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This paper discusses some properties of trust region algorithms for nonsmooth optimization.
The problem is expressed as the minimization of a function h(f(x)), where A(-) is convex and
f1s a continuously differentiable mapping from R" to R™. Bounds for the second order derivative
approximation matrices are discussed. It is shown that Powell’s [7, 8] results hold for nonsmooth
optimization.
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1. Introduction

Many papers have been published on trust region algorithms, but most attention
has been given to the smooth case, for example see Fletcher [2], Mére [5], Powell
[6,7, 8], Sorensen [12], Steihaug [13] and Toint [14]. Trust region algorithms for
nonsmooth optimization are studied by Fletcher[1, 3, 4], and Powell [9]. The problem
we want to solve is

min  F(x)=h(f(x)), (1.1}

xeR”

where h(-) is a convex function defined on R" and is bounded below; f(x)=
(fi(x), fr(x), ..., fu(x)T is a map from R" to R™ and fi(x)(i=1,..., m) are all
continuously differentiable functions on R".

The trust region algorithms are iterative, and an initial point x; e R" should be
given. The methods generate a sequence of points x, (k=1,2,...) in the following
way. At the beginning of kth iteration, x;, 4, and B, are available, where 4, >0 is
a step-bound and B, is a n xn real symmetric matrix. Let d, be a solution of

min ¢, (d)=h(f(x)+ Y f(x)d)+'d"B.d (1.2)
subject to

ld| = A (1.3)
Here || - | may be any norm in R" space. Since any two norms in a Euclidean space

are equivalent, without loss of generality throughout this paper we assume that || - ||
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is || - [l» Let
{x,ﬂ-dk if F(x,)> F(x,+d,), (1.4)
X1 = . .
’ X otherwise.

It is noted that our choice of x., is different from Powell’s [9]. Because our
condition for letting x4, = x, +d, is weaker, our algorithms let x,.., = x; + d, more
often, so we have the desirable property of accepting any trial vector of variables
that reduces the objective function.

Let 4., satisfy

[ di|| < A4y < min{c,4,, A} (1.5)

F(x) = F(xie1) 2 o[ F(x) — i (dp)], (1.6)
otherwise let
slldill = A < il (L7

where ¢; (=1, 2, 3,4) are positive constants satisfying ¢; =1, ;<1 and ;= ¢, <1,
and where 4 is a positive constant which can be taken equal to the diameter of
D (D will be defined below). Our theory applies to several techniques for generating
{B.}.

Fletcher [3] proves that if x, (k=1,2,...) are all in a bounded set and if By is
the Hessian of the Lagrange function at the kth iteration, then there exists an
accumulation point x* of the algorithm at which first order condition holds, which
means,

max A'V'f(x*)d=0 foralldeR" (1.8)
Aedh*
He also points out that the above result holds for a quasi-Newton method as long
as || Bx| is bounded above. However, for many updating methods one can easily
prove that

k
[Bell<es+e ¥ 4 (1.9)
i=1

(see Powell [7]), or that
I Bill < 7+ cxk, (1.10)

yet the boundedness of {||B.||} is not explicit. Our main result is to show that
Fletcher's result (1.8) holds if (1.9) or (1.10) is satisfied for all k.

Throughout this paper we assume that {x,} (k=1,2,...) is bounded, which is
usually satisfied, especially when {x: h(f(x))< h{f(x,))} is a bounded set. Hence
there exists a compact convex closed set DcR" such that x, € D for all k. Since



222 Y. Yuan / Trust region algorithms/ nonsmoorh optimization
h(-) is convex and well defined, there exists a positive constant L such that
|h(f) = h(f)]=LIf = £l (111

for all f|, f>€ f(D) (Rockafellar, [10, p. 237]). By the continuity of V'f there exists
a constant M > 0 such that

IVTf(x)] = M, (1.12)

for all xe D.

2. Stationary points

For the simplification of notation, we denote
x(x;d)=h(f(x))=h(f(x)+V"f(x)d),
‘//r(.’():m?x{x(x;(1)\||d||$‘r}, (2.1)
DF(x:d)=sup{A"V f(x)d|Aeah(fx)},
A
where dh( f(x)) be the subgradient of h( ), evaluated at f(x). x* is called a stationary
point of A( f(x)) if
DF(x*:d)=0 foralldeR", (2.2)
which is the same as the first order condition of Fletcher [3]. The following results

are elementary results in convex analysis (see Rockafellar (10, 11]).

Lemma 2.1. (i) DF(x; d) exists for all x and d;

(11) x(x:-) is convex, given d €R", its directional derivative in the direction d,
evaluated ar d* =0, is DF(x;d);

(i) ¥, (x)=0 for any r>0, and .(x)=0 if and only if x is a stationary point of

h(f(x));
(1v) ¢.{x) is concave in r;
(v) o, () is continuous for any given r=0.

