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An invariant measure for rational maps 

Alexandre Freire, Artur Lopes and Ricardo Mah~ 

Introduction 

Let C, = C w {~  ] be the Riemann sphere and f �9 C w be an analytic 
endomorphism of degree d > 2. Then f can be written as a rational 
function f ( z )=  P(z)/Q(z) where P and Q are relatively prime polynomials 
and either P or Q has degree d. Set f "  = f"  o ~. o J~ The purpose of this 
paper is to construct an f-invariant probability that describes the asymptotic' 
random distribution of the roots of the equation f"(z)= a, when n ~ + x~. 
More precisely, denote zl"~(a), i =  l . . . . .  d", the roots of the equation 

f"(z) = a (counted with algebraic multiplicity), and define a probability 
~L.(a) by: d- 

u.(a) = d- ~ ~ 6~,,.,1~ I 
i=0 

Let J{ be the space of probabilities on the Borel a-algebra of C endowed 
with the weak topology, i.e., the unique metrizable topology on Jr 
that a sequence {/~. [ n > 1 ] c jr converges to /~ e .r if and only if: 

lim f O d I J . = f  dpdI2 

for every continuous 4) " C ---' ~. We shall prove that for every a ~ C (with 
the possible exception of two values that can be explicitly characterized) 
the sequence I2.(a) converges to an f-invariant probability i~.t ~ JCl, indepen- 
dent of a, that exhibits certain interestin 9 ergodic properties. To give the 
full statement of our theorem, we have to recall first the definition of 
the Julia set J(f)  off. J( f )  is the set of points z s C  such that for every 
neighborhood U of z, the family { f " / U ] n  >0]  is not normal. It is easy 
to check that J( f )  is compact and satisfies f - ~(J(f)) = J(f).  Moreover, 
J( f )  is the closure of the set of sources off, i.e., points z such that./"(_-) = z 
and [(f")'(z)t > 1 for some n > 1 (Julia [4], Fatou [3]). The definition 
of J( f )  easily implies that every z 6 J ( f )  has a neighborhood U where 
the family of iterates f " /U  ---, ft. is equicontinuous. In other words, in 
the complement of J( f )  the dynamics o f f  is extremely stable (in the sense 
of Lyapounov). On the other hand, every neighborhood of a point in 
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the Julia set is expanded under forward interation. In fact, ~f U is a 
neighborhood of z ~ J( f ) ,  the non-normality of { fn /U[n  _> 1~ implies (by 
Montel 's characterization of normal families) that for large values of 
n, 0 fro(U) covers the whole sphere except for at most  two points. With 

m>_n 

some more work (see Brolin [1]), it can be proved that there exists a set 
Exc(f)  c C, whose elements are called exceptional points, containing 
at most two points, and such that for every neighborhood U of a point  
in J(f),  there exists N >  0 such that f~ (U)=  E x c ( f :  for every n _> N. 
Moreover, the points of Exc(f)  can be described as follows. If Exc( f )  

�9 contains only one point p, then it must satisfy f - l ( p ) =  {Pl. Then if 
L �9 C w is a M6bius transformation such that L(p) = m, it is easy to 
check that ( L f L - I ) - ~ ( m ) =  { ~ I ,  and this implies that L f L  -~ is a po- 
lynomial. If Exc(f)  contains two points p and q, they must satisfy 

f -  l({p, q})= {p, ql. Taking a MiSbius transformations L �9 C w such that  
L ( p ) = ~ ,  L(q)=0,  it follows that (L-IfL)-~({O, o c l ) = { O , ~ j .  This 
property implie s that (L - l fL ) - l ( z )=c t z  • for some ~ C .  

Theorem. There exists an f-invariant probability p j. satisfying the followinq 
properties: 

a) lira pn(a) = p: for every a q~ Exc(f).  Moreover, this converqence 
n *  ~ oo 

is uniform when a varies in a compact subset of Exc(f)  c. 
b) The support of/2: if J(f).  
c) f is a K-system with respect to p:. 
d) u:(f(A)) = dp:(A) for every Borel set A c C such that f /A  is in- 

jective. Conversely, IAf is the unique f-invariant probability satisfyinq this 
property. 

e) hu:(fi = log d. 

Since the definition of K-system used sometimes in Ergodic Theory  
applies only to invertible transformations, that is not our case, it is perhaps 
useful for the reader to explain property (c). We shall that if G is the 
Borel a-algebra of C, then ~ f - ~ ( 6 ~  contains only sets of measure 0 

n>_O 

or 1. It is natural to include these transformations (as is done by several 
authors) in the class of K-systems. As in the invertible case (and for the 
same reasons), it implies the mixing property but is much stronger. 

