can be neglected.[26–32] It
should also be noted that the stability constant s* may vary
with concentration.[33]

D. Analysis of the Equiaxed Dendritic Growth Model

The analysis was conducted in two stages. First, a cal-
culation was performed to compare hemispherical (first ap-
proximation of the Ivantsov’s solution) vs parabolic (fully
Ivantsov’s solution) growth of the dendrite tip. Second, the
proposed model for growth velocity of the tip of the
equiaxed dendrite was checked against literature experi-
mental data on succinonitrile (SCN).

1. Parabolic vs hemispherical growth of the dendrite
tip

In the present context, a hemispherical dendrite tip was
assumed. This is the first approximation of the Ivantsov

transport solution. A parabolically shaped dendrite tip also
can be assumed. In this case, the complete Ivantsov’s so-
lution has to be applied.[34,35] However, the shape of the
dendrite tip radius is not necessarily paraboloidal. Indeed,
as shown in Reference 36, the krypton dendrite tip obser-
vations at low undercoolings (perhaps due to convection)
negate the existence of an Ivantsov profile and provide di-
rect evidence for theories based on the stability analysis of
a nearly spherical tip.

The influence of convection on the dendrite tip velocity
also may be important. Large discrepancies appear for a
parabolically shaped dendrite tip, when one compares the
solution obtained by thermal convection theory with that
obtained by Ivantsov’s thermal-conduction theory.[37] Note
that convection is always present in solidification of cast-
ings.

In spite of this controversy, the scope of present research
is to establish a general framework (methodology) for the
case of interacting equiaxed dendritic grains, whose growth
is perturbed by the inadvertent interference of the thermal
and solutal fields and of grain impingement that occurs to-
ward the end of solidification. Under these conditions, the
central issue revolves around mass, energy, and species
conservation.

However, to check the validity of the hemispherical ap-
proximation against parabolic solution for the tip growth
velocity an analysis was performed for an IN718 alloy.

a. Hemispherical growth
Assuming no thermal undercooling and hemispherical

diffusion field at the dendrite tip, it can be shown that (Eq.
[22]):

2s* DL 2V 5 DT with
G m (k 2 1)C*L [39]

DT 5 DT 5 m (k 2 1)C* Vc L c

where

C* 2 C VRL 0where V 5 5 Pe 5 andc cC* (1 2 k) 2DL L [40]
1

C* 5L 1 2 (1 2 k) Pec

Combining Eqs. [39] and [40] results in

2G DL2VR 5 [1 2 (1 2 k) Pe ] [41]cs* m (k 2 1)C0

Note that the hemispherical-tip growth velocity (V) in Eq.

[41] can be exactly calculated by substituting
V R

Pe 5c 2DL

and solving for V.

b. Parabolic growth
From Reference 35, Eq. [A8.17], neglecting the thermal

undercooling, the following equation can be directly ob-
tained:

G DLR 5 [1 2 (1 2 k) Iv (Pe )] [42]cs* Pe m (k 2 1) Cc 0

where Iv(Pec) is the Ivantsov’s function. Since
V R

PE 5c 2DL

the parabolic growth equation is
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(a)

(b)

Fig. 3—Comparison between hemispherical and parabolic tip growth
velocities as a function of (a) tip radius and (b) solutal Pe number.

2G DL2VR 5 [1 2 (1 2 k) Iv (Pe )] [43]cs* m (k 2 1) C0

The parabolic tip growth velocity in Eq. [43] was solved
through an iterative method. Note that Pec in Eq. [41] is
replaced by the Ivantsov’s function in Eq. [43]. This is the
only difference between two models.

c. Comparison between hemispherical and parabolic
growth

Although there is a significant difference between the
hemispherical approximation and the parabolic solution in
terms of Peclet number,[35] small discrepancies are observed
when growth velocities vs either tip radius or solutal Peclet
number are plotted. Some calculations were made for
INCONEL* 718 using the data given in Reference 38. The

*INCONEL is a trademark of INCO Alloys International, Huntington,
WV.

results are presented in Figure 3.
The range of cooling rates used in this analysis is be-

tween 0.1 to 10,000 mm/s (that corresponds to the variation
of the Peclet number from 0.001 to 1.0 and of the tip radius

from 0.2 to 100 mm). Usually, the range of growth veloc-
ities encountered in castings is between 0.1 to 1,000 mm/s.
This corresponds to a variation of Peclet number from
0.001 to 0.50 and of tip radius from 1 to 100 mm. The
maximum solutal Pe number used in the present model is
0.5. For this range of Pe numbers, the error is maximum 5
pct.

