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1 Introduction

We are interested in this work in the following question raised by H. Weyl
[15]. Let g be a smooth Riemanian metric on the 2-sphere S?. Does there exist
a smooth global isometric embedding of the Riemanian manifold (52, ¢) in R’
endowed with the flat metric ?

When the Gauss curvature of the metric is strictly positive everywhere, a
positive answer has been given through the works of H. Weyl [15] and L.
Nirenberg [11], who proved the existence of a C¥~'* 0 < x < 1, isometric
embedding provided that g is C¥,(k = 3). (See also E Heinz [8] and the works
of A.D. Alexandrov [1], A.V. Pogorelov [12] for a different approach.)

In a recent work, J.A. laia [10] considered the case when the positive
Gauss curvature vanishes at one point P € S? and 4K is non negative in a
small neighborhood of P. (Here 4 is the Laplacian on S§? associated to the
metric g.) He proved under these conditions the existence of a C' isometric
embedding provided g € C*.

The purpose of our work is to extend this result to the general case, namely:

Theorem 1.1 Let g be a C* Riemanian metric on S*. Suppose that the Gauss
curvature satisfies

(1.1) K =0 on 8.

Then there exists a C', isometric embedding X : (§%,g) — R3. Moreover
X is C370 < 0 < 1,(C) in S\K'(0) (if g is C).

Let us note that the Gauss—Bonnet theorem tells us that for any C? metric
on S? its Gauss curvature is strictly positive somewhere on the sphere.
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Concerning higher regularity, laia [10] observed that if, at a point P, K
has a non degenerate minimum, and if a C? isometric embedding X has a
mean curvature which vanishes at P, then X cannot be C>. It is worthwhile to
point out the Pogorelov gave an example of a geodesic disk, with non negative
curvature, not admitting a local C? isometric embedding in R? at its center.

Let us now outline the paper. Approximating the metric g by a sequence of
smooth metrics g, with strictly positive Gauss curvature and using Nirenberg’s
theorem, we get a sequence (X,) of isometric embeddings. The problem is then
to give absolute upper bounds for the derivatives up to the second order of
X;. Classical results (see [5]) show that p, = —%||XE||2 satisfies, in every local
chart, a non linear second order p.d.e. of Monge-Ampere type :

det (Viip, + g) = Ke(detgl) (=2p, — [Vp,[*) .

Of course the problems come from the fact that the right hand side may van-
ish. An important observation is that actually the quantity (—2p? — ’Vplf)
1s bounded below by a strictly positive constant independant of e. This is a
consequence of a geometric lemma of S.Y. Cheng—S.T. Yau [3] about lower
bounds for the radius of balls which can be inscribed in a convex compact
body. On the other hand, the classical upper bounds for the second derivatives,
as in L. Caffarelli-L. Nirenberg-J. Spruck [2] or C.M. Corona [4] for example,
are given in terms of upper bounds for K— which is here irrelevant. We use in-
stead a technique which is inspired by the work of J. Hong [9] and an interior

gstimate proved by E. Heinz [7].

2 Differential geometry formulas

For sake of completeness we recall in this section some classical facts which
will be used in the proof. (See (5], [11].)

Let ¥ be a smooth convex surface with positive Gauss curvature locally
given by a smooth X : U C R? — X. Local coordinates will be denoted by
u = (uy,up). Let (¢;(u)) and (£;;(u)) be the components of the metric and of
the second fundamental form of 2. We set G = det g,;.

The orientation of X is so chosen that the inner unit normal to the surface
at any point is given by X3 = —\%(X,,l A Xy, )

The mean and Gauss curvatures of the surface A and K, which are then
positive, are given by

det /lj

2.1) K==z,

u‘/

.‘” MN

where (¢¥) = (g,-j)‘l. The structure equations are then

‘!ZX

2.2
(22) Ou; ('}uj

2 0X
Z lk](/ +/11X'§ s

where [’ f; are the Christoffe] symbols of the metric.
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Choosing the origin as the center of the largest ball which may be included
in the convex body bounded by X we define

|
(23) plu) = = [X@w)* .

where || - || denotes the Euclidian norm on R3.