In [1], Brolin proved the existence of p :  satisfying (a), (b) and a 
weaker form of (c) (with mixing instead of K-system) for the case of poly- 
nomial mappings. His methods, based in Potential Theory, do not extend 
to general rational maps. On the other hand, when f is a polynomial,  
these methods give a remarkable identification of p : ,  namely, that p :  
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is the equilibrium distribution (in the sense of Potential Theory) associated 
to J(f).  This means, roughly speaking, that/~y describes the way a unit 
positive electric charge would be distributed in J( f )  under equilibrium 
conditions (for the formal definition, see Brolin [1]), Unfortunately, this 
beautiful characterization of/~y doesn't extend to general rational maps. 
For instance, take 

/(- ') = I - I  - a i  i=l 1- -  

where l a~ l<  1 for all i and not all. are zero. It is easy to Check that 
J( f )  is the unit circle and that f / J ( f )  is an expanding endomorphism, i.e., 

lim I (f")'(z)v I = + ~ for every z ~ J ( f )  and every 0 r v tangent to J ( f )  

at z. The equilibrium distribution in the unit circle is the Lebesgue measure 
).. We shall show that ~j. is singular with respect to ).. By the theory of 
expanding endomorphisms of manifolds, there exists anf-invariant ergodic 
probability v on J( f )  that is equivalent to 2 and such that dr~d), is a 
strictly positive continuous function. Since both v and /~y are ergodic, 
they are either singular or equal. Suppose that v =/~j, and set H = dl(j/d).. 
From property (d) it follows that: 

m = I . f ' ( : ) t  H(z) 

for a.e. -. Hince H is continuous, this property holds for every z. Therefore 

[ f '(z)[ = m 

for every fixed point z off. It is not difficult to show that there exist values 
of a~ . . . . .  am such that this condition is not satisfied. Then, for these 
values the probabilities/~s and v cannot coincide. Hence, they are singular 
and/~y is singular with respect to the Lebesgue measure of the unit circle. 

I. Proof of the Theorem 

The proof of the Theorem will be based in the following definitions 
and lemma. We say that a set ? c C is an arc if it is homeomorphic to the 
interval [0, I]. A set U ~ C is a topological disk if it is homeomorphic 
to the disk D = { z ]  Izl <1] .  

Definition I. We say that a set U c C is (N, e)-adapted if for all n ~_.N 
there exist topological disks SI "), i=  1, ..., ~, and intergers 1 _~ kl ~1 such 
that" 
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a) f" /S]  "~ is a k~")-to-1 map onto /J. 
b) diam (S! ")) < e 

t',t 

c )  ___ (1 - 
i=1 

d) lira (sup diam (S!"))) = O. 
n~+oo i 

Definition II. We say that two points ~ ~ C, i =  1, 2, are (N, e.)-related 
if for all n > N the roots z~")(zl), i =  1, ..., d" of the equation f " ( z ) =  zl 
and the roots z!"~(z2), i =  1,. . . ,d" of the equat ionf"(z)= z2 can be indexed 
in such a way that: 

<_ e. 

for all 1 < i <  t., where t. satisfies 

t, >_ (I - e)d". 

An important property that links these two definitions is that if z~ 
belongs to an (N, e)-adapted set U~, i =  1,2, and Ut ~ U2 ~=~, then zt 
and z2 are (N, 2e.)-related. The proof is immediate and we leave it to the 
reader. 

Fundamental Lemma. Given e. > 0, z q~ E x c ( f  ) and an arc y containing z 
and such that ? - {z} doesn't contain critical values o f f " f o r  all n >_ 1, there 
exists an (N, e)-adapted set U D {?} for some N >_ 1. 

The proof of this Lemma will be given in the next section. Now let 
us show some of its corollaries. 

Corollary I. Given a compact set K ~ E x c ( f )  c and e > 0, there exists 
N = N(K,  e)>. 0 such that any couple of points in K is (N, e.)-related. 

Proof. First, we shall prove that if zl and z2 are in K, there exist N > 0 
and an open set V ~ {zl, z2} such that any couple of points in V is 
(N, e/2)-related. For this, take arcs Vi ~ {zi], i = 1, 2 satisfying the hypo- 
thesis of the Fundamental Lemma and 7~ n Y2 # ~ .  Then there exist 
(Ni, e/2)-adapted sets Ui ~ 7i, i = 1, 2. Taking N = max(N~, N2~, the 
remark after Definition iI concludes the proof .of the property. Now 
define ,~ �9 K x K --* Z + by the following property: N(z l ,  z2) is the mi- 
nimum N > 0 such that there exist neighborhoods V~ of zi, i = 1, 2, such 
that every point in Vx is (N(z~, z2), e)-related to every point in V2. The 
previous property shows that N is well defined. Moreover, it is obviously 
upper semicontinuous. Then it is bounded. Let N > 0 be an upper bound. 
Clearly, N satisfies the required property. 
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Corollary II. I f  K c E x c ( f y  is compact, for all el > 0 and every conti- 
nuous function dp : ft.. ~ 0~, there exists N = N(K, e.t, dp) > 0 such that" 

f e 4 ~ d u . ( z , ) - f c k d u . ( z 2 ) l < -  ~, 

for every zl and z2 in K and n >__ N. 

