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.4, Hille-Yosida Theorem for weakly continuous semigroups 

Sandra Cerrai 

Communicated by R. Nagel 

A b s t r a c t  

We introduce a new class of weakly continuous semigroups and give a characteriza- 
tion of their  infinitesimal generators, generalizing the classical Hille-Yosida Theorem 
for strongly continuous semigroups. The results are i l lustrated by the example of 
t ransi t ion semigroups corresponding to the solutions of certain stochastic differential 
equations. 

1. I n t r o d u c t i o n  

Let X be a Banach space and let A : D(A) C X ~ X be a closed linear 
operator.  As well known, the Hille - Yosida Theorem gives the necessary and sufficient 
conditions in order that  A generates a strongly continuous semigroup e tA on X.  Such 
conditions are: 

1. there exist M,w E R such that ,  if A > w, 

R ( ~ , A )  = ( ~ -  A) -1 E L (X)  and IIR'(~,A)II < - -  
M 

(,X - ,.,.,)~ VkE N, 

2. D(A) is dense in X .  

The aim of this paper  is to examine the case in which D(A) is not dense. This 
problem has been considered in several papers (see [2] and [3]) dealing with the non 
homogeneous init ial  value problem 

u'( t)  = A(t)u(t) + f( t )  (1) 

~ ( 0 )  = ~, 

in the autonomous [2] and non autonomous [3] case. Some results on existence 
of solutions for (1) have been proved under suitable hypotheses, for any X-valued 
continuous function f and any x E D(A). 

It is easy to see that  if hypothesis 1 is satisfied but  D(A) is not dense, then 
r -- D(A) is an etA-invariant closed subspace of X ,  for every t _> 0, elA is strongly 
continuous on Y and the part  of A on Y is its infinitesimal generator. Our purpose 
is to construct a semigroup of bounded linear operators e tA associated to certain 
operators A satisfying 1 but  not 2, such that  

1. e ta is continuous in a weaker sense, to be specified later. 
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2. R(A, A) is the Laplace transform of etA, in a suitable sense. 

Jefferies has dealt with this problem in [4] and in [5], introducing a class of weakly 
integrable semigroups on locally convex spaces, and giving a characterization of their 
infinitesimal generators. But the approach followed in his articles, where he uses 
weak integration and weaker topologies for the underlying spaces, seems not to be 
sui ted for the study of t ransi t ion semigroups corresponding to the solutions of certain 
stochastic differential equations (see [1]). 

To fill this gap, we introduce a class of semigroups of bounded linear operators 
on UOb(H) (the Banach space of all uniformly continuous and bounded functions 
from the separable Hilbert  space H to R)  which is well adapted to the concrete 
cases studied in [1]. Infinitesimal generators are defined, as in Jefferies, in terms of 
resolvents instead of the usual definition by differentiation; this approach allows us 
to prove some properties of differentiability for weakly continuous semigroups. We 
also give a characterization of such generators and conclude giving the example of 
a weakly continuous semigroup which arises in studying Kolmogorov equations in 
Hilbert  spaces. 

2. W e a k l y  continuous s e m i g r o u p s  

Troughout this paper  H will denote a separable Hilbert space endowed with 
the scalar product  < .,. > and the norm []-If '  We will use UCb(H) to indicate 
the Banach space of all uniformly continuous and bounded functions from H to I~, 
where the usual norm is given 

I1~11~ = sup I~(=)1, v ~  E UCb(H). 
xEH 

~(UOdH)) will denote the space of all bounded linear operators on UC~(H). 
D e f i n i t i o n  2.1. A semigroup of bounded linear operators { S(t) I t E [0, +oo)}  
defined on UCb(n) is said to be weakly continuous (of negative type) if there exist 
M,w > 0 such that  

1. The family of functions in UCb(H) 

{ s(t)~ : t e [0, + o o )  } 

is equi-uniformly continuous, for every T E UCb(H). 

2. For every ~o E UCb(H) and for every compact set K C H ,  it holds 

lim sup IS(t)~(x) - ~(x)l  = 0. (2) 
t~O x E K  

3. For every ~o E UCb(H) and for every sequence {~oj} C UCb(H) such that  

sup II~Jlloo < + o o  
jEN 

(3) 
l im sup ] ~ ( z ) -  ~(z)[ = 0, VK C H compact  set, 

J ~ + ~  xEK 

it holds 
l im sup IS(t)qaj(z) - S(t)qo(x)l = 0, 

j---*+oo z E K  

for every compact set K C H . Furthermore the limit is uniform in t.  

(4) 

350 



CEI{RAI 

4. We have 
IIS(t)ltL{uC~(H)) < Me -~t, Vt > O. (5) 

We denote by G,~(U,w) the set of all weakly continuous semigroups S(.) 
satisfying (1)-(4) above. 

3. I n f i n i t e s i m a l  g e n e r a t o r  

P r o p o s i t i o n  3.1. Let S(.) be a weakly continuous semigroup in ~,~(M,w). De- 
fine 

F(~)~(=)  = e-~'S(t)~(=) dr, ~ e UC~(H), �9 e H. (6) 

Then we have that F(A) E s VA > -w.  