By using the above results, one can prove that the condition that there exists an
accumulation point x* of the algorithm at which the first order condition holds is
equivalent to the limit

lim Amf Ui(x)=0. (2.3)
And we also have the following lemma:

Lemma 2.2

F(x)— & (di) =3¢, () minf{ 1, s, (x)/ || Bel| A%} (2.4)
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Proof. By the definition (1.2) of d,, we have
F(x) = éeldi) = F(x) — i (d)  for all ||d]| < 4, (2.5)
Let ||d| < 4, satisfy
W, () = F(x) = h(f () + V1 (x,) d). (2.6)

Then by using the convexity of h(-), remembering that | - | is the 2-norm, we have
that for all a €0, 1],

F(—Vk)_(ﬁk(dk)zF(-’Ck)_(;ﬁk(a(;k)?ﬂ% (x)— % ZJZBA— K
2cu}},_\,\(_x,\.\)";HB;‘HAiaz.
Therefore

F(x.)— ¢ (dy) >(ma>\ {mf/.n X ) — fBL |Jka’ }

= s min{yy, (xi ), [, (x)F/ [ Be | 431,

which ensures (2.4). O

3. Bounds for B,

In this section it is shown that the result (1.8) holds if B, satisfy (1.9), then we
establish that the result remains valid if (1.9} is replaced by (1.10). Though the latter
result is stronger than the previous one, we still prove both, because the proofs are
different.

Theorem 3.1. If h( f(x)) satisfies all the conditions in Secrion 1, if {x}, generated by
the algorithms stated in Section 1, is in a bounded set D, and if all matrices B, satisfy
(1.9), then (1.8) holds, or in other words, {x,} is not bounded away from stationary
points of h{ f(x})).

Proof. Assume that the theorem is invalid, then there exists § >0, such that

Ui (x)> 6 (3.1

for all k. From (iv) of Lemma 2.1, Lemma 2.2, the above inequality and the fact
that 4, is bounded, we can show that the inequality

2)

[9S]

F(x,) = & (di) = co min{4,, 1/] Be]l}, (

holds for some positive constant ¢,. Let ¥’ denote the sum over the iterations on
which (1.6) holds. Then by the fact that h(-) is bounded below, we have

L F(x) = op(dy)] (3.3)
3
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is convergent. From (3.2) we have

k
X Ak/(‘"s"’% ) Ai) (3.4)
k i=1

is convergent. By the definition of 4,, we have, due to Powell [7],

k k
y Ais(l+c,/(1—q))[d,f‘;’d,]. (3.5)

i=1 =1

Therefore

k
Z'Ak/[cs-f-c(‘(]-}- a ) z’ﬂ:}
k 1—(14 i=1

is also convergent. Hence, we can show that Y, 4, is convergent. Notice that by
(3.5), we have that ¥, _, 4, is finite. Consequently, || B;| is uniformly bounded.
Then from Fletcher’s results [3], (3.1) cannot be satisfied for all k. This is a
contradiction, which shows that the theorem is true. [

To prove that the above theorem is still true if (1.9) is replaced by (1.10), we
need the following lemmas.

Lemma 3.2. If ||d.]| < 4,, then
ldill = 3¢ (xi) min{1/ LM, 1/(1+ 3)| B, }. (3.6)

Proof. Consider the function

b (B) = ¢u(di+Bld—d]), 0=B=1, (3.7)
where d, is defined in Section | and d, satisfies

x(xe: di) =t (x,)

and ||d, || < 1. The definition (1.2) shows that & (B) is the sum of a term that depends
on h(-) and a term that depends on B,. Using the convexity of h(-), the definition
of d,, and conditions (1.11) and (1.12), the first of these terms is bounded above
by the expression

(1= B)h(f(x) + Y f(x)d )+ Bh(f(x) +V f(x)dy)
= h(f(x)+V f(x)d) + BLACS(x)) — ¢ (x) — h(f(x) + Y f(xi)dy )]
< h(f(x) + VT f(x)d) + Bl— i (xi) + LM di]]],
and the other term satisfies

Wd+Bld, — d 1" Bl dy + Bldi — di ) < 3d | Budy + Bl By || | di]|(1+ A)

+7|[Bk||(1+3)2.
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Thus we deduce the relation
B’ T2
[ Bel|(1+ 4)°.

