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Abstract

In this article we study approximate optimality in the setting of a Banach space. We
study various solution concepts existing in the literature and develop very general
necessary optimality conditions in terms of limiting subdifferentials. We also study
saddle point conditions and relate them to various solution concepts.
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1 Approximate Optimization : Basic Motivation

To begin the study of any mathematical subject it is important to have
some motivation for such a study. The problem to determine a point in a
given set which minimizes a given numerical function over that set remains
an interesting as well as challenging area of study. Consider the problem

min f(z), =€ X.

Most of the practical algorithms will try to find a point & € X such that
Vf(z) = 0. In most cases this may not be easy and one may have to
remain content with finding an z* such that

V@) <e.
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where ¢ > 0 is a preset value which is usually very small. Thus the point
2* may not be exactly a critical or an optimal point but may still serve our
purpose from the practical point of view. Consider another example

1
min f(x) = p subject to  x € [1, +00).

In this case we are seeking to find a point in the convex set [1,+00) which
1

minimizes the convex function f(x) = — over it. Though the function
x

has an infimum over this set which is zero but there is no € [1, +o0)
such that f(x) = 0. But for a given £ > 0 in this case one will find
x* € [1,+00) such that f(x*) < . This simple idea leads to the notion
of an approximate minimum. In most decision making processes involving
optimization the decision maker usually is satisfied with an approximate
minima with a sufficient degree of accuracy. In this article we are concerned
with the following problem (MP)

min f(x), subjectto x €S, (MP)

with f: X — R and S C X, where X is a Banach space. We shall denote
by X* the dual space of X and by (.,.) the canonical pairing between X*
and X. The norm of X will be denoted by ||.|| and the dual space X*
will be equipped with the weak-star topology. As usual B and B* stands
for the unit balls in X and X*, respectively. We shall denote the interior,
closure and the convex hull of a set .S by intS, clS and coS respectively.
We shall denote by cl* the weak-star closure in X*. We will also denote
by R the extended real line R U {+oc, —oo} wherever required. As usual
we shall denote by dom f the domain of an extended real-valued function
f: X —R.

In this article we aim to develop a very general and sharp necessary
optimality condition for an approximate minimum of a locally Lipschitz
program. The necessary conditions will be in terms of the limiting subdif-
ferential of Mordukhovich (1985). From the calculus rules of such subdiffer-
entials it will be clear that the subclasses of Banach spaces called Asplund
Space (see for example Phelps (1993)), are the most natural settings for
studying such sharp optimality conditions. The paper has been organized
as follows. In Section 2 we introduce the relevant solution concepts and var-
ious definitions from the non-smooth analysis of Mordukhovich. In Section
3 we present various optimality conditions. We begin by presenting some
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results for the general program (MP) and then consider the case where
the set S is described by equality and inequality constraints. In Section 4
we describe the notion of an approximate saddle point and its relation to
certain approximate solution concepts.

There has been a considerable interest among researchers in the theo-
retical study of the notion of an approximate minimum. One of the earliest
analysis was carried out by Loridan (1982) and Loridan and Morgan (1983)
where various solution concepts have been introduced and necessary opti-
mality conditions derived using the Clarke subdifferential. There has been
some further works due to Bustos (1989), Bustos (1994), and Liu (1991).
For example in Bustos (1994) new notions of e-subgradients were defined for
locally Lipschitz functions and optimality conditions were derived in terms
of these s-subgradients. Very recently Mordukhovich and Wang (2002)
have introduced a new variational principle using the tools of nonconvex
variational analysis and have used it to study optimality conditions in ap-
proximate optimization. The above list is by no means exhaustive and some
relevant references will also be given in connection with various results in
this article.

2 Basic Definitions and Results

We will begin with the definition of some relevant solution concepts.
Definition 2.1. Consider the problem (MP) given as

min f(x) subject to x €S,
where f : X — Rand S C X. Let ¢ > 0 be given then a point 2" € S is
said to be an e-minimum (MP) if

f(x*) < f(x) +e, VxeSs. (2.1)

If £ = 0 this reduces to the usual notion of a minimum. Thus in
the study of approximate optimality the case € > 0 is of interest. Lori-
dan(1982) introduced another notion of an approximate solution called -
quasiminimum. We provide the definition below:

Definition 2.2. Let ¢ > 0 be given. Then z* € S is said to be an &-
quasiminimum of (MP) if

J@) < f@) + Velo —at|l, Vees. (2.2)
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A point z* € § is called a regular e-minimum of (MP) if 2* is an &-
minimum and an e-quasiminimum. Thus an e-quasiminimum in effect is
an exact minimum of a slighlty perturbed objective function over the same
constraint set. Thus z* is a solution of the problem

min(f(x) + Vellw - z”|)).

zeS

It is interesting to note that if a function f : X — R has an e-
quasiminimum at z* then the function is calm from below at x* (see Rock-
afellar and Wets (1998) for the definition of calmness). Conversely if a
function is calm from below at 2* with modulus a > 0 then z* is a o-
quasiminimum of f in a local sense.

