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An outer-approximation algorithm is presented for solving mixed-integer nonlinear program-
ming problems of a particular class. Linearity of the integer (or discrete) variables, and convexity
of the nonlinear functions involving continuous variables are the main features in the underlying
mathematical structure. Based on principles of decomposition, outer-approximation and relaxa-
tion, the proposed algorithm effectively exploits the structure of the problems, and consists of
solving an alternating finite sequence of nonlinear programming subproblems and relaxed versions
of a mixed-integer linear master program. Convergence and optimality properties of the aigorithm
are presented, as well as a general discussion on its implementation. Numerical results are reported
for several example problems to illustrate the potential of the proposed algorithm for programs
in the class addressed in this paper. Finally, a theoretical comparison with generalized Benders
decomposition is presented on the lower bounds predicted by the relaxed master programs.

Key words: Mixed-integer nonlinear programming, outer-approximation, decomposition, cut-
ting planes, computer-aided design.

1. Introduction

The nonlinear mathematical programming problem that is addressed in this paper
involves both continuous (x) and integer {(y) (or discrete valued) variables. The
main characteristics defining the underlying mathematical structure are linearity of
the integer variables and convexity of the nonlinear functions involving continuous
variables. This particular class of problems can be represented by the following
mixed-integer nonlinear programming (MINLP) program,

z=min ¢y +f(x)
s.t. g(x)+By=0, (P)
xe X< R,

ye U= RT,

where the nonlinear functions f: R" - R and those in the vector function g: R" - R*
are assumed to be continuously differentiable and convex on the n-dimensional
compact polyhedral convex set X ={x:xe R", A\x<a,}; U={y: yeY, integer,

* Current address: Department of Engineering, Universidad Autonoma Metropolitana, Iztapalapa,
Mexico City 09340, Mexico

307



308 M.A. Duran, L.LE. Grossmann | Mixed-integer nonlinear programming algorithm

A,y < a,} is a finite discrete set, for instance the non-negative integer points of some
convex polytope, and for most applications Y corresponds to the unit hypercube
Y={0,1}". B, A, A,, and ¢, a,, a, are respectively matrices and vectors of
conformable dimensions; the vectors are column vectors unless specified otherwise;
finally, some of the rows in B may be the zero row vector, which then defines
nonlinear constraints in only the continuous variables.

The mathematical programming structure given by program P, with all of its
variants (e.g. only f nonlinear, only g nonlinear), arises in several areas of practical
interest. The applications include the synthesis problem in chemical process design
[11, 13, 25], the optimal retrofit design of batch processes [46], the scheduling of
units in a process industry powerhouse for satisfying utility demands at minimum
operational cost [16], the mixed-integer nonlinear programming approach to the
marketing problem of planning the optimal positioning of a new product in a
multiattribute space [1, 18, 34, 47], the optimal unit commitment problem in an
electric power system [6, 32, 38], the planning of facility investments for electric
power generation [7, 8], the problem of determining the best treatment plant
configuration for a regional water quality control management system [24], and the
topological optimization of structures for designing transportation networks [29, 33].

MINLP problems belonging to the class described by program P can be solved
using several different well known techniques. Such procedures inciude the general-
ized Benders decomposition method of Geoffrion [20, 5], the alternative dual
approach of Balas (2], or a branch and bound search with solution of a nonlinear
programming (NLP) subproblem at each node of the enumeration tree (see [27, 28,
17] for instance). Some of these methods address MINLP problems of a class more
general than the one in this paper (e.g. nonseparability of continuous and discrete
variables), and therefore one cannot expect that they will necessarily perform in
the most efficient way when solving program P. Since there are no specific algorithms
for efficiently handling MINLP problems in the particular class defined by program
P, it is the purpose of this paper to propose an outer-approximation algorithm that
fully exploits the linearity of the discrete variables and the convexity of the con-
tinuous valued functions.

The main ideas in the proposed algorithm are as follows. Because of the linearity
of the discrete variables, the continuous and discrete feasible spaces of program P
can be independently characterized. Furthermore, the continuous space corresponds
to the intersection of a finite number of compact convex regions, where each region
is determined by a different discrete parameterization. Hence, linearity in the
continuous variables can be introduced into the problem P if a polyhedral representa-
tion is provided for each of those compact convex sets. To achieve this goal,
outer-approximation [19] of a convex set by intersection of its collection of support-
ing half-spaces can be used. That outer-approximation will define the master program
in the procedure as the equivalent mixed-integer linear programming (MILP) rep-
resentation of the original MINLP program P. Because of the potentially many
continuous points required for outer-approximation, a strategy based on relaxation
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[19] will be implemented to build up increasingly tight relaxations of the master
program which will select discrete combinations. The continuous points for outer-
approximation will be given by the optimal primal solutions of convex nonlinear
programs that represent the projection [19] of problem P onto the discrete space.
The proposed algorithm consists then of solving an alternating finite sequence of
nonlinear programming subproblems and relaxed versions of a mixed-integer linear
master program. The algorithm can also be viewed as a cutting plane method for
solving the general convex programming problem where some of the variables are
discrete and appear as in program P.

From the above discussion it follows that the outer-approximation algorithm and
the generalized Benders decomposition method of Geoffrion [20] make use of the
same mathematical tools, namely, projection, outer-approximation and relaxation.
The main difference between these procedures however, is the type of outer-
approximation to define the corresponding master program. While in the outer-
approximation algorithm the optimal primal information of the subproblems is used
to define a mixed-integer linear master program, in the generalized Benders
decomposition method the optimal dual information is used, such that the master
program corresponds to an initially poorly constrained pseudo-pure integer linear
program (i.e. a program involving only discrete variables and one artificial upper
bound continuous variable). A detailed discussion of the relationship between the
proposed algorithm and the generalized Benders decomposition method of Geoffrion
[20] is given in Duran [11].

This paper presents the ideas underlying the proposed outer-approximation
algorithm and its basic properties such as convergence and optimality. Implementa-
tion considerations, mainly for efficiently solving the sequence of relaxed versions
of the master program, are briefly discussed. Finally, to gain insight into the algorithm
properties and to illustrate its computational performance, numerical results are
reported for several example problems which were also solved with the generalized
Benders decomposition method as presented by Geoffrion [20], and a branch and
bound procedure. Based on these results, an interesting trend that was identified is
that the lower bounds predicted by the outer-approximation algorithm were tighter
than the bounds predicted by generalized Benders decomposition. A theoretical
proof on the relation of these bounds is given for the first iteration. The complete
analysis is given in [11] and [12].

2. Quter-approximation

From a conceptual point of view, algorithms based on outer-approximation [19]
describe the solution region of a given problem as the intersection of an infinite
collection of sets. The present algorithm will make use of outer-approximation based
on characterization of convex sets (see [37, 40] for instance) through intersection
of supporting half-spaces. The objective of the approximation will be to provide a
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polyhedral representation of the continuous feasible space of program P. Such a
representation will render linearity in the continuous variables, and enable to replace
the difficult MINLP program P with a mixed-integer linear programming (MILP)
problem.