Because the Ivantsov’s solution of the tip velocity gives
tremendous difficulties in multiscale coupling and in solv-
ing the interface liquid concentration in parabolic coordi-
nates, the hemispherical approximation for the tip was
adapted in the present model.

d. Comparison between calculated and experimental
growth velocities of dendrite tip for succinonitrile

In many contemporary casting solidification models, den-
drite kinetics is calculated assuming a parabolic dendrite
tip, while the diffusion field is calculated using spherical
coordinates. This is not consistent. A more correct approach
would be to use a hemispherical dendrite tip in conjunction
with spherical coordinates for diffusion calculation. How-
ever, there is an ongoing discussion on the relative merits
of the parabolic tip over the hemispherical tip. To verify
calculation accuracy or lack of it when using a hemispher-
ical tip, we selected a classic experiment performed on suc-
cinonitrile.[39]

This particular experiment was conducted isothermally,
in a large bath (infinite domain). Since Eqs. [27] and [28]
describe the nonisothermal solidification into a closed sys-
tem, two changes were made in these equations. First, the
intrinsic volume average concentration of the liquid phase
was assumed to be equal to C0, consistent with the infinite
domain. Second, the interface-liquid concentration was ob-
tained from the hemispherical approximation (second part
of Eq. [40]). The thermophysical parameters of succinoni-
trile used in calculations are those listed in References 34,
35, and 39.

The growth velocity for succinonitrile—0.07 mole pct
impurity (assumed to be acetone)—calculated with the
present modified mode is compared with experimental val-
ues in Figure 4. The model compares favorably with the
experimental data, in particular in the region of moderate
velocities, which are typical for castings. The discrepancy
shown in Figure 4 at low undercooling probably may be
diminished by including thermal convection calcula-
tions.[37]

E. Dendrite coherency

Dendrite coherency occurs when dendrite tips of adjacent
grains come into contact, i.e., when RE 5 Rf. It is one of
the most important parameters used to establish the rheol-
ogy of a particular system. Since it is dependent on the
evolution of the dendrite envelope, all factors that augment
the evolution of envelope fraction, such as topology and
movement of envelope, should reduce the dendrite coher-
ency.

The purpose of the following analysis is to evaluate the
influence of some process and material parameters on the
onset of dendrite coherency. The alloy selected for this
analysis is an Fe-0.6 pct C. The data used in calculation
are given in Table I. These are typical data as found, for
example, in Reference 18.
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(a)

(b)

Fig. 4—Comparison of data calculated with the present model and
experimental data on succinonitrile obtained by Glicksman et al.[39] The
concentration is measured in mole percent.

The evolution of envelope fraction and internal fraction
of solid during solidification of the Fe-0.6 pct C alloy for
a cooling rate of 4 7C/s was calculated using the model for
the growth of the star dendrite, described in Section II. The
results are presented in Figures 5 and 6.

From Figure 5(a), it can be seen that coherency is cal-
culated to occur for an envelope fraction of one. For this
particular cooling rate, coherency occurs at 0.55 fraction
solid, when the internal fraction of solid becomes equal to
the fraction of solid. Figure 5(b) shows the dendrite coher-
ency during solidification of the same alloy as a function
of cooling rate. It is seen that for the range of cooling rates
selected for this analysis, the onset of coherency moves to
higher fraction solid as the cooling rate decreases.

