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Medians and 

Abstract  
Many problems in continuous location theory, reduce to finding a best location, in 
the sense that a facility must be located at a point minimizing the sum of distances 

to the points of a given finite set (median) or the largest distances to all points 

(center). The setting is often assumed to be a Banach space. 

To have a better understanding concerning the structure of location problems, it 

is nice to see how, if the space is infinite-dimensional, the lack of optimal solutions 

may occur also in rather simple cases. 

In this paper we indicate two simple examples of four-point sets such that one of 

the two problems indicated has a solution, while the other one has no solution. 

Also, we list papers containing examples previously given, dealing with this lack of 
optimal solutions. 

K e y  W o r d s :  Location theory, Fermat  point, Chebyshev center. 

A M S  subject classification: 90B85, 49J27. 

1 I n t r o d u c t i o n  

Let X be a normed real space. Given ~ set A, we set: 

r(J,x) sup{ l l z -a l l ;a  • J}; r(J) inf r(J,x). 
xEX 

We say tha t  c is a center of A if r(A, c) r(A). 

Let A { a l , a 2 , . . . , a n }  be a finite set; we set 

n 

, (A ,x )  n ~ l l x  a~ll; p(A) i en fp (A ,x ) ;  
i 1 

for a finite set, we say tha t  m is a median of A if p(A, m) p(A).  
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Many problems in continuous location theory reduce to finding a best 
location, in the sense that  we must find a center or a median. 

These two problems are often considered in two-dimensional spaces: in 
this case, from a theoretical point of view, things concerning existence of 
solutions go smoothly. Already for spaces of three or more dimensions, 
things behave in a different way: compactness helps in proving existence 
theorems, but  when the setting is not Euclidean, solutions can be outside 
the convex hull of the set. 

In general the setting is assumed to be a Banach space. If the underlying 
space has some "good" properties, but  also in some "bad" spaces, it is 
known that  both  problems always admit (at least) one solution; but  in 
general, if the space is infinite-dimensional, the two above problems do not 
necessarily have solutions. 

Examples are known of sets where these problems have no solution. The 
general feeling on these optimization problems seems to be the fbllowing: 
at least fbr very simple sets, the above problems have solutions. Also, 
from the theoretical point of view, both  problems are convex: it is rather 
unexpected to find simple examples where there are solutions for one of the 
two problems but  not for the other one. 

An example of a three-point set without  a center was given already in 
Garkavi (1964), Theorem 1; we do not know if such a set has a median. 

An example of a three-point set without  a median was given in Vesel~ 
(1993), Remark; we do not know if such a set has a center. 

An example of a three-point set without  a median and without  a center 
was given in Baronti et al. (1993), Example 5.2. 

In this paper we want to indicate two examples of fbur-point sets: the 
first one, is a set having a center but  no median. The second one, is a set 
having a median but  no center. 

This shows that  having a median or a center are independent properties. 
As known, in many Banach spaces all closed bounded sets have centers, all 
finite sets have medians (see e.g. Vesel~ (1997) for general results of this 
type). 

The fbllowing questions can be raised: 

Q1 Are there spaces such that  every finite set has a center but  not every 
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finite set has a median? 

Q2 Are there spaces such that  every finite set has a median but  not every 
finite set has a center? 

Recall that  there are spaces such that  every finite set (also, every corn- 
pact set) has a center but  there exist closed bounded and convex sets with- 
out a center (see Vesel.9 (2002)). With respect to some properties, con- 
sidering three-point sets isenough: for example, among normed spaces of 
dimension at least three, Hilbert  spaces can be characterized by the prop- 
erty that  for a W  three-point set, there exists a center which belongs to 
its convex hull; a similar characterization holds with existence of medians, 
see Benftez et al. (2002). Also, a characterization of reflexivity in terms of 
existence of centers and /o r  medians for three-point sets was given in Vesel3~ 
(1993). 

