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1. INTRODUCTION

Given strongly continuous one-parameter semigroups (T(t))tZO
and (S(t))tzo on a Banach lattice E , we say that (S(t))czo domi-
nates (T(‘))tzo provided that
(1.1) [T(t)f]| < S(t)|f] forall £€E, t20.

In this case the semigroup (S(t))tzo necessarily consists of posi-
tive operators, i.e. it is a positive semigroup. It is well-known that
positive semigroups have interesting properties, e.g. their spectral
properties and asymptotic behavior can be analysed very well (see Na-

gel [11]). Some of the results on positive semigroups have consequen-—

ces for a (non-positive) semigroup (T(t))tzo provided that (1.1) is
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In case the Banach lattice is o-order complete and D C D(A) is

1]

core for A (i) and (ii) are equivalent to

(111) Re ( (sign T) Af , ¢ ) < ( |f| . B'¢ ) forall f€ D and
for all ¢ € D(B'), .

For semigroups having a bounded generator the existence of a mod-
ulus and the description of its generator is given by Derndinger [3].
For details on the center Z(E) of a Banach lattice (i.e. the set of
all multiplication operators) we refer to Nagel [11], Chapter C-I. We
only recall that for order complete Banach lattices the center is a
projection band in the Banach lattice SBr(E) , thus
wr(E) = Z(E) o Z(E)‘L . Here, Efr(E) denotes the set of all regular
operators on E , i.e. the linear hull of all positive operators. We
give a new proof of Derndinger’s result which is based on Chernoff’s

product formula (see Goldstein [5], Thm. 1.8.4).

PROPOSITION 1.2. Let E be an order complete Banach lattice d let

(T(t))tzo be a semigroup whose generator A 1is a regular operator.

Then (T(t)) possesses a modulus whose generator A# is obtained

t20
as follows: If A is decomposed such that A = M + B , where

M€ ZE) . BeZE?L then

Ay =Re M + |Bl.

Proof: We apply Chernoff’s product formula to the function

F : [0,) -» £(E), F(t) := |T(t)| . In order to differentiate at O we
first note that

(1.2) [F(t) - |1d - tA]]| < IT(t) - (1d + tA)|

SN FONE 3
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true. This is obvious for stability results (i.e., convergence to zero
as t - »). Further examples are ergodic theorems. In fact, Kipnis [9]
and Kubokawa [10] used this method in order to pfove ratio ergodic
theorems and local ergodic theorems for (non-positive) contraction
semigroups on L'-spaces.

In this note we mainly discuss the problem whether for a strongly

continuous one-parameter semigroup (T(t)) there exists a minimal

t20
dominating semigroup. In case such a semigroup exists, we call it the
modulus of (T(t))tzo . We will give some general conditions in Sec.2
and discuss some concrete examples in Sec.3. In particular, we prove
that a modulus always exists in case the semigroup is dominated and
the underlying Banach lattice has order continuous norm or in case the
semigroup is order contractive and the Banach lattice is an Lp—space.
Moreover, we will describe the modulus for semigroups corresponding to
retarded differential equations.

In the rest of this section we recall some results on domination
of semigroups which will be needed in Sec.2 and Sec.3. At first we

state the characterization of domination in terms of the resolvents

and the generators respectively (see Arendt [1] or Sec.C-II.3 of Nagel

[11]).

PROPOSITION 1.1. Let (T(t))tzo be a strongly continuous semigroup on

the Banach lattice E with generator A and let (S(t))tzo be a

positive semigroup with generator B . The following assertions are
equivalent:
(1) (S(t))tzo dominates (T(t))t20 (1.e. (1.1) holds).

(ii) There is Ao € R such that

[R(AAYE] < R(ALB)[f] forall fEE, AN2A, .
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14p F(E) = tIIcl + tA] - o.
t-0
Moreover, from the decomposition A =M +B € Z(E) @ Z(E)'L it fol-

hence

lows that Id + tM and t*B are orthogonal, hence
(1.3) [1d + tA]| = |1d + tM| + t-|B] .
Thus we conclude

_ (1.2) _ (1.3) _
lim F!tlt Id - lim lId + t:l Id - IBl + lim Id + EM Id
t-0 t-0 t-0
= |B] + Re M

The last equality follows from the fact that Z(E) 1is isomorphic to a
space C(K) and that the function ¢ : C(K) »C(K) . £ - |f]| is
(Fréchet-) differentiable at 1 with derivative D{(1)f = Re f for
all f € C(K).

