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§ 0. Introduction

Originally, the definition of expansive homeomorphism was proposed in [9] as
a concept in topological dynamics. Since then, it has been involved in some
important topics in differentiable dynamics. For instance, the well-known Anosov
diffeomorphism and the restriction of Smale’s horseshoe map on ity Q-get are
typical examples of expansive homeomorphisms. This concept has also been applied,
for example, in ergodic theory™® and the theory of structural stability™.. In the
mathematical description of the strange atiractors™, expansiveness is one of the
main characteristics. , :

The existence of expansive homeomorphisms on some manifolds is a problem
evoking many interesting disoussions':*%%67.111 The one-dimensional case of thig
problem is easy to solve'™. However, in the case of two-dimensional compact
manifolds, a definite answer hag been obtained only for orientable surfaces with
positive genus™. Recently, the existence of expansive homeomorphism on an n—
dimensional open ball (n>>2) was thoroughly solved®:®, It is shown in [5] that the
self~-homeomorphisms of an open disk given by Reddy'™ and Williams"" ig.
actually not expansive, and the positively expansive self-homeomorphism of
n(>2)-dimensional open ball given in [5] can be made C"-smooth through a
simple modification. In [3], the same existence result follows from a more general:
fact; but the smoothing of the positive expansive homeomorphism in that paper
seems difficult.

In this paper, an expansive homeomorphism f is constructed on an open
n—cube I" (n=>2) (or equivalently, on an open n-ball B**”), Compared with [3, 5]
it has the following outstanding features:
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1) f is doubly-expansive, analytic and f~* is also analytic;
2) f can be imbedded in an analytic flow F on I
8) f has a simpler analytical expression and the proof is shorter.

§ 1. Definitions and the Key Lemma

Throughout this paper, we denote by I the interval ( 5 %), R* the n—
dimensional Euclidean space, I* the n-dimensional open cube in R", and J (J)
the set of all integers (the set of all nonnegative integers) respectively.

Definition. A self-homeomorphism f of a metric space (S, &) is said to be
expangive if there is a positive number ¢ (called an expansive constant of f) such
that for any z, yE€S, z+#y, one has d( f™=z, f™y) >e for some mE€J. '

If, moreover, J is replaced by J,, then f is said to be positively expansive. f
is called negatively expansive if f~!is positively expansive, and f is doubly-
expansive if f is both positively and negatively expansive.

The main result of this paper depends on the following key lemma.

YLemma 1.1. Let

1 1 1 1
h(r, 8) =s[l+ari+a(1+r®)H] +r3(1+2) % [sin 2w (1+ ) ¥ —sin 2% (141 ¥]
and let (A, pa) and (As, we) be two defferent points in R, Then for any N €J,, thers
és an imteger m>N such that at least one of the following inequalities hold:
h<h1+m: }"1)< 1<1<h(x9+mr l"ﬂ)x (1'1)
: h(kﬂ'*'m: M2)< —-1<1<h (M +m, /-"1)- : (1'2)
Proof. (1) Firstly consider the case Ay+ w1 #*Aa+ps. Letb
Ah=Ag—A;, dp=pta—~p1, d=4dA+4p.

2
3
Let Ao=As+cd\, po=ps+cdu, and take a positive integer n such that ng+Ao+ o> 0.
We set

Then §+0. Take a number ¢ & [%, ] so that .7\.1+ w1+ cd is a rational number.

__\/ ‘no'f‘}-o'*'l-ll_o’.

K = {k|k€ T4, £>100( | M| + [Aa] + [ pa| + | pa] +n0)
and a%. is the square of an even integer}.
Olearly, K is an infinite subset of J,. For every k€ K, leb
3 3 k 1
m=m(k) =k*+ 8ak?+4ak? +16ak +2ak® +no.
then m is also an integer and lim m (k) =co. For —1<s<1, let.
ko0 R
A=2(8) =Ao+ 842,
p=wp(8) = po+8du,
r=r(k, &) =m+A=m(k) +A(s).
‘We have T
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1 ~—
A+ = /T A1) =T A 4+0()) =V F R+ 0 ()
2 i ——} -3 2. A+ng \p-a -3
B+ dok¥+ 20k T+ *~(8a = 220 Yimat 0 (). r

Remark. Suppose that gy is a function of ¢ (>1) variables defined on some
domain D, and g, is a function of z. If there exists a positive number M such that
Igl(my Yar = y‘) | <M'gﬂ(m) foryan}’ (m: Ya, =, yi) €D, then g(m) Yay ** yi) will be
briefly denoted by O(g:(x)) when we are not interesting in the expression of g; and
the concrete value of M. In other words, O(g,(x)) will denote a function whose,
absolute value does not exceed ga (m) multiplied by a posmve number |

Thus we can write '