Since f in the objective function is convex, so is [ f—u], where u is a scalar
variable. Without loss of generality, problem P can then be rewritten as the following
program with a linear objective function:

z=minc'y+u
st f(x)—p=0,

(Py)
g(x)+ By <0,

xeX, ye U, pelf, ful

where f, and f,, are valid finite bounds given by f, =min{f(x): x€ X}, and f,=
max{f(x): xe X}. It will be assumed throughout this paper that the following
suitable form of Slater’s constraint qualification holds; namely, there exists a point
x € X such that g(x)+ By <0, for each ye UV, where

V={y: g(x)+ By =<0 for some x€ X}. (1)

Let F(y) define for each ye U~ V the associated continuous feasible space in
program Py,

F(y)={x,p:xeX,pelfi,fu). f(x) —pn=<0,g(x)+By<0}. (2)

Due to convexity of the functions in f and g, and to the compactness of the polyhedral
convex set X, F(y) for each ye UV is a closed convex set [37, 40]. Therefore,
the natural polyhedral representation [37,40] of F(y) is given by the intersection
of its collection of homogeneous half-spaces. By the assumed linearity of the discrete
variables, different y assignments lead only to different locations in the space for
the regions F(y). Therefore, intersecting the polyhedral representations of F(y) for
all ye U n V and using the differentiability property of the functions, the feasible
region of the program P, can be defined by the following infinite set of supporting
half-spaces,

0= f(x)—p=f(x)+Vf(x)(x=x)~pu
0=g(x)+By=g(x'")+Vg(x")"(x—x")+By
XEX’ l“' € [.fL:fU]a yE U

}, allx' e X,
(3)

Here, Vf(x") is the n-gradient vector and Vg(x') the nxp jacobian matrix
evaluated at given x'e X. The half-spaces in (3) correspond to the approximation
of the convex functions in f and g by the pointwise maximum of the collection of
their linear supports. Examples of outer-approximation at a finite number of points



M.A. Duran, LE. Grossmann | Mixed-integer nonlinear programming alogrithm 31

are illustrated in Figs. 1 and 2. In Fig. 1, H,,, H,,, and H,,, H,,, correspond to

supporting half-spaces of g, and g,, respectively, at points x, and x,.
Outer-approximation of the feasible space of program P,, as defined by (3),

renders linearity in the constraints and objective function of P, and leads to the
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Fig. 1. Outer-approximation (at two points) of a convex set in R
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Fig. 2. Outer-approximation (at four points) of a convex function in R'.
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following semi-infinite mixed-integer linear programming formulation,
z=minc'y+p
st fxN+V(xXDY (x—x)—pn=<0
g(xN+Vg(x")(x-x")+By<0

XEX: ,LLE[fL,fu], ye U

}, all x' e X, (P)

By the same outer-approximation procedure above, it can easily be shown that
V, the set of y variables that yield non-empty continuous feasible regions, has the
equivalent representation,

V={y: g(x)+Vg(x')"(x—x")+By<0all x'e X, for some xe X} (4)

and that under this definition V is embedded in the constraint set of program P,.
The following lemma, which can be easily proved [11], establishes the equivalence
between problem P,, and the semi-infinite mixed-integer linear program P,.

Lemma 1. Let the assumptions with respect to functions and sets in problem P, hold,
then problems P, and P, are equivalent.

3. Master program

Although problem P, is a mixed-integer linear programming program, it involves
an infinite number of constraints and is in general difficult to solve. However,
advantage can be taken of the fact that the set U n V is discrete and finite. That is,
the concept of projection [19] of program P onto the discrete space can be used to
identify selected continuous points x' for outer-approximations in problem P,. The
projection of program P onto y is given by,

z=min [i“ﬁ_mym{cTy +f(x): g(x)+ByS0}] )

s.t. yeUnNnV.
It can easily be shown that this projected problem is equivalent to program P. For
given y' € U NV, the infimal value function of the “inner” problem in (5) is precisely
the optimal value of program P for fixed y' Further, by the assumptions in the
problem, for each y' € U n V the infimum is attained and corresponds to the optimal
value z(y') of the nonlinear programming subproblem,

z(y")=c"y' + min f(x)

st g(x)+By' =0, (S(y)

xe X
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It is clear that program P is not a convex program in x and y jointly, but fixing y
renders it so in x for S(v). Thus, the first observation is that for y' to be a candidate
for the optimal solution to problem P, y' must be such that S(y‘) is feasible (i.e.
y'€ Un V), and then the best continuous point x’ associated with y' is the optimal
solution of the corresponding subproblem S(y'). Secondly, according to theorems
for characterization of integer polyhedra [22] and linear programming theory, the
mixed-integer solution to problem P, is such that the integer part y' is an extreme
point of the convex hull of feasible integer solutions (Conv(U n V)), and the
continuous part is given by the boundary point (x = x’, f(x')) in the linear suppost
to f(x) (3) associated with y’ Therefore, as given by projection of program P onto
y-space, the finite set of continuous points x' to be considered for outer-approxima-
tion in problem P, are actually the optimal solutions of the subproblems S(y‘)
defined for the finite number of all integer points y'€ U n V. The master program
in its final form is then given by the following mixed-integer linear programming
program,

z=minc'y+u

st f(xX)+HVf(x) (x—x)-p=0
{gr((x"))+Vj;(x?)T((x~x")) +‘:9y<0 } forall ie T (M)
xeX, pelf, ful. yeU
where
T ={i: x' optimal solution to S(y'), all y'e U V}. (6)

Since the feasible space of problem P is assumed nonempty and compact, finite
optimal solutions exist for both programs P and M. The following theorem estab-
lishes the relation between these optimal solutions.

Theorem 1. (x™*, y*) is optimal in P iff (x*, y*) is optimal in M with p* = f(x*).

Proof. Assume that (x*, y*) is optimal in P. Then, y*e U Vand (x*, u*)e F(y*),
where u* = f(x*). Further, for (x*, y*) the infimum value is attained in the projected
problem (3), i.e. z=c"y*+f(x*)=<c"y+f(x) for all x, y. Since (x*, u*)e F(y*),
y*e UnV, the outer-approximation half-spaces in (3) hold for all x', ie T. But
x*=x" ke T, and hence (x*, u*, y*) is feasible in program M. Therefore, since
(x*, w*) e F(y™*), it follows that 0 =f(x*) — u*=sup{f(x") + V/(x)(x*—x") - u*:
all i € T}. The pointwise maximum must be achieved at a boundary point (x', f(x)),
otherwise the result follows for the unconstrained minimum. Therefore, for y* € U n
V, x* optimal in S(y*) implies z=c"y*+u*, u*=f(x*). The proof in the other
direction is similar. [

Although the master program M involves outer-approximation at only a finite
number of well defined points x', it has the drawback that it requires predetermination
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of the outer-approximations associated with all possible values y'e U V. To
circumvent that difficulty a strategy based on relaxation [19] can be used. The
relaxed version of the master program to be solved at iteration k can be formulated
as
Z¥=minc"y+p,
st (x,y)e X, (M*)
X € X, Y€ Ua ,lLE[f‘L,fU],

where
QF ={x,y: f(x)+Vf(x) (x—x") —n <0,
g(x)+Vg(x)(x—x")+By=<0,all ic T < T}, (7
T* = {i: x' optimal solution to S(y'), i=1,2,..., k}.