Proof. Take e. > 0 such that:  

~. sup[ q~(z) ] < ~.1/2 
z 

and [ 4~(z')- ~b(z") I < ~.~/2 if d(z', z " ) <  e. Take N = N(K, ~.) given by 
Corollary I. If n > N, by the definition of (N, e.)-related points, given z~ 
and z2 in K, we can arrange the roots z~")(Zl), i =  1 . . . . .  d" of f "(z)= zl,  
and the roots z~")(z2), i =  1, . . . ,  d" o f f " ( z ) =  z 2, in such a way that d(z~"~(z�91 
z~"~(z2)) < e for i =  1, . . . , s , ,  where s. satisfies s. > ( 1 -  e.)d". Then" 

1 2 ]q~(z~")(zl))- ~(zl"'(z2))[ < dpdp.(z~) - dpdu,(z2) < d---g i= 1 

~=l d" - s________~. 
< - ~ , 1  I dP(zl")(z')) - ~b(zl"'(z2) I + d" sup[: ~b(z) ] < 

1 ~1 gl  ~l ,~ 
_< d- ~ ~-  s .  + e. s u p  l q~(z) I _< T + e. sup[ q~(z) I _< -2- + T = ~'" 

2 

Corollary III. Given a compact set K c E x c ( f )  c, el > 0 and a continuous 
function (o" C ~  ~, there exists N > 0 such that" 

;(Pd#.(z)-f~dlzm(Z)l<e'l 
for every z 6 K and m > n >>_ N. 

Proof. Set R" = [ )  f -"(K) and take N = N(/~', q~, e.1) given by Corollary II. 
n > 0  

Using the notat ion of the introduction,  we can write for all m > n and 
z E C :  

ck(z)d m(Z) = i= 

where k = m - n. Then, if z ~ K, 

. < 1 .~ ~ 
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(k) ~" 
But zi ~ K  for all n > 0 .  Hence, if n > N, the last term above is 
bounded by d-k(dkel)= e.l by Corollary II. 

Now we are ready to prove the theorem. By Corollary III,  if 
z ~ Exc(fy,  the sequence {~.(z)[ n _> 0} converges, in the topology of J///, 
to a probability #y(z). Moreover, also by Corollary III, this convergence 
is uniform on compact sets of Exc(fy.  By Corollary II, the probability 
#y(z) is independent of z. Denote it/~:. Moreover, # :  is invariant because 
for every continuous ~b" C ~ R, taking any a ~ Exc( fy  

f~(qSof)d#:= lim 1 d" , -+~ "-~ Z dP(f(z~")( a))= 
i= l  

1 d--' f~. 
= lim d._ 1 ~ q~(z~"-l)(a))= ~bd/~:. 

n~+o~ i=1 

This completes the proof of the existence of an f-invariant probability 
p :  satisfying (a). Now let us prove property (b). Take a ~ J(f) .  Then the 
support of p,(a) is contained in J(f)  for all n > 1. Then the support  of 
pj. is contained in J(f). Conversely, if p~J(f) ,  we shall prove that  it 
belongs to the support of #j.. Take a point q in the support of p:.  Since 
p and q are not exceptional points (because they belong to J(f)), there 
exist a sequence p, ~ p and a sequence of integers m, ~ + ,  such that  
fm,(p.) = q. Since the support is closed, it is sufficient to show that  p, 
belongs to the support of p :  for all n. Given any neighborhood V of  p,, 
we take a neighborhood U of p, such that U c V, p:(?U)= 0 and also 
kty(?(f""(U))) = 0. Moreover, f""(U)is an open set containing q. Since 
the boundaries of U and fm"(U) have measure zero, we can write: 

(1) ~y(U)=  lim /2,(a)(U)= lim 1 .-.+~ 3-.+oo d W # {z~ U lfJ(z) = a] 

1 

(2) #y(f""(U)) = lim 12j(a)(f""(U))= lim ,-~"'a" # {z 6f""(U)[ fJ(z)= a~j 
j - . ;  + oc j ~  + oo 

where a is any point in Exc(f) c that is not a critical value of any.fJ  (in 
order to grant that every root of f "(z)--a is simple). Moreover: 

(3) # {z ~ U I f'i(z) = a} > # {z ~fm-(v) I fJ-""(z) = a}. 

From (1), (2) and (3) it follows that By(U) > dm"l~y(f""(U)). But py(f'"(U)) > 0 
becausef"~(U) is a neighborhood of q that is in the support of/2:. Hence,  
py(U) > 0 and then /2:(V) >/2y(U) > 0. 