Very recently Huang and Yang (2001) also studied the above two no-
tions of approximate minimum. In the definition of an e-quasimininimum
Huang and Yang (2001) have replaced /2 with £. But we will consider
the definition as given in Loridan (1982). The above two definitions are in
fact motivated by the Ekeland Variational principle which lies at the heart
of the study of approximate optimization. We state below the Ekeland
Variational principle (see for example Phelps (1993)).

Theorem 2.1 (Ekeland Variational Principle). Let f : X — RU{+oc}
be a lower-semicontinuous function bounded below, where X is a Banach
space. Let £ > 0 and ©* € X be such that

f@") < inf f(2) +e.

For any A > 0 there exists x) € X such that
i) flxx) < f2%).
i) lzx — ¥ < A\

i) f(@2) < f(@) + Sl = ol

Let us now consider the program (MP) where the set S is now de-
scribed through some inequality and equality constraints. Thus S can be
represented as

S={reX:gx)<0,i=1,...,m, hj(x)=0,j=1,...,r}.
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where ¢g; : X — R and h; : X — R. We can further consider the following
set. Given £ > 0 the e-feasible set for (MP) is denoted by S is given by

Sc={reX:gx)<ei=1,...,m, —e<hjx)<eji=1,...r}

This leads to the following notion of an almost s-minimum of (MP) due to
Loridan (1982).

Definition 2.3. Let us consider the problem (MP). A point z. € S, is
said to be an almost-c-minimum of (MP} if

flze) < flx)+¢, Yxebs. (2.3)

An important notion related to a convex function is that of the &-
subdifferential. Consider a proper convex function f : X — R and let
29 € domf. Then given £ > 0 the e-subdifferential of f at x¢ is given as

O:f(wo) ={§ € X" : f(w) — flwo) = (§, @ —wo) —&,Vr € X}

If f is a proper and lower-semicontinuous convex function then it is well
known that . f(x) # () for all x € domf (see for example Phelps (1993)).
Moreover for any lower-semicontinuous convex function f : X — R, a point
2o € domf is an e-minimum of f if and only if 0 € 9. f(xo).

The upper Dini directional derivative of f : X — R at x and in the
direction v is given as

fF(x,v) = limsup flt ) = f(:v).
¢ L0 A

If f is locally Lipschitz then v +— fj(:v, v) is also locally Lipschitz but need
not be convex.

We now need to introduce the notion of the contingent cone or the
Bouligand Tangent which is an important tool in expressing optimality
conditions. Let S € X and zg € S. An element v € X is said to be a
tangent to the set S at xg if there exists a sequence v, — v and ¢, | 0
such that ¢ + t,v, € S. Equivalently we can say that v is a tangent
to S at xo if there exists a sequence z, — 29 with z, € S for each n
and A, > 0 such that A\,(x, — x¢9) — v. The set of all such v forms a
closed cone denoted by T'(S,xp) and is termed as the contingent cone or
the Bouligand tangent cone. If S is convex then T'(S,x) is convex but in



132 J. Dutta

general it need not be convex. Again the convexity of the set S guarantees
that T'(S, 20) = clcone(S —xq) (for example see Jahn (1996)). For a convex
set S the following set

N(S,z0) ={£ € X" : (£, —x9) <0, VaxeS}

is said to be the normal cone to the convex set S at the point zg.

We will now introduce the various definitions and results from the non-
smooth analysis of Mordukhovich.

Definition 2.4. For a set valued map F : X — X* we denote by

lim sup F(x)

T—2X0
the sequential Kuratowski-Painleve upper limit with respect to the norm

topology on X and weak-star toplology on X*, which is given as

. w*
limsup F'(x) = {2* € X* :3 sequences 1z — xp, and xf —

T—X0

with € Fag), Vk=1,2,...},

where - denotes convergence in the weak-star topology of X*.