To evaluate the influence of the diffusion model on the
onset of coherency, the interface liquid concentration was
calculated using Scheil, equilibrium, and Eqs. [31] and
[32]. Then, the proposed model was used to obtain data on
the onset of coherency and on the solidus temperature for

these three different assumptions on microdiffusion calcu-
lations. The results presented in Table II indicate that equi-
librium calculation results in the higher coherency, while
Scheil predicts the lower coherency. The present model, as
expected, predicts an intermediate coherency because it ac-
counts for back diffusion.

In Figure 6, the complex influence of the cooling rate on
equiaxed dendritic growth is presented. The cooling rate
was calculated immediately above the liquidus temperature.
In Figure 6(a) it is seen that as the cooling rate increases,
recalescence first increases and then disappears. The cool-
ing rate also affects grain size and the onset of coherency,
as shown in Figure 6(b).

The model has been incorporated in a commercial ma-
crotransport code for modeling of casting solidification
(PROCAST). Computation details and experimental vali-
dation performed on INCONEL 718 castings are described
in Part II of this article.

IV. CONCLUDING REMARKS

A new analytical model for calculation of the evolution
of fraction of solid during solidification of alloys with
equiaxed dendritic morphology has been developed. The
initial growth of the grains is assumed spherical (unpertur-
bed sphere) until a critical size corresponding to the onset
of morphological instability is reached. Dendritic growth
also is related to morphological stability, involves diffusion
in both solid and liquid phases, and is controlled by ther-
mal, solutal, and curvature undercooling. Coarsening during
solidification, interaction, and coupling between different
length scales involved in equiaxed dendritic growth, as well
as the selection of the model for dendrite-tip growth veloc-
ity have been thoroughly discussed. Calculations for a Fe-
0.6 pct C alloy demonstrate that the onset of coherency is
a function of cooling rate. This calculation is sensitive to
the assumptions made for microdiffusion. Indeed, a Scheil
diffusion model predicts lower coherency than an equilib-
rium model. When a complete diffusion model is used, in-
termediate results are obtained, as expected.

APPENDIX I
Unperturbed spherical growth

Assuming that the spherical growth is due only to the
mass diffusion in both solid and liquid phases, the velocity
of the interface V can be calculated through mass balance
at the interface as follows:

]C ]CL SV(C* 2 C*) 5 2 D 1 D [Ia]L S L S ]r r 5R* ]r r5R*

where the first derivatives can be obtained by derivation of
the solutions of the diffusion equation presented in Refer-
ence 16 (based on the exact solution of the time-dependent
‘‘Fickian’’ diffusion equation) as follows:

`
]C C* 2 CL L 05 2 2 exp [2l D t] [Ib]Σ n LL n 51]r r5R* R 2 R* Lf

and
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Table I. Data Used in Calculations of Fe-0.6 wt Pct C Alloy (g Austenite)

DS

(m2 s21)
DL

(m2 s21) k
Ceut

(wt pct)
mL

(K wt pct21)
TL

(7C)
Teut

(7C)
Tm

(7C)
Rc

(m)
Rn

(m)

5 3 10210 2 3 1029 0.34 4.3 280.0 1490.0 1155.0 1538.0 1 3 1025 1 3 1026

Rf (m)
L

(J kg21)
G

(K m)
r

(kg m23)
KL

(W m21 K21)
cp

(J kg21 K21)

2 3 1024 3T20.5
z

270,000 1.9 3 1027 7300 30.0 800.0

(a)

(b)

Fig. 5—Calculated evolution of the envelope fraction and internal fraction
of solid for a cooling rate of 4 7C/s (a) and calculated dendrite coherency
as a function of cooling rate (b) during solidification of an Fe-0.6 pct C
alloy.

