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1 Introduction 

Let M~,+P(c) be an n + p-dimensional connected semi-Riemannian manifold of 
index p and of constant curvature c, which is called as indefinite space form of index 
p. If c > 0, we call it as a de Sitter space of index p. It  is seen that a complete 
space-like hypersurface of a Minkowski space R7 +p possesses a remarkable Be- 
rnstein property in the maximal case by Calabi [2] and Cheng and Yau [3]. As 
a generalization of the Bernstein type problem, a complete space-like maximal 
submanifold M" of Mv+P(c) was characterized by lshihara [5] under a certain 
conditions. An entire space-like hypersurface with constant mean curvature of 
a Minkowski space is investigated by Goddard  [4] and Treibergs [10]. Akutagawa 
[1] and Ramanathan [9] investigated the complete space-like hypersurfaces in a de 
Sitter space. They obtained independently that a complete space-like hypersurface 
in a de Sitter space with constant mean curvature is totally umbilical if the 
following are satisfied 

H z < c, when n = 2 ; (1.1) 

n2H 2 < 4(n - 1)c, when n > 3 . (1.2) 

In this paper, we consider general submanifolds in an indefinite space form, we 
obtain that a complete space-like submanifold in a de Sitter space with parallel 
mean curvature vector is totally umbilical if the conditions (1.1) or (1.2) are 
satisfied. Conditions (1.1) and (1.2) are best possible. 

2 Local formulas and iemmas 

Let M~,+P(c) be an (n + p)-dimensional semi-Riemannian manifold of constant 
curvature c whose index is p. Let M" be an n-dimensional Riemannian manifold 
immersed in M~,+P(c). As the semi-Riemannian metric of M"v+P(c) induced the 
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Riemannian  metr ic  of  M", the immers ion is called space-like. We choose a local 
field of  semi-Riemannian  o r t h o n o r m a l  frames et . . . . .  e, + p in M~ + P(c) such that  at 
each poin t  of  M", ea . . . . .  e ,  span the tangent  space of  M" and forms an o r thonor -  
mal  frame there. We  make  us of the following convent ion  on the range of indices: 
I < _ A , B , C  . . . .  < n + p ; l  < i , j , k  . . . .  < n ; n +  l <ot, fl, 7 , . . .  < n + p; and  we 
shall  agree tha t  repeated indices under  summat ion  sign are summed over respective 
ranges. Let a~l . . . . .  co,+p be its dual  frame field so that  the semi-Riemannian  
metr ic  of M~,+P(c) is given by dsZM,+, = ~co 2 -- ~eo 2 = ~ a c o ~ ,  where e, = 1 and 
e, = - I. Then  the s t ructure  equaffons of M~,+P(c) are  given by 

doga = - ~n~oaB  ^ ooB, man + ~oBa = 0 ,  (2.1) 

d m A n =  - ~ e c O ) a c  A (DCB - -  �89  ^ coo, (2.2) 

K A B C D  = C,SAI~B((~ AD(~BC - -  (~ A C 6BD)  (2.3) 

We restr icted these forms to M", then 

~o, = 0, for ~ = n + 1 . . . . .  n + p, (2.4) 

and  the Riemannian  metr ic  of  M" is wri t ten as ds z = y og~ 2. We put  ~o,i = ~h~j~oj. 
F r o m  Car tan ' s  L e m m a  we have h~ = hi], where h'~j are the componen t s  of the 
second fundamenta l  form of  M". Let  

h = ~ ( h ~ ) e ,  (2.5) 

1 

where H is cal led mean  curvature.  F r o m  (2.1), we ob ta in  the s tructure equat ions  of 
M" 

do)i = - }-'.e~ u ^ co~, o) u +coj i  = 0 ,  (2.7) 

d~oij = -  2~Oik ^ eOkj-  �89 2 R u k ,  OJR ^ 03,, (2.8) 

and the Gauss i an  formula  

R u u  = C(6~Zajk -- 6~kaji) - ~ ] ( h i = t f i j 5  - h~hjS ) (2.9) 

The componen t s  of the Ricci curvature  tensor  Ric are  given by 

Rjk = c(n -- 1)aiR -- y h~] hi5 + ~h ,5  h i~ (2.10) 

We have also the s t ructure  equat ions  of the no rma l  bundle  of M" 

de.o, = - ~ % a  ^ ~~ co,~ + ~o~, = 0 ,  (2.11) 

dm,r = - Zo9=r A ogra -- �89 A (Dj, (2.12) 

g~a~j = --  ~(h~ hfft - h~t h~) (2.13) 

F o r  indefinite Riemannian  manifolds,  refer to O 'Nei l l  [8]. 