Chernoff’'s product formula now yields that the semigroup (S(t”czo
generated by Re M + |B] satisfies

s(t)f = 1m [Tt (f €E) .
n-x
This obviously implies that (S(t:))tzo is the modulus of (T(t))tZO'
a

Kipnis [9] and Kubokawa [10] have shown that all strongly contin-
uous contraction semigroups on L'-spaces possess a modulus. But Kip-
nis gives an example of a strongly continuous semigroup on 2P

{1 < p < =) which does not have a modulus. We briefly sketch this ex-

ample:

EXAMPLE 1.3. Let E = £P(N) (1 { p < ®) and let the operator A  be

given by the infinite matrix
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.

If we take the maximal domain

P

D(A) := { f € eP(N) ; Af € 2P(I) } .

then A generates the semigroup (T(t))t20 . which is given by

cost =-sint O o] 0 4]
sin t cos t O 0 0 0
T(t) = 0 O cos 2t -sin2t O 0
- 0 0O sin2t cos 2t O 0

0 0 0 0 cos 3t -sin 3t

0 0 0 0 sin 3t cos 3t

etc.
This semigroup does not possess a dominating semigroup.
In fact, lcos kt| + |sin kt| (k € N) is an eigenvalue of |T(t)] .

Thus a dominating semigroup (S(t))tZO must satisfy
t ket ket
Isce)ll = IsC*7 )"l 2 (leos =] + [stn =)™ .

t

For n - ® we deduce that [S(t)| 2 ek . Since k € N is arbitrary

we obtain a contradiction to the boundedness of S(t) .
2. EXISTENCE OF THE MODULUS OF A ONE-PARAMETER SEMIGROUP

Only for few Banach lattices E it is true that every operator
T € $(E) possesses a modulus : Roughly speaking E has to be isomor-
phic either to an L'-space or a space C(K) with K Stonian (see
Cartwright-Lotz [2]). The analogue problem in the setting of one-para-
meter semigroups (i.e. the existence of a minimal dominating semigroup
for every one-parameter semigroup on a fixed Banach lattice) is not
very interesting. In fact, since every infinite dimensional L*space
contains &' as a complemented sublattice, Kipnis' example shows that

on an infinite-dimensional L‘-space there always exist one-parameter

189



BECKER and GREINER

semigroups which do not have any dominating semigroup. Moreover, on
spaces C(K) , K Stonian, every one-parameter semigroup has a bounded
generator (see Sec.A-II.3 of Nagel [11]), thus Derndinger's result can
be applied. These observations show that one has to restrict the class
of semigroups in order to obtain interesting results on the existence

of the modulus of a semigroup.

THEOREM 2.1. Let (T(t))tZO be a strongly continuous one-parameter

semigroup on a Banach lattice E with order continuous norm. If there

be

s a dominating strongly continuous semigroup then there exists a mod-

ulus of (T(t:))tzo .

Proof: LlLet (S(t))t20 be a semigroup which dominates (T(t))tzo. Ve

fix t 2 0 and denote the set of all partitions of the interval [O,t]

by Ht
(i.e. o := {(to. tye to.eens tn) "nE€N t;=0<t; < ... t=t }).
For =7 = (to, tr tgen tn) GIIt we define

T, () = IT(e e, IoITCe -t oo .o |T(epe) lofTCe ] -

Note that E 1is order complete and T(tk—tk_l) is dominated by

S(t . hence IT(tk—tk_l)I exists (see Schaefer [12], Chap. IV,

K tk-1)
Prop.1.2). The net (T _(t)) is upward directed and we have
T 1r€IIt
T_”(t) 4 S(tn—tn_l) o S(tn_l—tn_2) o...0 S(tz—tl) o S(tl) = S(t)
for every 7 € Ht'
Since E has order continuous norm it follows that for f € E+

