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On regularization in Banach spaces

Thomas Stréomberg

1. Introduction

In the present paper we propose a regularization procedure for functions defined
on Banach spaces admitting equivalent locally uniformly rotund norms the dual
norm of which are also locally uniformly rotund. We demonstrate that with any
bounded below lower semi-continuous (l.s.c.) proper function f defined on such
a Banach space X can be associated a family of C! functions approximating f
from below and enjoying favorable properties from the viewpoint of minimization.
Our method reduces in the case where X is a Hilbert space to the one that was
introduced and investigated by J. M. Lasry and P. L. Lions in their joint paper [10].
Their approach has subsequently been further explored by other authors, notably
in [3] and [5], but never before outside the Hilbert space setting.

The Lasry-Lions method is based upon Moreau—-Yosida approximation. Given
f, an extended-real-valued function defined on a Hilbert space X, the Moreau—
Yosida approzimates of f are the functions f;, >0, that carry each z€X to

) )= int (1) + el )

In the case where f is convex, Ls.c., and proper, the envelope functions f; possess
Lipschitz continuous Fréchet differentials (in symbols: f;€C%!) and f;— f, at least
pointwise, as £ | 0. There is even convergence, in certain senses, of the differentials df;
to the subdifferential 8f. Furthermore, the infimal value of f together with the set of
minimizers, as well as the stationary points and values, are preserved. The convexity
hypothesis can actually be weakened; it suffices to assume that f+(2T)7||-||* is
convex for some T>>0 in which case fy€C%! etc. when t€(0,T).

In order to extend at least some of these results to non-convex functions,
Lasry and Lions introduced a two-parameter family of approximates by putting
ft.s=—(—f)s, 0<s<t. Let us, for simplicity, assume that f is bounded from below
which guarantees that the functions f; s are all real-valued. It was proved in [10],
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[3], without any convexity hypothesis on f, that f; s enjoys C1'! smoothness when
0<s<t, that f; ,— f pointwise as 0<s<t|0if f is l.s.c., and that the convergence is
uniform if f is uniformly continuous. However, the techniques used in the seminal
paper [10] and also in subsequent papers seem to depend on the specific properties
of the Hilbertian norm and therefore to fail to carry over to a richer class of Banach
spaces. The objective of the work reported here is to show that these problems can
be overcome by using an approach by means of one of the chief tools in convex anal-
ysis, namely the Legendre-Fenchel transformation. The result is a regularization
method having advantageous variational properties.

It deserves to be mentioned that one can view the Moreau—Yosida process as
a regularization by way of the Cauchy problem

du(z,t)/0t+| dyu(z, t)||?/2=0, zeX, t>0,
u(z,0)=f(z), z€X.

In fact, when X=R" and f is L.s.c. and bounded from below, the viscosity solution
to this initial-value problem is given by the Lax—Oleinik formula

ute.t)= i) = inf (1) + 5l 01
We refer to [11, Proposition 13.1] for a proof. Furthermore, we prove below (Propo-
sition 3) that when X is an arbitrary Hilbert space and f+(2T)71|-||? is convex,
where T is some positive real number, then, as indicated by a formal applica-
tion of the method of characteristics, the function u(z, t)=fi(x) satisfies the above
Hamilton—Jacobi equation at each point (z,t) in X x{0,7). Also, if we define
S(t)f=ft, t>0, and S(0)f=f, for Ls.c. bounded below functions f, the family
(S(t))t>0 forms a semigroup of operators (on the cone of all bounded below l.s.c.
proper functions on X) with S(¢) f — f pointwise and with respect to the epi-distance
topology as £ 0.

The Lasry-Lions approximates can be written f; ;=(s)S(t) f where (X(s))s>o0
is the semigroup defined via

(s)g: @ — sup (g(y)—ziIII—yW).
yeX s
The inequality 3(s)S(¢)f<S(t—s)f is always true as long as 0<s<t, while the
equation £(s)S(t)f=S(—s)f (“time-reversal’) holds when 0<s<¢<T if and only
if f+(27)7Y||-||? is convex; see Proposition 2.
At this stage we would like to remark that our method, outside the Hilbertian
case, is not directly connected to Hamilton—Jacobi equations.
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The paper is organized in the following way. Section 2 contains background
material mainly on convex functions. The definition of the approximates and the
statement of Theorem 1, the corner-stone of the paper, are given in Section 3 while
the proof of the theorem can be found in Section 4. Theorem 1 summarizes the
main results; several of the properties of the Lasry—Lions approximation process are
shown to extend to the broader framework of functions defined on Banach spaces
satisfying the above mentioned rotundity hypotheses. Also the epi-distance topol-
ogy, which has received attention over the last years, is considered. In Section 5
approximation by twice Gateaux differentiable C1:! functions in separable Banach
spaces is examined. A combination of our Theorem 1 with techniques used in the
papers [8], [13] yields a variant of certain results obtained in [13]. These authors have
focused on convex functions which are bounded on bounded sets, whereas we relin-
quish convexity and consider functions which are uniformly continuous on bounded
sets. Last on the agenda, the Lasry-Lions approximates of functions f (defined on
Hilbert space) which are locally convex up to a positive multiple of the square of
the norm are investigated in Section 6. We prove, firstly, that the derivatives of the
approximates df; , converge, in certain senses, to the Clarke subdifferential df and,
secondly, that the stationary points and values of f are preserved.