`
]C C* 2 CS L 05 2 k exp [2l D t] withΣ n Ss n 51]r r5R* R* s [Ic]

2n p
l 5n @ #s R*

At very small interface radii, negligible interference be-
tween neighboring growth centers should be registered, and
the composition of the bulk liquid should remain effectively
C0.[3] Consequently, the solutal supersaturation can be de-

fined as

C* 2 C C* 2 CL 0 L 0V 5 5 [Id]c C* 2 C* C* [1 2 k]L S L

By combining Eqs. [Ia] through [Id], the following expres-
sion is obtained for the growth velocity:

`
DLV 5 2 V exp [2 l D t]Σc n LL$ n 51R 2 R* Lf [Ie]

`
kDS2 exp [2 l D t]Σ n Ss %n 51R* s

While this is the exact solution of the problem, the use of
this equation in calculations is cumbersome. Aaron et al.[40]

have reviewed the mathematical analysis of the diffusion-
limited spherical growth. They pointed out that for solutal
supersaturation smaller than 0.3 (typical for equiaxed den-
dritic growth), the invariant-size approximation (stationary
interface) would provide results in good agreement with
their exact error function solution. For the invariant-size
approximation the position of the interface can be calcu-
lated simply as

2V Vc c=R* 5 l D t where l 5 1 1 2V [If]=D L D c=p p

In the preceding models, curvature undercooling was ig-
nored. However, the curvature undercooling cannot be ne-
glected when considering the growth of small grains at
small undercooling.[3] The curvature effect on the tip un-
dercooling can be introduced as follows (refer to Refer-
ences 3, 14 and 15):

2G
DT 5 DT 1 DT 5 m (k 2 1)C* V 1 [Ig]c G L c R*

where DTG is the curvature undercooling. From Eqs. [29]
and [Ig], the solutal supersaturation can be obtained as

2 G
DT 2

R*
V 5 [Ih]c

2 G
L(k 2 1) m ^C & 2 DT 2@ L ~ !#R*

Since the growth velocity is small, in numerical calcu-
lations, the curvature undercooling can be calculated using
the interface radius from the previous time-step. Note that
the supersaturation calculated with Eq. [Ih] is equivalent to
that obtained through Eq. [Id] under the assumption that
the thermal undercooling is negligible at the beginning of
solidification. Indeed, as shown in References 3 and 35, the
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(a)

(b)

Fig. 6—Calculated cooling curves (a) and grain size evolution (b) during
solidification of an Fe-0.6 pct C alloy.

Table II. Calculated Correlation between the Onset of
Coherency, Final Liquid Concentration and Solidus
Temperature with Three Different Assumptions for

Microdiffusion Calculations (Fe-0.6 pct C alloy, 4 7C/s)

Diffusion Calculation Scheil
Present
Model Equilibrium

Solid fraction at coherency 0.49 0.57 0.61
Final liquid concentration,

wt pct 4.3 2.05 1.73
Solidus temperature, 7C 1142 1377 1399

thermal undercooling for a growing unperturbed sphere
may be neglected by comparison with solutal or curvature
undercoolings.

Finally, the growth velocity of the interface (or the in-
terface position) can be calculated with either Eq. [Ie] or
[If] in conjunction with Eq. [Ih]. For a multicomponent
system, the interface position can be obtained similarly
from mass weighted average (Eqs. [37] and [38]).

APPENDIX II
A model for spherical coarsening (thickening) kinetics

The coarsening process is calculated in spherical coor-
dinates. It is assumed that at any time, only two distribu-
tions of dendrite arms (instabilities) with two different radii
need to be considered. The mean radius of the two insta-
bilities is the radius of the considered average instability,
i.e., . The thinner instability (of radius r) remelts and theirS

thicker one (of radius R) grows. The mechanism of coales-
cence of instabilities is ignored in this model.

Assuming that the two instabilities are situated in a lo-
cally isothermal melt and local equilibrium is established
very rapidly at the interface, the difference in curvature
undercoolings (interfacial energy gradient) is equilibrated
by the difference in solutal undercoolings (diffusion gra-
dient). That is,

1 1 R 1 r
R r im C 2 C 5 2 G 2 with r 5 [IIa]~ L L! ~ ! SR r 2

Assuming further that the radius of shrinking instability is
half of the radius of growing instability, Eq. [IIa] is written
in term of average instability as

1.5 G
R rm (C 2 C ) 5 2 [IIb]L L irS

Further, an average flux balance existing between instabil-
ities can be written as

R r i(C 2 C ) ]rL L SD 5 C* (1 2 k) withL Ld ]t [IIc]
id 5 2 (l /2 2 r )S

where l and d are the average spacing and average distance
between instabilities, respectively.