2 Examples 

Our examples are given in the following space, already considered in Baronti 
et al. (1993). Let Co be the space of all real sequences converging to 0, 
with the max norm; denote by ei, i ¢ N, the elements of the natural  
basis. Consider the following functional on Co: f (f,~) where f,~ 1 for 
n 1,2,3,4;  fn 1 f o r  I~ > 5. 2 n 4 

We denote by X the subspace of Co containing all sequences x ( x  l ,  X2, 
. . . ,  X~, . . .  ) such that  ~ 1  fr~x~ = 0. 

1 E x a m p l e  2.1. Let A {a, b, c, d} where a = e l  - e4; b e2 - ~e4 - es; 
1 ~ v ~ n q - 5 2  C 2~ 1 ( E  ( 1 , 1 ) ) .  c c 3 - g c 4 - c s ; d  c 2 + c 3 - e 4 - ~ 5 - 2 . i = 6  a ~ w i t h a  2~-1 

1 Note  tha t  A c X;  in par t icu lar  d ~ X since 1 _ 2 a ( 1  + . . .  + >~_~+) 
1 O~(1 - -  )-~';<~ ) 0.  

We have: ]]c - dll 2a, so r(A) _> a; if we take: 

a + d  ( 1  1 1 _ l , _ l , _ a , _ a , . . .  _a,O,O,.. .)  
x -~ ' 2 ' 2 '  

we have: I Ix -a l l  I Ix-bl l  I Ix-c l l  = I Ix -d l l  a;  therefbre r(A,x) a, 

so r(A) a and x is a center of A. 
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Now we want to prove tha t  #(A) = a+~ and tha t  A has no median. - - 7  

(3 1 1 --1, 1 1 1 __/3 __/3, --/3,0,0, .): 1 Let m ,2 ,2 ,  2, 2 , ' " , - ~ ,  " " ,  -- 2 

appears from the 5-th to the (n + 5)-th position, and -/3 in the next k 
positions with k > n. 

We have: m E X if 

( ' ' )  ( '  1 1 1 1 - 2--5T T - / 3  + . . . +  0 
2 4 ~ + ~ 7 ~  + + 2 ~ 2 ~+~+~ 

~ - g  1 + . . . +  /3 1 + . . . +  = 0  

' 
** ~ - g v 1 - 3 j 2~+2 v 1 - 3 j ** 42---~ 2~+1 

2k-1 (E(1 S)) 
** /3  ~ 7 1  

Therefore: I 1 ~ -  <1 I1"~- bll l i r a -  ~11 /3 ; I1"~- dll ~ 2 ~ -  ~, so 
1 4#(A, m) 2s - ~ + 3/3. 

For k ~ oo, the value of/3 goes to 3, so #(A) infxex p,(A, x) _< 2,~+~.4 , 
but also, ibr any x E X we have: 

. ( A ,  . )  ~1 _(llx - all + II* - 5ll + Ilx - ell + II* - dll) > 

l l a - a l l + l l ~ - a l l  - 4 ' 

so we conclude that  p(A) 2~,+1 4 

Now suppose tha t  x is a median of A; clearly we must have 2s  + 1 

4 . ( A , . )  I I * - a l l + l l * - b l l + l l * - ~ l l + l l x - a l I  > I l a - b l l + l l ~ - a l I  = 1 + 2 s ,  
so I I * - a l l + l l x - b l I  1, a n d  I I * - c l I + I l x - a l I  2 <  also, s ince I l a - c l I  1 
a n d  lib - all -- 2 s ,  II* - all + II* - eli = 1 a n d  II* - blI + II* - all 2 <  
s imilar ly ,  lib - c l l  1 a n d  Ila - dll -- i s ,  i m p l y  IIx - bll + IIx - ell 1 
a n d  IIx - all + IIx - all i s .  T h e s e  inequalities together imply IIx - all 
I I x -  bll I 1 * -  cll ½; I I x -  all i s -  3" But the first three c o n d i t i o n s  are 
not compatible since, as shown in Example 5.2 in Baronti et al. (1993), the 
set A t {a,b,c} has no median ( r (X)  --/~t(X) 3); so A has no median. 