T#(t)f := lim Tt(t)f = sup T'(t)f exists.
well well
t t
Extending T#(t) to a linear operator on E , we have
IT(t)} € Ty(t) < S(t) . Thus in order to show that (Ty(t)),,, 1s the

modulus of (T(t)) we have to show that T#(t+s) = T#(t)T#(s) for

t20

190



BECKER and GREINER

all s,t 20 and that t» T#(t) is strongly continuous at t = O.
Given t,s 2 O , 'rr,€11‘t . 1r2€IIs we have
Tn(t)OT_n_z(s) = T‘”n(t+s) for a suitable partition w; € Ht+s .

Moreover, the partitions w; obtained in this way are cofinal in

Ht+s' hence we have for f € E+

T#(t)OT#(s)f sup [ Tw,(t) ( sup Tﬂ_z(s)f) 1

my €l mo €0

sup T1r (t)<>T1r (s)f : my € Ht' Ty € l'Is }
1 2

sup Tﬂ(t+s)f HE Ht+s }

T#(t+s)f .

[t}

i

(Here we used that T_”(t) is order continuous which follows from the
assumption that E has order continuous norm.)
It remains to prove strong continuity at t = O.
From |[T(t)f] ¢ T#(t)lfl < S(t)|f| we deduce for f € E,
T#(t)f ~ £ SS(t)f - f
and f - T(t)f < f - IT(t)E] < |f - T(t)E].
It follows that |T#(t)f - £} < Is(t)f - £] + |T(t)F - £].
Since both, ('I'(t))tzo and (S(t))tzo are strongly continuous it
follows that

1im IT#(t)f - f| = 0.
=0

REMARK 2.2: As can be seen from the proof of Thm. 2.1 it suffices to

assume that E 1s order complete and there is a dominating semigroup

consisting of order continuous operators.

In the result above we had to assume that there exists a domina-
ting semigroup. In many concrete examples this condition can be

verified easily (see also Section 3). In the following we show that
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for certain semigroups on Lp-spaces a dominating semigroup always

exists. Then Thm. 2.2 implies that these semigroups possess a modulus.

PROPOSITION 2.3. Let (T(‘))tzo be a strongly continuous semigroup on

an LP- space (1 { p <®) and assume that it is quasi-contractive

with respect to the regular norm (i.e. there exists w € R such that

Tl := IIT(e) Nl € ™ forall ¢ 20). Then 2 dominating semi-

group exists.

Proof: Considering (ethT(t)) if necessary we may assume that

t20
w = 0. Ve use the notations introduced in the proof of Thm. 2.1. By
assumption the operators Tw(t) are contractions. Thus for

0 f€EE= Lp(u) the set

{Tr(t)f tw € lIt } is normbounded ( by J|fl]l ) and wupward directed.

The Monotone Convergence Theorem implies that

T, (t)f = Im T_(t)f exists.
# mt L
Moreover, llT#(t)" <1 and |T(t)] ¢ Ty(t) for every t 2 0.

As in the proof of Thm. 2.1 we conclude that (T#(‘))tzo has the
semigroup property. To prove strong continuity we make use of the in-
equality

HEIP + UslP < lle+glP . valid for 0 ¢ f.g € LP() .

In fact, since we have |T(t)f] ¢ T#(t)lfl for all f € E, it fol-
lows that

)P + Irgced £l - ITe)ellP < o) e 1P < MieIP.
1/p
Heoce 1tm [my() ] - IT()ell < 1m [IelP - NiT)elP) " =0 .
t-0 t-0

It follows that

lim Ty(t)f = lim IT(t)f] = £ for every f €E_.
t-0 t-0
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Thus t» T#(t) is strongly continuous at t = O.