To prove (c), we shall show that if G denotes the Borel a-algebra 
of J(f), then ('] f - " (  &"dO contains only sets of measure 0 or 1. Suppose 

n_>O 
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that S ~ ( )  f - " ( ~ )  and ~I (S)> 0. We have to prove that /&(S) = 1. Take 
n>O 

0 < e . < / & ( S ) / 2 .  Take N > 0 ,  m > 0  such that there exists a family 
~ - - { P ~ ,  . . . ,P / j  of disjoint (N, a/2)-adapted sets such that: 

 s((U = o. 
i 

The existence of this partition, is based on  the fact that a topological 
disk contained in an (N, e./2)-adapted set is also an (N, a/2)-adapetd set. 
Then to every point z in J(f),  by the Fundamenta l  Lemma and the previous 
remark, we can associate an integer N(z) and a disk B(z) centered at z, 
with pj .(?B(z))=0,  that is (N(z),e/2)-adapted. Take z i6J( f ) ,  i=  1, ... ,  t 
such that J ( f ) c  U B(zi) and set N =  max N(zi). Finally, take as sets 

i i 

Pi, all the intersections of sets B(zi) or  B~(zi) that have measure  # 0. 
Denote  P~"~. k ~"~. j =  1, ((n, i) the sets and integers associated to P; 

l , J ~  l , J ~  " ' ' ~  

by Definition I. We shall need two lemmas: 

Lemma I. Let V c C be an open set with lzf(OV)= 0 such that there 
exist open sets V1, ..., Vd such that for all 1 <_ i <_ d, f~ Vi is a homeomorphism 
of V i onto V. Then 

d # i ( f - I ( A )  c~ Vi) = I~j.(A) 

./or every Borel set A c V and all 1 < i <_ d. 

Proof. First we shall prove the lemma when A is open and pj .(~A)= 0. 
By the hypothesis pj.(?A)=O, we can calculate ps(A) by: 

1 
(1) ~/ . (A)= lim p , ( a ) (A)=  lim # { z 6 A ] f ' ( z )  

where a is any point that is not  a critical value of f "  for all n >__ 1. 
If #j.(?A) = 0, then p/(?(f - ~(A) c~ V~)) < ~ / ( f  - I(0A)) = #I.(?A) = 0. Hence, 

(2) I&(f -I(A) m V3 = lim 1 ,-~+~ --~ # {z6 f - l ( A ) c ~  Vii .f"(z) = a]. 

By the relation f ( . f - ~ ( A ) n  V~)=A and the injectivity of f/V~, 

1 f . _  ,. (3) # { z ~ f - ~ ( A )  c~V~[ f" ( z ) - - - -a}=- -~#{z6A]  l(z) = a 

Then, (1), (2) and (3) prove the lemma in this case. If A c V is any Borel 
set, we can write it as A = ( ~ A,) w A where A ~. = Az = ... is a sequence 

n>_0 

of open sets with # ( ~ A i ) = 0  for all i and Id f (A .z )=O.  Then: 
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# f ( f - I ( A )  n V/)= lim # f ( f - I ( A , )  n Vi)) - # : ( f - l ( A ~ ) n  Vi)= 
n ' ~ ,  + cX) 

= lira # f ( f - t ( A , ) n  V3 = 1 Iim # : ( A , ) =  1-7~:(A). 
a 

Corollary. #~f(A))  < d#/(A) for every Borel set A. 

Proof. Take a family V~V2, ... of disjoint topological disks satisfying: 

a) f/Vi is a homeomorphism onto f(V/). 
b) #I((U v~)c) = 0 and #s(Sf(V~))= 0 for all i, 

i 

c) f(V/) doesn't contain critical values o f f ,  for all i. Then, 

#f(fiA)) = #s ( f ( (U  (A n Y~))u (U A n ~ V//))) < 
i i 

< ~.l.ty(f(A n VO) + ~ . # f ( f ( A  n 8V~)) ~ Z # y ( f ( A  n V~)) + 
i i i 

+ Z # f ( f ( A )  n Of(Vii)) = ~ '#y( f (A n V~)). 
i i 

But by (a) and (c), we can apply Lemma I to obtain" 

#y(f(A n V~)) = d#y(A n Vi). 

Hence, by (b): 

#y(f  (A)) < d ~'uf(A n Vii) "-- duf(A n ( U  v~)) = dps(A). 
i 

Lemma II. If  A .is a Borel set contained in a set P(,') n > N: t ' , J ~  

/2s(A) = kl."~ d -"  #s (f"(A)). 

Proof. Take a topological disk V ~  Pi with/~s(?V) = 0, ps(PAV)= 0 and 
not containing critical values off" .  To obtain V, it is enough to join the 
critical values o f f "  in Pt to its boundary with disjoint arcs having zero 
measure and the defining V as the complement in Pi of theses curves. 
Define W =  f - " (V)  n p!n,)j. Since there are no critical values o f f  in V, 
there exist k!"~ branches o f f - "  on V, i.e., analytic functions ~bi" V--+ W, 
i =  1,...,kl"~, such that dpi(f(z))=z for all zE W and c~(w)~4~j(w) for 

< k (."), It is clear that: all wzV,  1 < ~ i < j _  ,,j. 

(1) 

(2) 

(3) 

(4) 

4h(V) n ~b~(V) = Z ,  1 _< i < j _< kl")j. 

f"(~p,(V)) = V, i =  I, k! "). " ' "  ~ t , J "  

f"/~b~(V) is injective, i =  1, k! "). " ' "  ~ t , J "  

U 4J,(v)  = w.  
i 
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By properties (1)-(4), we can apply Lemma I to obtain" 

(5) #f (A  c~ 4~(V)) = d-" tkr( f"(A)  ~ V). 