Definition 2.5 (Mordukhovich and Shao (1996)). Let .S be a non-empty
subset of X and let € > 0. Given 2 € clS the non-empty set

Nf(sax) =<zrteX": limsupw <e
y—zges |y — 2l

is called the set of Frechet z-normals to S at x. When ¢ = 0 then the
above set is a cone is called the set of Frechet normals and is denoted by
NE(S, ).

Let zp € clS. The non-empty cone

NL(S,z0) = limsup NI(S,z)

r—20,e—0

is called the limiting normal cone or the Mordukhovich normal cone to S
at xg.
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It is important to note that the set of Frechet s-normals is a convex
set for every ¢ > 0 but the limiting normal cone is in general non-convex.
For more details on limiting normals see for example Mordukhovich (1985)
and Mordukhovich and Shao (1996). For a treatment of limiting normals in
finite dimension see for example Mordukhovich (1994). When S is a convex
set then the limiting normal cone reduces to the standard normal cone of
convex analysis which has been defined earlier. Moreover it is important
to note that if X is an Asplund space then we have

NL(S, 20) = limsup N7 (S, z).
T—XTQ
Definition 2.6. Let f: X — R be a given function and zg € domf. The
set
Orf(wo) = {=* € X" : (2", —1) € N (epif, (o, f(x0))}
is called the limiting subdifferential or the Mordukhovich subdifferential of
[ at xg. If 29 & domf then we set dr f(ag) = 0.

Moreover if X is an Asplund space and f: X — R is locally Lipschitz
around 2o then we have

0° f(xo) = el*codr, f(xp),

where 0° f(xg) denotes the Clarke subdifferential of f at xg. For more
details on the Clarke subdifferential see Clarke (1983).

In Mordukhovich and Shao (1996) there is an interesting construction of
an g-subdifferential for a lower-semicontinuous function which we provide
below.

Definition 2.7. Let f: X — R be a lower-semicontinuous function. Then
for € > 0 the e-subdifferential (or the limiting -subdifferential) is given as

9L f(xo) = limsup 8L f(x),
f
T—2Q

where 97 f(x) denotes the Frechet e-subdifferential of f at @ € domf is
given as follows

oF f(x) = {:E* € X" : liminf J) — f(@) - (@ u —2) > —e} .
: i [u—a] .

Further 2+ denotes / dependent convergence i.e. x — 29 and f(x) —

f(@o).
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In Mordukhovich and Shao (1996) it has been mentioned that the above
construction is originally due to Jofre et al. (1996) where they studied the e-
convexity of extended real-valued functions in terms of the e-monotonicity
of their subdifferentials. The notion of e-convexity will be defined in Section
3 of this paper and its use in the study of approximate optimization will be
explored. The following result due to Mordukhovich and Shao (1996) makes
the e-subdifferential an important tool to represent optimality conditions
for approximate minima in both constrained and unconstrained case.

Lemma 2.1. Let X be an Asplund space and let f : X — R be lower-
semicontinuous around xo € domf. Then

oL f(xo) = p f(xo) + eB*

Using Proposition 2.5 and Lemma 6.3 in Mordukhovich and Shao (1996)
we have the following lemmas.

Lemma 2.2. Let X be an Asplund space and let xo € X. Let fi : X — R,
i = 1,2 be lower-semicontinuous and one of these is Lipschitz near xo ( i.e.
locally Lipschitz at xo ) then one has

OL(f1 + f2)(wo) € Or f1(xo) + OL fa(wo).

Lemma 2.3. Let X be an Asplund space and f : X — R be locally Lipschitz
near xg and let g : R — R be locally Lipschitz near yo = f(xo). Then

o(go Noy S U auly' Hixo)

y*€019(vo)

3 Optimality Conditions

In this section we shall discuss various necessary and sufficient conditions
for the existence of an approximate minimum of the problem (MP). One of
the first detailed study of optimality conditions for approximate optimiza-
tion was done by Loridan (1982) where he developed necessary conditions
for problems with objective functions which are directionally differentiable.
He had also studied the Lagrange multiplier rule for almost-e-minimum
for locally Lipschitz functions. Hiriart-Urruty (1982) had developed a La-
grangian multiplier rule for e-minimization of a convex programming prob-
lem in terms of the s-subdifferentials of the related functions. Strodiot et
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al. (1983) had also studied Lagrange multiplier rules for the e-minimization
of a convex programming problems in terms of the s-subdifferential of the
functions involved. Very recently Hamel (2001) also developed a Karush-
Kuhn-Tucker type condition for a locally Lipschitz program in terms of the
Clarke subdifferential of the fuctions involved.