Let  h~k denote  the covar ian t  derivat ives of  h~ so that  

E h~k Ogk = dh~ - ~. h ~,, ogk j - ~ h j~k O~k, -- ~ h~ ogtj , . (2.14) 
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Similarly, let h~u denote the covariant  derivative of h~k so that 

Zh~kt tn t  = dh'[jk - ~h~kO)U - Zh~kOhj  -- ~h~tt.O,k -- ZhPijkO)t~, (2.15) 

Then we obtain 
h~jk = h'~kj, for any ~t, (2.16) 

and the Ricci formula 

h~kt -- h~tk = -- ~hr,,,R,,,jk, -- Z h j % R , , , i k t -  2h~ijR~,akt . (2.17) 

The Laplacian Ah~ of the second fundamental  form h is defined by Ah~ = ~,hi]kk. 
From (2.17) we have 

a h ~  = Zh~k, j  -- ~hT, r, Rm,jk - ~h~ ,Rmkjg  - ~,hPk, R ,  ajk . (2.18) 

Lemma 2.1 (see Omori  [7] and Yau [11]). L e t  M ~ be an n-dimensional complete  
Riemannian manifold whose Ricci  curvature is bounded f r o m  below. Le t  F be a 
C2-function bounded f r o m  above on M",  then fo r  any e > 0, there ex is t s  a point  p in 
M "  such that  

s u p F  - e < F ( p ) ,  

]grad F [ < e ,  (2.19) 

A F < e .  

Lemma 2.2 (see O k u m u r a  [6]), L e t  al  . . . . .  a,  be real numbers satisfies ~ a  i = 0 
and ~ a  z -- K 2 ( K  > 0), then we have 

I ~ a  3 ] < (n - 2) [n(n - 1)]-a/2 K 3 " 

3 Theorem and its proof 

Theorem. Le t  M "  be an n-dimensional complete  space-l ike submanifold in M~+P(c) 
with parallel mean curvature vector. I f  

H E ~ C, when n = 2 ,  (3.1) 

n 2 H  2 < 4(n - 1)c, when n > 3 . (3.2) 

then, M ~ is to tal ly  umbilical. 

P r o o f  From (2.18) and Gaussian formula, we have 

A h~ -- ~hT, kij + nch~ - c~h~k6i j  + ~h~mh~kh~j - 2 ~ h ~ k  h~jh~k 

+ ~ h ~ , i h ~ h ~  - ~h~nih~jh~k + ~h]mh~kh~i .  (3.3) 

Because the mean curvature vector is parallel, we have that mean curvature H is 
constant.  

If  H = 0, M ~ is maximal. F rom the theorem 1.1 in [5], we know that M" is 
totally geodesic. 

If  H 4= 0, we can choose e, + 1 in such a way that its direction coincides with that 
of  mean curvature vector h. Then 

~op,.+l = 0, H = cons t an t ,  (3.4) 

H ~ H  "+1 = H "+ I H ~ , (3.5) 

t r H  " + 1 = n i l ,  t r H  " = 0 ,  = 4 : n + l ,  (3.6) 
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where  H" deno te  the matr ix  (h~). 
Pu t t ing  

t~i; = h ~  ~ - H6i;,  

we have 

z~ = h~, ct 4: n + 1 ,  (3.7) 

11 ~112 = t r (# )  2 = ~ # i  2 = t r ( H " + t )  2 - n i l E ,  (3.8) 

[]z[I 2 =  Y'~ tr(z#) 2 =  ~2 Ileal[ 2 =  2 (z~) 2 =  2 (h~) 2 , (3.9) 
~ n + l  a 4 : n + l  a # n + l  B # n + l  

t r # = 0 ,  tr(z p ) = 0 ,  f l 4 : n + l ,  (3.10) 

S = !1~112 + 113112 + n n  2 , (3.11) 

where  S is the square  of  length of  the second fundamen ta l  form. Hence,  it m a y  be 
seen that  II z II 2 as well II ~ll 2 are independen t  of  the choice of  the f rame field and  are  
funct ions  globally defined on  M". 

A submani fo ld  M "  is said to be pseudo-umbi l ica l  if it is umbil ical  with respect  
to the di rect ion of  the m e a n  curva tu re  vec tor  h, i.e., h~'j+l = H6ii .  F r o m  
(3.7) ,-~ (3.11) one can  easily see that  M n is pseudo-umbi l ica l  if and  only if II ~ II 2 _- 0, 
M "  is to ta l ly  umbil ical  if and  only  if it is pseudo-umbi l ica l  and  II T II 2 = 0. 