By (1), (4) and (5): 

# f (A  n W) = ~ a t(A n I~(V)) = k!"} d-" t t j . ( f"(A)  ~ V) = k ~."~.,.~ d-"~Lj.(.I(AI). 
i 

But t~i(A r~ W) = t~i(A) because: 

t t f (A)  - kty(A ~ W) < #f(P]"}\W) < I~ f ( f - " (P , \V) )  = # f ( P , \ V )  = O. 

Now set U, = U P~,"}- By Lemma II: 
i,j 

t ty(U.) = Z ~t(P~."}) = d - "  V k(. "'. ,. ~ ~:(Pi) = 
~,j ~,j 

~ d-ni\~.21 (~d('n)'~f(Pi)>t.l) - d -n (  1 - 2 )  dn~i ~ Pi) 
"F. 

2 

For  each n > N, the sets P!"} n J ( f ) ,  i =  1, . . . ,4 ,  j =  1 . . . . .  e(n, i) are a 
part i t ion of U c~ J ( f ) .  This partit ion can be extended to a parti t ion P, 
of J ( f )  in such a way that:  

lim ( sup diam (P)) = 0. 

This property and standard derivation theorems imply that if2~,(x) denotes 
the a tom of ~ ,  containing x, then the sequence of functions F ,  : J ( f ) +  R 

defined by: 

F,(x)  = lira #I(S r~ ~.(x)) 

converges in measure to the characteristic function fs  of S. F rom this 
property, we shall prove the following claim: if we take B0rel sets A,, 
n > 1, such that f - " ( A , )  = S, there exists an a tom Pi and a sequence 
nj ~ + oo such that I~.r(Pi\A,j) ~ 0 when j ~ + oo. This implies that 
/~r(S) = 1 because there exists n > 0 such that f " ( P i ) D  J ( f ) ,  and by 
the corollary of Lemma I: 

lim #.r(f"(Pi ~ A,~)) = ' l im I~i~(f"(Pi) - f " ( P i \ A , j ) )  = j ~  j--* + oc 
= 1 - lim I~s( f"Pi \A, j ) )  > 1 - d" lim . t t j .(Pi\A,j) = 1. 

j -"* + oo j ~  + Qr 

But: 

f " (P ,  n A,~) c f " (P, )  n f"(A,~) -- f " (A . j )  = A . , + , .  
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Then lim # : ( A . j + . ) =  1 and" 
j--, + cc 

# : ( S )  = # : ( f  -(",  + ") ( A . j  + . ) )  = # r  + . ) .  

Hence, # : ( S ) =  1. To prove the claim observe that  the convergence in 
measure of the sequence F .  to f s  implies that  for every k > 0 there exists 
nk such that the set of points x satisfying: 

#AS c~ ~'.~(x)) ] 1 (6) #s(.@.~(X) ) - f s (x )  ] < --~ 

has measure > 1 - (e/2). Then this set intersects S c~ U.~ because 

# f ( S  c~ U.~) = #z((S ~ u U~k) ~) > (1 - 2~.) - = -~-. 

Let Xk be a point in the intersection. Since it belongs to U.~, we have 
~.~(xk) = P~"~) for some i and j. By (6): 

plm,)~ 1 
(7) #: (S  c~_~.j , > 1 - - -  

#:(P~",~)) k 

By Lemma II: 

(8) .r t r .~ t c  p~.~.)~ p<.k)} ' ~ i , j  I zJ '~J  ~ '  ('~ ~ -  # f ( S  - - ~ , j  , ,  i , j  

(9) d - n k  l..tnk) , ,  [ )c nk lD(nk ) ' , u  , ,  / I O ( n k ) ~ .  
h i .  j ~ f t J  t't i, j J !  ~ t x J ' ~ i ,  j ~" 

But r.ktp(..~)~ = Pi. Heiace, (7), (8) and (9) imply: 

1 #: (S  ~ _ , , j ,  uf(f"k(S ~ _,.j  ,, 
1 - - - <  k - ,, tl:)(nk)h IzfVl i,j : #f(Pi) 

nk (m,) ~:(f~(s) n f (ei.j )) <_ = 
# f ( P i )  

#:(A.~ n Pi) 

#:(P~) 

Hence: 

#:(Pi\A.~) = #:(P~) - #:(P~ c~ A.~) <_ 

I I 
< - ~  #f (Pi)  < - -  sup #:(Pi)  
- - k i 

thus completing the proof  of the claim. 