Proof .  From weak continuity of S(.) it follows that the function 

[0, + ~ )  , R, t , e-~'s(t)~(~) 

is continuous V ~o E UCb(H) and Vx E H;  moreover for every x E H we have 

I S(t)~(z)I_< Me-~' l l~l l , . ,  ~ e UCb(H). 

Then the above definition of F(A) is meaningful. 
If A > - w  it follows 

I F ( A ) ~ ( = ) I <  I~ -~'' II s ( t )~(=)  ] dt <_ Mll~ollo. ~-(~+~)' dt - A + w II~[l=. 

Let us fix e > 0. Since A + 03 > 0 we can find T > 0 such that 

Now, we recall that the family of functions in UC~(H) 

{ s ( t ) ~  : ~ e [0, +oo)  } 

is equl-uniformly continuous Vcp 6 UCb(H). Then there exists 6~ > 0 such that 

tlyLI < 6, 

IS(t)cP(m+Y)-S(t)T(x)I g 2 1 - e  -~T ' Vt 6 [0,+oo), V x 6  H. 

Therefore, if Ilyll -< ~,, we have 

IF(A)~(z + y) - F(A)~,(x)I < 

/o ~" ~-~'lS(t)~(~ + y) - s(t)~(=)l d~ + / + *  ~-~ ' ls (~ )~ (=  + y) - s(~)~,(=)l dt < 

~ 1 -g-~r [ dt + 2MII~II~ e - ~ §  dt _< ~. 
- -  d O  

Then F(A) 6 s VA > -03. '* 
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We now want to introduce the notion of infinitesimal generator for weakly 
continuous semigroups. To this purpose let us first show that F(A) is the resolvent 
of some closed operator. 

P r o p o s i t i o n  3.2. Assume that S(.) is a weakly continuous semigroup belonging 
to G~(M,w). Then there exists a unique closed linear operator Gs : D(Gs) C_ 
UGh(H) ~ UCb(g) such that V ~ > - w  it holds 

R ($ ,Vs )~ ( z )  = F(A)~v(z), V ~ e  UCb(H), V= e H. (7) 

P r o o f .  By using the Fubini- Tonelli theorem, it is easy to check that  for every 
,~, # > - w  

F(~) - F(#) = (~ - )~)F($)F(tz), (8) 

so that  F is a pseudo resolvent on UC~(H). Then, by a well known result (see for 
instance [6], Th VII I  4.1), in order to prove the proposition we have only to show 
that the kernel of F($)  is equal to {0}, for every ~ > - w .  From the uniqueness of 
Laplace transforms it follows that for every measurable and exponentially bounded 
function f for which there exists set of values $ containing a limit point such that 

f0 = = 0, e-Xt f ( t )  dt 

it holds 
f ( t )  = 0 a.s. (9) 

Now, from the resolvent equation (8) we obtain 

F ( ~ ) ~ ( = )  = 0 for some  ~ > - ~  ~ F ( ~ ) ~ ( = )  = 0 for all ~ > - ~  

and then, as the function t , S(t)qv(z) is continuous k/z E H,  we have 

F(A)~(x) = 0 ~ S(t)~o(=) = O, V t e  [0, +oo). (10) 

In particular (p (= )  = S(O)%o(x) = O. t l  

Def in i t ion  3.3. The infinitesimal generator of the weakly continuous semigroup 
S(.) in G~o(M,w) is the unique closed linear operator Gs : D(Gs) C UGh(H) , 
UCb(H) such that V $ > - w  

R ( a ,  a s ) ~ o ( ~ )  = F ( a ) ~ o ( = )  = e-~'S(t)~o(=) el, V~o e Ue~(H), V= e H. (11)  

R e m a r k  3.4. We could have defined the infinitesimal generator of the weakly 
continuous semigroup S(.) as for strongly continuous semigroups, i.e as the linear 
operator A :  D(A) C_ UCb(H) , UCb(H) such that  

I ' - " A "  f . . . .  , g  ~ 3 limh-~0+ Ah~(X) V= e H 
w k ) = ~v ~ ut~bk ) :  lirnh_~0+ Ah~(')  �9 UGh(H) } (12) 

A~o(=) = lim~-.o+ , ' ,~o(=) ,  
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where Ah is the incremental ratio 

Z X h - - S ( h ) - - I  h > O .  
h 

If S(.) is strongly continuous, then the two definitions above coincide; otherwise we 
have only the obvious inclusion 

Gs c A .  

We now remark that from (11) it easily follows that 

(13) 

M 
[IR~(A, as)ll <_ ,o,------- ~ , ( ~  + ) k �9 N. (14) 

Then if D(Gs) is dense in UCb(H) we have that Gs fulfills the hypotheses of the Hille 
Yosida Theorem, so that S(-) is strongly continuous. Thus, if S(.) is not strongly 
continuous, D(Gs) must not be dense in UGh(H). However the following weaker 
result holds. 