The use of relaxation as the strategy for solving program M then implies: (i) at
iteration k, solve the relaxed master program M* that ignores all but some of the
constraints in M (i.e. ignores i € { T\ T*}). (ii) If the solution to M*, (x, y**"), does
not satisfy certain termination criteria, solve the subproblem S(y**') to determine
the continuous point x* "' for outer-approximation. (iii) Construct the new relaxed
master M**! by intersecting the feasible space at iteration k with the set of closed
half-spaces associated with x**' (i.e. T"*'=T*U{k+1} in (7) to define N**").

4. Bounding properties
Let G and I'* denote respectively the feasible spaces of problems P, and the
relaxed version M* of the master program M,
G={x,y:xeX, ye U, f(x)-pn=<0, g(x)+ By <0}, (8)
' =(XxU)n Q" (9)

It then follows from (3) that for any relaxed master program M*, the corresponding
outer-approximation set I'* overestimates the feasible set G as stated in the following
lemma [11]:

Lemma2. Gc " forall k=1.

Therefore, according to Lemma 2, in an outer-approximation/relaxation strategy
problem Py: min{c'y+u: (x,y)e G, pe[fL, ful} will be solved via a sequence of
approximating problems,

MY min{cTy+p: (x,p)el  pelfi, full, k=1,2,...,
where GeI'*cI'* 'c--.cTI'. (10)
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From the concept of problem relaxation [19] it then follows that

min{c"y+u: (x, y)e G, ue[fu, full=min{cy+pu: (x,y)eIT'",
pelfi, fol}= - =min{c"y+u: (x,y)el", wef, ful} (11)

That is, the sequence of optimal objective function values z*, found as solutions to
successive relaxed master programs M* must be a monotone nondecreasing
sequence of lower bounds on the optimal value of the original MINLP problem P.
Since subproblem S(y') is obtained from program P by fixing y'e UV, S(y") is
a restriction to P and the following also holds,

z=min{c'y+£(x): (x, y) e G} < z(y")
=min{c"y' +f(x): x€ X, g(x)+ By' <0}. (12)

That is, for any y' € U n V the optimal objective function value-of subproblem S(y")
provides a valid upper bound on the optimal value of problem P. Obviously, the
sequence of values z(»') need not be monotone nonincreasing.

The bounding properties discussed above can be used both to enhance the
algorithm efficiency and to provide termination conditions. In particular, without
loss of generality the constraint u €[ f,, f] in the master program can be replaced
by the stronger valid bounds,

=Ty +ru <z (13)

where 257 ' =min{c y+u: (x,y)e I'*"'}, and z* is the current best upper bound.
Although the constraint 2*7'<c¢"y+pu is redundant, it will be considered here
because it may act as a weak cut to avoid needless enumeration in successive relaxed
master programs.

5. Infeasible subproblems

For ye U to be a candidate for the optimal solution to program P, y must be
such that the y-parameterized subproblem S(y) is feasible. In other words, the
condition y € U~ V must hold, where by (4) V has the equivalent representation,

V={y: g(x)+Vg(x)"(x—x')+By=0 all x'e X, for some xe X}. (14)

It should be pointed out that because of the relaxation strategy employed in the
algorithm, as iterations proceed subsets of the constraints in V, as given in (14), are
being automatically generated from the outer-approximation half-spaces (3) associ-
ated with the y e U n V that have already been tested. That is, at iteration & in the
algorithm a relaxation V* of the set V will be present in the relaxed master program
M?*, and will be given by

VE={y: g(x)+Vg(x")(x—x)+By=0, all ie T¥, for some xe X}. (15)
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However, for each iteration k the set V* is an overestimation of V, and therefore
the selection in program M* of an integer combination y leading to a feasible
subproblem S(y) (i.e. y € V), cannot always be guaranteed. Hence, if a y € V¥ such
that y ¢ V is obtained as solution to a relaxed master program version M*, the
selection of that y has to be prevented in subsequent iterations. The easiest way of
performing this task, without altering the bounding properties in the algorithm, is
to eliminate y ¢ V by adding appropriate half-spaces to V* so as to construct the
more constrained set V**' to be considered in the subsequent program M**'. The
natural tool for testing whether ornot y' € V¥ isalso in the set V is the y'-parametrized
subproblem S(y') itself. When optimizing an infeasible subproblem S(y'), any NLP
algorithm will yield an associated result x'€ X (e.g. minimization of constraint
violations). Therefore, the following set of supporting half-spaces can be added to
V* such as to define V¥'!,

FENHV) (x-x)-p<0,  g(x")+Vg(x)(x—x)+By=0. (16)

It is clear that the constraints in (16) eliminate from consideration not only the
point (x', ¥') but other infeasible regions. However, the constraints in (16) do not
guarantee that the y' ¢ V will not be selected again (i.e. y'€ V**'), since they could
be satisfied for some x # x', xe X, y'e V**! according to

0<g(x")+By' =g(x")+Vg(x")'(x —x")+ By <0.

Hence, in order to totally eliminate y'¢ V such that y' € V* from further consider-
ation, an integer cut for deleting y' must also be introduced.

6. Algorithm

The outer-approximation algorithm can now be formally stated. All the hypotheses
implied in the development, in particular the ones which ensure that P has a finite
optimal solution, are assumed to hold. The algorithm is then as follows:

Define for given x'e R"

C(x)={x, y: f(x)+Vf(xN(x=x")—pu =0,
g(x)+Vg(x')(x—x")+By=<0, ueR'}.

Step 1. Set 2°=R"x R™, lower bound z"=—00, upper bound z*=+c0, i=1.
Select an integer combination y'e U, or y'e€ U n V if available.
Step 2. Solve the y'-parameterized NLP subproblem S(y'):

z(y'y=c"y' +min f(x)
st. g(x)+By' =0, (SOOI
xe X.
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One of the following cases must occur:
(a) Problem S(y‘) has a finite optimal solution (x’, z(y*)), where z(»') is a valid
upper bound on the optimal value of the MINLP program P.

Update the current upper bound estimate: z* =min{z*, z(y")}.
If z¥=z(y") set y*=y' x*=x"
Set 2'=0""'nC(x"), and go to Step 3.

(b) Problem S(y’) is infeasible (i.e. y' £ V) with associated result x'.

Derive and add to M’ an integer cut to eliminate y' from further consideration.
Set 2'=02"nC(x").

Step 3. Solve the current relaxed MILP master program M.

Z=minc'y+pu
st. (x y)ef2’,
< cTytu<zt (M")
xeX, ve U ueR',
y € (set of integer cuts).

One of the following cases must occur:

(a) Problem M’ does not have a mixed-integer feasible solution, STOP.

