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On the embedding o[ 1-convex manifolds 
with 1-dimensional exceptional set 

MIHNEA COLTOIU 

Introduction 

Let  X be a 1-convex manifold  and S c X its exceptional  set. X is called 

embeddab le  if there exists a ho lomorph ic  embedd ing  of  X into C k •  ~ for 
suitable k, I eN .  W h e n  X has dimension 2 a result  of  C. Banic~ [1], p roved  also 
by Vo  Van Tan  [13c], asserts that  X is embeddab le  (in fact in this case we may 

allow X to have singularities). 
The  purpose  of  the present  paper  is to generalize this result to higher 

dimensions.  We  consider a 1-convex manifold  X such that  its exceptional  set S is 

an irreducible curve. U n d e r  the assumption that  S is not  rat ional  (i.e. its 

normal izat ion is not  p1) we prove that  X is embeddable .  A similar result holds if 

we assume that  S ~ P  1 and dim X ~  3 (see T h e o r e m  5). 
The  technique of  proof  enables  us to obtain also the following result: 

If X is a complex manifold  (not necessarily 1-convex) and S = X  is an 
irreducible except ional  curve with the above  propert ies  then the fundamenta l  

class of  S in X does not vanish (see T h e o r e m  6). 

1. Preliminaries 

T h r o u g h o u t  this paper  we shall not  distinguish be tween ho lomorph ic  line 

bundles  and invertible sheaves. 
If X is a complex  mani fo ld  and L is a ho lomorph ic  line bundle  on X given by 

transit ion functions {gk~} cor responding  to an open  cover ing {U~} of  X, a hermi-  
tian metr ic  on  L is a system {hk} of C ~ functions hk:Uk ~ (0, oo) such that  

hdh~ = Igk~[ 2 on  Uk f3 U~. 
L is said to be N a k a n o  semiposit ive ff there  exists a hermit ian metr ic  h = (hk) 

on L such t h a t - l o g  hk is p tur i subharmonic  on  Uk for  any k. 
Le t  now X be a 1-convex manifold  and S = X its except ional  set. X is said to 

be embeddab le  if it can be realized as a closed analytic submanifold  of  some 
C k x p  ~. 
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The following theorem of M. Schneider [12], proved also by Vo Van Tan 

[13a], gives sufficient and necessary conditions for a 1-convex manifold to be 
embeddable. 

T H E O R E M  1. Let X be a 1-convex manifold and S c X its exceptional set. 

Then X is embeddable if[ there exists a holomorphic line bundle L on X such that 

LIs is ample. 

If X is a complex manifold we denote by K = Kx the canonical line bundle on 
X. In order to prove our results we shall need also the following "precise 

vanishing theorems":  

T H E O R E M  2 [10] [13b]. Let X be a 1-convex manifold with exceptional set S 
and let L be a holomorphic line bundle on X such that LIs is ample. Then 

Hq(X,  K @ L )  = 0 for q >i 1. 

T H E O R E M  3 [5]. Let X be a Kiihlerian manifold and L a Nakano semiposi- 

tire line bundle on X. I f  D c X is a relatively compact strongly pseudoconvex 

domain with smooth boundary then Hq(D, K | L ) = 0 for q >~ 1. 

2. Main results 

DEFI NITI ON.  Let S be an irreducible curve and 7r : S ~ S its normalization. 

S is called a rational curve iff S = P 1. 

The following theorem explains us the behaviour of the canonical bundle in 

the neighbourhood of an exceptional irreducible curve. 

T H E O R E M  4. Let X be a 1-convex manifold and assume that its exceptional 

set S is an irreducible curve. Suppose that: 

a) S is not a rational curve or 

b) S~-Pl  and d imX>14  

Then KIs is ample. 

The proof of Theorem 4 is based on several lemmas. 

L E M M A  1. Let  X be a 1-convex manifold, S c X its exceptional set and 

k = dim S. Then for every ~:~ Coh (X) it follows that Hq(X,  :T)= 0 for q > k. 

Proof. By a theorem of Narasimhan [9] Hq(X,  if;)-~ H"(S,  ~ls)  for any q > 0. 
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Here  $:ls denotes the topological restriction of 9: to S, hence ~:ls is not a 
coherent sheaf on S. However,  by a result of Reiffen [11 Satz 2] the cohomology 
groups Hq(S, ~ls)  vanish for q > k and the lemma is proved. 

L E M M A  2. Let X be a 1-convex manifold such that its exceptional set S is 
1-dimensional. Then S has a Kiihlerian neighbourhood. 