P r o p o s i t i o n  3.5. Let S(.) be a weakly continuous semigrou p in ~,~(M,w). Then 
for every function ~o in UGh(H) and for every k �9 N, there ezists a sequence 
{~o~} C D(Oks) such that 

sup Iko~ll~ < + ~  V k  �9 N (15) 
hEN 

and 
l im  sup I ~ ( ~ )  - ~o(~)1 = o, V K  c H co~pact. 

n---*+~r x E K  

Proof .  For every k E N and for every n E N, we put 

Clearly { ~ }  C D(Gks), Vk E N; moreover, from (14) it follows that 

We now show that V k E N and for every compact set K C H compact it holds 

lira sup I,~Rk(,~, Gs)~,(*) - ~(z)l = 0. 
n---*+ za x E K  

lira sup I S ( t ) T ( z )  - ~o(x)l = O, V K C H compact, 
t--.+O z E K  

(16) 

Or) 

Indeed, since 

then for any fixed compact set K C H and any fixed e > 0, there exists g > 0 such 
that  

Itl < 6 ~ sup IS'(t)~o(x) - ~o(z)l < e. 
zEK 
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Therefore for every n 6 N we have that 

sup  In~'R~(n, C s ) ~ o ( = )  - ~o(=)1 < ='EK 

n k f0 +~176 sup  - -  tk-Ze-"tlS(t)~(=) - ~ ( = ) 1  dt < 
= e K  (k - 1)! 

rtk 6 nk 
fo tk- 'e-"  dt + (1 + M)I I~ I I~  (k ---1)! f6 +~' tk-'e-" d t  <_ 1)! 

F n k-1 ] 
I 5 k - Z e  - ' ~  + (1 + M ) I I ~ I G  [ ~  + . . .  + n &  - ~  + e - '~ 

and our claim follows as n ~ +c~. 

R e m a r k  3.6. If S(.) e G~(M,w) is a weakly continuous semigroup on UCb(H) 
and if Gs : D(Gs)  C UCb(H) ---* UC~(H) is its infinitesimal generator, then 
Y = D(Gs)  is a S( .)-  invariant closed subspace of UCb(tt) ,  {S(t)l Y [ t > O} is 
a strongly continuous semigroup in Y and Gsl r is its infinitesimal generator. �9 

4. Differentiability of weak ly  c o n t i n u o u s  s e m i g r o u p s  

If S(.) is a strongly continuous semigroup and A is its infinitesimal generator, 
V z E D( A ) we have V z E D( A ) we have 

d s ( t ) z  = A S ( t ) x  = S( t )A~ Vt  > O. 

For weakly continuous semigroups this is not true. Nevertheless we will state a similar 
result, namely that V~o E D(Gs)  and V= E H the function 

[o,+oo) , R, t ----, s(t)~o(=) 

is differentiable. First we want to describe some properties of the infinitesimal 
generator of S( ' ) .  

L e m m a  4.1. Let S(.)  C Cj~(M,w) be a weakly continuous semigroup and let Gs 
be its infinitesimal generator. Then the following statements hold 

1. V t > O and A > - w  we have 

s(t)R(:,, c~)  = R(~, C~)S(t). (18) 

2. V t > O we have 

and V~o E D(Gs)  

S(t)D(Gs) C D(Gs) 

CsS(t)~ = s ( t ) c~ .  

(19) 

(20) 
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P r o o f .  In order to prove (18) it is enough to verify tha t  V T  > 0 and VA > - w  

S(O f f  e-~'S(s)~(z) ds = 
(21) 

fooTe-~~ Vx 6 H, V~o 6 UGh(H). 

Indeed, a s s u m e  (21).  Let us fix ~, e UCdH) and put r = Iie-~'S(s)~(=)&, 
for all n E N and z 6 H .  Then  we have IlCdloo _< MII~II=/A + ~ ,  V n  ~ N and 

l im sup r  e-A'S(s)~o(x)ds = 0 .  
n ~ + ~  =6H 

Finally,  f rom the  weak cont inui ty  of S(.) and from (21), it follows tha t  V~ 6 H, 
V~a 6 UCb(H) and Vt  _> 0 

S(z~)R(A, Cs)~o(r  = l i ra  S ( t ) r 1 6 2  = 

f f  ~ l im S(t) e - A ' S ( s ) ~ ( z )  ds = l im [ e-A'S(t)S(s)~o(x)ds = 
, ~ + ~  n-..,+oo Jo 

/o +" e-~'S(~)S(0~(~) ds = R(~, c~)s(0~o(=). 

h = T of the Let  us now prove (21). Consider par t i t ions  0 = s0 h < s~ < . . .  < s ~  
interval  [0, T] ,  wi th  size 6h = maxje{1,._,`4h}(s h -- h s j_ l )  , Vh  6 N, and assume that  
5h --* 0, as h ~ + o o .  For every  h E N we put  

4̀h 
I , (=)  = X: (~  - ~L , )e -~"S(4 )~ (= ) ,  = e H. 

.4=1 

It  is i m m e d i a t e  to verify tha t  suph6N [llhl[~ < + o o .  Moreover  for any compac t  set 
K C H i t h o l d s  

l im sup lib(x) -- e-A'S(s)~o(x) ds I = 0. (22) 
h---~+oo z6K 

In fact, for every  e > 0 we can choose 6, > 0 such that 

Is - zl -< s,  ~ sup l e - ~ ' S ( , ) ~ ( = )  - e - X ' S ( ~ ) ~ o ( = ) l  _< ~. 
x6K 

Therefore ,  since l imh~+~  6 h = 0}  there exists h such tha t  6h <_ 6,, V h > h and then  
w e  h a v e  

Z sup II~(=) - e-A's(&o(=) e,l <_ 

=6K 

sup Z "} le-A4 S(s))~o(=) - e-a'S(s)~o(x)l&<eT,_ VA>L_ 
5=I z6K ~-x 

Our c la im follows f rom (22) and the  weak cont inui ty  of S( . ) .  