The optimal solution to the original MINLP program P is given by the current
upper bound z* and the variable vectors (x*, y*). That corresponds to the optimal
solution of the y*-parameterized NLP subproblem as defined in Step 2a.

(b) Problem M’ has a finite optimal solution (z, x, y); z' is an element in the
monotonic sequence of lower bounds on the optimal value of the MINLP program
P; y is a new integer combination to be tested in the algorithm.

Set p'"' =y, and i =i+1 to indicate a new iteration,

Return to Step 2.

The above iterative procedure indicates that the algorithm consists of solving an
alternating sequence of nonlinear programming subproblems S(y) and relaxed
mixed-integer linear master programs M'. It should be noted that if all the functions
in problem P were linear, the relaxed master program at the first iteration would
be identical to the original problem, and hence the above algorithm would terminate
in at most two iterations. For the nonlinear case, the algorithm converges in a finite
number of steps to the optimal solution of problem P as shown in the next section.

7. Convergence and optimality

The convergence of the proposed algorithm can be proved based on at least two
different criteria. The first criterion rests on the bounding properties derived for the
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procedure. The second one is standard and relies on the finiteness of the set U of
integer constrained variables.

In the i-th relaxed master program M’ (iteration i), the constraint z' '< ¢y + u <
z* explicitly considers the bounding properties in the procedure (see Section 4),
and the lack of a feasible mixed-integer solution at step 3a of the algorithm implies
the condition ¢y + u = z* for all of the remaining solutions because of the monoton-
icity of the sequence of lower bounds. That condition indicates crossing of lower
(z') and upper (z*) bounds, and thus convergence of the algorithm. The optimal
solution (x*, y*) of program P is then given by the current best upper bound z*
corresponding to the optimal solution x* of the y*-parameterized subproblem S(y*).
Optimality of this solution can be proved if in the constraint ¢'y + u < z* the equality
is also considered. The termination criterion at step 3a of the algorithm would then
be to Stop when a repetition of discrete variable y* is obtained. That is because in
the next iteration the equality z' = ¢ 'y*+ u* = z* would hold with & * = f(x*). Under
the above termination criterion, and considering the constraint z'~'
the relaxed program M’ can be expressed in terms of only the last outer-approxima-
tien, namely the one at x*, such that when solving the program

= (’Ty 4 w= Z*,

2 =minc'y+pu,
st fOM)+V(xH) T (x—x*) - u=0,
, . [(M")*]
g(x®)+Vg(x*)"(x—x*)+ By <0,
'=z* xe X, ye Un (integer cuts), we R',
the algorithm will terminate at this stage (y'"' = y*, y" = y* 1<i+1).

Theorem 2. If (x*, y*) is optimal in the relaxed version (M')* for some i, ie. (x'",
y'*h), then (x*, y*) is also optimal in problem P.

Proof. Note that our assumptions on the problem ensure the existence of an optimal
solution (x*, y*). Also, since x* is optimal solution to subproblem S(y*), by
convexity the inequalities in (M')* hold for any xe X ={x: xe R", A\x<a,}, and
so (x*, y*) is feasible to (M')*. Both problems S(y*) and (M')* satisfy the given
form of the Slater’s condition. Then, the necessary and sufficient conditions for
(x, y*) to be optimal in (M )* is that A € R', u € R”, v e R, such that x, x minimize
L, where

L=cTy* +u+ AL (") + V(%) (x = x*) — ]
+u'[g(x*)+Vg(x*) (x—x*)+ By*]+ v [A,x —a,]
and satisfy
SR V) (x=x*) —p<0,  g(x*)+Vg(x*)"(x—x*)+By* =0,
Ax*—a, =<0, ALFH)+ V(") (x—x*) - u] =0,
ug(x*)+Vg(x*)"(x—x*)+ By*]1=0, v [Ax*—a,]=0,

A, u, v=0.
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From the lagrangian function minimization it then follows that
dL
o0 = A=, ;—X:O = AVS(x*)+Ve(x*)u+ATv=0.

Thus if x* is optimal to (M')*, one can set x = x* in the above optimality conditions
and determine

VAx*)+Vg(x¥u+Ajv=0,

Sx®)y=p, g(x*)+ By*=0, Ax*—a =0,
u'[g{x*)+ By*]=0, v [Ax*—a,]=0,
u=0, v=0,

that in turn imply
L¥=cTy*+ f(x*) +u'[g(x*)+ By*]+ v ' [A,x* —a,]=c"y*+f(x*)

which are the optimality conditions of subproblem S(y*) with optimal solution x*,
2% =¢cTy*+ f(x*). Hence, according to projection, (x*, y*) is the optimal solution
of the program P, since if y # y* were optimal solution to P with z < z* that would
imply a contradiction to the assumption that z*=z'<z=min{c y+f(x): (x,y)€
G}. O

It is clear that the number of iterations required for convergence to the optimal
solution is dependent on the particular nature of the problem. For the class of
programs addressed in this paper, the finiteness of the outer-approximation
algorithm rests on the fact that the set U is a finite discrete set as given by the
assumptions in the problem.

Theorem 3. Assume that all of the assumptions and properties in the procedure hold,
in particular Theorem 2 and the bounding properties implied by Lemma 2. Given that
U is a finite discrete set, the outer-approximation algorithm terminates in a finite number
of iterations.

Proof. The proof is standard and the main tools are the facts that U is finite, and
that no y can ever be selected twice as a solution in the sequence of relaxed master
programs at step 3 of the algorithm. If repetition of integer assignments were allowed,
bounding properties and Theorem 2 would imply convergence to the optimal
solution. Note that the worst performance of the algorithm would be the total
enumeration of the integer elements in U, which is finite. []

8. Implementation considerations and refinements

The definition of the master program is the main feature that differentiates the
proposed outer-approximation algorithm from similar algorithms such as the



320 M.A. Duran, LLE. Grossmann |/ Mixed-integer nonlinear programming algorithm

generalized Benders decomposition method. The relaxed versions of the MILP
master program can be expected to provide good global approximations to the
original nonlinear program, and hence good predictions for the lower bounds. This
could have the advantage of reducing the number of iterations to find the optimal
solution. However, since the relaxed master programs will grow in size as iterations
proceed, the solution of the sequence of MILP problems can become the major
bottleneck in large-scale applications. Although efficient codes are available [41]
for solving MILP programs, the efficiency of the algorithm can be enhanced if the
following considerations are taken into account. Firstly, integer cuts can be derived
and added at each iteration such as to reduce the enumeration effort when solving
subsequent relaxed master programs M’ Secondly, a very desirable refinement
would be to keep the size of the programs M' as small as possible by using a
constraint dropping scheme. Thirdly, the solution of the relaxed master problem
could be prematurely terminated as soon as an integer solution is found that lies
below the current upper bound. The latter option is clearly trivial to implement,
but the first two require some explanation.