Following [11] we shall show that p satisfies an equation of Monge-Ampére
type. By (2.2) and (2.3) we get
iili = *< ) Q/X>

(2.4)

n2 2 o
i = T~ L(XXs) — gy
=1

Qu,en, i Tuy
Denoting by V;;p the second covariant derivative of p we get
(2.4Y £i(X.X3) = Vijp— gy
and therefore by (2.1) we get
(2.5) KXY = det(Typ + gy)

Now the expression (X,X3)? represents the square of the distance from the
origin to the tangent plane to X at the point X(«). we have

X, NX,
) = XIP— I A = [X]7 - HX pFa A Xy
W

IR~ I ey — (K

N - A N2
1 op dp  Op op
= -2p — — —_— -2 . + —
P G (yzz ((?ul ) g12 du1 | O gu 2

and therefore

2
(2.6) X, X2 =20~ 3 ¢"Vip-V,p.

ij=1
It follows from (2.5) and (2.6) that p satisfies the equation
2
O deWypta) = KG( =2 = S0 V)
ij=1
Moreover, using the mean curvature H we get another equation for p. Indeed

we have H = | Zi/gi/{ij, and by (2.4)

Zgij/i./<X’X3>2 = ~2g[jVijp - Zgi'/gij =—d4p—2
i i Lj

2
(2.8) Agp +2 :ZH\/—Zp— 2. 9'Vip-Vp .

ij=1

Here 4, =", 147V, is the Laplace operator with respect the metric (g).
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We shall use in the proof a result of S.Y. Cheng-S.T. Yau that we recall
now in the particular case of the dimension two.

Lemma 2.1 (Cheng-Yau [3]). Let X be a compact convex C* hypersurface in
R3. Let K be its Gauss curvature function defined on S*. Then we can find

a positive constant r which depends only on an upper bound of | @ K‘i‘u‘))
dw

a lower bound of inf . fSZ max(0, (u, ) <) such that we can put a ball
of radius r inside the convex body bounded by X.

and

We shall also use an interior estimated proved by Heinz [7] which we recall
now. Let us set B, = {u € R?: |u| < r}.

Lemma 2.2 Let (Z,9) be a closed convex surface in R® given around p € X
by X : B, — X with X(0) = p. Assume that its Gauss curvature satisfies
(2.9) Ku)=a>0 VYueB,.

Then there exists a positive constant C depending only on diam(X,g) , the
maximum over B, of (detg;)™',r, N9llesa,y 1K le2gs, ) and [ X [ cogs,, such that

(2.10) I D’X(u) | C YucB,,.
This lemma follows from Satz 3 in Heinz [7] since we have [ ‘[(M) Hd0 =

[ f(“)<X,7{>Kd9 where » is the outward unit normal and d0 is the area
element of Z.

3 Regularisation of the metric

The purpose of this section is to approximate our metric by smooth metrics
with strictly positive curvature.

Lemma 3.1 Let gy be a C* metric on S* whose Gauss curvature satisfies
(3.1) Ko = 0onS? .

Then there exists a sequence (g;) of C™ metrics on S* with curvature K,
such that

3.2) i) K, tends to Ky in C?

{ i) (g.) tends to. gy in C*
iti) K, > 0 on S? for small e.

Proof. We first approximate go by a sequence of C* metrics.

Let us set F = {P € §% : Ko(P) = 0}. We may assume F #¢ otherwise
our result reduces to that of Nirenberg. Moreover the Gauss—Bonnet theorem
implies that F 5%, Let (/; C (/; be open sets in S? contained in S?\F and le!
6 € C=(S?) be such that: 0 < 0 < 1,0 =1 on ¢,6 = 0 on S?\O,.

Since the right hand side has mean zero on the sphere, the equation

(3.3) dgov=10— L | O(w)dw

2
SS i90 (52.40)
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has a C° solution v.
Let us set

(34) e = ezmgo

It is well known that the Gauss curvature of g, is given by

(3.5) K, = Ko — ed,,0 .
Let 0 = infzzKo . Then 6 > 0, and if ¢ is so small that ¢ supg, Agov| < %6
we have K, > 0 on (;. Moreover, on S*\(’; we have Ay v = —TS%‘— f(SZ 40)

490

O(w)dw < 0 and Ky = 0. Therefore K, > 0 on S?. This proves iii). The
statements i) and 11) are easy.