A proof of this lemma can be found in [10 p. 165]. In fact it is shown that S 
has an embeddable neighbourhood. 

If S is an irreducible curve we denote by ~r:S ~ S its normalization. There  is 
an injective morphism of sheaves r d~ r where w.tT~ is the 0-direct image 
of r (i.e. the sheaf of weakly holomorphic functions on S). Let  Rs be the sheaf 
on S of locally constant real valued functions and similarly define R~ on S. If 
Rs d~ r is the natural inclusion map then k = i o j is an injective morphism of 
sheaves. Let  k*:H~(S, Rs)---~HI(S,~r.r denote the induced map on 
cohomology. 

L E M M A  3. The map k* is surjective. 

Proof. Consider first the commutative diagram 

Hi(S,  aa)  ~ ~ Hi(S,  r 

+T +T 
Ht(S,  ~r.R~) ~ H~(S, ~r.0~) 

Remark that: 
the map 8 is bijective since R%r,((7~)= 0 for q > 0 (~r is a finite morphism). 
the map ~/ is bijective since R%r,(R~)= 0 for q > 0 

(if U c  S is contractible it follows easily that Hq(1r-l(U),  R~)= 0 for q > 0 ;  since 
any point in S has a fundamental system of contractible open neighbourhoods we 
deduce that Rqlr , (R~)= 0 for q >0) .  

the map t~ is bijective since S is K~ihlerian. 
It follows from the the commutativity of this diagram that /3 is bijective. 

Consider now the commutative diagram: 

Hi(S, ~r,~a) ~ Hi(S, ~r,e~) 

T + 
H'(S, ms) , H~(S, 0s) j* 
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The  m a p  v is surject ive because  supp (Tr,l~-s/Rs) is a finite set. H e n c e  k* is 
surject ive and I_~mma 3 is proved.  

L E M M A  4. Let S be an irreducible curve and ~r : S ~ S its normalization. Let 

L be a holomorphic line bundle on S which is topologically trivial. Then there exists 
a holomorphic line bundle L '  on S which can be given by constant transition 

functions {gk|} with [gkz[ = 1 and such that 7r*(L | L')  is the trivial line bundle on S. 

Proof. Le t  a/ /= {U~} be a finite open  cover ing of S such that  Ll~,, is trivial and 
all intersect ions U ~ N . . . n  U~ are connec ted  and contract ible .  Le t  hkze 
~*(Uk N U~) deno te  the transi t ion funct ions for  L. Since L is topological ly  trivial 
and the cover ing  ~ is topological ly  acyclic we can find ho lomorph ic  funct ions 
X~l ~ r f3 Ul) such tha t  exp (27riXkt) = hkz and hkt +ht~ + A s k  = 0 on Uk fq Ul N U~ 
for  any k, l, s. H e n c e  { h J  defines a cocycle in ZI(~//, ~s). Set: Ui = 7r-X(Ui), 
i f /=  {Ui} and '~kl = hkt ~ 7r �9 {)~kt} is a cocycle in Zl(~ -tr,~g). Consider  now the 

c o m m u t a t i v e  d iagram:  

Hi(o//,  Rs) ~ > Hi(0//, "tr,~Ta) 

Hi(S ,  Rs) k* ~ H I ( S '  7 r , ~ )  

Note  that:  
the m a p  k* is surject ive by  L e m m a  3 
the m a p  m is bi ject ive because  q/ is topological ly  acyclic 
the m a p  n is injective 

It  fol lows tha t  p is surject ive.  This implies that  one  can find a cocycle {ckz}~ 

Z I ( ~ ,  Rs)  and ho lomorph ic  funct ions fk ~ ~ ( 0 k )  such tha t  ~kl --fk +f l  ---- Ckl on 

Ok r 01 for  any k, I. 
If  L '  is the ho lomorph i c  line bundle  on S with transi t ion funct ions gkl = 

exp (--2~riCk~) it follows f rom our  construct ion that  {exp (2~rifk)} defines a nonvan-  
ishing sect ion in zr*(L@L') ,  hence  I r* (L |  is the trivial line bundle  and 

L e m m a  4 is comple te ly  p roved .  

L E M M A  5. Let S be an irreducible curve and zr : ~3--> S its normalization. 

Suppose that there exists a holomophic line bundle L on S such that Hi(S ,  L)  = 0 

and ~r*L is the trivial line bundle on S. Then S is a rational curve. 