Integer cuts

It has been shown [3] that cutting planes derived from disjunctions associated
with binary assignments in a partial search tree, often provide better bounds than
the LP relaxation at each node. In any enumerative procedure it is possible to
identify partial assignments (y), of discrete variables associated with fathomed
nodes whose corresponding subproblems are infeasible. Therefore, if for instance
a branch and bound method is used for the solution of the increasingly constrained
MILP problems M, the information on the infeasible fathomed nodes can be used
to generate integer constraints that will eliminate those partial assignments from
consideration when solving master versions of subsequent iterations. Other types
of weak integer cuts that could be derived are the ones that will ensure that those
previously considered integer combinations (for both infeasible and feasible NLP
subproblems) cannot be encountered again. The two types of cuts described above
may help expediting the enumeration procedure in subsequent relaxed master
problems. For the case when the integer combination is an element of some unit
hypercube (i.e. binary variables), the following well-known integer cut [4] will
perform the above tasks.

Lemma 3. Given any integer combination y' ={y}:j=1,...,m}e{0, 1} with index
sets B'={j: yj=1}, NB'={j: y;=0}, s.t. |B'|+|NB'| = m, the integer constraint

Y v— Y y=<|Bl-1
B

jeB' JjeNB'

will be violated only by y' and no other y* # y'.

Remark 1. For deriving integer cuts to eliminate partial assignments, the integer
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combination to be considered is a partial solution (y), in a reduced integer space
(ie. (»),€{0,1}, r=m).

The above integer cuts are easy to derive and implement. An example of these
cuts is given in Fig. 3, where cuts are derived from the infeasible nodes in an
enumeration tree. Note that these cuts are valid because the MILP problems M’
will remain infeasible at these nodes in subsequent iterations. The generation of
integer cuts should be introduced at Steps 2a and 3b of the algorithm for eliminating
y'e Un V and partial assignments, respectively.

integer Cuts
o Fathomed Node
)'3'0
. Y0 Yo Yy Y, &
Yo" -
2 73 {
2
Y,=0
Y,=0 72-1 ;
f A {°
73-1
Y1-1
y,=0

Fig. 3. Integer cuts from infeasible nodes in a search tree.
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Additional integer cuts that could also be considered to expedite the solution of
the relaxed master problem are cuts similar to the ones that have been proposed
by Crowder et al. [10] and Van Roy and Wolsey [45] to tighten the constraint set
in integer linear programming problems.

MILP programs: Dropping constraints

Provisions for keeping the size of the relaxed master programs as small as possible
are clearly desirable to reduce the computational effort in Step 3 of the algorithm.
The nature of those provisions must be such that they will not upset the inherent
convergence properties of the proposed method. One alternative is to apply a
mechanical analysis procedure to reduce or presolve each MILP problem M’ prior
to its actual solution (e.g. see [9, 26, 41]). Another possibility is to develop conditions
for a constraint dropping variant of the algorithm.

Since the proposed outer-approximation method can be regarded as a cutting
plane procedure [31], a constraint dropping scheme could be considered based on
the extensive and excellent work that has been done in this area for cutting plane
algorithms that address nonlinear programs without integrality restrictions (see for
instance (14, 42, 43, 44]). Further, since Slater’s constraint qualification is assumed
to hold for problem P,, the strategy for dropping constraints given in the central
cutting plane algorithm of Elzinga and Moore [15] is also interesting. Precise
conditions to drop constraints from time to time without adversely affecting conver-
gence properties in outer-approximation methods have been reported for instance
in Mayne et al. [35], Hogan [30], and Gonzaga and Polak [23].

None of the above possibilities for trying to keep the size of the relaxed master
programs as small as possible have been implemented yet in our procedure, but
they would certainly be worth exploring.

9. Test problems

Four example problems were solved to illustrate the computational performance
of the proposed outer-approximation algorithm. The actual formulations and data,
and a brief discussion of the underlying physical meaning for the test problems are
given in Appendix Il. The first three problems in the set are simplified versions of
process synthesis problems [11, 13], where the goal is to simultaneously determine
the optimal structure and operating conditions of a process that will meet certain
given design specifications. The fourth example corresponds to a modest extension
of the known [1, 18, 34, 47] MINLP problem formulation for determining the
optimal positioning of a new product in a multiattribute space. Note that problem
No. 4 is actually a maximization problem, and to have a common framework in the
next discussion results will be reported for the equivalent minimization formulation
(i.e. minimizing the negative of the objective function). Table 1 summarizes the
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Table 1

Parameters for test problems

Problem Total number Number of Total number Number of

No. of variables binary of constraints® nonlinear
(n+m) variables (m) constraints (p)

1 6 3 6 2

2 11 5 14 3

3 17 8 23 4

4 30 25 30 25

* Without including upper and lower bound.«onstraints for the continuous variables.

parameters in the example problems characterizing size (i.e. number of variables
and constraints), and degree of complexity (i.e. number of integer variables and
nonlinear constraints).

The example problems were also solved using the generalized Benders decomposi-
tion method of Geoffrion [20] and a depth-first branch and bound procedure. It
should be pointed out that versions without built-in refinements were used for all
of the above methods. The objective in solving the test problems with the other two
methods was not to perform an extensive numerical comparison with the proposed
outer-approximation algorithm, but rather to identify some general computational
trends. Although the problems vary in size and complexity, the sample is small and
does not include many of the possible variants on the mathematical structure of the
class. Therefore, based on the results of the present numerical experiments, no
definite claims can be made about the superiority in time-efficiency of the proposed
algorithm for the whole class of programs P. However, as will be mentioned later
in the paper, the present limited numerical results have motivated an interesting
generalization about the quality of the lower bounds predicted in the outer-approxi-
mation algorithm.

In relation to the implementation of the procedure, the example problems were
solved using a preliminary version of the outer-approximation algorithm that does
not include the refinements for integer cuts to eliminate partial assignments, nor
for conditions to drop constraints in the MILP programs. The solution of the
nonlinear programming (NLP) subproblems was obtained using the reduced
gradient method (with a projected langrangian approach for nonlinear constraints)
as implemented in the computer code MINOS/AUGMENTED [36]. The mixed-
integer linear problems, associated with relaxed master programs, were solved with
the computer code LINDO [39], which uses a depth-first branch and bound pro-
cedure. With respect to the generalized Benders decomposition (GBD) method, it
was implemented as originally presented by Geoffrion [20] (i.e. adding to the master
program only one new integer cut per iteration, such cut corresponding to the most
violated (or nearly so) constraint). The NLP subproblems and relaxed versions of
the pseudo-pure integer master program in GBD were solved using the codes MINOS
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and LINDO respectively. The branch and bound (BB) procedure was implemented
in a standard fashion and a depth-first strategy was used. For solving the MINLP
example problems with BB, at each node of the search tree the corresponding
integrality constraints were relaxed and the resulting NLP’s solved using the code
MINOS.

In all of the above methods, the initial guess for an integer assignment was
obtained rounding the solution of the MINLP problems with integrality relaxation.
The rounding was performed such as to obtain a feasible associated NLP subprob-
lem. Relevant numerical results describing the computational performance of the
three methods are presented in the next section. The reported CPU-times correspond
to a DEC-20 computer system.