2. Preliminaries

We shall adopt some terminology and notation which are of a common use in
the field of convex analysis. First of all, the conjugate function or Legendre—Fenchel
transform of an arbitrary function f:X—[—o0,+00] is the extended-real-valued
function f* on X™*, the topological dual space of X, that assigns to each £€X™ the
number

F*(€) = sup((z,€)— f(x))-
z€X
Symmetrically, for ¢ defined on X*, p*: X —[—o00, +00] sends each z€ X to

*(2) = sup ((z,€) = p(£)).

Lex*

The biconjugate f**=(f*)* is equal to o f, the greatest convex l.s.c. minorant of
f, provided f admits a continuous affine minorant.
The notation I'(X) signifies the set of all convex l.s.c. proper functions on X.
Recall that f is termed proper provided it is somewhere finite and nowhere —oc.
The set of points at which a proper function f is finite is called the effective domain
of f and is denoted by dom f. We write inf f for inf{f(z);z€X} and argmin f
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for the possibly empty set of minimizers {x€X; f(z)=inf f}. Moreover, we term f
demi-conver if f+(a/2)|||? is convex for some a>0.

The infimal convolute fOg of two proper extended-real-valued functions f and
g on X is defined by

fOg(w)= inf (f(y)+g(z—y)) forallzeX.

Frequently, (X, ||-||) stands for a Banach space having the property that |||
as well as the canonical dual norm ||-||x are locally uniformly rotund. Let us make
precise the notion of (local) uniform rotundity. The norm |-|| is called locally
uniformly rotund (LUR) provided ||-]|? is a locally uniformly convex function, that
is, to each point z&€X there exists a non-decreasing function A, on [0, +o00) with
A, (u)>0 if >0 such that

(2) Iz+y)/20* < Fllell® + 3 1yll* — Aa(llz—yll) for all y€ X.

It is well known that local uniform rotundity of ||-||« forces |||| to be Fréchet dif-
ferentiable on X~ {0}. This is actually a particular case of Lemma 4 below which
we shall employ later on.

The norm ||-|| is uniformly rotund (UR) if there exists a non-decreasing function
A defined on [0, +00) with A(w)>0 when >0 such that

@) Net/2? < slel®+5lylP-Adlz—yl)  when z,ye X, [l <1.

The functions A, and A are sometimes tacitly used in the sequel.

In part of Theorem 1 the l.s.c. proper functions on X will be endowed with the
“epi-distance” topology which we proceed to define. Let A and B be two nonempty
subsets of a Banach space Y. The exzcess of A over B is the number

E(A, B)=sup{d(a,B);ac A}
where d(a, B)=infpcp ||a—b||. For 0>0 we write
H,(A, B)=max{E(oUNA, B), E(0UNB, A)}

where U stands for the closed unit ball in Y. The quantity H,(A, B) is called the
o-Hausdorff distance between A and B. A closed nonempty subset A of Y is the
limit, with respect to these distances, of a net of closed nonempty subsets (Ax)xen
if Hy(A, Ay)—0 for each p>0.
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We shall in this paper only consider convergence of epigraphs of proper l.s.c.
functions X —(—o0,+00]. If f and g are such functions, then we write, for no-
tational simplicity, H,y(f,g) instead of H,(epi f,epig) where the latter is defined
with the convention that Y=X&R be equipped with the box norm ||(z,a)|=
max{||z],|@|}. The resulting function space topology is called the epi-distance
topology. One reason for the interest in this topology is the fact that with respect to
it the Legendre-Fenchel transformation is a homeomorphism of I'(X) onto I* (X*).
Another reason is that the convergence in the epi-distance topology implies the con-
vergence of epigraphs in the sense of Kuratowski-Painlevé, and the latter plays a
prominent role in variational analysis. For a recent exposition consult [4].

For ACX, J4 stands for the indicator function of A:

0 ifxeA,

Ial) :{ +oo if zelA.

If f: X—R, the sum f+7J4 is the “restriction” of f to the subset A.
Finally, B(z,r) denotes the closed ball centered at = and of radius r.

3. The approximates and main results
We proceed to our choice of approximation.

Definition. Suppose f is an extended-real-valued function on a real Banach
space X. For positive real numbers s<t, f; ; is defined by

o) = (118 0 (2-2) S1E] o gl wex:

A dual formulation in terms of infimal convolution is provided by the following
proposition.

Proposition 1. Let f be a proper bounded below function on X, 0<s<t, z€X.