We first present the following simple result without proof.

Proposition 3.1. Consider the problem (MP) where f : X — R is a
locally Lipschitz function. If xg € S is an e-quasiminimum of [ over S
then following results hold,

fid (o, v) + Vellvl 20, Vv e T(S, o)

and
fo(xo,v) +Ve|vll =0, Vv e T(S, o),

where f°(xg,v) denote the Clarke directional derivative of f al xo in the
direction f (see Clarke (1983)).

We will now introduce the notion of e-convexity due to Jofre et al.
(1996).

Definition 3.1. Given £ > 0, the function f : X — R is called s-convex if
for z,y € X and X\ € (0,1) we have

JOe+ 1 =Ny) <Af@) + 1= Nfy) Al = Az -yl

Proposition 3.2. Let us consider the problem (MP) where f is locally
Lipschitz and \/z-convex over X and S is a convex set. Assume that there
exists xo € S such that

[ (@o,v) + VE|v|| >0, YveT(S,20).
Then xg is a de-quasiminimum of (MP).
Proof. Since f is \/e-convex we have for any x € S and X € (0,1)
f@o + Mz — o)) < Af(x) + (1= A flzo) + VEAL — N)[Jz — o]
This shows that

S @o,x —20) < flx) — flzo) + Velz — 20|
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Since S is convex we have S — a9 C T(S,z). This shows that
—VEla —aoll < () — f(20) + VE|2 — 2.
This shows that for all z € 5 one has
Flwo) < fla) + Vie|w — aol|.
This proves the result. O

Theorem 3.1. Let X be an Asplund Space. Consider the problem (MP)
where f: X — R is alocally Lipschitz function and S is a closed and proper
subset of X. Let xg € S be an s-minimum for (MP). Then there exists
Yo € S such that yo is also an e-minimum for (MP) such that ||xo—yol| < 1
and

0 € dL f(yo) + NL(S,0).

If § = X then f can be considered to be an extended-valued proper lower-
semicontinuous function bounded below and one has 0 € 9% f(yo).

Proof. Since xy € S is an e-minimum of (MP) it is clear that x¢ is an
e-minimum of the unconstrained problem

min(/(@) 1 ds(2))

where dg is the indicator function of S. Now by considering A = 1 in the
Ekeland Variational principle one can assert the existence of yp € S such
that ||yo — 20|l < 1 and

F(yo) < Jx) + ds(x) +ella — yoll
Thus by using Proposition 7.8 in Mordukhovich and Shao (1996) we have
0 € dL(f + b5+ lle — mol) (o).

Now by using Lemma 2.2 and using the fact that drds(yo) = N5(S,y0)
from Mordukhovich and Shao (1998) we have that

0e 8Lf(y0) + NL(S, LE()) + eB*.

Now by using Lemma 2.1 we have the result.

When S = X and f is proper lower-semicontinuous and bounded below
then one can immediately apply the Ekeland’s variational principle with
A =1 and then use Lemma 2.1 to come to the conclusion. O
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Remark 3.1. It is important to observe that the whole emphasis on the
study of e-minimum is to get a better idea about the true minimum of the
problem. Let f : R™ — R be a convex function which is bounded below
and let us consider a sequence €, — 0. Let for each k&, x; denote the
ep-minimum of f. Now by setting A\ = /Zx in the Ekeland Variational
Principle, we can assert the existence of y such that ||z — yr| < /g and

0€af(ye) + VerB*

Let yr — o, then as e — 0 by using the fact that df is locally bounded
set-valued map with a closed graph, eventually we have

0 € 9f(yo)

Thus 1 is a minimum for f. Thus at least in the convex case the true min-
imum can sometimes be thought of as a limit of a sequence of approximate
minimizers.

We will now present the last result of this section where we will consider
S to be described by equality and inequality constraints.