Proof. There  is a canonical  m o r p h i s m  of sheaves  L - ~  7r , l r*L.  If we set  

~:1 = ker  ~b and ~:2 = I m  r we get an exact  sequence  

0 ---> ~1  --> L --~ ~2  -'-> 0 
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Since HI(S,  L)  = 0 by hypothesis and H2(S, ~;1) = 0 because dim S = 1 it follows 
from the long exact sequence of cohomology that Hi(S, if2) = 0. 

Consider now the exact sequence 

7r.Tr*L 
0 ~ 5~2 ~ 7r . l r*L ~ § 0 

~2 

Since supp (Tr.w*L/~:2) is a finite set it follows that H~(S, zr . l r*L/~2) = 0, hence 
Hi(S, ~' ,Tr*L)= 0. But HI(S, 1r.Tr*L)---Hi(S, 1 r 'L)  because 7r is a finite morph-  
ism. We deduce that Ha(S, ~ ) =  0 and consequently S -~Pl ,  i.e. S is a rational 
curve. L e m m a  5 is completely proved. 

We  are now in a position to prove Theorem 4. 
a) Suppose first that S is an irreducible curve which is not rational. We prove 

that Kls is ample.  
It  is easy to verify that H2(S, 7/) ~ H2(S, 7/) ~- 7/for  any irreducible curve and if 

F is a holomorphic line bundle on S then F is ample iff c(F) (the Chern class of F) 
corresponds under the above isomorphisms to a strictly positive integer. Conse- 

quently we have to prove that c ( K [ s ) > 0 .  
We  remark  first that c(KIs)>~ 0. Indeed, if c ( K I s ) < 0  then K -1 (the dual of K) 

is ample when restricted to S. By Theorem 2 we obtain H i ( x ,  K |  
hence HI(X, ~Tx) = 0. If 3" denotes the ideal sheaf of S there is an exact sequence 

of sheaves on X:  

O ~ 3- ~ ~x O ~x/ 3- o O 

Since Hi(X, ~x)= 0 and Ha(x, 3-)= 0 (by L e m m a  1) we deduce from the long 

exact sequence of cohomology that H I ( S , ( ~ s ) = 0  which implies S = P  1. This 
contradicts our  assumption that S is not a rational curve. So we must have 

c (Kls) 1> 0. 
In order to prove Theorem 4 in case a) we have only to verify that c(K[s) 4 0. 
Suppose that c (KJs )=  0, hence L : =  KIs is topologically trivial. If -rr:S ~ S 

denotes the normalization of S f rom L e m m a  4 there exists a holomorphic line 
bundle L '  on S which can be given by constant transition functions {gk~} with 
Igk, I = 1 and such that zr*(L@L') is the trivial line bundle on S. 

By L e m m a  2 S has an open neighbourhood U which is K~ihlerian and 
shrinking U if. necessary we may assume that there exists a continuous retract 
O : U ~ S. Let  S c U'  �9 U be a strongly pseudoconvex neighbourhood of S with 
smooth boundary  and let Y = {Vi} be an open covering of S such that L '  is given 
on VkfqV~by the constants gk! with Igkll = 1. Set "v'k: = p-l(Vk) = U and on Qk f~ Ql 
consider the transition functions gk~ := gk[. Since gk~ are constants it follows that 
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the cocycle {gkl} defines a holomorphic line bundle L '  on U and L'ls = L ' .  
b/loreover L '  is Nakano semipositive because Igkll = 1 for any k, l. From Theorem 
3 of Grauer t  and Riemenschneider  we get H I ( u  ', KNL')= O. 

Now consider the exact sequence on U': 
(*) 0 ~ 3r --> (Tu,---" ~v,/~- ---> 0 

where :Y is the ideal sheaf of S. From (*) we get the exact sequence on U': 

(* *) o ~ K N L ' N ~ r  --, K N L '  ---, K N L ' |  ---, O. 

By Lemma  1 H 2 ( U  ', K|174 0. Since L'ls = L '  the long exact sequence of 
cohomology implies that HI(S,  K I s |  0. But ~-*(KJs |  is the trivial line 
bundle on S and f rom L e m m a  5 it follows that S is a rational curve which 
contradicts our hypothesis. Consequently a) is proved. 

b) Assume that S ~ p l  and n = dim X~>4. We shall prove that KIs is ample. 
Let  Nslx denote the normal bundle of S in X and Ks the canonical line bundle 

of S. If we use the adjunction formula K l s = K s |  we obtain the 
following formula for the Chern class of KIs: 

c(Kls) = c ( K~) -  c(det (Nslx)) 

Since S ~ p l  we have c ( K s ) = - 2 .  On the other hand a result of Laufer  [6] gives 
the following estimation: c(det ( N s t x ) ) ~ - n  + 1. Hence we obtain c(KIs)/> n - 3  > 
0 and Theorem 4 is completely proved. 