E x a m p l e  2.2. Consider again the space X defined above. Let B 
{a,b,c ,e}  where a, b, c are the same points as in Example 2.1, while 

( 1 0  9 10,0, ) 
¢ 4 5' ' i0~ 5' .... 
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If'x E X, then ]]x-al l+l lx-bl l+l lx-cl l+l lx-el]  >_ ] ]a-bl l+l lc-e l ]  2; 
also, l i e - a l l + l i e - b l l + l i e - c l ]  1 + } + 1  2: this shows that e is a 
median of B. 

~+d with d the point in Example 2.1; we have: sup{llx - Now let x 2 , 
2 n i 

a l l ,  IIx - bll,  IIx - el l ,  IIx - e l l }  ~ 2~'-1 --> r ( B ) ;  s ince w e  Ca l l  take n a s  

1 Also, if C {a,b,c} c B, then large as we wish, we obtain r (B)  < 3" 
1 diameter(C) <_ 2r(C) < 2r(B) < 1, so r (C)  r(B) 1. But it 
was shown in Baronti et al. (1993) that  there exists no y E X such that  
I l y - a l l  -< 1 IlY-bll -< 1 IlY-Cll -< 1 ( s o C  has no center); this implies 
that  neither B can have a center. 

R e m a r k  2.1. In example 2.2, we have >(B) r (B)  ½: note that  when 
a set satisfies a similar equality, centers (if they exist) are also medians. 

R e m a r k  2.2. Let A be a finite set and co(A) its convex hull; consider the 
numbers: 

r , ( A ) =  inf r (A,x) ;  #~(A) inf #(A,x) .  
xCco(A) xCco(d) 

Clearly, these numbers are also minima. 

In Example 2.1, we have: r~(A) r(A); also, it is not difficult to see 
a+d that  p~(A) a (which is achieved by x 2 J" 

In Example 2.2, we have #~(B) #(B);  also, it is not difficult to see 
1 that ~(A) ~ (which is achieved by ~ ~(~ + b + ~ ) ) .  

R e m a r k  2.3. Example 2.1 shows a four point set which has a center, but 
there are three-point subsets (like {a, b, c}) without a center; Example 2.2 
shows a similar fact for medians. 

It could be of some interest to indicate a four-point set without a me- 
dian, such that  all three-point subsets have a median; similarly fbr centers. 

Also, it could be interesting to produce similar examples in strictly 
convex spaces. We note in passing that  an example of an infinite set without 
a center, in a strictly convex space, was given in Amir et al. (1982) (3.2. 
Example).  

R e f e r e n c e s  

Arnir D., Mach J. and Saatkarnp K. (1982). Existence of Chebyshev centers, 
best n-nets and best compact approxirnants. Transactions of the American 



320 P.L. Papini 

Mathematical Society 271,513-524. 

Baronti M., Casini E. and Papini P.L. (1993). Equilateral sets and their central 
points. Rendiconti di Matematica e delle Sue Applicazioni 13, 133-148. 

Ben~tez C., Fernandez M. and Soriano M.L. (2002). Location of the Ferrnat- 
Torricelli medians of three points. Transactions of the American Mathematical 
Society 354, 5027-5038. 

Garkavi A.L. (1964). The best possible net and the best possible crosss-section of 
a set in a normed space. Transactions of the American Mathematical Society 
39, 111-132. 

Vesel~ L. (1993). A characterization of reflexivity in the terms of the existence of 
generalized centers. E~tracta Mathematicae 8, 125-131. 

Vesel~ L. (1997). Generalized centers of finite sets in Banach spaces. Acta Math- 
ematica Unive~sitatis Comenianae 66, 83-115. 

Vesel~ L. (2002). A Banach space in which all compact sets, but not all bounded 
sets, admit Chebyshev centers. Archiv der Mathematik 79, 499-506. 