Then
2
11 1,
|-t

(4) fro(@) = lnf {CO(H IE ||2>() Ts—1/t2|s

Proof. Put

T Yy

t

g=oo( 4 l?)e) ad n= sl
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with conjugates

*
o = (1l P) () and 1= (53 )R

Using the convex duality formula (g* +h*)* =gJh, which indeed is available since
g, heT'(X) and h is real-valued and strongly coercive, we find that

frs(2)+ % lz]|* = (g% +h*)* (z/5) = gOh(z/s)

= inf. [m(f+2it||‘||2>(tw)+1/T1f/—t%

The asserted formula (4) clearly follows on substituting tw=y. O

X

w }

Without any further preparations we turn to the formulation of our main the-
orem.

§

Theorem 1. Suppose X is a Banach space whose norm and dual norm are
both LUR. Let f: X —(—o0,+o0] be proper, Ls.c., and minorized. If 0<s<t then
assertions (i)—(iv) concerning fi s hold:

(1) fi,s is continuously differentiable and Lipschitz continuous on bounded sets;

(i) dft,s is uniformly continuous on bounded sets (respectively, globally Lip-
schitz continuous) if ||-||x is UR (respectively, J=d||-||?/2 is globally Lipschitz con-
tinuous);

(iii) fis<f, inf f; ;=inf f, and argmin f; ;=argmin f;

(iv) fi,s+(28)7Y|+||? is convez.

Moreover, when 0<s<t|0,

(v) fr,s— [ pointwise, and provided ||-|| is UR in the epi-distance sense too;

(vi) fis—f uniformly on bounded sets when ||| is UR and f is uniformly
continuous on bounded sets.

We emphasize that we impose no convexity assumptions whatsoever upon f.

The assertion (iii) expresses that the approximation is from below and, which
is more important, that the method has the pleasant feature that it preserves the
infimum of f and the associated set of minimizers.

We conclude this section with a list of corollaries to Theorem 1. It shows
in particular that certain known results on approximation of uniformly continuous
functions and on partitions of unity can rather easily be derived from Theorem 1.

Even specializing to indicator functions in Theorem 1 yields something non-
trivial. This illustrates the advantage of the admissibility of the function value 4-o0o.
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Corollary 1. Let X be a Banach space whose norm and dual norm are both
LUR. To any closed nonempty subset A of X there corresponds a demi-convex Cct
function v such that (x)=0 when 2€ A and ¢(z)>0 when z€lA.

If the dual norm is UR rather than merely LUR, ¢ may be chosen so as to
have a differential di that is uniformly continuous on bounded sets.

Proof. To say that A is closed and nonempty means the same as to say that
J4 is Ls.c. and proper. Fix 0<s<t and let 1 be the approximate (J4);s. Accord-
ing to Theorem 1, ¥€CY(X), inf ¢=inf J4=0, and argmin¢=argminJ4=A. In
addition, ¥+ (2s)71||-||2 is convex.

When ||- || is UR, d¢ is uniformly continuous on each bounded subset of X. [

We say that X admits C! partitions of unity if for any open covering O of
X there exists a C! partition of unity which is subordinated to O. It was proved
in [17, Theorem 2.1] that X, subject to the hypotheses of Corollary 1, admits Ct
partitions of unity. We present next, in particular, a proof based upon Corollary 1.

Corollary 2. Suppose X has an LUR norm whose dual is also LUR.

(i) X admits C* partitions of unity;

(ii) To any locally finite open covering (Ox)xea of X there exists a family of
non-negative C* functions (¢x)rea Such that <p;1(0, +00)=0) for each A€A and
Yorera(@)=1 for all zeX.

Proof. Let O1(X) be {4p=1(0, +00);9€C(X), ¥>0}. Statement (i), concern-
ing an arbitrary Banach space X, is equivalent to

(i) If ACBCX, where A is closed and B is open, there exists O€O*(X) such
that ACOCB.

Consult for instance [6, Chapter VIII, Lemma 3.6] for a proof. In our case, (i')
is certainly met since, by Corollary 1, O'(X) consists of all open subsets of X.

(ii) Choose C? functions 9, >0 such that ¥x(x)>0 if and only if 2€0,, and
define

o) =va(@) / Xpentu(®).

These functions will serve the purpose. O

Remark. Let k be a positive integer or oo. The following conditions relative
to a Banach space X are known to be equivalent (see [15, Proposition 2.1] and [6,
Chapter VIII, Theorem 3.2]):

(a) Every real-valued Lipschitz continuous function on X can be locally uni-
formly approzimated by C* functions;

(b) To every continuous S: X =Y, where Y is a Banach space, and every con-
tinuous p: X — (0, +00) there exists a T€C*(X,Y) such that

|S(z)—T(x)|l <p(x) for allzeX;
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(¢) X admits C* partitions of unity.

Recent contributions to the area of smooth partitions of unity appear in [9]
and [12].

We show next that pointwise approximation of arbitrary Ls.c. proper functions
is always possible in our setting.