We now prove 2). For every  )t > - w  we have 

D(Gs) = R(A, Gs)(UCb(H)), 
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then from (18) it follows 
S(t)D(Gs) C D(Os). 

Moreover if ~o E D(Os), there exist r E UCb(H) and A > - w  such tha t  

R(~, O s ) r  = ~, 

therefore from (18) we have 

ass(t)~o = OsS(t )R(~,  Os)r  = O~R(~, Os )S ( t ) r  = 

~R(~, a s ) s ( t ) r  - S ( , ) r  ~- S(t)[~R(~, a s )  - Z] r = 

S( t )OsR(~,  O s ) r  = S(t)Os~o. 

P r o p o s i t i o n  4.2. 
we have 

s ( 0 ~ ( ~ )  = ~(~)  + S(s)as~(~)d~.  

In particular the function S(.)T(x) is differentiable and 

d s ( t ) ~ ( ~ )  = S ( O O s v ( ~ )  = OsS( t )~(~) .  

(23) 

Let S(. ) be a weakly continuous semigroup. Then V ~o E D( Gs ) 

(24) 

(25) 

P r o o f .  Let us fix ~o 6 D(Gs), x E H and A > - w .  Then we have 

~o(x) = R(A, Gs)(A I - Gs)~o(x) =/o +~ e-~tS(t)(A I - Gs)~o(x) dt = 

(28) 

We now remark tha t  if - w  < # < A we have 

~-~;'-"~' fo' ~-"'ls(~)as~(.)l,~s <_ e-c~-.~, fo § e-"'ls(s)as~(.)l,~, 
and then 

/0' l i ra  ~ e -~' S(~)as~(~)d~ = O. (2r) 

Integrat ing by parts  and taking into account (26), we get 

so that  from the uniqueness of Laplace transforms and the continuity of the applica- 
t ion t -----* S(t)~o(x) it follows 

S(t)T(x) = ~(x) + for S(s)GsT(x) ds. (28) 
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5. Generation t h e o r e m  

Our aim is here to generalize the Hille Yosida Theorem to weakly continuous 
semigroups on UCb(H) giving a characterization of their infinitesimal generator. 

If X is a Banach space and A : D(A) C X ~ X is a linear operator  such 
tha t  p(A) D]0,+oo)  the Yosida approzimation A, ,  n 6 hr, is the bounded linear 
operator  on X defined by 

A , z  = nAR(n,  A)z  = n2R(n, A)z  - nx, ~ �9 Z.  (29) 

T h e o r e m  5.1. Let A : D(A) C UCb(H) ~ UCb(H) be a linear operator. Then 
A is the infinitesimal generator of a weakly continuous semigroup S(.) in g~(M,w)  
i f  and only if the following statements hold 

1. A is closed. 

M e. p(A) D {A > - w }  and IIRk(&,A)llc(t:e,(H)) < 7 ~ - ~ '  VA > --o~, Vk �9 hr. 

3. For every qo �9 UCb(H) and for every compact set K C H 

l im sup Inknk(n ,A)~(z ) - -~(x) l  = 0, Vk �9 hr. (30) 
n~+oo z6K 

,~. For every 9~ �9 UCb(H) and for every sequence {~aj} C UCb(H) satisfying 
properties (3) it holds 

l im sup InkRk(n, A)qoj(x) - nkRk(n, A)qo(x)l = 0, (31) 
j-~+oo z6K 

for every compact set K C H,  and this limit is uniform in n and k. 

5. For every qo �9 UCb(g) the family of functions in UCb(H) 

is equi-uniformly continuous. 

P r o o f .  N e c e s s i t y  - The first s tatement  follows from the definition of infinitesimal 
generator  . The second and the third one were proved in Proposit ion 3.5. 

Let us check the fourth. Fix qo 6 UGh(H) and let {qoj} C UCb(H) satisfy 
propert ies  (3). Since S(.)  is weakly continuous, for every compact  set K C H and 
for every e > 0 there exists jo E N such that  

sup IS(t)qoS(z ) - S(t)~o(x)[ < e, V j  > j0 and Vt 6 [0,+oo).  
~EK 

Then for every j > jo and for every z 6 K we have 

sup InkRk(n, A)qoj(x) - nkR~(n, A)qo(z)l < 
zEK 

n k ~0 +c~ sup tk-%-"tlS(t)~olx) - S(t)~o(~)t dt < 
zEK ~ 
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n k t + ~  
]o t~-l e -'~t dt = e. 

In order to prove the fifth s ta tement ,  we use again the weak continuity of S(.) 
and we get that  V e > 0 there exists 6, > 0 such that  

Ilyll -< 6, ~ IS(t)~o(z + u) - s ( t ) ~ ( z ) l  < e v z  ~ H, W ~. [0, + ~ ) .  