In the final result of this section we show that adding a multi-
plication operator to a generator does not cause difficulties when one
is looking for a modulus of the corresponding semigroup. We recall
that the center Z%(E) of a Banach lattice is the set of all operators
on E which are dominated by a multiple of the identity operator. In
case E = Lp(p.) the center consists of all bounded multiplication
operators. Z(E) 1is always a commutative subalgebra of %(E) and if
E 1is order complete then for fixed f € E the operator
g » (sign f)g is an element of the center. It follows that for
M€ Z(E) and f € E we have (sign f)Mf = M((sign F)f) = M|f| . Thus
if A 1is any operator and M € ¥(E) then

Re((sign f)(A+M)f) = Re((sign F)Af) + Re(M|f])

Re((sign f)(A+ReM)f) (f € D(A)).
So we obtain the following result as an immediate consequence of Prop.

1.1.

PROPOSITION 2.4. Let ~A be the generator of a strongly continuous

one-parameter semigroup on an order complete Banach lattice E and

take M € Z(E). Then the semigroup generated by A possesses a modu-

lus if and only if the semigroup generated by A + M has a modulus.

In case the moduli exist, their generators satisfy

(A + M), = Ay + ReM .
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3. SOME EXAMPLES

At first we consider second order differential operators on

IP(R?) (1 {p <®») . Let A be defined as follows :

n 2 n
EE ad :E dJ
(3.1) Af = a.1J axiaxj f + bi -aYi- f + c-f
i,j§=1 i=1

£ € D(A) := C(R") .
We assume that the coefficients satisfy the following conditions :
(3.2)- a:[:I are real-valued bounded differentiable functions on R
which have bounded second order derivatives;
T
(aij(x))ISi,JSn is symmetric and uniformly elliptic on R

(i.e. me[lE[? < 2 a J(X)EE, forall x.f € R® and a
i.J

suitable constant m > 0);

- bi are bounded differentiable functions on R® having
bounded derivatives;

- ¢ is a bounded continuous function on R".

It is well-known that under these assumptions the closure of A
is the generator of an analytic semigroup on Lp(Rn) (see Fattorini
[4]). In case all coefficients are real-valued the corresponding semi-
group is positive. For complex-valued coefficients bi and c we

have the following result:

The semigroup generated by the closure of A has a modulus, its

generator is the closure of A# defined as follows:

n n

E 8 z el
A#f = aiJ Waxj f + Re(bi) ax—-i f + Re(c)-f
i,j=1 i=1

D(A,) = C(K) .

¥We mentioned above that the closure of A# generates a positive semi-
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group. Moreover we have

%!(f]- (x) if f(x) #0

Re(sign f g}—f;—) (x) =
1 0 if £(x) =0

r af = af
which implies that Re(sign f [bi ax——i]) = Re(sign f [(Re bi)ax_i]) .

Using the identity Re(sign f c+f) = Re(sign f (Re c)+f) we obtain
(3.3) Re(sign f Af) = Re(sign T A,f) . f €D(A) = D(Ay).

From Prop. 1.1 (iii) we conclude that every semigroup which dominates
the semigroup (T(t))tzo generated by A also dominates the semi-
group (T#(t))t20 generated by A . Since K; generates a positive

#
semigroup it follows that (T#(‘))tzo is the modulus of (T(t))

0 -
In the same way one can determine the modulus of Schrddinger

semigroups with complex potentials. We only sketch the result. On the

space Lp([Rn) (1 { p {®) we consider the Schrodinger operator B

given by

(3.4) Bf = Af - Vi . f € C(K) .

Here, A denotes the lLaplacian and we assume that the potential A

satisfies V € Lll)oc(lkn) and ReV > ¢ for some constant ¢ € R . Kato

has shown (see Kato [6] or Nagel [11], C~II, Ex.4.7) that under these

assumptions the closure of B generates a strongly continuous semi-

group (S(t))t20 on Lp(IRn) . The semigroup (S(t)) is positive

t20
if V is real-~valued. As above one can show that for complex-valued
\'j the semigroup (S(”))tzo has a modulus. Its generator is the
Schrodinger operator obtained by replacing in (3.4) the potential A/

by its real part.
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The second class of examples we consider are semigroups corres—
ponding to retarded differential equations. In the following we use
the ideas of Kerscher and Nagel (see Kerscher-Nagel [7] or Nagel [11].
Sec. B-~IV.3).