Corollary 3. Suppose X is a Banach space with an LUR norm the dual norm
of which is LUR. Then every l.s.c. proper extended-real-valued function f on X can
be approximated pointwise by continuously differentiable functions.

Proof. Let F(x)=exp f(z) if z€dom f; F(x)=+0cc otherwise. The function F
maps X into (0, +oc] and is lower semicontinuous. The approximates F; 5, 0<s<t,
are C' and >0. Indeed, if inf F, ¢=0, then argmin F} ;=arg min F=0 since F is
nowhere 0 [Theorem 1(iii)]. Therefore, log F; s is C! and clearly log F; s(x)— f()
when 0<s<t|0 for each x€X [Theorem 1(v)]. O

By a similar argument we find the following variant of [14, Theorem 1].

Corollary 4. If the norm of X and its dual norm are both UR, every real-
valued function f on X which is uniformly continuous on bounded sets can be ap-
proxzimated uniformly on bounded sets by differentiable functions the differentials of
which are uniformly continuous on bounded sets.

4. Proof of Theorem 1
In the proof of Theorem 1 we shall use some auxiliary notation and definitions.
Notation 1. Unless otherwise stated, X will denote an LUR Banach space
whose dual is also LUR. We introduce K: X?—R. by putting
K(z,y) =3 ll|*+3llyl*~(y, J(z)) for all (z,y) € X?,

where J denotes the duality map J=d|-||*/2 mapping X into X*.

If X is a Hilbert space, J is simply the identity operator in X and K(z,y) is
nothing else but ||z—y]|?/2.

Lemma 1. The following hold:
(i) K(z,2)=0 for all z€ X;
(it) For any zeX,

K(z,y) 2 Ag(llz—yl)) forallye X,
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where A, is the function in (2);
(iii) If ||| s UR rather than just LUR,

K(z,y) > 0°A(|lz—y||/e) if 0>0, x€B(0,0), and y€ X;

for the meaning of A study (3).

Proof. Part (i) translates to the familiar identity: (z, J(z))=||z(|>.
(iii) It suffices to consider the case in which p=1 since K is homogeneous of
second degree. Bearing inequality (3) in mind,

K(z,y) = 3llel*+3llyll*— (v, ()
> ||z +y) /21" +Alz—yl) -2(z+y)/2, T (2)) + (=, I ()
> ||(e+y) /22 + Az =yl) = 2(5 @ +y) /20> + 3 I21*) + ]|
=A(llz=yl)

provided z€ B(0,1) and yeX.
Assertion (i) admits an analogous proof. O

We turn to yet another auxiliary definition.

Notation 2. Let f and g be extended-real-valued functions on X, s and ¢ be
positive real numbers. We define f; and ¢° by the formulas

0= jnt (F0+ K G, 2eX,

yeX

g°(z)= sup <g(z) - %K(z, x)) , zeX.

Obviously, f;<f and g®>g. Also, it is clear that if X is a Hilbert space, then
f+ is the Moreau-Yosida approximate of order ¢ while ¢° equals —(—g)s.
We observe that

)= 11 £+ 1P ) ).

2t
Our interest in these constructions stems from the fact that they provide a
decomposition of f; ; which will prove useful in the demonstration of Theorem 1.
They also show that our approximates coincide with those of Lasry and Lions when
X is a Hilbert space; namely,
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Lemma 2. f; ;=(f;)® when 0<s<t.
Proof. The sum
s 1 2
(f° @)+ 5 e

equals

sup  (a/, 72) = 1+ 3 ||2)< @9~ (3-7) 3]

zeX
=sup /s, 76~ (£+ 1) 0 (3-1) Socae]

zeX t

= sup [(orssr= (1117 - (21 dicte]

and the last expression is f; ;(z)+(2s)7!||z||%. In this string of equalities we have
used the identity || z||=||J(2)||x and the density of the range of J (the Bishop-Phelps
theorem); the latter in conjunction with the continuity of the concave function

X3 (/5,0 (4571 ||2) /0= (3-3) el

The proof is complete. [

Lemma 3. Let f be a proper extended-real-valued l.s.c. bounded below function
on X. For any t>0 it holds that
) ft is a real-valued minorant of f;
i) inf f;=inf f;
i) argmin fi=arg min f.
lso, when t|0,
v) fi—f pointwise;
) ft— f with respect to the epi-distance topology provided ||-|| is UR;
(vi) fi—f uniformly on bounded sets when f is uniformly continuous on
bounded sets and ||| is UR.

(i
(i
(i
Al
(i
(v

Proof. Parts (i) and (ii) are immediate.
(iii) The assertions (i) and (ii) jointly imply arg min f Carg min f;. To establish
the reverse inclusion, suppose z minimizes f; and let (y;) be a minimizing sequence:

f(yj)"‘%K(l‘»yj) — fi(x)=inf f, j—oo0.
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Evidently K(z,y;)—0 and hence y;—z as j—oo [Lemma 1(ii)]. By lower semi-
continuity we find that

f(:v)—t—%K(w, z) <inf f,

which says f(z)<inf f.
(iv) Choose z€ X. Of course,

13{{)1 fe(z) =sup fi(z) < f(2).