Remark. If dim X = 3  and S ~ P  1 it may happen that K is trivial in the 

neighbourhood of S. If Nstx = r174 c1<-c2, is the decomposit ion of Nstx 
into line bundles and K is trivial in the neighbourhood of S then (Cl, cz)c 
{(-1,  - 1 ) ,  ( - 2 ,  0), ( - 3 ,  1)} (see Laufer  [6]). Hence Theorem 4 does not hold if 
d i m X = 3  and S----P 1. If d i m X = 2  and S---P ~ easy examples show us that KIs 
may even be negative. 

T H E O R E M  5. Let X be a 1-convex manifold such that its exceptional set S is 

an irreducible curve. Assume that: 
a) S is not a rational curve 

or 

b) S ~ P  1 a n d  d i m X ~ 3 .  

Then X is embeddable. 

Proof. In case a) it follows f rom Theorem 4 that K[s is ample. By Theorem 1 
X is embeddable .  A similar argument  shows us that X is embeddable  if S ___pl 
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and d imX~>4.  If X has dimension 2 then S is a divisor and if we denote by [S] 
the corresponding line bundle it follows that [S] -1 (the dual of IS]) is ample whe0 
restricted to S. Again by Theorem 1 we deduce that X is embeddable.  

Remark. It  seems very likely that Theorem 5 should hold for any curve S. 

Let  now X be a complex manifold, S c X an irreducible, compact  curve and 
zr : S ~ S its normalization. The image of the fundamental  class of S in HE(X, 2~) 
is called the fundamental  class of S in X. A straightforward consequence of 
Theorem 4 is the following topological result: 

T H E O R E M  6. Let X be a complex manifold and S = X an irreducible excep- 
tional curve such that: 

a) S is not a rational curve 
Or 

b) S ~ P  1 and d i m X ~ 3  

Then the fundamental class of S in X does not vanish. 

Remarks. i) In [13b] Vo Van Tan has proved that any 1-convex manifold with 
1-dimensional exceptional set is K~ihlerian. Unfortunately,  as we shall see, there is 
a gap in a main step of his proof.  

According to his notations let ~r : X ~ Y be the Remmer t  reduction of X. We 
assume also that the exceptional set S is a smooth curve and let T be any point of 
S and set Z : = X \ T ,  S : = S \ T .  If /~ is a holomorphic line bundle on Y we set 
E : =  7r*(/~) and L:--  EIz. The author asserts that i f /~  is positive then there exists 
a metric {hi} on L such that: 

( - O 0 1 o g h i ( x ) > 0  on T~,x 

(*) -O-Ologh~(x)>-O on Ng,x 

-O-Ologhi(z)>O on Tz.z if z e Z \ , ~ = X \ S  

where Tg,~ is the tangent space to S at x and Ng,x is the complement  space of Tg,~ 
in Tz;x. 

We shall show that  (*) does not hold. We t a k e / ~  to be the trivial line bundle 

on Y which is positive since Y is Stein. I t  follows that L is also the trivial line 
bundle on Z and (*) implies the existence of a C ~ function h : Z --~ (0, oo) such 

that - l o g  h is strongly plurisubharmonic on Z \ S  and - l o g  hlg is strongly 
plurisubharmonic. Since - l o g  h is strongly plurisubharmonic on Z \ S  it 
follows f rom the continuity of second derivatives that - l o g  h is plurisubharmonic 
on Z. By a well known result concerning the extension of plurisubharmonic 

functions (see G r a u e r t - R e m m e r t  [4]) there exists a plurisubharmonic function p 
on 2f such that p l z = - l o g  h. The maximum principle for plurisubharmonic 
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funct ions  implies that  P ls = constant ,  hence - l o g  h l~ = constant .  This contradicts  

the fact that  - l o g  hl~ is strongly p lur i subharmonic .  

The  gap in the proof  of Vo Van Tan  is the following: since S := S \ T  is Stein 

the metr ic  {h~} can be sui tably modified such that  LI~ is Nakano  posit ive [8] bu t  

this can be done  only on S and there is no control  outside S. 

ii) U n d e r  the assumptions  of L e m m a  5 it follows that S is a ra t ional  curve 

with d imc H l ( S , ~ s ) ~ < l .  This  can easily be deduced  from R i e m a n n - R o c h  

theorem for s ingular  curves. Consequen t ly  all our  theorems hold if we assume 

that S is a ra t ional  curve with dime H I ( S ,  ~s) ~> 2. 
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