Let F be a Banach lattice. Then E := C([-1,0],F) , the space
of all continuous F-valued functions is a Banach lattice as well (in

the canonical way). We consider a semigroup (S(t)) with generator

t20
B on F and an operator u € £(E,F) . The operator AB " on E,

defined as
(3.5) AB.uf = f' with D(AB u) i= { f € C‘([—l,O].F): £(0) € D(B),
£'(0) = Bf(0) + u(f)

generates a semigroup (TB.p(t))tZO on E. For f € D(AB,u) and
t 2 0 x(t) := (TB.u(t)f)(o) gives the solutions of the F-valued
retarded differential equation
x(t) = Bx(t) + plx) . %o =f .,
where x € E denotes the function s » x(t+s) , -1 { s (O .

Now the following holds.

LEMMA 3.1. If B generates a positive semigroup on F and if p is

a positive operator then the semigroup (TB p.(t))tzo is positive. The

S e, s el ST, St —_— e el S

Here, p has no mass at zero if for every € > O there exists 6 > 0
such that ()]l € e<]lEll for all £ € E with supp(f) C [-5.0] .

For the proof we refer to Kerscher-Nagel [7].

Ve introduce the following notations:
(3.6)(1) €, €C[-1.0] is given by e,(s) := N
s € [-1,0] ;

5 for A€EC,
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(i1i) f ® u € E denotes the function s » f(s):u for u € F

and f € C[-1,0] :
o -
(i11) H, € £(E) is defined by H,g(s) := J M5t (e) at
S
g€E,s€[-1,0] . A€C ;

(iv) DN € $(F) 1is defined by pk(u) : u(e)\ ®u) ,u€erF,
ANEC.
Now the spectra of AB,p. and B+u,}\ coincide and one can describe the
resolvent of AB,u :
3.7 R(A.Ap g = €, 8 R(AB41, ) (g(0) + ph,g) + Hyg .
7\€p(B+p.}\) , EE€E.

With this explicit representation of the resolvent one can prove the

following (see also Kerscher-Nagel [8]):

PROPOSITION 3.2. Let (S,(t))tzo . (Sz(t))tzo be semigroups on F
with generators B, , B, resp. and let py . pa € ¢(E,F). If
(S,(t))tzo dominates (S"'(t))tzo and if p, dominates p, then

(Tg, u, (t))yo dominates (T . (t))eyg -

Proof: For A € R the operator Biy dominates Hzy - So for u € F
and sufficiently large A we obtain from

(A=B +p) = (A - B)(Id - R(A,B)op) that

IRO\-Bz“‘P’z)\)UI = lz [R(A-Bz)uz)\]n R(A.Bz)u
n=0

<) [ROLBmI® ROLB) [ul
n=0
= R(A'Bfﬂ‘ik) 'UI .
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The operator H)\ is positive for A € R and so we have for f € E :
IROuAR )] = ley @ ROLBa#12) )(£(0) + moBy£) + Hyf]

< e, ® IR(\Batuz) ) (£(0) + pot, £)| + [H,£]

< €y ® R(ABy+uyy ) [£(0) + pi B f| + H, |£]

< ey ® ROLBuy ) (1£(0) | + mly I£]) + B, |£]

= R()\,ABi’ui)IfI .

Now the assertion follows from Prop. 1.1(ii).

Kerscher and Nagel ([8]) conjecture the following:
If B# generates the modulus of the semigroup generated by B , if pn

has no mass at zero and if |u| exists then
(TB#, Iﬂl(t))tzo is the modulus of (TB.u(t))tZO .

We now will show that this is true if F is finite-dimensional. In

this case B is a real nxn-matrix, B = (b and K is

191¢1. 5¢n
given by a nxn-matrix ().LU)1Si j<n of measures, i.e.
ui:] € C([-1.0])' = M([-1,0]) . Without loss of generality we can as-—

sume that u” has no mass at zero {otherwise we change b Then

ij)'
the following holds:

e e Bl e, _——— - S Sl

generator is given by (AB.y,)# = AB#. ME (Here |u| = (|u“|) and

B#=(bij#) is given by bid#=|bul if 1#£3 and by, =b,, ).