Then we proceed as above. 

S u f f i c i e n c y  We split up the  proof into several steps. 
S t e p  1. As for the classical Hille-Yosida Theorem we can prove that  for every 

r E D(A 2) 
lim A,,qo = A~o in UCb(H), 

and the following inequali ty holds 

Ile'a'lt _< Me~, Vn E N, Vt E [0, +eo). (33) 

S t e p  2. For every ~o E D(A) we have 

[[etA~o -- e'A'%olG < M2te-r~tllA,,~o - A , ~ I I ~ .  (34) 

In par t icular  V~o E D(A 2) 

is a 0auchy  sequence in UCb(H), uniformly in t E [0, +c~) .  
The proof is the same as for the  classical Hille-Yosida Theorem. 
S t e p  3. V~o e UCb(H) and V{~j} C UCb(H) satisfying propert ies (3), it 

holds 
l i m  s u p  letA"qoi(:r,) - etA"~o(x)l = 0 ,  ( 3 5 )  

d--* +oo z e K  

for any compact  set K C H ,  uniformly in t E [0,+oo) and n E N. 
Indeed, from assumption 4, we have that  Ve > 0 and for every compact  set 

K C H there exists jo G N such tha t  Vn, k E N 

sup lnkRk(n, A)~oj(z) - nkRk(n, A)~o(z)l <_ e, Vj  _> jo. 
xGK 

Then V j  > j0 we have 
sup letA"qoj(x) -- eta"qo(z)l _< 
zEK 

-f.oo rlk~k +oo rbk~Lk 
e-"t ~ ~ sup InkRk(n, A)~oj(x) - nkRk(n, A)qo(x)I < ee -'~t y~ k! = e. 

k = l  k .  xEK - -  k = l  

S t e p  4. For every qo E UCb(H) and for every compact set K C H ,  the 

sequence {etA%o}n is a Cauchy sequence in C ( K ) ,  uniformly in t E [0, +oo) ,  namely, 

Ve > 0 there exists ft. such that  

sup le 'A~,(~) - ~'A-~o(~)l _< ~, Vn,  m _> n, Vt > 0. 
x E K  
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We set for every j �9 N 

~j  = j~R~(j, A)~. 

Clearly {qoj} C D(A2). Moreover {~p./} satisfies properties (3). Indeed we have that 
supj~ ,  II~oJll~ < + o o  and f rom assumption 3 

lira sup I~J(=)  - ~(=)1  = o. 
j~+oo =EK 

Then, since 
le"%o( ,~)  - e ' A ~ ( = ) l  _< 

le'~-V(=) -- e '~-~j(=) l  + I~'~"~j(=) - e '~ -~ j (= ) l  + l e ' ~ ' ~ ( = )  - e '~ -~ (=) t  ' 

the conclusion easily follows from the second and the third step. 

From step 4 we can define V~o �9 UGh(H) and Vx �9 H 

S(t)~o(x) = lira etA"qo(z). (36) 
n ~ + o c  

Clearly V~o �9 UCb(H) we have 

IIS(t)~ll= _< Me-" ' l l~ l l~,  

Indeed 

v t �9 [0, +oo) .  

r,~@oo 

l i m s u p M ~ l t ~ l l ~  = M~-~'II~II=, V~  �9 n .  
n ~ - ] - o o  

Now we will verify that S(-) is a weakly continuous semigroup belonging to 
~,o(M,w) and that  A is its infinitesimal generator. 

S tep  5. For all ~o �9 UGh(H) the family of functions in UGh(H) 

{ cta"~o : n �9 N,t �9 [0, +oo) } (37) 

is equi-uniformly continuous. 
From assumption 5, for all e > 0 there exists 6, > 0 such that V z �9 H we 

h a v e  

lnkRk(n, A)cp(z + y) -- nkRJ'(n, A)~(z)I _< e, Vn, k �9 N. 

Therefore, we proceed as in the third step and we get that for every n �9 1~ and for 
every t �9 [0, +oo) 

Ilull < 60 ~ I~'~-~(= + u) - e ' " " ~ ( , ) l  -< ,  v =  �9 H. 

S tep  6. For every q0 �9 UCb(H) the family of functions 

{ s ( t ) ~  : t e [0, + o ~ ) }  

is equi-uniformly continuous. 
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From the precedent step the family of functions 

{etA'~: n E N ,  t_>O} 

is equi-uniformly continuous, so that for every e > 0 there exists &~ > 0 such that 
VxCE H 

Ilyll -< ~, ~ le'A"~(= + y) - ~'~"~(=)1 < ',  w > 0, V n  ~ ~. 

Then, since 

I s (~)~(=  + y)  - s (~ )~ (= ) l  _< IS ( t )~ (=  + y)  - e""~(= + y ) l +  

and it follows that V x 6 H  Vt_>0 

Ilyll -- 6, 

IS ( * )~ (=  + y)  - s(t)~o(=)l _< ,  + IS ( t )~ (=  + y )  - e'*"~(= .+ Y) I+  

tS(~)~(=)  - e ' * ' ~ ( = ) l  

and letting n --~ + o o  we prove our claim. 