T ———— -t
A+ = YA+ O(r %) =/ Tk A O T)
=k+ 2alc—%+ ala_%—2¢z2k‘2+0( k_%,
(1479 =T [1+0(r~0)] =5 +0(k~5%).
From
L
sin w=w——6—-+0(w5)
we have
gin 2 (1+r7)% =2 [20k ¥ +ab - (82— 2Em )24 0G9)]
4 5 regnt -3 -3
-3 ® [8z% 2+0(k %)]+0 (% %),
sin 20 (1-+19)% =2a [2ak % +ak T —2a%-3+0( k1]
~ 2 [8a%k T+0 (¥ HT+0 (¥ D),
and it follows that
7
h(m+d, ) =mulks+0(k )]
+IR+0GN] [ +0(8)] 2] (251 —6e Je1+-0(67H) |

7 .
= (A ng— 126V B+ O (K8 ) = wesh® +O( 5'F). (1.3)

Let 8;=—¢, gg=1—c¢. Then M=A(8)), w=p(e), =1, 2. By (1.8), it is easily
shown that, for #€ K large enough, if >0, then (1.1) holds; and if §<0, then
(1.2) holds. Hence, in the case Ay + g % Ag+ 6, the lemma is proved.

(2) The case Aq-+us="»As+ pa. We can suppose A;>>A;. Letb

ho = (artha), o= 5 (st ia), B=-(ha—1r)

and take an integer ng so that
2<ny+ 7\.°+[l:o<3.
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¢o=\/-7—hi—'7\éi-*-—l.b—of

Let

Then ¢, & [—%—, 1].
Now we set
Q={glg€Ts, g5100, V7> o] +5}.
C]early Q is an infinite subset of J,. For any ¢ GQ Let p= p(q) be an infeger such
that Zq’ £<ay <-2—- Then '3' g<p<g—1. Olearly, we have

(e ey
\~/q 8T 1>>3‘/7>“‘°'+‘/—

q
3(%) _3(p—~/93+2). @.4)

-5 (VT D -V +2)> 3f > Iuol-;\‘/'q‘.

Furthermoié,' for any intéger i€[~~q, ¥ '¢—11, we have

pritl) _g(p+iY' 3 o 0i11y 8 .22 T

From (1.4) it follows that
o _
3(—1—’———‘*/; 2 ) <sa3+ “0}/9 <3(z>+~/qq =2y, 1.6)

From (1.5), (1.6) it can be easily seen that there exists an integer
’1'/0“?30(9) € [_"V > vV ¢ -'1]
such that ‘

Tz oV g _of Ptio )
T <8a} 4L 8( t ) <o. @.m

Let aq=£*g‘_73°_,. dq=302 - 8at and k=k(q) =¢°. For 0<a<<2 and go— | o] —8—1<
w<po+ | ol +8+1, we denote
(ks @y ) =K 4KT+6h° + (da+ 4) R+ (8a-+1) I+ 6ak®
-+ (2a+4a?)k?+ ak+3a?—
Then we have

N, @, @) =B+ 28+ B+ 20k +- okt — ak'-=+%ak-"

(2 I Y
(S-+2erL)it+00),
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0k, a, ) =k +k+ak ™ ~ak~ ’+i ak™3— ( +2a)lc“+0(k‘5)
Let A=A(w) =Ao+po—p. Since g~ -*q‘% +¢® ig an integer, we have

0(k, ag, pw+ 4g)=8a2— p— Aq=no+ Ao+ pwo+ 49— p—dg=A(mod 1),
~h, Gy i+ Ag)=ad™ = ek~ +3 okt

—(_‘;LL 20, + £L A 410G~ (mod ),

0k, ag, u+4q) =akt— ak™? +-g— agk?
- (-g‘?-—i- 2a )k“-i—O(lc‘“) (mod 1)
2 q '

Let m=m(%, ag, p+4q) =n(k, a;, p+4q) —A. Then m is an integer. Since
'm+}"='77<k) Qg :“‘"*'AQ) =*+0(%"),
it follows that

h(m+A, p) =wu B0+ 57 +0(k15)] + B+ 0 (k)] [+ 0(F*)]
X {sin 2w~/ m+A[1+0(m™?)] —sin 2x \/m+7\.[1+0(m‘2)]}

153

—mp[ FS+E * +0F)] + FP+0(k)]
{27; [aqk 1_ g k- =‘+-— agk~ 3—( +2aq+—-—‘1-)k"]
—2n [aqk‘l—aqk’" 3 3—( +2aq) ] +0(k-5)}
e u [ EST £ OS]+ (F+0(59)]
x 2 [——-‘Mk-4+0(/r5)]
~al bt —4gbo+0(5)] =g [ LLL— g +0()].
Thus it follows from (1.7) that when ¢ is large enough, we have

bty o) =g [LE2Y0 g0 |

48 5\4/? __7__ -3 L
>nq [————g q+0(q )]>1

.and ) .
h(m+Ae, pa) =mwg*® [ﬂ%)‘ﬂ_‘d?*'o(q—a )]
<:mq“[— 5‘4;7 +0(q‘3)]<—1.