Theorem 3.2. Let X be an Asplund Space. Consider the problem (MP)
where f: X — R is locally Lipschitz which is bounded below on X. The set
S is given as

S={reX:gx)<0,i=1,....m hjx)=0,7=1,...,m},

where g; : X — R and h; : X — R are locally Lipschitz functions. Then
given any & > 0 and xo an e-minimum of (MP) there exists x* which
is an almost-s-minimum for (MP) with ||xg — 2*|| < /= and there exists
Aile) >0,i=1,...,m and p;(¢) € R, j =1,...,r such that

0€aLf(x") + > 8r(e)g) @) + Y drlu;(e)hy)(@*) + VB,
i=1 =1

Proof. The proof follows along the lines of Theorem 5.1 of Loridan (1982).
In this direction we shall introduce the penalty function for the problem
(MP) and this is given as

K2

(@) = 1)+ 3 max (0. g ) + Y
-1 " j=1
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where r; > 0 for all 4 and k; > 0 for all j. Since f is bounded below it is
clear the f, is bounded below and locally Lipschitz on X. Then from the
Ekeland Variational Principle we have that there exists £* such that

fra®) < folx) +e, VeeX (3.1)

and
Jo(@) < (@) + VElr —a'll, Vo€ X (3.2)

It is clear from (3.1)that
f@) < fr(@®) < frl@) +e, Voe X

Thus for all x € S we have

f@®) < fla) +e (3.3)

Further observe that inf,cx f(z) < f(z*). Now f.(z") <inf,es f(z) + €.
This shows us that

1

Z; r_ [max{0, g;(x*)}]? + Z 2<ate, (3.4)
=

where 0 < o = inf,eg f(x) —infyex f(x). Let us consider ro(e) = ko(e) =

82

a+e
i(s clear) from (3.4) that g;(x*) <eforalli=1,...,mand —e < hj(z*) <¢
for all j = 1,...,r. This shows that * € S.. This along with (3.3) shows
that 2* is an almost-e-minimum of (MP). Now using (3.2), Proposition 7.8
in Mordukhovich and Shao (1996), Lemma 2.2 and Lemma 2.3 we have

0€dLf(x +§:<‘9 ( ) *)+2T:8 <

where g (z*) = max{0,g;(x*)} , for all i. Hence the result holds with

M@ = 2D 5 na o) - )

. Hence for any real positive number r, < ro() and k, < ko(g), it

) @) e

|

Remark 3.2. It is interesting to note that Mordukhovich and Wang (2002)
have characterized an Asplund space in terms of a subdifferential variational
principle and used it to develop necessary conditions for the existence of
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e-minimum of a locally Lipschitz program in an Asplund Space. However
in this article we use the Ekeland Variational Principle and characterize an
almost e-minimum for a locally Lipschitz program in an Asplund space as
is evident from the above theorem. It is further interesting to note that the
above theorem provides a much sharper necessary optimality condition in
the setting of an Asplund space than that given in Loridan (1982) (Theorem
5.1) in terms of the Clarke subdifferential.

4 Approximate Saddle Points

In this section we shall study the approximate optimality conditions in
terms of the well known Lagrangian function. We shall present some saddle
point results related to e-minimization of a convex program.

Let us consider the program (MP) where f : X — R and the set
S is described by inequality constraints and is given as S = {x € X :
gi(r) <0, i¢=1,...,m}. The Lagrangian function associated with such
a program (MP) is defined as a function L : X x R — R given as

Lz, A) = f(x) + (A g(2),

where g(x) = (g1(), ..., gm(x)). A point (xg, o) € X x R is said to be
an e-saddle point if

L{xo, \) — 2 < L(xo, Ao) < L(x, Ao) + &,
for any x € X and A € R?".

Loridan (1982) also introduced the notion of an e-quasisaddle point as
follows. A point (20, Ag) € X x R} is said to be an e-quasisaddle point if

Lo, A) = VE[IA = ol < L(zo, o) < L(z, M) + Vellz — o,
We now present the following result.
Theorem 4.1. Consider the program (MP) given as
min f(x) subject to gi(x) <0,i=1,...,m.

Let [ and each g; , i = 1,2,...,m be conver functions and let £ > 0 be
given. Assume that the Slater Constraint Qualification holds, i.e. there
exist x* € X such that g;(x*) <0 for all i = 1,...,m. Then we have the
following,
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i) Letxg € S be an e-minimum of (MP). Then there exists \g € R} such
that (2o, Xo) is an £-saddle point of L(x, ) and € + (Ao, g(x0)) > 0.

i) Letxg € S be an e-quasiminimum of (MP). Then there exists Ao € R
such that (xo, o) is an e-quasisaddle point of L(z, A).