S t e p  7. For every ~0 E UCb(H) and for every compact set K C H 

lim sup I S ( t ) ~ ( = )  - ~ (= ) l  = 0. 
t,~O =6K 

Once e > 0 is fixed, there exists fi such that 

sup IS (~)~(=)  - e ' * "~o(x) l  <_ e, V~ >_ O. 
xEK 

Then 

sup IS(~)~o(=) - ~(=)1 -< sup IS(~)~(=)  - e 'A"~ (= ) l+  
xEK xEK 

sup I~'~-~o(=) - ~(=)1 - < ,  + Ile'~"~ - ~llo-, w _> 0 
=EK 

and letting ~ --~ 0 + our claim follows. 

S t e p  8. For every %0 6 UCb(H) and for every sequence {~j} C UGh(H) 
satisfying (3), it holds 

lim sup tS ( t ) ~o j ( x )  - S(~ )~ (x ) [  = O, 
i--,+oo =EK 

for every compact set K C H,  uniformly in t. 

We have that  V x E H 

ISCt)~j (=)  - s ( t ) ~ ( = ) l  __ 

IS(~)~oA=) - ~ '~"~J(=) l  + Ie'~"~~ - e'~"~~ + le '~"~(=)  -- S(~)~o(=)l 

and using the third and the fourth step we can say that  (38) holds. 

S t e p  9. The semigroup law holds. 

C3S) 
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Let us recall that V ~  �9 UCt,(H) there exists  a sequence { ~ j }  c D(A 2) 
satisfying (3),  therefore 

le( '+ ' )A-~(=)  - S ( t ) S ( s ) ~ ( = ) l  _< 

leC '+ ' ) "~ (= )  -- eC'+')~"~j(=)l  + le *~"e '~-~ j (= )  - e ' ~ " S ( , ) ~ ( = ) l +  

l e * A " S ( , ) ~ ( = ) -  e '~"S ( , )~ (= ) l  + l e " " S ( , ) ~ ( = ) -  S ( t ) S ( , ) ~ ( = ) I  = 

L,(n,j)(=) + L2(n,j)(x) + La(n,j)(x) + L4(n,j)(z). 

It is easy to check that  S(s)v and the sequence {S(s)~oi} satisfy (3), Vs _> 0, then 
from the third step, we have that  

l im L, (n , j ) ( z )=  l im La(n , j ) (x)=0 
~-~+~ j--.+or 

uniformly in n.  Moreover 

L=(,~, j ) (=)  <_ Ile'~"ll~r c,,))lle'~"~# - S(s)~Jl l~ _ MlJe~ - S(s)~Jlloo, 

and from the second step it follows that  

lim L,(n , j ) (x)=O, V j � 9  V z � 9  

Choosing j0 �9 N such that  

L,(n,jo)(z) + La(n,jo)(X) <_ e, Vn �9 N, 

we have 
leC'+' )* -~(=)  - sct)s(s)~(z)l <_ 

e + L2(n, jo ) (z )  + [e'A"S(s)~o(x) -- SCt)S(s)~(=) l ,  

and taking the limit as n ~ +oo,  Vx G H and V~o E UCb(H) we get 

s(~)s(s)v(=) = lira e ( '+ ' )~~  = S(~ + - , )~(=) ,  V =  e H. (39) 

S t e p  10. The operator A is the infinitesimal generator of the semigroup 
S( . ) ,  namely for every V �9 VVb(H) we have 

fo +~ e-XtS(t)~o(x) dt = R(A, A)~o(x), V x �9 H. (40) 

Let ~o �9 D(A2). Then for every compact set K C H it holds 

l im sup [e'A"A.~o(=) - S(t)A~o(x)l = 0. (41) 
n-*+oo x EK 

Indeed we have 
sup le~"A.~oCx) - S(t)A~o(x)] <_ 
:vGK 

sup le'A"A.~o(z) - e'A"A~(z)[ + sup [d~"A~o(x) - S(t)A~o(z)l _< 
:r xEK 

MltA,~o - A~ol[~ + sup le'A"A~o(x) - S(t)A~o(z)[, 
z EK 
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and (41) follows as n ---* Woo. Since V~0 6 UCb(H) and Vx 6 H we have 

d i tan 

it follows that  V n 6 N and V >, > - w  

)t fo +~ e-XtetA%o(x) d t =  ~o(z) + fo +~ e-atetA"A,,~o(x) dt. (42) 

We now remark that  V~a 6 D(A) 

le'A~(x)l  --< MIl~lloo, W, e r~ 

and 

_ n A [etA"A~qa(x)[ = letA~nR(n,A)Aqo(~)[ < M2 n + w[ [ ~o[[~ < M2llAqall~, 

then, from the Dominated Convergence Theorem, taking the limit in (42), as n --4 
q-oo, we ge~ 

+oo 
a fo+~e-~'S(t)~o(z)dt=~(~)+ fo e-a'S(t)A~o(z)dt, V~oED(A ~) (43) 

Now, let ~o E D(A) .  Since 

from (43) it follows that 

/+oo e-Xt S( t )nR( n, A )~a(z ) dt 
Jo (44) 

nR(n ,  A )q~( * ) + *Jo +~ e-Xt S(  t )nR(n,  A )A~( x ) dr. 