Hence, the lemma is also valid for A;+ u1=2Aa+ s and the proof is completed.
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§2. An Analytic Doubly-expansive Homeomorphism of I* (n>2)

Now let us construct a mapping p: R*—>R" such that
p(T, 8, =, 8) = (r, h(r, 83), --, h(r, 8.)),
for any (r, sa, -+, 8,) € R*. Since 4 is an analytic function of R? into R, the mapping
p is analytic on the whole R*. Let

8 —r2(14r2)* [sm 2ar(l+'r’)‘ —sm 27:(1+r’)]]
14+wri+a(1+r1%)er &
It is easy to see that g(r, A(r, s)) =3, h(r, g(r, 8")) =3’ and
p7H(r, 83, 2+, ) = (1, 9(r, 82), -5 g7, %)). |
Hence, p is a homeomorphism and p™? is also analytic. Thus the Jacobian of p and

p~! cannot be zero at any point of R*.
Now we construct mappings P: R*xX R—>R* >< R,T: R*XxR—>R" and Ty: R"—)R"

respectively such that

g, )=

P(v, ) = (p(v), ),
T (v, t) = (r+%, s3, >+, ),
T:(v) ""T('v: 1),
for any v={(r, 83, *--, s,) €ER*and t€R. T is, obviously, a continuous uniform

‘“4ranslational motion”; and 7' translates every point in R" by a unit distance. If Ty
is regarded as a self-homeomorphism and 7' as a flow, then T can be imbedded in

T.
We farther construct a flow @ in R" and a self~-homeomorphism ¢ such that

D= PTP, @=pTip2.
In other words, for any v==p(r, 35, «--, 8,) = (7, h(r, 82), **+, h(s, 3,)) ER* and :{ER,
we let
D (v, §) =p(r+1, 85, =, 84),
p(v) =p(r—+1, 84, ==+, 8,).
It is clear that @ and @ are analytic and ¢ can be imbedded in &.
Lemma 2.1. The homeomorphism @ is ezpansive. Moreover for any
v = p(Miy Moy -y fos) ER®, t=1, 2
and NE€J,, jE{2, +, n}, f A% Aa O py1% pya, then there exisis an integer m>N
such that at least one of the following inequalities holds
cio™(vy) < —1<1<0;9™(va), (2.1)
oo™ (vg) < —1<1<ep™(91). (2.2)
Here, ¢; i8 a mapping of R® to R defined by
cs(81, 82, =+, &) =85, V(s1, 85,°-, 5.) ER™
Proof. Since c;p™(v) =h(M+m, wy), by Lemma 1.1 we know that there is an
integer m satisfying (2.1) or (2.2).
Now let ¢: I->R be a mapping such that -
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0(z)=tgs, Vz€l.
Then §-1(r) =arctg r (Vr € R). Furthermore, we let ¢: I*>R" and W I"x R—>R*x

R be
'\b('v)"(o(w)) 0(3/2): s o(yn)))
W(”: t) - (4’(”)) t)-
Obviously, i and ¥ are homeomorphisms and i, ¥, ™, ¥~ are analytic. Let F
be a flow on I" and f be its self~homeomorphism such that
F = 3QW =y pT PIW2,
f=d"pp=4¢eT107".
That is, for any w=y¢~*p(r, 85, ***, 8,) €I* and any t € R we le}
F(w, t) =y~ 2p(r+1t, 83, <=+, 8u),
Fw) =g p(r+1, 53, =, 8).
Since ¢y, ¥, @, D, p, P, T1, T and their inverses are all analytie, F and f are
‘analytic as well, f can clearly be imbedded in F. This completes the proof. | |
Furthermore, we have
Lemma 2.2. The above self-homeomorphism f of I* ds doubly-ezpansive.
Moreover, for ary w=y~2p(r;, sz, =+, $u) €I (=1, 2) and NEJ,, jE{2, -, n},
when r1% T3 0r 8517 8, there ewists m>N such that

d(f™(wa), fm(wa)) > 5 (2.3)

and at least one of the inequalities
o f™(wi) <~ -’45'< -}<01f'"(’wa), (2.9)
orf™(wy) < — < T <o f™(wy) (2.5)

és true.
Proof. Let o,=f (i, Sy, *- Su) and m be as in Lemma 2.1. Then f™(w,)=

Y~1g™(v;). Since arotg a:<—— for z<—1 and arotg m>—4— for >1, the inequality

(2.1) implies (2.4) and (2.2) implies (2.5). Since either (2.1) or (2.2) must be
true, so does (2.4) or (2.5). Hence, f is positively expansive.

In order to show that f is negatively expansive, let w; =y *p(—1r, 8u, -+ Sni) -
By the above result there exists an integer m'>N satisfying at least one of the
following inequalities:

e f™ (w)<— —<4<c, ™ (w}), ' (2.6)

e f™ (wa)<— —<—< e f™ (wh). 2.7

Because the mapping ¥, p are symmetric about the first (n—1)-dimensional
coordinate plane (i.e., the plane given by r=0) in R* we bave

C1f ™ (wi) =i, 8gi, -+, Sw) = O T p(— ik gy ooy 8) =g f (i), (2.8)

(2.8), (2.6) and (2.7) imply that f is negatively expansive, compleiing the
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proof. l
By all of above results, we finally obtain :

Theorem. .An n—dimensional open cube I* (n>>2) admits an analytic doubly-
expansive self-homeomorphism which can be imbedded in an analytic flow.
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