Combining Eqs. [IIb] and [IIc] and replacing withC*L
average interdendritic liquid concentration ^Cd&d, the growth
rate of average instability is

i]r 0.75 A G DS L5 where A 5 [IId]
i i d]t (r )(l /2 2 r ) ^C & m (k 2 1)S S d

Expressing the average spacing l in term of radius of av-
erage instability and of internal fraction of solid fi, their S

growth rate of average instability is further obtained as

i 1/3]r 0.75 A fS i5 with
i 2 d 1/3]t (r ) ^C & (1 2 f )S d i [IIe]

3i i i^v& ^v& rS S Sf 5 f 5 5i C ~ !i iv v l /2f t

where would be the final volume of average instabilityiv f

if there were no coarsening and the actual (because ofiv f

coarsening) volume of average instability (including the
spacing around instability) at any time t during solidifica-
tion.

Only for comparison with other coarsening models, Eq.
[IIe] is written in term of l, assuming that during solidifi-
cation the instantaneous rate of coarsening is identical to

the isothermal rate of coarsening,[21] i.e., .
i1 ]l 1 ]rS5

il ]t r ]tS

Then, Eq. [IIe] is expressed as
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]l 6A
2l 5 or

d 2/3 1/3]t ^C & f (1 2 f )d i i [IIf]
1 ]l 6A

5
3 d 2/3 1/3l ]t l ^C & f (1 2 f )d i i
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NOMENCLATURE
^A& surface area of the instability (m2)
A surface or interfacial area (m2)
C solute concentration (wt pct)
C0 initial solute concentration (wt pct)
^CL&L intrinsic volume average extradendritic liquid

concentration (wt pct)
^Cd&d intrinsic volume average interdendritic liquid

concentration (wt pct)
D diffusion coefficient (m2 s21)
F0 diffusive species transport number
G gradient (km21)

KL liquid thermal conductivity (W m21 K21)
L latent heat of fusion (J kg21)
MSI microsegregation index
Nv volumetric density (m23)
Nj number of instabilities
^N& average number of instabilities
Qz rate of latent heat evolved (J m23 s21)
Pe Péclet number
R tip radius (m)
RE radius of the equivalent dendrite envelope (m)
Rc critical morphological radius (m)
Rn nucleus radius (m)
R* radius of the equivalent dendrite volume (m)
S specific interfacial area (m21)
Sv specific surface area (m21)
Tb bulk temperature (7C)
TL equilibrium liquidus temperature (7C)
Tm melting temperature of the pure metal (7C)
Tz cooling rate (7C s21)
V interface growth velocity (ms21)
V average growth velocity (ms21)
v volume (m3)
vf volume of element (m3)
vL volume of liquid phase (m3)
cp specific heat (J kg21 K21)
f volume fraction
h heat transfer coefficient at the metal-mold

interface (W m22 K21)
k equilibrium partition ratio
m slope of the liquidus line (K wt pct21)
n index number, number of series terms, or

number of components in the alloy

r radius coordinate (m)
rS dendrite arm radius (m)
vf final grain volume (m3)
t time (s)
tf solidification time (s)
xs solid volume distribution function
x, y, z coordinates of the microelement within the

macrosystem
Dvj incremental volume of a j instability
Dv incremental volume of the average instability
DT undercooling (7C)
Dt time-step (s)
fc coarsening factor
m growth coefficient (m s21 K22)
r density (kg m23)
aL liquid thermal diffusivity (m2 s21)
an nth root of anRf cot an 5 Rf 2 RE

b coarsening factor
li wavelength of instability (m)
ln eigenvalue (characteristic value)
l2 secondary arm spacing (m)
s* stability constant
V supersaturation
G Gibbs–Thomson coefficient (K m)
x shape factor
g interfacial surface energy, J m21

Subscripts/Superscripts
E envelope
L liquid or extradendritic liquid
s solid
c solutal
d interdendritic
f final
i internal or instability
m mush
t thermal
* at solid/liquid interface
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