<_ 
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To prove (d) take a family {U~, ...,  U,,~ of topological disks not 
containing critical values of f and such that: 

m 

(l) m(( U u , )  ~) = o. 
i =1  

Then for every 1 < i < m, there exist d branches a (.') = U~ ~ C, j = 1 ....  d - -  - -  r l /  

o f f - ~ \ U ~ .  Set U y ) =  g~i))(U 3. From (1) it follows that: 

(2) ~j. U ~ = 0. 
i j = l  

Suppose A c C is a Borel set such that f / A  is injective. It follows from 
the injectivity of f /A  that the sets [ (A  c~ U~~ 1 <_ i < m, 1 < j <_ d, are 
disjoint. This property together with (1), (2) and Lemma I yield 

pj.(f(A)) = p f  ( U  ( f  (A) ~ U,)) = pj ( U  f (A ~ U'}')) = 
i i . j  

= Z ~,J(f(~ ~ uS"))= a X ~j(A ~ US")= 
i , j  i , j  

= d~j,(A c~ (U U}%) = dp /A) .  
t , J  

To prove that/~j, is the unique f-invariant probabil i ty satisfying (d), 
consider another  f i nva r i an t  probabi l i ty /~  satisfying (d). We shall prove 
that el << itj.. Then the ergodicity of/~f implies p = / ~ f .  To show/.t << / l  j�9 
we have to find for every ~ :>0 ,  a ,5 > 0  such that if K c J ( f )  is a 
compact  set whith /~j(K)_< 3, then #(K)_< a Given e.'> 0 take N > 0 
such that there exists a family ~ = {Pt . . . .  , P,] of  (N, e,/2)-adapted sets 
such that 

i~j.((U Pi) c) = o 
i 

~((U P,)c) = o. 
i 

This family is constructed as the family used in the proof  of (c). Take 
c~ > 0 satisfying: 

/l(Pi) e. 
( t )  c~ ~ < - -  

l ~ j ( P i )  - 4 

for every I _< i _< r. As in the proof  of (c), denote _~,jP("~ and k ~"~,.j j = 1 . . . . .  
(n, i) the sets and integers associated to P~ by Definition I. By Lemma II, 

we have: 

(2) ~"~ k~"t d-"ps(Pi).  ~j(Pi.j) = ,. j 
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Since in the proof of Lemma II the only property of # :  used is precisely 
(d), we can apply Lemma II to # instead of p : .  Hence: 

(3) #(~,"}) = k!7} d-"P(Pi). 
From (3) and part (c) of Definition I, we obtain: 

/~ (U P~,"}) = j  d-"l~(Pi)~.k!"}>_j d -"p(Pi ) (1-2)d  " =  

- ( 1 - 2 ) , ( P , , .  

The same argument, replacing (3) by (2), shows that: 

]~f( ]:)t.n).] > 1 -- /~:(Pi). 

Then 

(4) --I, Jl -- 

i , j  2 
g. 

(5) /~:(.U PI'~}) -> 1 - -~- 
l , J  

Suppose that K c J(f) is a compact set with p:(K) _< b. We want to 
show that #(K)_< e. By (5): 

e /~(K c~ (~. PI"}) c) < --~-. 

l,J 

It remains to prove: 

F. 

(6) #(K n (i~ P!"~)) < -}--" 

Set 

Y'. = {(i,j) lP~.~).'~_.~ .. K # ~I 

K. = (,.J t~P(""[,,, (i,J)e&a.} 

Since the diameters of the atoms of P~."). converge to zero uniformely 1,./ 

in (i, j) (by part (d) of Definition I) and by the compactness of K, it follows 
that 

lim I~:(K.) = l~:(k), 

(7) lim #(K.) =/~(g).  
n ~ + O O  
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Then l a r (K , )<  2c~ if n is large. It follows that:  

2,5 > lay(K.) >_ ~ ~b.(P~.~). 
(i,j)~ .r#~ 

By (2) and (3): 

2,5 >_ 

Hence:  

, ,( ,))  = laj'(Pi) 
E ]aJLri, j E ~ la(eln}). 

( l, j)e .~', (i, j) �9 .7, 

By (1): 

2r sup P(Pi) > E la(P~,"~)= la(K.). 
�9 (i,j)e/In 

c ~(P~) 
- -  > 2~ sup > p(K,).  
2 -  i la.r( P i ) - 

Then, by (7), I~(K)< ~./2. 

57 

Then" 

f , , ,  + t !~,,, +, (x) = (.ff4~m + l (x)) o ( f  ~ / ~ , , , ( f  (x))). 

But J~/4i',,+t(x) is injective because 4~ ~(x)  and f " / , ~ , . ( f ( x ) ) i s  
injective by the induction hypothesis. Now we shall prove that: 

( ) 1 

(lO) lim sup - - -  log gj.(~.(x)) >_ log d 
n~+ct  F/ 

for p y -  a .e .x .  We have: f " (~ , (x) )  = ~( f" (x) ) .  Then 

#;.(f"(49,(x)) < #f(49(J"(x))). 

By (d) and by the injective of f " /~" ( x ) :  

Uj.(~,(x)) = d-"la s( f"(~. (x)) )  < d-"la s(.~'( J"(x))). 

_ _1 log ps(~,(x)) > log d - _1 log py(~(f"(x))).  
n n 

To prove (c), take a family ~ = {P~ . . . . .  P,] of  disjoint topological 
disks such that f /Pi  is injective for all 1 < i <  r and pJ-((U Pi) ' )=  o. 

