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w 0. I n t r o d u c t i o n  

Originally, the definition of expansive homeomorphism was proposed in [9] as 
a concept in topological dynamics. Since then, it has been involved in some 
important topics in differentiab]e dynamics. For instance, the well-known Anosov 
diffeomorphism and the restriction of Smale's horseshoe map on its D-set are 
typical examples of expansive homeomorphisms. This concept has also been applied, 
for example, in ergodic theory u~ and the theory of structural stability E4J. In  the 
mathematical description of the strange a~ractors :s~, expansiveness is one of the 
main characteristics. 

The existence of expansive homeomorphisms on some manifolds is a problenm 
evoking many interesting discussions u,~,s,506,7,nJ. The one-dimensional case of thi~ 
problem is easy to solve aJ. However, in the case of two-dimensional compae~ 
manifolds, a definite answer has been obtained only for orientable surfaces with 
positive genus ~6]. Recently, the existence of expansive homeomorphism on an n -  
dimensional open ball (n~2) was thoroughly solved Ez,~. I t  is shown in [5] that the 
self-homeomorphisms of an open disk give n by ReddyC7 ] and Williams an i s  
actually not expansive, and the positively expansive se]f-homeomorphism of 
n(~2)-dimensional  open ball given in [5] can be made O~-smooth through a 
simple modification. In  [3], the same exis~nce result follows from a more general! 
fact; but the smoo~hing of the posifiive expansive homeomorphism in that paper 
seems difficult. 

In this paper, an expansive homeomorphisIn f is constructed on an open 
n-cube I" (n~2)  (or equivalentlyi on an open n-baH ~.ar) .  Compared with [3, 5] 
it has the following outstanding features: 
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1) f is doubly-expansive, analytic and f -1  is also analytic; 
2 )  f can be imbedded in an analytic flow F on In; 
~) f has a simpler analytical expression and the proof is shorter. 

w 1. Defini t ions  and  t h e  K e y  L e m m a  

Throughout ~his paper, we denot~ by I the interval - - 2 '  2 ' R" the n- 

dimensional Euclidean space, I ~ the n-dimensional open cube in ~ ,  and J (J+) 
the set of all i n ~ e r s  (the set of all nonnegative integers) respectively. 

Defini t ion.  A self-homeomorphism f of a me~rio space (B, d) is said ~o be 
expansive if there is a positive number o (called an expansive constant of f )  such 
Eaat for any s, Y E B ,  ~ Y ,  one has d ( f ' ~ ,  f m y ) > e  for some m E J .  

If, moreover, J is replaced by J+, then f is said ~o be positively expansive, f 
is called negatively expansive if f-~ is positively expansive, and f is doubly- 
expansive if f is both positively and negatively expansive. 

The main result of this paper depends on ~he following key lemma. 

L e m m a  1.1. Le~ 
1 1 1 1 

hO', 8) = s E l +  + [sin ( t  sin 

trod ~et (~.~, I~) a~td (~.2, l~)  be two deffere~tt 1oo~ts i~ l:t ~. The~ for  any N EJ+, theca 
~s a~t 6tteger m ~  N such tha~ at ~east tree of the fofl~rwimg #aequaZ4t~es ho~d: 

h (Xl "~ m, m)  < -- 1 <  1.~h (X, + q~, J,,bct) jt (1.1) 

h(X~ +m,/~,)  < -- l < l < h ( X ~ + m ,  /~).  (1.2) 

Proof. (1) Firstly consider the case X~ + / ~  ~ Xa +/~ .  Let 

Then 8@0. Take a number c~ , ~- so tha~ X ~ + ~ §  is a rational number. 

Let Xo=Xz+cA~,/~o=/~z+cAF., and fake a positive integer n such that no+i%+/~o>0. 
We set 

- _  /no+~.o + ~o 

and a~k is the square of an even integer}. 