10. Numerical results—Discussion

The main parameters characterizing the numerical performance of the proposed
algorithm and the other two methods are reported in Tables 2 to 6. As seen from
the results in these tables, for the test problems that were solved, the outer-
approximation algorithm proved to be more eflicient than the versions of both GBD
and BB that were used. An interesting trend in the numerical behavior of the
algorithm can readily be identified; namely, the fact that the number of iterations
required by the proposed algorithm was always substantially smaller than by GBD
(roughly 60% smaller on the average). Although the solution of each relaxed master
program in the outer-approximation algorithm required a larger computational effort
than the solution of the corresponding master program in GBD, the total computer
times for the respective sequence of master problems were comparable in both
methods. However, the smaller number of iterations required by the proposed
method implied a smaller number of nonlinear programming (NLP) subproblems
that had to be solved. This led to savings in total computational time of roughly

Table 2

Results example problem No. 1

Branch and bound Generalized Benders Proposed
(depth first) decomposition algorithm
iterations g* 4 2
CPU-time(sec): #
NLP subproblems 21.2 7.7 39
Master problems 49 4.3
Total 21.2 12.6 8.2
optimal solution
found at iteration 7* 3 1

* Enumerated nodes, # DEC-20.
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Table 3
Results example problem No. 2
Branch and bound Generalized Benders Proposed
(depth first) decomposition algorithm
iterations 25% 8 3
CPU-time(sec): #
NLP subproblems 60.2 17.3 6.2
Master problems 11.0 9.5
Total 60.2 28.2 15.7
optimal solution
found at iteration 17* 6 2
* Enumerated nodes, # DEC-20.
Table 4
Results example problem No. 3; y'={y;:j=1,...,8}=[1,0,0,1,0,1,0,0]
Branch and bound Generalized Benders Proposed
(depth first) decomposition algorithm
iterations 43* 10 4
CPU-time(sec): #
NLP subproblems 128.1 28.2 7.4
Master problems 19.7 21.4
Total 128.1 479 28.8
optimal solution
found at iteration 36* 9 2

* Enumerated nodes, # DEC-20.

Table 5

Results example problem No. 3; starting guess: optimal binary combination yt=y*=[0,1,0,1,0,1,0,1]

Branch and bound Generalized Benders Proposed
algorithm
iterations 39* 8 3
CPU-time(sec):
NLP subproblems 117.1 216 5.6
Master problems 13.5 15.0
Total 117.1 351 20.6

40% on average with respect to GBD. Relative to branch and bound, the computer
time savings with the present algorithm were 74% on average.

With the outer-approximation algorithm the optimal solution in the four examples
was found roughly within the first half of the total number of iterations. In contrast,
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Table 6

Results example problem No. 4

Branch and bound Generalized Benders Proposed
(depth first) decomposition algorithm
iterations — 35% 6
CPU-time(sec): #
NLP subproblems — 239.4 32.7
Master problems 835.4 971.0
Total — 1074.8 1003.7
optimal solution
found at iteration — i 3

# DEC-20, f up to iteration 35 no optimal solution was found.

GBD had a tendency to find the optimal solution in the last few iterations. Finally,
as problem size and degree of complexity increased, the differences in the computa-
tional performance of the three methods increased in favor of the proposed
algorithm. For the fourth example problem, which involves 25 binary variables and
25 nonlinear constraints, the outer-approximation algorithm required only 6 iter-
ations {optimal solution found at the third iteration). In almost the same total
computational time, GBD performed 35 iterations in which no optimal solution
was found.

The main difference between the outer-approximation algorithm and GBD is the
definition of the master program. While in the former method the master is a MILP
program, in GBD it corresponds to a pseudo-pure integer linear program. Therefore,
the above numerical behavior was a clear indication that the proposed sequence of
relaxed master programs provided a better global approximation than GBD to the
original MINLP program. Evidence to support that was given by the “‘good” quality
of the sequences of lower bounds predicted by the outer-approximation algorithm
in all of the example problems. In Fig. 4, the progress of the solution procedure is
shown for test problem No. 3. For that problem, the first predicted lower bound
was —105.6 with the present procedure, and —886.8 with GBD. Further, while with
the outer-approximation algorithm the gap between lower bounds and optimal
objective function value (68.0) was closed in four iterations, for GBD the progress
was slower and required 10 iterations. For the fourth test problem (minimization
case), the first predicted lower bound was —14.1521 with the proposed algorithm
and —55.1904 with GBD. After 35 iterations, the lower bound in GBD was —52.3904
which represents an improvement of only 6% toward the optimal objective function
value (—7.7891).

11. Theoretical comparison with generalized Benders decomposition

In the four examples of the previous section the lower bound predicted at each
iteration by the outer-approximation algorithm was always substantially higher than
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the one predicted by the GBD method. A theoretical explanation that generalizes
the above numerical behavior for the class of MINLP problems addressed in this
paper is given in Duran’s Ph.D. thesis [11] and is also available in the technical
report [12]. In these references convex duality theory as applied to the NLP
subproblems was used to prove that at each iteration the lower bound predicted by
the relaxed master program in the outer-approximation algorithm will always be
greater than or equal to the lower bound obtained in the GBD method. This in turn
implies that the outer-approximation algorithm always requires fewer or the same
number of iterations than the GBD method when applied to problem P.

The proof presented by Duran [11] determines first the relationship between the
feasible spaces of the relaxed master programs in both methods. Then the relation
among objective cuts (supports) is established in order to show that the lower bound
predicted by the outer-approximation method is greater or equal than the one
predicted by GBD for a given integer value. Finally, an inductive proof is given to
show that the relation between the two bounds is maintained at every iteration. All
the different cases arising from the selection of integer values that lead to feasible
or infeasible NLP subproblems are considered. The proof given in Duran [11] is
rather lengthy, and therefore out of the scope of this paper. However, Appendix 1
presents a condensed proof for the particular case when the lower bounds of the
two methods are predicted at the first iteration, and based on any initial feasible
integer value for the NLP subproblem.

It should be noted that the work per iteration in the outer-approximation algorithm
is greater than the one in GBD due to the larger size of the relaxed master program
in the former method. Therefore, despite the theoretical result on the relation of
the lower bounds, no conclusions can be drawn on the computing times that are
required by the two methods. However, the outer-approximation algorithm would
seem to be promising in applications where the NLP subproblems are expensive to
solve since it will often require relatively few iterations.