Denote  ~ ,  = 9 .f"(~) and let ~ , (x)  be the a tom of 4~, containing x. 
j = 0  

Observe that . f " /~ , (x )  is injective for all n > I. In fact, this property 
holds for n = 0 and if it is true for n = m then 
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F r o m  this (10) follows. But (10) implies that 

huI(f ) > log d. 

On  the other  hand, G r o m o v  proved in [3] that h,op(f)= log d. Then 
h~s(f) <_ log d .  

II. Proof of the Fundamental Lemma 

If w ~ C and n E 7/+, denote m".(w) the multiplicity of w as root  of 
the equat ion f"(z)= f"(w). Set m.(z)= max {m".(w)[w Ef-"(z)~,. We shall 
need the following lemma: 

Lemma. For every z r Exc(f  ) there exist N I > 0 and 1 < do < d such 
that m.(z) <_ d~ for all n >_ N l. 

Proof. Define N(z) as the set of functions 0 �9 7/+ --, C such that 0(0) = z 
and f(O(j + 1)) = 0(j) for all j > 0. Define :~o(Z) as the set of 0 ~ N(z) 
such that 0(j) is a critical value o f f  only for a finite set of values ofj .  Then 
it is easy to see that ~(z) ~ No(Z) if and only if z belongs to the orbit  
of  a periodic critical point, and that in this case, there is only one element 
~,,~(z)\No(Z) that is periodic i.e., for some t ,  satisfies 7 ( t + j ) = 7 ( j )  for 
all j > 0. N o w  define 

= {0(n) I 0 

s~ = {0(n) [ 0 e 

From the fact that  f has only finitely many critical points it follows that  
there exists N2 > 0 such that O(n) is not a critical point  of f for all 
n >_ N 2, 0 ~ No(Z). Hence 

 l(w) = 1 

for all w ~ s~ and  n > N 2. Then, if w ~ s~ with n > N 2, we obta in  

n--1 N 2 - 1  

mA.(w) = I-I ~ l ( f  ~(w)) = I-I ml(f  J(w)) ~- dN~. 
j=o j=o 

If ~o(Z) = ~(z), this concludes the proof  because 

m,(z) = max {~,(w) I ws~, (z)}  = max {m"'.(w) I w ~ ~  < d ~2 

for all n >_ N : .  I fNo(z  ) ~- ~(z) and if 7 is the unique element in ~(z)\No(Z): 

m,(z) = max {m"'.(w) [ w E e.(z)} < max {d s2, ~"m,(~,(n)),. 
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Therefore the problem is reduced to show that there exist G > 0 and 
1 < dt < d such that mn(?(n))<_ Gd], for large values of n. But if 
n = k t  + r, k ~ Z  +, r E Z  +, 0 _< r < t, we have, using the periodicity of 
7, that  

CHI ~,(?(n)) = I-[ ~l(?(n -- j)) = ml(?( n - J)) ml(y(J)) �9 
j = O  j = O  ' =  

Set: 

Then:  

1 

~.(?(n)) _< d r d*l k < at d]. 

for every n _> t. This reduces our problem to prove that d~ < d. But since 
every factor in the definition of dt is _ d, it is sufficient to show that  we 
cannot  have ~1(?(]))= d for all 0 _<j _< t. But ~1(7(]))= d for all 0 _<j _<t 
implies t h a t f  - 1(re) = re, where rc is the periodic orbic n = {?(0), . . . ,  2(t - l)~j. 
Then f - t ( T f f ) c  n". Therefore ( ~  f n ( U ) ) ~  rc = ~ for every subset U 

n>_0 

of n". But it is clear that  ~ n J ( f )  = ~ .  Hence, we can take U as an 
open set intersecting J( f ) .  Then, as we explained in the introduction, 

f ' ( U )  ~ Exc(f)L This, together with ( ~ ) f " ( U ) ) c ~ T z =  ~ yields 
n>-O n > 0  

c Exc(f) ,  contradicting the assumption z 6 Exc(f) .  
Now let us prove the Fundamenta l  Lemma. Take No so large that 

the sequence nd -n, n > 1, is decreasing for n > N O and m~o(z)No d-N~ < el2. 
Such N O exists by the previous Lemma. Then 

s 
(*) mNo(z)nd-" < --~. 

for every n >_ No. Assume that N O is large enough to satisfy 

d 2 e 
(**) 4mNo(z)d -N~ < - - .  

l - d - 2  

Set m = mNo(z ). Since the only critical value 0 f f  N~ contained in 7 
can be z, it follows that the connected components  7~, . . . , ? r  o f f - s ~  
are either arcs or a union of arcs with a unique point of intersection. 
Therefore, each 7~ is simply connected. We can then take a topological 
disk Uo ~ ?, so thin that  there exist disjoint topological disks V~ ~ 7~, 
i =  1 , . . . , r  such that 

fN~ = Uo 
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and fN~ �9 Vii --, Uo is a k~-to-1 map for all 1 _< i _< r. N o w  set: 

e.No = 0 

e . +  1 "--- e .  + 4rod - n ~  

for n _> No. Observe  that, by (**): 

d 3 e 
e., < eNo + 4rod 2 d - j  = 4rod - N ~  < - - .  