Now for a fixed ¢, since K, is strictly positive, we can use the mollifier
technique discussed in Green-Wu [6] to approximate in the C*-topology the
C* metric g. by a sequence of C* metrices (g,,) with strictly positive Gauss
curvature, which completes the proof of the Lemma 3.1

4 Proof of the Theorem

Consider the Riemanian manifolds (S?,g,) where g, is given by the Lemma
3.1. Since its Gauss curvature is strictly positive, the theorem L. Nirenberg [11]
implies that there exists a global C™ isometric embedding X; : ($%,¢,) — RR°.
We shall set X, = X,(8?). Then X, is a strictly convex hypersurface which
bounds a strictly convex body.

Bounds for X, and VX,

Without loss of generality we may assume that the origin is at the center
of the largest ball inscribed in the convex body bounded by I, translating
if necessary this isometric embedding X,. Of course this will not change the
bounds of |VX,| and |V2X,|. 1t follows from the convexity of X, that for
¢ €(0,&),

(4.1) IX;| < diam(5?,¢,) < maxe*diam ($%,90) < G
52

for some constant Cy independent of «.
Now since (X, Xy) = ¢*“go; we get

(42) IV Xel < supe™ < C) .
52

do =
trom (4.1), (4.2) we get, with a constant C independent of &,

4.3) HXHHC[(I0 =C.
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Bounds of the second derivatives

As soon as we have a bound for the C' norm of X, we can show that we
can put inside the body bounded by X, a ball whose radius is bounded below
by an absolute positive constant. Indeed, by Lemma 2.1 it is sufficient to get
absolute bounds for inf,cg2 [, max(0, (u,w)) g% and [, K(d((z) }-

First of all since K, = e **(Ky — edv) one has 0 < K, < A with 4
independent of &. Therefore for u € S?

(44) sz'max(o, (u,w))Kiu;) = i%max(O, (u,w))do = 277[ .

On the other hand, since the Gauss map X, — S? (where n(x) is the unit
normal at x to X,) is a global diffeomorphism one has

(4.5) J = [do,= [ e*™doy £ Carea(S% go) .
g (52.90)

It follows then, from (2.6), (2.7) and Lemma 2.1, that our function p, =
—%HXCHZ satisfies

(46) det(vijps + gz:ij) - KI)GS(—ZpI: - |V,0f|i)

(4.7) ~2p, — |Vpl;, 278 >0,

where }Vpb-|i_ = Zgﬁ,’ V.ip:V;p, and ry is independent of e.

Indeed the left hand side of (4.7) represents the square of the distance
from the origin to the tangent plane to X, at X,(P). Here we took the origin
to be the center of the largest ball which can be inscribed in the convex body
bounded by 2.

Consider now that C> function on §? defined by

)L
(48) W = A!]a:pﬁexp <§|va|Zl> ’

where A is a real constant staisfying

(48 it <1
4
and where Cp is defined in (4.1).

From now we skip the subscript ¢ keeping in mind that all our upper bounds
must be independent of ¢ and we write K instead of K;. Let us introduce somc
conventions and notations. First of all from now on all our derivatives will bc
covariant derivatives and we shall sometimes write p;, p;; instead of V;p, V;Viy:
etc - - - Moreover we shall write
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F(z;j) = detzy, zi; = pi + gy
f=KG(=2p-|Vp[})

. 22
(4.9) pi = 9F pop _ _OF
(’}Z,:]' 62{/62[,4
4,=4,

and we shall use the Einstein summation convention.
Differentiating two times the equation (4.8) we get (since Vig;; = 0)

(4.10) Fpijs + FIPpisep par = far -

Now from the Ricci formulas we get

4.11) Pijke = Preij + Ry Pme + Rip Pk + Ry Pmj + Rigs Pmj + Ry Omi
+ V/R:;kpm + VRSP + ViR P

where R7, are the components of the Riemann tensor.