The reverse inequality sup,.q fe(z)> f(z) is immediate if sup;.q fi(z)=+00. Sup-
pose instead that S:=sup,.q f:(z)€R. Let 0<e, |0 as t]0 and select y; such that

Q F(ye)+ K (@ 00) < fula) +eu < S

Then y;—z as t|0; otherwise there would exist a §>0 and a sequence t;]0 such
that ||z—yy,||>6 which would imply, again applying Lemma 1(ii),

1 1 .
f(ytj)+t_K(x7yt])Zlnff+t_Am(6)_)+oo7 J— o0,
7 3

contradicting (5). Thanks to the inequality f(y:)<fi(z)+e: and the lower semi-
continuity of f,

f(z)} < hfgll%nf(ft(»’”)‘*'ft) = lgf{)l fe(@).

(v) Fix g, an arbitrary positive real number. Let U represent the unit ball in
X @R with respect to the box norm: U={(z,a)e X®R;||z|| <1, |a|<1}. Since f;
minorizes f we have E(epi fNoU,epi f;)=0. Therefore,

Hy(f, ft) = E(epi f:NoU, epi f)
=sup{d((z,a),epi f); (z,a) €epi fi, ||z]| <o, and |a| < o}.

(6)

We claim that there exists a positive function t—r(t) with 7(¢)—0 as ¢ |0 such
that

™ fla) = (rw+3xGEn)

inf
YEB(z,r (1))
whenever z€B(0, p) and f;(z)<p. In fact,

r(t) = oA~ (4(o~inf f+1)/?)
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will do. (We may and do assume that A has a continuous inverse function.) Indeed,
if ||z||<p and ||z—y|>7(t), by Lemma 1(iii),

F)+ K (y) 2 i f41 P Ar(1)/0)= 041

implying (7) provided fi(x)<p, and r(t) tends to zero as t | 0, establishing the claim.

To estimate H,(f, f;) [see (6)] let (z,)€epi fi, ||z]|<p, and |o|<g. In par-
ticular, fi(z)<pg so that formula (7) for f;(z) is valid. Fix ¢>0 temporarily, choose
¢>0, and pick ye B(x,r(t)) such that

f(y)+%K(l‘7y)Sft(:v)+6.

Then f(y)< fi(xz)+e<a+e and thus (y,a+e)€epi f. Consequently, d((z, ), epi f)
is at most the norm of (z, a)—(y, a+e¢):

d((z, ), epi f) < max{[[z—yl|, e} <max{r(t),}.
Therefore, € being arbitrary, d((x, ), epi f)<r(t) from which it follows that

Ho(f, fr) <r(t).

We conclude that f;— f for the epi-distance topology since r(t)—0 as /0.
(vi) Let us verify that

sup |f@) L@ = sw (F@)=fil)

z€B(0,0) z€B(0,p0)

approaches zero as t|0. We can find R>p such that

®  atw= ot (f0)+KE) whente0.1] 7€ B(O.0)

To see this notice that f is bounded on B(0,9) by say M, and that K(z,y)>
(|lyll—ll|/)?/2. Applying these observations we find that for arbitrary z€B(0, o),
te(0,1],

F)+ 1 K () > int 42yl llal)? > M+1

provided |ly|| >0+ [2(M +1~inf f)]'/2=:R; whence (8) as claimed.
With m being a modulus of continuity for f|p(o r); in other words,

[f (@)= f)| <m(|lz—yll) for all z,y € B(0, R),



On regularization in Banach spaces 395

where m is continuous, non-decreasing, subadditive, with m(0)=0, we have

sup{f(z)— fi(z);z € B(0,0)}
=sup{f(z)—f(y)—t"'K(z,y);2 € B(0,0), y€ B(0,R)}
<sup{m(||lz—y|) -t ®Allz—yll/0) ; € B(0, 0), y€ B(0, R)}
=sup{m(u) -t~ 0*A(u/0) ;u € [0, R+¢]}
—0 ast]0.

A proof of the elementary statement “—0” is omitted. [

The following lemma, which exploits the duality between differentiability and
uniform convexity (for convex functions), will be utilized in the proof of smoothness

of ft,s'

Lemma 4. Suppose heT'(X) where X is a Banach space. Suppose moreover
that h*(€)/||€||«—+oo when ||€]|x—-+oo and that h* is locally uniformly convez.
Then h is Lipschitz continuous on bounded sets and C*. If h* happens to be uni-
formly convex on bounded sets, then the differential dh is uniformly continuous on
bounded sets.

The assumption that A* be locally uniformly convex means that to each £€
dom h™* there should exist a function pe on [0, +00) such that

R*((E+m)/2) < 5h*(€)+5h" () =pe(ll€=nllx) for all n€ dom h*

and pe(u)>0 if u>0. The concept of “uniform convexity on bounded subsets” is
defined similarly.