V t ,  n+ l h~kh#ij _ "3V't,n+l/,a ~,~ Ah~ +1 = nch~j +1 - n c H  6q + /_.a,tkm z , /  d.~mk ,r.mjtqk 

X?h.+lup ~a _ n H ~ h ~ . + l h  ~+1 ~-~hn'+lhrakhkia ~ (3.12) - r  /..a mi t tmkl~kj  "'rod ~- /...~"Jm 

A h ~ =  nch~ + ~hkmhmkhij~ a P _ 2~hmkhPmjh~k + ~hmihmkhkj~ I~ 

- n H ~ h , , h , q  + ~hj, , ,hr,  khu ,  a 4: n + 1 . (3.13) 

�89 # II 2 = E(h~'~~ 1) 2 + ncE(hT+t )  2 - n2cH2 + Eh~,1~h~kh~jhTj +1 

- 2Eh~1 l h~jh~khTj+l + Eh~T l h~kh~kihT/l --  n n E h ~  ~ h~. ~hTj § 

t tmk "k i  t t i j  

= E(h~-  ~ ~)2 + nc~, (h  7 ~)2 _ n2cH a _ n H  t r (H  "+ x)3 

+ y ,  t r ( n ~ + ~ n ~ )  ~ + I - t r (n~+~)2 ]  ~ . (3.14) 
# ~ n + l  

Here  we use H ~+~ H a = H a l l  "+~. 

('~,j~) + nc II z II = + F, = hk,,,h,,,khijhlj 
a # n + l  a + . n +  1 

2 }-" ~,, t.# t,o t,~ t., ~.a t,# ~.a t~rakt~'raJ~tikr~'iJ "~- 2 - -  ttra i t tm k rtkj t t i j  
�9 4 ~ n + l  a ~ n + l  

- n i l  ~ h a ha hn+ l /,,,~ ba h a l e  -,,i.-ij.-~j + ~ (3.15) t t jm ttrak ttki t t i j  �9 
a 4 : n + l  a ~ n + l  

O n  the o ther  hand,  

t r (H~+~)  3 = tr/z 3 + 3 H [ t r ( H ~ + ~ )  2 - n H  2] + n H  3 . (3.16) 

(3.14) and  (3,16) imply  

�89 II ~ II 2 ~ (ll ~ll 2 + ni l2)  2 - n n [ t r ( # )  3 + 3H [l # 112 + n n 3 ]  + nell ~ II 2 

= II # II 2 [11 ~ 112 + nc - n n  ~ ]  - n n  t r (# )  3 . (3.17) 
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Since tr # = 0, we can  app ly  L e m m a  2.2 to the  e igenvalues  o f / t  and  hence  

[ t r (p)3l  < (n - 2) [n(n - 1)] -1/2 II ~ll 3 - (3.18) 
Hence ,  

�89 fl # II 2 _-> II #1121-11 #112 + nc - n H  2 ] - n l n l ( n  - 2) [n(n - 1)] -1/2 II ~ll 3 

= [ f g l [ 2 { l l # r l 2 - n l n l ( n - 2 ) [ n ( n - 1 ) - 1 - 1 / 2  [ I / ~ [ l + n c - n n 2 }  �9 (3.19) 

F r o m  (2.10), we k n o w  tha t  the  Ricci c u r v a t u r e  of  M n is b o u n d e d  f r o m  below. 
Pu t t i ng  F = - (1[ pl[ 2 + a) -1/2,  since M n is space- l ike  and  F is b o u n d e d ,  we can  
app ly  L e m m a  2.1 to the  func t ion  F. F o r  given any  pos i t ive  n u m b e r  e > 0, there  
exists a po in t  p at  which  F satisfies the  p roper t i e s  (2.19) in L e m m a  2.1. Conse -  
quent ly ,  the fo l lowing re la t ionship .  

� 8 9  II/~(p)ll 2 < 3e 2 - F ( p ) e .  (3.20) 

can  be de r ived  by  the  s imple  and  direct  ca lcula t ion .  F o r  a c o n v e r g e n t  {e,~} 
such tha t  era-- ,0  ( m ~ o v ) ,  there  exists  a po in t  sequence  {Pro} such tha t  the 
sequence  { F (p,,)} converges  to F0 because  { F (pro)} is a b o u n d e d  sequence,  by  
t ak ing  a subsequence ,  if necessary.  F r o m  the dif ini t ion of  the  s u p r e m u m  and  
(2.19), we have  Fo = s u p F  and  hence  the  def ini t ion of  F gives rise to  
l im II #(Pro)t[ 2 = suplf pl[ 2. 

O n  the o the r  hand ,  it fo l lows f r o m  (3.20) t ha t  we have  

�89 A II ] / (Pro)  II 2 < 3e2 - - F ( p , ) e , , , .  (3.21) 

The  r ight  h a n d  side of  (3.21) converges  to 0 because  F is bounded .  Accord ing ly ,  for  
any  pos i t ive  n u m b e r  e > 0 (e < 2) there  is a sufficiently large in teger  m for  which  we 
have  

F(P, , , )  4 A  II #(P,,)II 2 < e .  (3.22) 

This  r e l a t ionsh ip  and  (3.19) yield 

(2 - e)II #(P, , ) I I  4 - 2(n - 2)[n(n - 1 ) ] - ~ / 2 n l n [  II # ( P , )  II 3 

+ 2(nc - n n  2 - ea)I[/~(P,,) II 2 - ea2 < 0 .  