Proof. Since xg is an e-minimum of (MP) the following system
(@) — Flao) +2.9(@) € —int (R, x RT), @€ X.

has no solution. Thus by standard separation argument we have that there
exists (0,0) # (70, Xo) € (R4 x R7) such that

7o(f(2) — f(20)) + 702 + (o, g(@)) = 0, (4.1)

for all 2 € X. Assume now that 79 = 0. Since there exists * € S such
that g;(2*) < 0. This shows that we have (Ao, g(z*)) < 0. This contradicts
(4.1). Thus 79 # 0 and we may without loss of generality consider that
75 = 1. Thus we have

f@) = flxo) + &+ (Ao, g(w)) 2 0. (4.2)

If we now put & = 2o then we have from (4.2), £ 4+ (Ao, g(z0)) > 0.
From (4.2) we can see that

F@) + Qo g()) +2 = (o). (4.3)
Since (Ao, g(z0)) <0, (4.3) reduces to
f@) + (o, 9(x)) +2 = f2o) + (ho, g20))-

Thus we have
L{zo, Ao) < L{x,X0) +2, VxelX.

For any A € R we clearly have that (A, g(z0)) < 0. Thus we have
fao) + (A gxo)) < flwo).
Since £ > 0 we have that
F@o) + (A g(wo)) —& < flwo) — e
Since we have £ + (Ao, g(z0)) > 0 we conclude that
L(xg, \) —& < L(wo, Ao), VA€ RT.

The part (i7) can also be proved in a similar fashion and hence we omit
it. O
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Proposition 4.1. Let us consider the convexr program (MP) with S as
described in the previous theorem. Let € > 0 be given and xo € S be
an e-minimum of (MP). Then there exists scalars o > 0 and £; > 0,
i=1,...,m such that o + 3 ;"1 = € and scalars \; >0 , i =1,...,m
such that

l’) 0e 850 f(mO) + Z:il 851()‘%9%)(1'0)
ii) e+ ZZI )\,gz(’lio) > 0.

Proof. Tt follows from Theorem 3.1 and the sum rule for e-subdifferentials
(see for example Hiriart-Urruty (1982)). O

Remark 4.1. Let us observe that the necessary conditions stated above
need not be sufficient. This fact will be made clear by the next theorem.
However if 7" A\igi(20) = 0 and xp € S, then the above condition is also
sufficient.

The converse of Theorem 4.1 may not always hold but we have the
following for part i) of Theorem 4.1 and for a somewhat converse of part
i1) of Theorem 4.1 see Theorem 6.2 in Loridan (1982).

Theorem 4.2. Let us consider (xo, ho) € X x R such that xq is an -
minimum of L(.,,Xo) , Ao € R and Ao is an ez-mazimum of L(xo,.) ,
x € X. Then xg is an almost-(£1 + €3)-minimum of (MP).

Proof. Since A\g € R is an gp-maximum of L(xg, A) we have that for any
A€ R,

L(LL’Q, )\) — &9 S L(.’L’Q, )\0)
This reduces to

(A=), g(wo)) <22, VA€ RY. (4.4)

We claim that xp € S.,, where S., = {x € X : g;(x) <eo, Vi=1,...,m}.
On the contrary let us assume that xg ¢ S.,. Thus we have g9e — g(0) &
R™, where e = (1,...,1) € R". Thus by standard separation argument we
can deduce that there exists 0 # p € R’? such that

{p,22€) — (p, g(20)) < 0.
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Since p # 0 we can consider without loss of generality that (p,e) = 1. Thus
we have that

g2 — (p, g(x0)) < 0.

Hence we have that
(0, g(x0)) > &2 (4.5)

Now as Ao € R and p € R it is clear that Ao +p € R*. Thus from we
(4.4) we have that

(p,9(z0)) < 22

This is clearly a contradiction to (4.5). Hence g € S, and thus xg €
Se,tey, Where

Seite, ={r € X 1gi(x) <er1+e2, Vi=1,...,m}.
Now as xg is an e;-minimum of L(x, \g) we have for all x € X,

f(@) — f(wo) + (Mo, g(x) — g(w0)) +€1 <0.

For any x € S, where S is the feasible set of (MP), we have (\g,g(z)) <0
and thus the above expression reduces to

f(x) — f(zo) — (Ao, g(w0)) +21 2 0.

Again from (4.4), setting A = 0 we have that (\g,g(x0)) > —&3. This
clearly shows that

fx) = f(xo) > —(e1 +22), Vzes.

This proves the result. O
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