12. Conclusions

A primal decomposition algorithm based on outer-approximation has been pro-
posed for efficiently solving a particular class of mixed-integer nonlinear program-
ming problems. Outer-approximations of the continuous feasible region in the
program have to be performed at only a finite set of well defined points. The
proposed procedure alternates between nonlinear programming subproblems and
relaxed versions of a mixed-integer linear master program. A study of the bounding
and convergence properties of the algorithm has been presented. Conditions for an
efficient implementation have also been discussed. The computational performance
of the algorithm was illustrated on a set of four example problems, which were also
solved with the generalized Benders decomposition method and a branch and bound
procedure. In the numerical behavior of the proposed procedure, a general trend
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was observed consisting mainly of a relatively small number of iterations required
for solving each test problem. An explanation to that fact was found in the good
quality of the sequence of lower bounds predicted by the relaxations of the MILP
master program. A theoretical explanation that generalizes the above observation
is given in [11] and [12]. In this paper it has been given only when the lower bounds
of the outer-approximation and GBD methods are computed from a feasible NLP
subproblem at the first iteration. The preliminary results that have been obtained
suggest that the proposed algorithm is promising as an efficient method for solving
MINLP problems belonging to the class considered in this paper. Because of the
small number of iterations that is required, the proposed method should be par-
ticularly suited to MINLP problems where the NLP subproblems are expensive to
solve.
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Appendix I: On the lower bounds predicted by GBD and outer-approximation at the
first iteration

Theorem A. Given is an initial integer value y' € U ~ V in problem P. If at y' the lower
A, ZPB, are computed from the relaxed master programs of the outer-

bounds zV",
approximation and GBD methods respectively, then " = z}'",

Proof. Since y'e U V and Slater’s constraint qualification is assumed to hold,
the stationary conditions of the lagrangian of S(y') yield (see proof Theorem 2),
VAx")+Vg(xhu'+Alv' =0 (A1)

where x' and u' =0, v' =0, are the optimal solution and multipliers of S(y").

The feasible integer space in the relaxed master program of the outer-approxima-
tion method is given by

Voa={y: ye U, Foa(y) is non-empty}
where the feasible continuous space FHa(y), ¥ € Via, is given by

Foay)={x:xe X, g(x")+Vg(x")x—x")+ By=<0}.
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Itthen follows that forevery y € V., and every x € F (), the following inequalities
hold,

g(x")+Vg(x"H(x—x")+By=0, Ax—a, <0
Since u', v', are non-negative,

(u')'Vg(x"Y(x—x"y= —(u")[g(x")+ By],

() A (x—x")=—("HTAx' -a]

Multiplying (A1) by (x—x') and substituting the second and third term of this
equation by the two above inequalities yields

(") [g(x)+Byl+ (") TAx —a,]<VA(x")(x-x").
Since (s'}'[A,x' —a,] =0, the above inequality also implies
z98(v) =y +f(x")+ (u') Tg(x")+ By]1= 29y, x)
=cTy+f(x)+Vf(x) (x - x)
where z7%(y) and zP(y, x) are the support functions in the relaxed master programs
of the GBD and outer-approximation methods at the first iteration [11, 12]. Since

the above inequality holds for every x € Fia(y) at ye Vi, it follows that

Py min 20Ny, x), xe Foa(y)
Therefore, since Voa< U,

7P =min z7%(p) < min z7%(p) <= min 2PN, x).
yel ¥e Vo yeVhaxe FHA
Hence, given an initial feasible integer value at the first iteration, the lower bound
predicted by the outer-approximation method is greater or equal than the lower
bound predicted by GBD. [

Appendix II: Formulations of the test problems

Problems 1, 2 and 3

The first three example problems in the set are related to the problem of synthesiz-
ing a processing system [11, 13, 25]. This problem is the one of simultaneously
determining the optimal structural and operating parameters for a process so as to
satisfy given design specifications. The first step in the MINLP approach to the
synthesis problem is to propose a superstructure that has embedded the competitive
alternative process configurations to be considered (see Fig. 1A for the third example
problem). For the formulation, a 0-1 variable (y) is associated with each process
unit (piece of equipment) to denote its potential existence in the final optimal
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Fig. 1A. Test problem No. 3, superstructure.
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configuration. The continuous variables (x) represent process parameters such as
flowrates of material. The nonlinearities in the model are mainly due to intrinsic
nonlinear input-output performance equations for some of the process units. The
constraints in the underlying MINLP program are therefore design specifications,
topological considerations, and conservation equations around nodes and units in
the superstructure. The objective to be minimized is usually chosen as the annual
cost, including both investment and operating costs. Fixed-cost charge approxima-
tions are considered for the investment cost part. See references [11, 13, 25] for a
detailed discussion of the formulation of the problem.

The final form of the MINLP formulation for the third example problem is given
in Table 3A. To illustrate the type of results that are expected for a process synthesis
problem, the optimal process configuration for the third example problem is shown
in Fig. 2A. This structure corresponds to the solution:

v ={y:j=1,...,8=(0,1,0,1,0,1,0,1),
x*={x; i=3,5,10,17,19,21,9, 14, 25}
=(0, 2, 0.46784, 0.58480, 2, 0, 0, 0.26667, 0.58480),
and objective function z* = 68.0097. The starting guess was y' ={y}: j=1,...,8}=
(1,0,0,1,0,1,0,0).
Problem No. 4

The fourth example problem was intended as a modest extension of the MINLP
approach to the problem of determining the optimal positioning of a new product
in a multiattribute space. An overview of the problem is presented next. See references

Table 1A
Test problem No. 1

minimize z=5y,+6y,+8y;+10x;, —7x,— 18 In{x,+1)—19.2 In(x; —x, + 1) + 10
subject to 08 In(x;+1)+096 In(x; —x;+1) - 0.8x,=0
X—x =0
x,— Uy =0
x,—x,— Uy, =<0
In{x,+ 1} +1.2In(x;, —x,+ 1) —x,— Upy; = -2
ytysl
ye{0,1¥, asx<b, x=(x:j=1,26)eR’
a'=(0,0,0), bT=(2,2,1), U=2
initial guess y'=(1,0,1)

solution: ¥¥=(0,1,0), x*=(x,, x5, x5) = (1.30097,0, 1), z*=6.00972
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Table 2A
Test problem No. 2

minimize z=35y,+8y,+6y;+ 10y, +6ys—10x3—15x5—15x+15x,, + 5x,3 —20x,,
+exp(x,) +exp(xs/1.2) =60 In(x,, +x;+ 1)+ 140
subject to —In{x,, +x,;+1)<0
—X3— X5 —2Xg+ X, +2%4<0
—x3—X5—0.75x5+x, +2x,,<0
Xg— Xy6=0
2x5 =X —2x,4=<0
—0.5x,, +x;;=<0
0.2x;,—x,5=0
exp(x;) — Uy, <1
exp(xs/1.2) - Uy, =<1
1.25x— Uy; <0
x+x,;— Uy, <0
—2x5+2x,6— Uys <0
nty=1
yatys=1
ye{0, 1}, asx<b, x=(x;:j=3,59,11,13,16)e R®
a"=(0,0,0,0,0,0), b7=(2,2,2,—,-,3), U=10
initial guess y'=(1,0,0,0,0)
solution: y*=(0,1,1,1,0)

X* = (X5, X, Xpp, X135, Xo, X16) = (0, 2, 0.65201, 0.32601, 1.07839, 1.07839), z* = 73.0353