$u(B)= $u(0)+BL=w(x) + || (LM + || Bl (1 + 3]+

Since | d.| < Ay, éx(B) does not decrease initially when 8 is increased from zero.
Hence the coefficient of B8 in (3.7) is nonnegative, consequently
ldill = &\ (x)/[LM + (1 + 3)] B, |]1.
Therefore the lemma is vahid. O
Tt is noted that the above lemma reduces to lemma 6 of Powell’s [9] if || B.|| are

uniformly bounded and ,(x;) is bounded away from zero, and it should be pointed
out that the proof of the lemma is guided by that of Powell's lemma 6 [9].

Lemma 3.3. If h(f(x)) satisfies all the conditions stated in Section 1, and if (3.1)
holds for all k, then there exists a positive number ¢, such that

Ay = ¢/ My, (3.8)
for all k, where M, is defined by

M,\,zrlngakx{HB,-||}+l. (3.9)

Proof. Since V'f(x) is continuous on the compact set [J, there exists a n >0 such
that

sllze), vl (3.10)

1f(x) = f(x) =V Tf(x')(x—x) o1

| =

holds for all x, x"e D such that ||x —x'|| = n. We prove the lemma is true when ¢,
has the value

crp=min{d, M, c,;9M,, M /2LM, §/2(1 + A_), Ca, CaCol 1 — C2)}

Our proof is inductive.

By the definition of ¢, (3.8) holds for k= 1. We assume (3.8) is true for k, and
prove it is also true for k+ 1.

If ||di]| = 7, then A, = c4]ldi| = cam = ¢,/ M, s0 (3.8) holds for k+1, since the
definition (3.9) indicates that M., = M, for all k. Therefore for the remainder of
the proof we assume ||d, || < 7.

If (1.6} is satisfied, Lemma 3.2 gives

Ay = || di ]| =38 min{1/ LM, 1/(1+ A)M,} = 1o/ M = ¢/ My,
so (3.7) holds for k+1.
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To complete our proof, we assume ||d,[|<m, and (1.6) fails. From (3.10) and
(1.11), it follows that

F(x+dy) = F(xe) = h(f(xg +d) — h( f(x0) + YV f(x)di) = x (x5 di)
< LIf(x+ d) = fO0) = Vxddill = x(xe di)
<3601 = )|l di]l = x(xi s dio).
Remembering that (1.6) fails, from the above inequality we can show that
(1= ex)[3eo|ldi ]| — x(xi s d)]= Serd | Bid. (3.11)
By adding (3.11) and (1 —¢,) times (3.2) and using (1.2) and (2.1), we deduce
| 2711 Bl = 11}

If | dl|=2/)Bell~[dill then |[di] = 1/]By|l, otherwise [[dil*llBill = cs(1—c2)]du]l.
Hence | di|| = min{l, co(1—c3)}/ M. Consequently Ay, = cylldi = c1o/ My =
¢1o/ M. This shows (3.8) holds for k+ [. By induction, our lemma is true. [J

i lI*[| Bi |l 2 ¢o(1 = ¢;) min{| di

From this lemma, we have the following result, which and whose proof are due
to Powell [8].

Lemma 3.4 (Powell, 1982). Ler {A,} and {M,} be two sequences such that 4, =
o/ M. > 0 for all k, where ¢,,> 0 is a positive constant. Let | be a subset of {1,2,...}.
Assume

Ak+|$C|Ak, kE [’

Ak+[ = C4Aks k £ 1’
M. =M, forallk, Y min(4,, 1/ M) <o,
!

where ¢,> 1, ¢, <1 are positive constants. Then the sum

2 1/ M, <o,
K=1

Proof. Let p be a positive integer such that ¢,c ' 1. Denote L, =In{1,2,...,k}
and g(k) be the number of the elements of I,. Let J ={k:; k=pq(k)} and J,=J
{1,2,..., k}. Since M, does not decrease as k increases, we have that (for details,
see Powell [8])

.JZ I/My<p) 1/M,
% I

which shows that Y, 1/ M, is finite. By the definition of J, we have the inequality

¢ glk—1) A ¢ gik)

- (k- P \ 1€ k

Crof Mo < A < Ayl e hmatkot _ 4 ok (') s—(_> ¢
[y

Cy Ci \C4

A
(c,c?™"Y'? forall ke J,

o}
Cq
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which shows that the sum Y, , 1/ M, is also finite. This completes the proof. []
From the above lemmas, it can be shown that
Theorem 3.5. Theorem 3.1 still holds if (1.9) is replaced by (1.10).

Proof. If the theorem is not true, then (3.1) holds for some & > 0, consequently (3.2)
and (3.3) hold. Let / be the set of those k such that (1.6) holds. Then from (3.2),
(3.3), Lemma 3.3 and 3.4, it follows that

Y 1/ M, <o,
k=1

which contradicts (1.10). Therefore the theorem is true. [

4. Discussions

The main interest of this paper is investigating bounds on B, to ensure giobal
convergence (Fletcher [3]). Global convergence result holds if the sum

Y 1M,
k=1

is infinite, where M, is defined by (3.9), and the condition could not be strengthened
(see Powell [8]). Hence our results are a generalization of Powell’s results [8].