The contents of the lemma are essentially classical, see for instance [1], [18],
but for the sake of completeness we include a proof.

Proof. The strong coerciveness of h* clearly implies that h is bounded and
hence Lipschitz continuous on bounded subsets of X.

Let z;z0,21,... be elements of X such that |x—z;|| -0 as j—oc. Choose
£coh(z) and £;€dh(x;), jEN. The differentiability follows if we establish that
ll€—&;]/%—0. To this end we make use of the identities

(2,8) =h(z)+h*(€), (z;,&)=h(z;)+h*(&) for all jEN.
These equations imply
2R*((6+€;)/2)—h*(§) - (&)
2(((z+x5)/2, (E+&)/2) —h((z+a;)/2)) = h* () = h* (&)

>
> —(2—1;,6-£;)/2—0 when j —oc,
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from which it follows, thanks to the local uniform convexity of h*, that ||£¢ —&;{/+—0.
" Hence h is C.
Replacing z;, £, and §; by y, dh(z), and dh(y), respectively, we find that

9)  h*((dh(z)+dh(y))/2) - 3h* (dh(x)) — 5h* (dh(y)) = §{z—y, dh(z) - dh(y)).

Assume h* is uniformly convex on bounded subsets, choose p>0, and let L be a
Lipschitz constant for h|p(o,). By assumption there exists a non-decreasing function
p such that

(10)  R*((E+m)/2) < ™€)+ R () —p(llE—nllx) €]l < L, [nllx < L,
and p(u)>0 if u>0. The inequalities (9) and (10) imply
4p(||dh(z) —dh(y)llx) < |lz—yl| lldh(z) —dh(y)|lx when z,y € B(0, ),

since ||dh(z)||«x<L for all z€B(0,p). The preceding inequality forces dh to be
uniformly continuous on B(0, ). O

Now we are ready to prove Theorem 1.

Proof of Theorem 1. (i) To begin we observe that ||-]|2 is locally uniformly
convex since ||-||x is locally uniformly rotund by hypothesis. The function

1 * 1 1\1
X* 2 - _=-\z 2
sem Fag ) €+ (-1) 3l
is strongly coercive and locally uniformly convex for the sum of a convex function
and a locally uniformly convex function is again locally uniformly convex. Invoking

Lemma 4 it is then clear that
B 15\ 1 1\1, 1" 1
X352 fuaw) = | (F+511P) 0+ (57 ) 31B] /)=

is C! and Lipschitz continuous on bounded sets.

(ii) Again by Lemma 4, df; , is uniformly continuous on bounded sets if |||«
is UR.

The infimal convolute gOh is CY! provided geI'(X), and h is convex, C11,
h(z)/||z||— o0 when ||z||—o0; see for instance [13, Proposition 2.5]. As a particular
case, f s is C1! provided |-||? is C1! [see (4)].

(ili) With y=z in the infimum (4), f; s(z)< f(z). Evidently, f; s=(f:)°> ft, see
Lemma 2. The established inequalities f; < f: o <f imply, by virtue of the equality
inf fy=inf f [Lemma 3(ii)], that

inf f =inf f; <inf f; ; <inf f.



On regularization in Banach spaces 397

On the other hand, taking into account the identity argmin f;=argmin f, from
Lemma 3(iii), it follows that

argmin f = arg min f; O argmin f; , O arg min f.

Assertion (iv) is obvious.

(v), (vi) The inequalities f;<f:,<f and the pointwise convergence f— f
[Lemma 3(iv)] together imply the pointwise convergence f; s— f. Arguing similarly,
with “pointwise convergence” replaced either by “convergence in epi-distance” or
by “uniform convergence on bounded sets”, the remaining assertions follow with
the aid of Lemma 3(v), (vi). O

5. A remark on second-order smoothness

Unfortunately, the method in this paper need not provide approximates enjoy-
ing second-order differentiability, even if the underlying space X is finite-dimension-
al. In fact, the following elementary example shows that we cannot expect more
regularity than C1'! smoothness and that it hence becomes necessary to combine
the method with another one in order to achieve second-order differentiability.

Ezample 1. Let f be defined on the line by the assignments

0 if z<0,
z2/2 ifz>0.

@)=

Then f is C%! and convex but fails to be twice differentiable at the origin. A
straightforward computation yields f; ;=(1+t—s)"1f, 0<s<t. Regularity is thus
neither gained nor lost.

In this connection it should be noted, as pointed out in [14] and [13], respec-
tively, that

(a) There exists on 12 a CY1 function f that fails to be uniformly approzimable
by functions with two uniformly continuous derivatives (although 1? admits C™
partitions of unity);

(b) Certain separable Banach spaces have norms such that the associated du-
ality maps J are Lipschitz continuous yet admit no C? bump functions.

