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On the boundedness of Riccivcurvature of an indefinite metric

Marcos Dajczer and Katsumi Nomizu*

1. Introduction.

Among several conditions on boundedness of Ricci curvature that play
important roles in general relativity we have [l, p. 95]

null convergence condition: R, w*w® 2 0 for all null vectors w:
time-like convergence condition: R@W"w” 2= 0 for all time-like vectors.
In the._presen‘t paper we consider the following conditions for a Loren-
tzian manifold M of dimension 2 3:
(i) R ww® =0 for all null vectors w
(i) IR w*W" £d for all time-like unit vectors w, where d is a certain
positive number,

and prove that each of these conditions implies that M is an Einstein space,
that is, R, = cg,. As a matter of fact, these results are valid for any
metric of signature (—,..., +,...) and can be stated as therems in linear
algebra:

Theorem 1. Let V be an n-dimensional real vector space with non-degenerate
inner preduct {,) of signature (—,...,+,...). If a bilinear symmetric
function [ on V satisfies the condition

(1) f(x,x) =0 _for all null vectors xeV, then there is a constant ¢
such that

;f(x’y) = C("y)’) for all x,er.

Theorem 2. Let V be as in Theorem 1. If a bilinear symmetric function
f on V satisfies the condition

@ 1fC, I £d for all time-like unit vectors x, ie. {x,x)= —1,
where d is a ceftain positive number, or

(2) 1f(x,x) Sd for all space-like unit vectors x, i.e. {x,x» = 1, where
d is a certain positive number, then there is a constant ¢ such that

flx, ) =clxy> for all  x,yeV.
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In section 2-we shall prove Theorem 1 as well as an equivalent result
(Theorem 1la), which we use for the proof of Theorem 2. In section 3 we
give a proof of Theorem 2 and add a remark on a result of Kulkarni [2]
on sectional curvature of an indefinite metric.

2. Proof of Theorem 1.
One way. of proving Theorem 1 is to use the same argument as that in

[1, p. 61] For the sake of completeness: we provide the argument.
Let x be a time-like vector and y a space-like vector in ¥, and consider

Pl = (x + ty, x + ty) = (6, x) + 2<x, y) + 1y, y>
and

q) = flx + 2y, x +1y) = [, %) + 2 f(x, ) + 1 (3, ),
which are polynomials of degree 2 in t. For ¢t = 0, we have p(t) < O since

x is time-like. For large enough |¢, we have p(f) > O since x is space-like.
Thus there exist t, <0 <t, such that p(t,) = p(t,) =0 and

_ x>
i =G

By condition (1), we have g(t,) = q(t,) = 0 and hence

_ fxx)
Y2 fhyy

Therefore

xS0 L fex) _ f5iy)
<y fOhy) T Lxx) By

, say, c.

It follows that for any space-like or time-like vector z we get' f(z,2) = ¢{z, z).
This is valid for any null vector z as well. By polarization we easily get

fz,w) = g(z, w) for all z,weV.
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In order to state an equivalent result, we con51der the following condi-
tions for a bilinear symmetric function f: :

(la) If <X, x> == 1, <y7 > =1 and <X, > ='O9 then f(xa Y) =
(]b) If <x’x> = - 1’ <}’:J’> =1 and <xay> = 07 then f(x,X) + f(,Vay) =

Lemma 1. (1) implies (1a) and (1b).
To prove this, let x, y be two vectors as in (la). Then x + y and
x — y are null vectors. By (1) we get

fx+y, x+y)=fx—yx—-y=
ie.
S06x) +2(x9) + f(y) =0
fex) =2f(x,y) + f(hy) =0
Hence f(x,y) =0 and f(x,x) + f(y,y) =
Lemma 2. (la) implies (1b) and (1).