Moreover 

sup IInR(n,A)solloo < § 
,~s 

lira sup InR(n,A)qa(z) - qo(z)[ = 0, V K  C Y compact, 
.~+oo zEK 

therefore, because of the weak continuity of S(.) we can say that 

lira S ( t ) n R ( n , A ) ~ ( x ) =  S(t)qo(z), V x  6 H. 
I I - -4  -1- 0 0  

Taking the limit in (44), as n ~ +oo,  by Dominated Convergence Theorem we have 

fo +" e-~'S(t)~(~) d~ : ~(~) + fo +" e-~'S(~)A~(~) ~t, (45) 

and then, using notations of proposition 6, V qo 6 D(A)  it holds 

f ( ~ ) ( ~  - A ) ~ ( ~ )  = ~ ( ~ ) .  (46)  

Finally, let us remark that Yqo 6 UCb(H), V~ 6 H 

R(A, A)~o(x) = C A - A)-l tp(x)  = F(A)~o(~). 447) 

The proof is thus complete, m 
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6. A n  e x a m p l e :  T r a n s i t i o n  S e m i g r o u p s  

Let us consider the following stochastic equation 

dX(t) = AX(t)dt + dW(t) 
X(0) = x, (48) 

where A is the infinitesimal generator of a Co - semigroup S(.) on a separable 
Hilbert  space H ,  W is an H-valued Q-Wiener  process (defined on a probabil i ty 
space (f~, ~-, P )  ), Q being a self-adjoint and positive bounded linear operator  on H 
and x E H .  

For all t > 0 we define the bounded linear operator Qt 

Q :  = s(s)QS'(~)~e~ v~ e H. (49) 

It is well known (see for instance [1]) that  if 

T r Q t < + o o ,  V t > 0 ,  (50) 

then the mild solution of (48) is given by 

fo' S(t s)dW(a) (51) x ( t ,  ~) = s(t)~ + 

and X( t , x )  is the Gaussian random variable A/'(S(t)x,Qt), with mean S( t )x  and 
covariance operator Qt, for all t >_ 0 and x E H.  

The aim of this section is to describe, under the hypothesis (50), the transit ion 
semigroup P(t), t >_ 0, associated with the stochastic equation (48) and defined 
V~ C UCb(H) and Yx E H by 

{ f,~:(v)W(s(t)~,Qt) t > o 
P(t)~(x) = E[q0(X(t, x))] = (52) 

~(~) t = 0. 

It is easy to check that  for arb i t rary  qo E UCb(H) the function u : [0, +oo) x H -----* R 
defined by 

u(t,  ~) = P ( t ) ~ ( ~ )  

is continuous. 
However, the semigroup P(t) is not strongly continuous on UCb(H) in general, 

as the following example shows. 

E x a m p l e  6.1. Let H = • and let As = - ~ x  and Qx = x, Vx E R . If we set 
q(t) = 1 - e -t, for every t > 0 we have Qt~ = q(t)x and 

{ fr~ q~ e-t/2z, q(t)) dy t > 0 
P(t)qo(x) = (53) 

~(~) t = o, 

for every ~o E UCb(R). Moreover it is easy to check that  the function 

~ :  [0, +oo) x R - - 0  ~ ,  (t, ~) ---0 P(t)~(~) 
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is the unique solution in UCb(R) of the following Canchy problem 

{ ,,(~, x) = {~,~(~, :~) - �89 ~:) ~ > o, x ~ R 

~(0,  x)  = ~ ( x )  x e R. 

Now let us introduce for every s E O'Cb(R) the function 

~ :  [0, + o o )  x a - - .  R, (~, ~) - - ,  T ( 0 v ( ~ ) ,  

where T(.) is the strongly continuous semigroup on UCb(R) defined by 

f R V ( V ) X ( ~ , * ) d V  * > 0 
T(t)~p(x) 

t v(x) ~ = o .  

Since the function !b is the unique solution in UC~(R) of the Cauchy problem 

~x.,(,x) ~ > 0 ,  xeR 

�9 , / ,(o, ~:) = ,p(:~) x e R ,  

it is easy to show that V (t, x) e [0, +oo) • R we have 

u(t,  x) = ~b(qCt), e - t / ' z )  = T(qCt))cpCe-t/'z). 

If we set ~(m) = sinx,  t .  = 21og k~.-x/(~--~-t~ and x .  = 7r ( ~ '  ) = ~(2n+ 1), Vn E N, 
we have that 

sup [u(*., ~)- sinx I > lu(*n,x.)- sinxnl > 
zER 

I I 

sup IT(q(~n)) sin x - sin x I = 
zER 

s u p  [T(q(t,,)) s i n  x - s i n  wl = 
::ER 

2 IT(q(t,,)) c o s ( 0 ) l  - s u p  IT(q(tn)) s i n  x - s i n  x I . 
zER 

Therefore, since the semigroup T(-) is strongly continuous and lin~_.+~ q(tn) = 0, 
it holds 

l iminf sup lu(tn, x) - sinx[ _> 2, 
n--*+eo zER 

so that the semigroup P(.) is not strongly continuous. �9 
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Proposition 6.2. Let S(.) be a Co-semigroup of negative type on H, namely 
assume that there exist L,c~ >_ 0 such that IIS(t)[Ic(uc~(H)) < Le -=t, t > O. Then, if 
(50) holds, the semigroup P(.) on UCb(H) defined by (5~) satisfies properties 1), ~) 
and 3) of definition ~.1. 