Nevertheless, if X is a Banach space with the properties in (6), then every
convex f: X — R which is Lipschitz continuous on bounded sets can be approximated
uniformly on bounded sets by twice Gateaux differentiable C1-! convex functions;
study [13]. As we shall see in this section the convexity assumptions are superfluous
which will be made clear by combining our Theorem 1 with results in [8], [13].
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Accordingly, let, us briefly describe the approach of these authors. Suppose that
X is a separable Banach space and that f: X =R is convex and C1!. To approx-
imate f by twice Gateaux differentiable convex functions whose first differentials
remain Lipschitz continuous we may proceed as follows. Fix eq, ez, ..., a sequence
which is dense in the unit sphere of X. For 0<¢€C§°(R) with [(t)dt=1 put
5 (£)=299(21) and

f¥(z)= lim Fla=30  ties) [Ty 9;(t;) dt dtz .. dt,, z€X.

It turns out that the functions f¥ have the desired regularity and that f¥—f
uniformly on bounded subsets of X as supp¥—{0}.

Recall that a function ¢: X — R is said to be twice Gateauz differentiable at
reX if g is Gateaux differentiable in some neighborhood of x, and if

/() ) = lim (b, ¢/ (w4 2)— g/ (2)/

exists for each (h, k)€ X? making ¢”(zx) a continuous symmetric bilinear form.

Theorem 2. Let X be a separable Banach space. If X admits an equivalent
smooth UR norm ||-|| such that J=d||-||?/2 is globally Lipschitz continuous, ev-
ery bounded below f: X —R which is uniformly continuous on bounded sets can be
approximated uniformly on bounded sets by twice Géteaux differentiable functions
whose first differentials are globally Lipschitz continuous. Moreover, the approzi-
mates may be chosen as differences of convex functions.

Proof. Theorem 1 implies that f can be approximated uniformly on bounded
sets by C:! functions g—q with the functions g convex and the functions ¢ positive
multiples of ||-||?/2. According to the preceding considerations (for. details see [8,
Theorem 3.1] and [13, Lemma 2.6]) such convex functions g and ¢ can, in turn, be
approximated uniformly on bounded sets by convex functions enjoying the asserted
regularity. O

6. Approximation in Hilbert spaces

Henceforth X will be a Hilbert space with scalar product (-|-). A function
f on X will be called locally demi-convez if to each z€X there correspond ¢ and
r, positive reals, such that f+(2c)~!||-||? is convex on the ball B(z,r). We shall
demonstrate that the continuous locally demi-convex real-valued functions on X
fit the regularization scheme like a glove. In the process, various properties of the
Moreau—Yosida approximates will be discussed.
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We remark that R. T. Rockafellar (see [16]) showed that a continuous func-
tion f:R"—R is locally demi-convex if and only if it is lower-C? which means,
somewhat loosely, that f can be expressed locally as a pointwise maximum of C?
functions. To be precise, it is required that with each zg there may be associated a
function F: X x X— R, where X is an open neighborhood of zy while K is a compact
space, which along with its first and second derivatives is jointly continuous, that is,
(z,y)—(F(z,y), F.(z,y), Fo (x,y)) is continuous, and such that the representation

—max F X
f(z) max (z,y), z€X,

holds.
The lower-C? functions were singled out by Rockafellar for their nice properties
with respect to subgradient optimization.

Notation 3. Let f be an extended-real-valued function on X and ¢>0. By
C(t)f we understand the function

Ct)f =eo(f+@0)7 -1 - @)~ -1

The following proposition will prove useful in what follows. It is of independent
interest too. ‘

Proposition 2. Let f be an l.s.c. extended-real-valued function on X.
(1) fr,s=[C(t)flt—s when 0<s<t.
(ii) If T>0 and fr is real-valued, the following conditions are equivalent:
(a) fro=Ffi—s for all 0<s<t<T;
(b) f+(2T) 1| [2eT(X).

Proof. (i) Equation (4) may be recast in the desired form

1 1 1
= inf |co .12 _ 2 12
feate) = int [eo( 511 ) )= ol g llo—ol
by applying the identity
1, s 1 1|z yl*> 1, . 1 )
which holds true when ||| is the canonical norm of a Hilbert space.

(ii) The implication (b) = (a) follows at once from (i).
Assume (a) so that, in particular, [C(T) flr—s=fr—s when 0<s<T. By letting
s1T we find that C(T)f=f, which is a reformulation of (b). O

We investigate next the local behaviour of C(¢)f for small values of ¢ and
functions f that satisfy certain local convexity conditions.
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Lemma 5. Suppose that f is bounded from below, xo€X, and that f+
(2¢)7Y-||? is convex on the ball B(zg, R), where ¢, R>0. Assume moreover that
f satisfies, on B(zg, R), a Lipschitz condition of rank L. Let 0<r<R and

T =min{(R—7)?[2(f(zo)—inf f+RL)] 7}, c}.

Then
Ct)f(x)=f(z) when x€ B(xzg,r) and te (0,T).

Proof. Let z€B(xo,r) and £€df(z). Let t€(0,T]. It suffices to show that
¢+t~ 1z is the “slope” of a continuous affine minorant of f+4(2t)7!||-||2 which is
exact at x.