Now multiplying (4.9) by ¢*/, using (4.10), setting L = FYV,V; and
recalling that 4 = g¥/V,V, we get

(4.12) Lap=Af — g FIP piippar — " s
with
(4.13) U =F7 (RYypms + -+ + VRispm) -

With w defined in (4.8) we get
(4.14)  Lw = e8IV [LAp + 2AFU(ApYig piips + AplAg" fipt
+ Ag FURY pmps + AF g pripes + 2 FY g g7 piiprp pipg] | -

Here we have used py; = pix + R Pm and F¥p = [y
On the other hand from (4.9) we get

(415)  Af = AKG)(=2p — | 4pl") + 2" (KG)(~ 2 pr = 29" pir )
1) 3)
+ KGg" (— 2pks — 29" pixs pj — 29" pi pjc) -
4 5) 6)

We shall denote in that follows by 0(1) a term which is uniformly bounded
with respect to &.

Since g, tends to g in C* K, tends to K in C?, and since we have already
uniform bounds for p, and its first order derivatives, it follows that

1)+2) = 0(1)
(4.16) {3)+4) = 0(1)dp

6) = ~2KG(Ap)? + 0(1) + 0(1)4p .

Moreover, using pus = pisi + Ri,Pm We see that
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(4.17) 5) = —2KGg"(Ap)ip; + (1) .
It follows that
(4.18) Af = —2KGg"(Ap)ip; — 2KG(Ap)* + 0(1) + 0(1)4p .

Now let p be a point where w attains its maximum on S°. Assume that,
with the constant Cy mentioned in (4.1), we have

1
(4.19) K(p)Cs = 75 -

It follows from the interior estimates given in Lemma 2.2 that we have absolute
bounds for the second derivatives of X in a neighborhood of p. 1t follows from
(2.3), (4.3) and (4.8) that we have an absolute bound for w,{ p) and therefore
for supgpw, from which we deduce an absolute bound for 4p, on S2.

Thus we may assume in the sequel that

1
(4.20) K(p)C} < 6
We shall work in a normal coordinate system centered at p. This means that
(4.21) gy(p) =0y, G(p)=1, TH(p)=0

and the covariant derivatives become, at p, the usual ones.
Moreover, since the equation (4.6) is invariant by rotation, we may assumc
that

(4.22) pr2(p)=0.
It follows that
(4.23) F2=0 atp.

On the other hand, since w has at p a maximum, we get V,w(p) = 0 which
immplies

(4.24) (Ap); = —Apipudpat p, fori=12.

Now it is easy to see that the second term in the right hand side of (4.12) can
be written at p as

. 2.
(4.25) —g " FIP 010 p e = 23 (Phox — Prikpazk) -
oy

Using (4.12) to (4.25) we get at p

I 2 .
(4.26) exp (5/".IV,0{2> Lw :22(/}%2,( - [‘)11/( par) — 2Kg" (4p )i pi
) 2)

k=1
— 2K (Ap) — g* Y +24F(A4P)ipiipi
3) 4) 5)
+ g fipi dp 4+ AF" ptAp
6) 7

+ A2F% 2 p2Ap + 0(1) +0(1)4p .
8)
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First of all we have
g™ 1 = 2F" Rl pui + 0(1)Ap + 0(1)
and therefore
(4.27) 4y = 2K(Ap)* + 0(1) +0(1)4p .
Since f = —-2KG, — KGJVp!Z we get at p, f; = —2Kp,p; + 0(1), so
6) = —2KGg"Ip?piidp + 0(1))Ap = 2Kg" (Ap)ip; + 0(1)idp

(4.28) 2)4+6) =0(1)24p .
Now from (4.24) we get
S)+8) = ~Z2F'pipidp = = ZF"(pii + Dpap] dp+
+ A (p + Dp; dp — FF pidp
But for each i = 1,2, we have at p
(4.29) Filpy+ D= f, FUI4+F2=4p+2.
It follows that
(4.30) 5)+8) = 221+ /)|Vel*(4p) +0(1)i24p .
Let us look at 7),
7Y = AF(py + Vypudp — 2F(pi + 1)Ap + /‘.fle“’Ap .
From (4.29) we get
(4.31) 7y = 21+ ) 4p) + A0(1)Adp .
Let us estimate the term [). We first observe that if at p we have

(4.32) Ap+2 < max(1,\/8f) .

then we are done since the right hand side of (4.32) is uniformly bounded. So
we can assume that

(4.33) Ap+2 = max(1,\/8f) atp.
Since (p11 — pp)? = (4p)* — 4p1ipan = (Ap +2)° — 4f we get

1 t
(4.34) (1 —pn) Z 5(dp+2)" 2 5 .