Clearly, K is an infinite subset of J . .  For every k E ~ ,  let 

qrt -= m (k) = k a'jr 8ak ~ + 4ak ~'4-16a ~ k § 2ak ~ Jr no. 

ttien m is also an integer and llm m(/~) =~c~. For  - - l ~ s ~ l ,  le~. 
k - ~ o  

r162 t~) =,.m+~.=m(k) +~.(s). 
We have 
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1 1 : 

(1 + r ~) ~" = ~ (1 + ~'-~ ) ~" = ~ (1 + 0 (r-~) ) : # + 0 (,r -}) 
1 1 '  3 , 

R e m a r k .  Suppose that  g~ is a funct ion of ~ (~>1) variables defined on somo 
domain D, and g~ is a function of x. I f  there exists a positive number  M such tha~ 
]g~(~, ~/~, --., y,) ] ~M.9~($  ) for any  (~, y~, ..., YO ~ D, then g(x, y~, ..., y~) will be 
briefly denoted by O(g=(~)) when we are not  interesting in the expression of g~ and 
the concrete value of M. I n  other  words, O(g~(~)) will denote a funct ion whoso 
absolute value does not  exceed g~ (m) multiplied by a positive number .  | 

Thus we can w~i~e 

F r o m  

we have 

1 7 _ _  7 

(1 + ~-~ ~ ~ = 4 / ' ~ +  0 (~-- ~) = ~ +  0 (r 
1 ,~ . 5 

= k + 2ak-~ + a~-~_ 2a~]~-~_F O ( ]~-~") , 

( l+~a~)~  = r ~ [ i + O ( r - ~ ) ]  =/~T+ 0(/~-~o~). 

3 [ " 

sin z =x-- -~Z-+O($ ~) 

2 
3 8 5 

- •  =" [8=~-~+o ( ~ ) ]  +o (~-D, 
3 

1 1 3 5 

sin 2~ (1 + r 2) ~ = 2~ [2a/~ -~ + a/~ - ~ -  2a~  -~ + 0 (/~-~) ] 
3 5 5 

---4 =.[8=.~-~+o (~-~)] +o  (~-~,  
3 

and it follows that  

h (m + X, d )  = ~ [k ~ + 0 C# ~ ) ] 

7 7 
= ~ (~ + x+ .~ -  12=~) ~'+o(k ~) = =sak, + o ( # ~ ) .  (1. a) 

Lee 81= - v ,  8 2 = 1 - o .  Then ~=X(8 , ) ,  ~ - - ~ ( e , ) ,  ~=1, 2. By (1.3) ,  it is easily 
shown that, for kE .K  large enough, if  8>0 ,  then  (1.1) holds; and if 8<0 ,  then  
(1.2) holds. Hence, in the case ~.l-F~l~:~2H-$~2, the lemma is proved. 

(2) The case ~ + / ~ = M + / ~ = .  We can suppose ~,~>k~. Let 

I 
= 2 I-- (X~ - X~) ~ =�89 ~o=~-(~+~D, 

and ~ k e  an integer no so tha~ 

2 ~ n o +  Xo-l- lzo<3. 
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Let 

Now we .so* 

~={ql~E~§ ~ o o ,  ,V~> I ~ l  +8}. 
Clea r ly  Q is an  inf in i te  emb~,  of J+ .  F o r  a n y  q6Q. t.~t~=.~(q) be an in~eg~z roach 

�9 4 ' " t ha t  l~ < o b < . P + l .  T h e n  ~ - q < ~ q - - 1 .  Clear ly ,  we have  
q 

= 3 ( , / u  >.  t~ol + r  q2 . . . . . .  q q , 

p , . / ~ + 2 ) ,  ~1,4) 
",  

q q 

~'o.~he~,-oro, �9 fo~ any ~=*eger *e  [ - - / u  #�9165 we have 

F r o m  (1 .4)  i t  follows tha t  

q q q 

F r o m  (:1.5), (1 .6)  i t  can be easily seen tha~ there exists an  integer  

~o- ~oCq) 6 [ -  , / ~ ,  ~ - l ]  
such tha t  

Ler a ~ -  T+$_____o_o, 
q 

~ < ~ o +  [~o[ + ~ + 1 ,  we denot~ 

v(~, ~, ~)=k'+4k,+6~"+ ( 4 ~ + 4 ) ~ +  ( 8 ~ + 1 ) ~ , + 6 ~  3 
�9 4". (2a + 4a2)k ~ + ak + 8a ~-~. . .  