[1, 18, 34, 47] for a detailed description. Consider a market with a set of already
existing products (M) (e.g. different brands of personal computers), and a set of
consumers (N). Assume that existing products can be located in a multiattribute
space (dimension K) according to coordinates &8y, j=1,..., M, k=1,... K.
Assume also that each consumer can be characterized in terms of an ideal point
Zw, and a set of attribute weights w,, i=1,..., N, k=1,..., K, both representing
his/her concept of an ideal product. Further, a region (hyperellipsoid) defining
closeness to the ideal point for each consumer can readily be determined in terms
of the existing products. Based on the above preference definition, a consumer will
obviously select a product which is closest to his/her ideal point. The objective in
the problem as presented above is then to optimally design a new product (x;, k=
1,..., K) so as to attract the largest number of consumers. The scope of the optimal
positioning problem can be extended if data are given for the revenue of the firm
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Table 3A
Test problem No. 3

minimize z =5y, + 8y, +6y,+10v,+6ys+ Ty, + 4y, + 5y, — 10x; — 15x5+ 15x,,+80x,,+25x,4+ 35x,
—40x,+15x,, — 35x5 +exp(x;y) +exp(xs/1.2) =65 In(x,, + x,,+ 1)
-9 In{x;o+ 1} —80 In{x,, +1}+120
subject to =15 In(x+ 1) —In(xy + 1) —x,=<0
—In(x,g+x,;,+1)<0
—X3 =Xt X+ 2x;+0.8x5+0.8x;, — 0.5~ x4, - 2x,5 <0
=Xy = Xs+ x5 H0.8x,6+0.8x;, — 2x5— X, — 2x,0 S0
—2x7—0.8x;6—0.8x; +2xg+ X, +2x,. <0
—0.8x;9—0.8x; +x,,<0
=Xt X+ x50
—0.4x,,—0.4x,, +1.5x,,<0
0.16x,,+0.16x;, —1.2x,<0
X;5-08x,=<0
—X;u+0.4x,<0
exp(xy) = Uy, <1
exp(xs/1.2) = Uy, =<1
Xo— Uy, <0
0.8x,,+08x,, — Uy, <0
2x)7 = 2x9—2X,5— Ups =0
Xio— Uye=0
Xy — Uy, =0
Xipt X, - Uyy=<0
nty=1, y,+ty<1
—Vatyety; =0
y3—yg<=0
ye{0,1}*, asx<b, x={(x;:j=3,510,17,19,21.9, 14,25) e R®
a'=(0,0,0,0,0,0,0,0,0), b"=(2,2,1,2,2,2,2,1,3), U=10

from the new product sales to consumer i (¢;), as well as a function f for representing
the cost of reaching locations of the new product within an attribute space defined
by a set of constraints X ={x: Ax<b, Ib< x=<ub}. Under this new definition of
the problem, the objective for the firm could then be the maximization of profits.
Thus, if a 0-1 variable (y;) is associated with each consumer to denote whether or
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not he/she is attracted by the new product, the formulation of the problem leads
to a MINLP program of the class addressed in this paper. The formulation of the
fourth example problem is given in Table 4A. The data for the coordinates of existing
products (8;) and ideal points (z,), and attribute weights (w;,) are from the 10
existing products, 25 consumers, 5 attributes problem in Gavish et al., [18].

Table 4A
Test problem No. 4

25
maximize z= ) ¢y, +f(x)
i=t

subject to ’:Z:: wilx, —zx Y —(l-y)H<R? i=1,...,N=25
X =Xt xy+ X, x, <10
0.6x; —0.9x,—0.5x;+0.1x,+ x5 < —0.64
Xy~ Xyt Xy — X4+ X = 0.69
0.157x, +0.05x,< 1.5
0.25x,+1.05x,—03x,=4.5
20sx, <45
0.0=x,=<80
3.0=x,9.0
0.0<x,<5.0
40=x,=<10
yie{0,1}, i=1,..., N=25 xeR°®
where
f(x) = —0.6x34+0.9x,+0.5x,— 0.1x3 — x;
K=5
H=1000, RIl= /21‘;;1;&:‘0{;:‘ wik(éi,\.-z,,\)z}, i=1,...,N=25
¢'=[1,02,1,0.2,09,09,0.1,0.8,1,0.4,1,0.3,0.1,0.3,0.5,0.9, 0.3, 0.1,09,1,1,1,0.2,0.7,0.7]
Solution:  ¥*=1[0,0,0,0,0,1,0,1,0,0,0,0,0,0,1,0,1,0,0,1,0,0,0,0, 1]

x*=[2.0,7.58132,7.95783, 3.62350,4.0], z*=7.78913
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Table 5A
Data for test problem No. 4
Ideal points (z,,) Attribute weights (w,;)
i k=1 2 3 4 5 i k=1 2 3 4 5
1 226 515 403 1.74 474 1 957 274 975 396 8.67
2 551 9.01 384 147 992 2 838 393 518 520 7.82
3 406 180 071 999 8.13 3 981 004 421 738 4.1t
4 630 011 408 729 424 4 741 608 546 486 1.48
5 281 165 B.O08 399 351 S 996 9.13 295 825 3.58
6 429 949 224 978 152 6 939 427 509 1.81 7.8
7 976 364 662 366 9.08 7 188 7.20 6.65 1.74 2.86
8 137 699 7.19 3.03 3.39 8 401 267 486 255 6.91
9 889 829 6.05 748 4.09 9 418 192 260 7.15 286
10 7.42 4,60 030 097 8.77 10 7.81 214 963 761 9.17
11 1.54 7.06 001 123 311 11 896 347 549 473 943
12 7.74 440 793 595 4388 12 994 163 123 433 708
13 994 521 858 0.13 457 13 031 500 016 252 3.08
14 9.54 1.57 9.66 524 790 14 6.02 092 747 974 1.76
15 7.46 881 1.67 647 181 15 506 452 189 122 9.05
16 056 8.10 0.19 6.11 640 16 592 256 774 696 5.18
17 386 668 642 729 4.66 17 645 1.52 006 534 847
18 298 298 3.03 0.02 0.67 18 1.04 136 599 810 522
19 361 762 179 7.80 9.1 19 140 135 059 858 1.21
20 5.68 424 4.17 6.75 1.08 20 6.68 948 1.60 6.74 892
21 548 374 334 622 794 21 1.95 046 290 1.79 0.99
22 8.13 872 393 880 8.56 22 5.18 5.10 8.81 327 963
23 137 054 1.55 556 585 23 1.47 571 695 142 349
24 879 504 483 694 0.38 24 540 312 537 6.0 3.71
25 266 419 649 804 1.66 25 632 081 6.12 673 793
Existing products (8;)
j k=1 2 3 4 5
1 0.62 506 7.82 022 442
2 521 266 954 503 8.01
3 527 772 797 331 6.56
4 1.02 8.89 877 1310 6.66
5 1.26 6.80 230 1.75 6.65
6 374 9.06 980 301 952
7 464 799 669 588 823
8 835 379 119 196 5388
9 644 017 993 6.80 975
10 649 192 005 489 643