Hence ,  { II ~ ( p . ) I I  } is bounde d .  Thus  the  s u p r e m u m  of  F satisfies F0 = s u p F  > 0. 
A c c o r d i n g  to (3.22), we have  

l im sup d II # (P)112 < 0 .  (3.23) 
~ o 0  

(3.19) impl ies  

sup It/~ II 2 [ sup  I1 # tl 2 _ (n - 2) [n(n  - 1)] - 1/2 n [ H I  sup  rl # II + (nc - n n 2 ) ]  < 0 .  
(3.24) 

1), when  n = 2 and  H 2 < c, 

sup  If ~ II 2 I-sup II ~ FI 2 + nc - n n  2] < O .  

H e n c e  sup  II # II 2 = 0, i.e., It ~ II 2 = 0. 

2), when  n > 3 a n d  n 2 H  2 < 4(n - 1)c, we have  also 

supll ~11 = = 0, hence  II #112 - 0 .  

T h a t  is, M ~ is p seudo-umbi l i ca l .  H e n c e  hi~ § = H b i i .  
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F r o m  (3.15), we get 

�89 IITII 2 = r~km r~mk r~ij ~ i j  
�9 ~ n + l  ~ 4 : n + 1  

-- hmkhmjhikhq + ~ "mi"mk"kj"ij 

nH ~ h~ hn+ l h~ a # # a �9 "mi",.j "ij + -- h#m hmk hkl hi# 
�9 * n + l  ~ # n + l  

2 �9 2 (~u*) + nc licit 2 + y,  [ tr (H~H~)]  ~ 
~4=n+1 ~ , f l 4 = n + l  

-nHI l~ l l  ~ 2 y~ "~  ~ ~ ~ - -  r~mkr  rHj  
~ , a t ~ n + l  

h,~i hmkhkjh 0 + Z . (3 .25)  hjm hmk hu hq 
at.,8 4 : n +  l ot, fl ~ n +  l 

Here we make  use of hTj + 1 = Hru.  
W e  put S,a = ~h~h~ for ct, fl :t: n + 1. Then (S,a) is a ( p - 1 ) x  ( p - 1 )  

symmetrix  matrix.. It can be assumed to be diagonal  for a suitable choice  of  
e ,+2 . . . .  , e,+ v. Set S~ = S, ,  and we have IITII 2 = ~S~.  In general, for a matrix 
A = (au) ,  we put N(A)  = t r ( A ' A ) .  N o w  we have from (3.25) 

�89 ilTII 2 = ~ (r~k) 2 + (nc--  n n  2) IITII 2 + ~ S~ 
ct 4 : . +  1 a # . + l  

+ ~, N(H~H ~ -- H~H~). 

Obviously, N(H~H/~ - H~H ~) >__ O. Let 

( p -  1)a~ = ~ ,  S~ = [l~l[ 2, [ ( p -  1 ) ( p -  2 ) t r 2 3 / 2  = ~ S,  Sp 

~ . p ~ n + l  
Thus we have  

S 2 = ( p -  1)tr 2 + ( p  - 1 ) ( p -  2)(o" 2 - t r 2 ) ,  
at 4:n+ 1 

(p - 1)2(p - 2 ) ( ~  - ~ )  = Y, (s~ - s~)  2 

a , p # n + l  

Hence, ~ S 2 = [1/(p - 1)]11~11"+ [1/(p - 1)] )-" (S~ - S~) =. Thus we obtain 
a t # n + l  a < ~  

et, fl =I= n+ I 

�89 IITI[ 2 ~ (no - nH 2) IITII 2 + [1 / (p  - 1)] Ilzll ~ . 

We  m a k e  use of  the similar methods  of  proof  of  II # 112 for IJ z 112. We have 
II �9 tl 2 _ 0. Hence,  M" is total ly umbilical.  

Remark. W h e n  n = 2, condit ion (3.1) is best possible from [1]  and [9].  When  
n > 3, condi t ion  (3.2) is also best possible from fol lowing example.  

Example. W e  consider Riemannian  product  H ' ( c , ) x  S'-~(c2),  where n > 3, 
c~ = (2 - n)c and c2 = [ (n  - 2 ) / ( n  - 1)]c.  B e c a u s e  n ' ( c t )  x S" - ' ( c2 )  c S ] + ' ( c ) ,  
then we can get n2H 2 = 4(n - 1)c. 
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