T h e n  we have  

a ~ - 8  

. z  

q - - - ~ - -  <o .  (1.7) 

�9 A~=3a~-3ao 2 and  k f k ( q )  : :qs.  F o r  O < a < 2  a n d / ~ o - I / ~ o [ - 8 - 1 ~  

~ 2  
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Le~ X==X(/~) =Xo+/~o--/~. Since a@}=- p+~o .qS is an integer, we have 
g 

n(k, a~, ~+~/)----~--~--LJq=no+Xo+~o+~lq--~--Aq----X(modl), 

3 
'~vCk, a~, ~ + z l q ) - a ~  - ~ -  a ~  -2 + ~  ad~ -s 

3 

Let m = re(k, a~,/~ + A9) = V (/% a~, /~+ A9) - ;L Then m is an integer. Since 

=+~=~(~, =~, ~§ 
i~ follows %ha% 

(m + ~, ~) -- =~ [ ~  + k ~  + 0 (k~) ] + [k~ + 0 ( ~ )  ] [~' + 0 Ck ~) ] 

x {sm2=j~-+ ~ [~+0(~-~)] -sin2= 4/~+~ [~+0(~-~)] } 

= =~ [ ~~ + 0 (~) ] + [~+ 0 (~) ] 

x [ afro- - a~- +~ a~ 

q 

Thus  i% follows from (1.7)%ha% when q is large enough, we have 

[ ] 
, q 

[ -! +O(q ]> i >=g48 t g q 

a n d  

q 

9 

l~enoe, %he lemma is also valid for ~1+/~1 = 2~ § ~2 and %he proof is eomple%ec]. 
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w 2. A n  A n a l y t i c  D o u b l y - e x p a n s i v e  H o m e o m o r p h i s m  of  I "  ( n > 2 )  

Now let us const ruct  a mapping p: R ' -~R"  such ~Jlat 

p(~-, ~, ..., ~ , ) -  (~., h(~-, ~), ..., h(~-, ~)) ,  
for any (~, s~, --., 8,)CR". Since h is an analytic function of/~2 into R,  the mapping 
p is analytic on ~ae w h o l e / P .  Let 

1 l 1 

1 
1 + ~ r  ~ + = (1 + r ~26) -~" 

I t  is easy "~ see that  g( r ,  h(r 9 ) - %  h@, gO', g ) )  - g  and 

p-'0", 4, .-., ,',,3- 4~', g(,', 4),  --', K,r, ,<)3. 
Hence, p is a homeomorphism and p-~ is also analytic. Thus  the Jacobian of p and 
p-1 cannot be zero at any paint  O f R". 

Now we construct  mappings P :  ~"  X .R.-->.R m x R, T: R ~ X R-~R ~ and TI: R"-->R ~ 
respectively such that  

P4,,, ~ ) -  ~,,4,,), ~), 
T(v ,  t ) =  ( r + t ,  ~,  ..., ~) ,  

T~(v) =T(v, I), 

for any v-- (~, s2, ..., .%,) 6 R  ~ and t6R.  T is, obviously,  a cont inuous un i form 
"translational motion"; and T1 t r a n s l a ~  every  point  in R" by  a uni t  distance. I f  T ,  
is regarded as a se l f -homeomorphism and T as a flow, then T1 can be imbedded in  
T. 

We  fur ther  construc~ a flow �9 in _~n and a self-homeomorphism ~ suoh that  

- p T p  -~, ~ - pT~p -1. 

In  other words, for any v-p4~" , ~, ..., ~ . ) -  4r, h(~', ~ ) ,  ..., h(r ,  s,)) 6 2 "  and ~ 6 2 ,  
we let 

r t ) - ~ @ + t ,  s=, ..., ~ ) ,  

~ ( ~ ) - ~ 4 ~ + 1 ,  s~, ..., ~.). 

I t  is clear that  ~ and ~ are analytic and ~ can be imbedded in ~. 