It would be interesting to investigate relations between the boundedness of || B/
and convergence of the algorithms, since one might ask whether or not the bounded-
ness of || B, is a technical step towards the more interesting result of superlinear
convergence. But, one can easily show that the boundedness of || B,|| is not necessary
for convergence (not even for superlinear convergence). However, the superlinear
convergence ensures that |d | Byd,|/|/di||” is bounded (see Powell [9]).

Updating schemes for the matrices B, can be obtained by applying updating
formulas for smooth optimization (see [7] for example]. The only change we need
to make is replacing the gradient of the objective function by that of the approximate
Lagrange function. If the approximate Lagrangian multipliers are sufficiently accu-
rate, { B} can be updated such that (1.9) holds, and a fast rate of convergence is
expected. However, due to the Maratos effect, it seems that a general superlinear
convergence result cannot be proved for nonsmooth h(-) without other additional
conditions. Yuan [15] gives examples of only linearly convergence of trust region
algorithms for nonsmooth optimization, and the author believes that second order
information should be considered to construct superlinear convergence algorithms.
Second order algorithms have been studied by Fletcher [4] and Yuan [16], and the
author thinks Fletcher's conjecture [4] that his second order algorithm [4] ensures
superlinear convergence is true.



228 Y. Yuan / Trust region algarithms/ nonsmooth optimization

5. Acknowledgements

The author is greatly indebted to Professor M.J.D. Powell for his constant help
and encouragement, and for his studying the early drafts of this paper. He made
many important corrections and many helpful suggestions which made the paper
possible. The author also wishes to thank the referees for their helpful corrections
and suggestions.

References

[1] R. Fletcher, A model algorithm for compuosite NDO problems™, Mathematical Programming Studies
17 (1982) 67-76.

[2] R. Fletcher, Practical methods of optimization, Vol. |, Unconstrained optimization (John Wiley &
Sons, New York, 1980).

[3] R. Fletcher, Practical methods of optimization, Vol 2, Constrained optimization (John Wiley &
Sons, New York, 1981).

[4] R. Fletcher, "Second order correction for nonditferentiable optimization™, in: G.A. Watson, ed.,
Numerical analysis (Springer-Verlag, Berlin, 1982).

[5] J.J. More, “"Recent developments in algorithms and software for trust region methods™, in: A.
Bachem, M. Grotschel and B. Korte. eds., Mathematical programming, The siate of the art
(Springer-Verlag, Berlin-Heidelberg, 1983).

[6] M.J.D. Powell, A new algorithm for unconstrained optimization™, in: J.B. Rosen, O.L. Mangasarian
and K. Ritter, eds., Nonlinear programming { Academic Press, New York, 1970).

(71 MJ.D. Powell, “Convergence properties of a class of minimization algorithms™, in:
O.L. Mangasarian, R.R. Meyer and S.M. Robinson, eds., Nonlinear programming 2 {Academic
Press, New York, 1975).

[8] M.J.D. Powell, “On the global convergence of trust region algorithms for unconstrained minimiz-
ation”, Report DAMTP 1982/NA7, University of Cambridge.

[9] M.J.D. Powell, “General algorithms for discrete nonlinear approximation calculations”, Report
DAMTP 1983/ NA2, University of Cambridge.

[10] R.T. Rockafellar, Convex analysis (Princeton University Press, Princeton, New Jersey, 1970).

[11] R.T. Rockafellar, The theory of subgradient and its application 1o problems of optimization: Convex
and not convex functions (Heldermann-Verlag, West Berlin, 1981).

[12] D.C. Sorensen, “Trust region methods for unconstrained optimization™, in: M.J.D. Powell, ed.,
Nonlinear optimization 1981 (Academic Press, London, 1982).

[13] T. Steihaug, “The conjugate gradient method and trust regions in large scale optimization™, SIAM
Journal of Numerical Analysis 20 (1983 626-637.

(14] Ph.L. Toint, “On the superlinear convergence of an algorithm for a sparse minimization problem™,
SIAM Journal of Numerical Analysis 16 (1979) 1036-1045.

[15] Y. Yuan, “An example of only linearly convergence of the trust region algorithm for nonsmooth
optimization™, Report DAMTP 1983/ NAI5, University of Cambridge.

[16] Y. Yuan, “On the superlinear convergence of a trust region algorithm for nonsmooth optimization™,
Report DAMTP 1983/NA16, University of Cambridge.