Thus the semigroup { e-"tP(~) It > 0 } is a weakly continuous semigroup in 
~w(1,w), for every w >_ O. 

Proof. Step I .  If ~ E UCb(H),  then for every e > 0 there exists 6~ > 0 such 
that  

Ilyll < 6 , ~ l ' K x + y ) - ' P ( : ~ ) l < e ,  v x e g .  

Moreover, from strong continuity of the semigroup S( . ) ,  it follows that  for every 
compact  set K C H 

lim sup nS(t)z  - ~11 = O, 
t---*0 reEK 

so tha t  there exists t > 0 such that  

Ilyll < &/2 =~ sup Ily + S(t):: - :~ll < 6, Vt  < ~-. 
=6K 

Therefore for every t _< { we have 

sup IP(t),p(z) - ~(m)l <_ 
=6K 

sups <~ ~ I~(v + s ( t > ) -  9(m)lAz(0,Ot)dy+ 
x~/f {IML ,/ } 

811~11~ .,v(o, O,)dy , + 211~~176 IMl>6,/a} <- ~ W r Q t ,  

and the assertion follows as t ~ 0 + . 
S t e p  2. Since S(t) is of negative type, we have 

IlS(t)zll <_ Lllzll, Vz �9 H, Vt > 0. 

Then, if ~o 6 UCb(H), Ve > 0 there exists g, > 0 such that  Vt  6 [0, +oo) 

Ilzll _< 6,1L =r [P(t),p(:~ + z) - P(t)~(x)l _< 

s [~(y + S( t ) x  + S ( t ) z )  - ~(y  + S(t)z)lAZ(0, Qt)dy < e, V x  E H. 

S t e p  3. We state first the following 

L e m m a  6.3. Assume that S(.) is of negative type. Then the family of probability 
m e a s ' l ~ r e s  

{Af(S(t)z ,Q,)  : t �9 [0,+oo),  x e K }  (54) 

is tight, for every compact set K C H.  
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P r o o f .  Since lim,_.+~ IIS(t)ll~(uC,(H)) = 0, we have that (see [1]) 

sup Tr Q, < +co. (55) 
t > O  

T h e r e f o r e  the Gaussian measure .~(0, Qoo), where 

Qo~x = S( t )QS*( t )xd t ,  x E H 

is well defined. Now let K C H be a compact set. We recall that the function 

[0, +oo) x H ---+ N, (t, x) , P(t)~o(x) 

is continuous, V~ E UCb(H), then from compactness of K it suffices to prove that 
for every sequence {t,,} C [0, +c~) and {x,~} C g such that 

{ t,~ T +oo ~ +oo 
a s  n 

x .  -~  x E H ,  

we have 
N(s(t . )=. ,  Q,o) ~ H ( o ,  Q ~ )  as ~ -~  +~o. (56) 

For every n E N, let us consider the stochastic differential equation 

dX( t )  = A X ( t ) d t  + dW( t )  
X ( - t ,  0 = x,,. (57) 

and denote by X ( t , - t , ~ ,  x,~) its mild solution 

f x ( t ,  - t . ,  =. )  = s(t + t~)=. + s(t  - ~) dW(~). 
t~ 

We remark that  X(t. . ,  O, x . )  and X(0, -t,~, x.,) have the same distribution, for every 
n E N (see [1]), then, if we show that { X ( O , - t . , x . , ) } .  is a Cauchy sequence in 
L2(~2,~',P), (56) follows immediately. For n,p  E N,p > 0 we have 

E ( l l X ( O , - t . , + ~ ,  = , ,+ . )  - x(0 , - t , , ,  x,,)[I =) _< 

2 l lS ( t , , + , ) x , , + ,  - s ( t , , ) x , , l l  ~ + 2E S ( - r ) d W ( r  = 
tn+~ 

~n+p * 

211s(t.+~)~.+. - s(t.)=.ll  2 + Tr j ]  S(~)QS (~)d~. 

Our claim follows recalling that (55) holds and that, as K is bounded, we have 

lim S(tn)x,, = O. �9 

We now conclude the proof of the proposition. 
Let K C H be a compact set and e > 0. Then there exists a compact set 

K, C H such that 

N ( S ( t ) x ,  Q t ) ( K , )  >_ 1 - e, V t  c [0,+c~), Vx  E K. 
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Fix a function ~o 6 UCb(H) and a sequence {~j} C UCb(H) satisfying properties (3) 
and choose jo 6 N such that  

sup I~J(y) - ~(y) l  < , ,  v j  > j0. 
y E K ~  

It  follows 
sup [P(~)qaj(x) - P(~)qa(x)[ < 
xEK 

sup fK [~j(Y) -- ~(Y)I ~'(S(t)z, Ot)dy + sup fK I~J(Y) - ~(Yll A/'(S(tlx, O,)dy <_ 
xEK �9 ~EK ,~ 

~ +  (ll~Aoo + I1~olloo)~, 
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