L e m m a  2.1. Th~ l w ~ o ~ r ~ h ~  q~ ~ e ~ a n ~ o .  More~ver for  a ~  

�9 ,-- p(~, ~ , ,  ---, ~ )  6 / ~ ,  ~ -  1, 2 

and NGJ+, ~6{2, .--, n}, ~fM4"M a,r ~n4"~, ~h~,~ Uwre ~,~t~ ~ 4~g~r ~>N 
~re~ch that ~t lvast on~ of  the fo l I~w~ U ir hol~ 

r (~ )  < - 1 < ~ <o ,~"  4~) ,  (2 .1)  

~,~," (~,) < - 1 < 1 <  ~,~," 4~D. (2.2)  

~e~re, c$ ~ a ~n~t)l~rng of  ~ ~o R d v f i ~  by 

c,(,~, ~, ..., ~.) -8 , ,  V4~1, ~, ' . - ,  ~)  62". 
Proof.  Since c~q~=(v~) - h ( ~ + m ,  !~,), by  Lemma 1 .1  w e  know that  there  is an 

integer ~z satisfying (2.1)  o r  42.2). 
lqow let 8: I ' -~R be a mapping  such that  
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Then 0-1(r -areCgr  (V~" E R).  Furthermore, we let ~b: I'--~R" and ~Fi/" • R--~R" • 
R b e  

(~) = C0 (~5, 0 (v,),  ..., e (y,5 5, 

Obviously, ~b and ?if are homeomorphisms and ~, ~ ,  ~b -1, k~-I are analytic. Let $' 
be a flow on I" and f be its self-homeomorphism such that 

F - r - r  -~, 

That is, for any ~= ~b-lp(?, s,, .--, ~5 EI" and any t E R  we lea 

~ ( ~ ,  ~) -~-~p(~+t ,  ~ , - - . ,  s.), 

f ( ~ )  - r ~,, ..-, ~).  
Since ~, ~F, ~, ~, p, P, T1, T and their inverses are all analytic, F and f are 
analytic as well, f can clearly be imbedded in ~ .  This completes the proof. | 

Furthermore, we have 

L e m m a  2.2. The above se~f-ho~neomoq'~hism f of  I"  ~s doubby-expa~s~ve. 
Meteoric, 1or a~.v ~ -  ~,-~p (~,, s , ,  .--, s.,) E Z" (~ = 1, 2) a ~  g E ~§ ~ ~ (2, ..., , ) ,  
~zhen ~'x ~ ~'a o,r shasta, there ex i t s  m > N ~aeh that 

(f" (~D, f" (w~)) > ~  (2.3) 

a~d at Zeaxt o,av o f  the ~mequab~t~s 

e~f'('wx) < -- -~-<-~-<e~f (~o~), (2.4) 

e$f (wx) < -- T < . - ~ < e ~ f  (,z~) (2.5) 

~, true. 
Proof. Let v , - f ( r o  s~, .--, s.~) and m be as in Lemma 2.1. Then f ~ ( w , ) -  

~b-X~'(v,5. Since arotg x < - -  4 for x < - - I  and aro~g x > 4  for ~>1,  ~he inequality 

(2.1) implies (2.4) and (2.2) implies (2.5). Since either (2.15 or (2.2) must be 
true, so does (2.4) or (2.5 5. Hence, f is positively expansive. 

In order to show t h a t f  is negatively expansive, let w~ =-~b-~p(--r s~, -.-, s.~). 
By the above result there exis~ an integer m'>_,V satisfying at least one of the 
following inequalities: 

e , f  ( w x ) < - - - ~ < T < e ~ f  (,a~), (2.6) 

eat m' (w~)< - - 4  < 4 < e , f "  (~o~). (2.75 

Because the mapping ~b, p are symmetric about the first (n-I)--dimensional  
coordinate plane (i.e., the plane given by r--0)  in R ~, we have 

- - "  -~  ' , , ) - ~ r  (2.8) ~ f  (~ , )=  ~r ~(r ~ ,  ~,,--., 
(2.8), (2.6) and (2.7) imply that f is negatively expansive, completing the 
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proof. | 
By all of above: results, :we finally ob~ai. 
Theorem. A~ r ~ - - d ~ r ~ t  ol~z cube 1" 01~2) ad~n~t8 a~ ~ a ~ l ' ~  gou~/- 

e ~ 1 ~ e  8 e I f - h ~ p h ~ r ~  ~vh~vh ca~ be ~rnb~dde~ ~ a~ a~al~/t4c flow. 
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