Let x, y be as in (I1b). Then x, = coshtx + sinhty and y, = sinhtx +
+ cos hty form another orthonormal pair like {x, y}. Thus by (1a) we get

SGxy) =
(cosht smh t)(f(x,x) + fo) + (sinh?® t + cosh? t) f(x,)

(cosh tsinh £) (f(x, x) + f(, y))

since f(x,y) = 0. Thus for t # 0 we get f (x, + f(y,y) = 0, proving (1b).
Now let u be a null vector. Then we can find x, y such that (x,x) =
=—-1,<pyy=1 {(,y>=0and u =x + y. Then

fup=fx+y, x+y)= fx,x)+ f(),) + 2f(x,5) =0
by virtue of (1a) and (1b).

Remark. (1b) implies (1a), as can be proved in a similar way. Thus (1),
(1a) and (1b) are equivalent.

We now give an alternate proof of the following

Theorem 1a. If a bilinear symmetric function f satisfies condition (la),
then there is a constant ¢ such that

fx,y) =clx,y> forall xyeV
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Let {e,,...,e, €,,,,...,8,} be an orthonormal basis of V such that

e e =—1 for ISisr

(ej,‘ej) = 1 for r+1Zj<n

We shall prove that f(e,e) =0fori#j If 1 SiSrandr+15j=n,
then this is satisfied by virtue of condition (1a). Now assume 1 £i, j S r-
(the case where r + 1 £ 4, j S n is similar). Take any k = r + | and set
z=sinht e, + cosht e,. Then {z,z) =1 and {z, ej> = 0. Thus condition
(1a) implies

0= f(ze) =_§inht fleie) + cosht fe,e) =sinht fle,e),

because f(e,e) = 0. For t # 0, we obtain f(e,e) = 0.
Now let ¢, = f(e,e) for 1 =i <n By condition (1b) which follows
from (1a), we have ¢, + ¢; = Ofor1<ig<rand r+1<j<n Thus

= ... =, say, C.

n?

It follows that f(x,y) =c{x,y> for all x, yeV.

3. Proof of Theorem 2.

We shall prove Theorem 2 under assumption (2). Let x, y be two vectors
such that (x,x) = — 1, {(§,y> =1 and {x,y> =0. For |f| > 1, we have
{tx +y, tx + y> =1 —t* <0. Thus

_ tx+y
"E oy
is a time-like unit vector. By assumption (2) we get

—d< Sx tzyy,_tlx+y) <d

that is,
—di? - 1) S f06x) + f(5y) + 2 fx,y) S di* - ).
Let t =+ 1 from above. Then

fx,x)+ f, ) + 2f(x,y) = 0.
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Let t - — 1 from below. Then
fo,x) + f(ny) — 2f(x,y) = 0.

From these two equations, we get f(x,y) =0 and f(x,x) + f(3,y) =0.
By Theorem la, we get the conclusion of Theorem 2.

The proof under assumption (2) is similar.

Remark. The above proof has been inspired by the work of Kulkarni [2]
He shows for an indefinite metric of signature (—,..., +,...) that if the
sectional curvature function K is bounded from below (or from above)
on the set of all nondegenerate 2-planes, then K is a constant function.
For boundedness of K on all time-like (or space-like) 2-planes, we may
establish the following.

Proposition. Let M be a manifold of dimension = 3 with an indefinite metric
of signature (—,...,+,...). If there is some d > 0 such that

|K(p)l = d for all time-like (o,r -s})ace-like) 2-planes p,

then K is a constant function.
We note that one-sided boundedness on all time-like (or space-like)
2-planes: :

Ke)2d or K@ sd

does not imply that K is a constant function, as can be shown by using the
spaces

S2xR or H!*xR,

where S? (resp. H}) is. the 2-dimensional Lorentz manifold of constant
sectional curvature 1 (resp. — 1). The same spaces serve as examples sho-
wing that one-sided boundedness of Ricci curvature on all time-like (or
space-like) unit vectors:

a,,,b 81,0
R ww’ 2d or R yww® =d

does not imply that the space is Einstein.
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