Proof: We give all details for the one—-dimensional case. The necessary
modifications for the n-dimemsional case are obvious.

At first we assume b (=b;,) =0 . Let (S(t)) be a semigroup

t20
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which dominates (Tb,u(t))tzo and let C be its generator. We re-

cali that (To u(t))tZO satisfies (see Sec. B-IV.3 of Nagel [11])
£(x+t) 1f x+t < O
(3.8) (To’u(t)f)(x) = x+t
£(0) + f (To p‘(s)f.u)ds if x4t > 0
0

We claim that for fixed a <1, f € E+ ., f strictly positive there

exists tg = to{a,f) > 0 such that

(3.9) TO a|ul(t)f < S(t)f forall 0t ¢ty .
In fact, if x+t { O we have
(3.8) (3.8)
(Togu[)) = £6e0) =" (T, (D) € (S(H()
since (S(t))tzo dominates (T0 p(t))tzo . Moreover, since f |is

strictly positive, we have {f,|n]) > O hence there exists hy, € E ,
Jhol ¢ £ such that

ac (lul) = sw { G s Dbl €} < o).
Additionally, since u has no mass at zero we can require that
ho(0) = £(0). By continuity there is a to > O such that
Re(Ty ,(s)bo.m) 2 a=(Tp 1, (). Iul)  for
0 ¢{styg. Then for t ¢ tg , x+t 2 O we obtain

(3.8) xre
(S(ONE) 2 (Ty (b)) = Bo(0) + | (T (Iha.m)es
v
x+t

2 £0) + [ (Mg 4y () alul)as
0

(3.8)
(To. g (VD) ()
By now the claim (3.9) is established. Hence for f € D(AO alul)+
strictly positive and ¢ € D(C')+ we have
T (t)f - £
0.alu|
(A f .9 ) = lim ( » ¢ )
3. 9) -
lim (—L)—-—S O S
t-0



BECKER and GREINER

um(f__SLt).Ltﬂ‘_L)

t-0
= {(f.Ce¢).
Consequently
COAoguf - ¢ )2 €1 OC) ) for €€ D0 o), -

f strictly positive and ¢ € D(C')+ .

Taking f = R(A.A

O-Ghll)g . #=R(AC)'Y (g€E_, g strictly posi-

tive , ¢ € E_;_ ) we obtain for sufficiently large A € R :

(RO . ¥ ) = (5. RACI'Y ) 2 (RAAY L8 - ¥ ) -
Since every positive element can be approximated by strictly positive
elements we conclude that R(A,C) 2 R()\,Ao'ahll)
large A €R . From (3.7) it follows that the right hand side tends

for sufficiently

towards R()\.Ao Illl) as a -1 . Thus from Prop. 1.1 we conclude that
S(t . . .
(s( ))tZO dominates (TO. hl'(t))tzo By Prop. 3.1 (TO,|u|(t))t20
dominates (TO.p.(t))tZO . hence it is the modulus.
In case b # O we consider the operator S € £(E) , (Sf)(x) :=
ebxf(x) . A simple calculation yields

-1 .
(3.10) S "o (Ab,u - beIld) o S = AO,v with b :=S'p .

Since S 1s a lattice isomorphism we have

-1 -1
(Ab.u - b-Id)# =(Soe AO.D oS )# =S o (AO'D)# oS
-1
=S°A0'ID|°S =Ab.'p|-b1d
(note that |u| = |S'v] = §'|v] ). Thus from Prop. 2.6 we deduce

Gy = A, || -

In the n-dimensional case (n 2 2) the transformation S : (C[:—l.O])n -

(C[-1.0])™ is given by
b1 X
(8£),(x) := (e f,(x)) (1<1<n)

where bi 1 is the i-th diagonal element of the matrix B . Then the

argument given above shows that we only have to consider the case

i
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byy = bap = = bnn =0
]
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