j=so d -  1 - 2 

We claim that for every n > N o, f - " ( U o )  contains a union of disjoint 

topological  disks W~ ~"), i = 1, ..., ~ ,  such that, for all i, ./"(W~"~)= Uo and 

f " / W i  ~") " Vr ~ -* Uo is a kl")-to-1 map, where 1 < kl "~ < m, 1 < i < ~, 
are integers satisfying 

i =  

Clearly, the proper ty  is true for n = No just  taking ~so).. = V,., i = 1 . . . .  , r, 
k~ s~ = ki because 

klN~ F. ki = d". 
i = 1  i = 1  

The proof  of the claim will now be completed by induction. Suppose  

constructed W~ ~"), kl "~, 1 _< i _< ~.. Let H be the set of integers t between 

1 and ~. such that W~ ~"~ doesn' t  contain critical values of f. For  every 
t e H there exist disjoint topological disks D} ~ 1 < j < d, such that f 

maps D} t) homeomorphica l ly  onto Wr("( Define as W/I"+1~, i =  1 . . . .  , ( ,+  1, 

D"~ = D~') set Then:  the sets _ j  , t e l l ,  1 _<j _< d, and, if W/t"+~) - J  , .-,kt"+ 1) = kl.). 

7.§ 7", 
E -,k'"+ ') d E k ~  " ) = d  E k l " ) - d  E k l " ) - >  

i = 1  i eH i = 1  ir 

>_ d E k~ ") - d ( ~  - # H ) m  > 1 -  _ - - f  e., I _ d ( ' ( ,  # H ) m .  
i = 1  

But ( . -  # H is bounded  by the number  of critical values of./, that is, 
2d - 2. Hence:  

= 1 - - - ~ ( e , + 4 d 2 m d  -~§  d "§ = 

I ) d.+1 
= I - 7 e . . + i  



An invariant measure for rational maps 61 

This completes the proof of the claim. The next step is to restrict, for 

each n, the family W~ t"), 1 < i < ~,, to those values of i that satisfy: 

1 2(w:")) <--, 
n 

where 2 denotes the Lebesgue measure.  
Suppose that those values of i are 1, ..., ( , .  Then: 

r,  7, 
Z k!")> )-" k ! " ' -  (e. - ( , )m. 

i = 1  i = 1  

To bound ( ( ; -  ~.), observe that  

I >_ :.( U w:")) _> (g. - (.)• 
i > g , ,  D 

Then" 

(,).n (+ .  ) r .  k~") > 1 - e - n m =  1 - + 2 m n d - " )  d". ( 1 )  . - i  - -~- 
i =  

By (*), the factor of d" is bounded  by (1 - e). Finally, to c o m p l e t e  

the  proof of the Lemma, we shall prove that for any topological disk U 
whose closure is contained in U0, we have: 

(2) lim (sup d iam ( f  -"(U) r W:"))) - 0. 
n ~ + ~  i 

If this property is true, the lemma is proved taking U containing 7 and 
with closure contained in Uo. Then we define: 

S~")= f - " ( U )  r W: "). 

By (2), there exists N > No such that property (b) of Definition I is 
satisfied. Property  (d) also follows from (2). Finally, .f"/Sl "~ is a kl")-to-I 
map onto U, and from (1) and (*) it follows that the integers kl ") satisfy 
property (c). It remains to prove (2). By the way the sets W~ ~") were 
constructed, we know that f " - u ~  a conformal representation 
onto some Vj. Let 4)I "~ : Vj ---, W/~"~ be its inverse. Set D, = I z  ] [ z ] < r l. 

Let ~j : D~ ~ Vj be a conformal representation. Define ~I"): D~ ~ W/"~ 
as ~I")=  (hl")~zi. Instead of (2), we shall prove 

(3) lim (sup diam ~O~")(O,)) = 0 

for all 0 < r < 1. This implies (2) because qJ~")(O,) m f -~"-~~ n Wi I"~ 
for all n > N, if r is n e a r  enough to 1. To prove (3), recall that the Dis- 
tort ion Theorem for univalent functions states that for all 0 < r < 1 
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there ex:ists K(r) such that every univalent function ~b : D1 --, C satisfies 
[ q~'(a)/d/(b)[ <_ K(r) for all a and b in D,. In particular, if 2(. ) denotes 
Lebesgue measure, 2(~(D,)) _> K(r)- l [ ~b'(a)122(D,), for all a e Dr. In our  
case"  

1 >_ 2(WI.)) >_ 2(~bl.~(Or)) > K(r)_t2(Or)[(•!,)),(z ) [2 

for all 0 < r < 1, zeDr .  Then: 

lira ( sup [(~l"))'(z)[) = 0 
n ~ + o o  i,z~Dr 

for all 0 < r < l, and this obviously implies (3). 
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