Now differentiating the equation (4.6) with respect to V; we get at p

FUpi +F2py = fk
ok + paok = (Aph.
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It follows that
_ fe—FP(px

Pk P2 Pt
435 2
(433) fi—F'(dp)
Pk = ————
P11 — P22

Now using Ricci formulas we get

1) =2 (pt1 — pi11p22t + phy) = Pr120222 + 2Ry pmp112 + 2R, pmp2at + O(1))
Using (4.35) and F!!' . F2? = f,F'' £ F22 = Ap + 2 We sce that

1
51) = (p112 + Ry pm ) + (p221 + Rﬁnlzl)m)2
2 f7+ f(dp) — fi(4p)(dp +2)

+ + 0(1
f; (p22 — P11 )? )
Since )

(4p)i(4 2 24K p? p= Ap( 4 2 .

Si(4p)i( p+2 ) _ 24Kp;piidp( p2+ )+0(1)A

(p22 —pn1) (p22 ~ p11)

we deduce that
—fi(4p)i(dp +2)

(4.36) > —4JK|Vp[*(4p) + 0(1)idp + 0(1)4 .

(p22 — p1u1 )?
It follows that

(4.37) 1) = —81K|Vp|*(4p) + 0(1)idp + O(1)J .

From (4.26) to (4.36) we get

(4.38) exp (---)Lw = A(dp)*((1 - i]Vp}z)(l +f)— 8K|Vp|2) +0(1)idp .

Now from (4.7), (2.3) and (4.1) we get
Vol' < =20 = |X|I = GF .

Therefore we deduce from (4.8), (4.21) that

(439) (1=AVpH)(1+ )= 8K|Vp" = (1 = iCH(1 + f) — 8KCE = % :
From (2.4), since (X, .X3) is negative and the second fundamental form (£ij)
is positive, the matrix (Vy;p + g;;) is positive. This implies that the operator L
is elliptic with positive symbol. It follows that at p, since w is maximum, w¢
have Lw < 0. Using (4.38) and (4.39) we deduce that 4p = 0(1) at p, which
implies a uniform bound for 4, p. on S2.
It follows from (2.8) and (4.7) that

(4.40) The mean curvature H, is uniformly bounded on S* .
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Now from the Gauss equations we see easily that 4,.X, - 4, X, = 4H?. So
(4.40) implies

(441) ||Ag[,X,;Hzis uniformly bounded .

On the other hand we have

2 .
‘V?,,Xe‘ - qyg{(/)(nl\/\fi// .

Y

Choose normal coordinates at a point Q. It follows that
|V‘2,X;:f§,; =Xon1 - Xent +2X02 - Xe2 + X2+ Xoo2

Since Xyip + Xp2 = £2, < Lol = Xont + Xiz2, we have at Q

‘vjz;/\/s‘f,u é (AXf:]I +X:22 )2 = (sz:)z + (Ay;:)z + (AZH)Z - AgII/Yéi : Aqt& s

where X, = (x;, y:, 2.). It follows from (4.36) that, with an absolute constant
M’
2 2 4 2 2
|V%X,| =€ ¢ lvqlA/“qf é M s

90

which completes the proof of the bounds of the second derivatives of X;.
Moreover near a point where Kj is strictly positive it follows from (4.6) and

(4.7) that p satisfies a uniformly elliptic Monge~-Ampére equation. It follows

from [8] and [14] that p € C¥* It follows from (2.8) and (4.7) that H € Cc'.

Since every component of X satisfies the equation 4, = 2Hy/1 — [Vz|* (see

[10]) it follows that X € C>* This completes the proof of Theorem 1.1
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