If yeCB(zo, R),

(705 1?) - (@)+ i|w||2)—(y—x|£+t‘1w)
— ) @) + = Iyl ~ (y=sl6)

2inff—(Lr+f($o))+§|ly—x!|2—IIy—wIIL

! —(R-r)?—(R-7r)L>0

>inf f—(Lr+f(xg))+ %

since t<(R—r)2[2(f(zo)~inf f+RL)]™!
If ye B(xo, R),

(160 55112 = (F@+ g1o1?) ~r=sleea) 20

by the assumed convexity. [

It is well known that the derivatives of the Moreau—Yosida approximates df;
converge to Of if feI'(X). We aim to prove that df; ;—0f if f is a locally demi-
convex continuous function. To reach this goal we start with demi-convex functions.

Notation 4. If C is a nonempty convex closed subset of X, we denote by [C]o
the element of minimal norm in C.

Proposition 3. Suppose f+(2T)7-||2€T(X) where T>0.

(i) Assume Of(x) is nonempty. Then dfi(z)—[0f(x)]o when t|0.

(ii) Assume Of(x) is nonempty. Then fi(x)=f(z)—(t/2)|l[0f(x)]ol|*+o(t) as
t]0.
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(iii) At each (x,t)€X x(0,T),
fi(x)/0t+dfy(x)|*/2=0.
(iv) For arbitrary 0<t<T, z€X,

filx)=f(z) <= dfi(x)=0 <<= 0If(z)>30.

Proof. Denote by g the function f+(2T)7!||-||%; thus geT'(X).
(1), (ii) It is readily verified that

Tx 1
(11) ft(w)=gtT/(T—t)<T—_t)—2(T_t)||:v||2, 0<t<T, z€X.

In particular, f; is C1'! when 0<t<T. Using convex duality,

T T . T
gtT/(T—t)(T_it) :IgrgéKT_jt §) -9 (5)*2—(%—_7)”5”2]
t

. * tT T
= m“fﬂnz—gg)fg [9 (5)—($|E)+mH€‘T

]
These minimization problems have unique solutions denoted & which are equal to
dgyr/(r—4(Tx/(T—t)), 0<t<T, by classical convex analysis. Letting

B(¢)=g*(&)—(zl¢), V(&) =}le-T  =|?, 5@:;_1’

the minimization problems read

min(®(&)+(t)V (€))-

£eXx

Observe that arg min ®=38g(z) is nonempty. Viscosity methods are now applicable:
since ®€'(X), V is convex, continuous, strongly coercive, non-negative, and such
that 7, —n weakly and V(n;)—V (n) implies ||n; —n||—0, we have, according to 2,
Theorem 5.1],

(a) &—&o where &y €argmin ®;

(b) V(&)=min{V(¢);{cargmin ®}; and

(¢) min(®+&(t)V)=min @+t min{V (£);£€arg min @} +o(t).
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Because argmin ®=0g(x), (a) and (b) imply that &—&p, £, €0g(z), and
1€0—T" || = min{[|§~T x|} ;¢ € dg(x)} = min{|n|| ;7 € 8f () }.
Differentiating (11) and passing to the limit,
T
dfs(x) =

T—t
as asserted in (i).
The asymptotic development (c) implies (ii) since a direct calculation reveals
that

(&—T"'2) = &-T 'z=[0f(x)lo whent |0,

min(®+e(t)V)—min ® = f(z)— fi(z).

(iii) Equation (11) implies that f,+[2(T—t)]7*||-||? is convex when 0<t<T,
while —f;+(2t)7Y|-]|? is convex for all ¢>0. On the one hand, by (i) and the
semigroup property {f:)n=fi+n,

e L L A
On the other hand, —(— f¢)r=fi—» when 0<h<t<T [Proposition 2(ii)]; hence,

lim ft(x)-ft—h(cc) —lim (_ft)h(x>_(_ft)(m) — _lHd(_ft)(m)HQ

h10 h h10 h 2
For a proof of assertion (iv) see [7] or [3]. O

Our final theorem gives results on the convergence of the differentials df s to
df, and on the preservation of stationary points and values. In this connection we
accentuate the fact that stationary points, in contrast to minimizers, need not be
preserved by the approximation process.

Ezxample 2. We consider three functions neither of which is locally demi-convex
(lower-C?).

(a) Let f:R—R be the concave C! function defined via f(z)=0 if z<0,
f(z)=—2%?if £>0. An elementary calculation shows that df; . (0) <0 when 0<s<t
whereas evidently df (0)=0.

(b) Let g(x)=min{0, —x} for all zeR. Then dg;  (0)=—1 if 0<s<t/2 and
d8g(0)=[-1,0]>0.

(c) Let n be an arbitrary positive integer. R. T. Rockafellar exhibited in [16]
a Lipschitz continuous function A on R™ whose subdifferential dh(x) is equal to
[~1,1]™ at every z€R™. For this h every point z€R™ is stationary in the sense that
Oh(z)30. But dh; ; is not identically equal to zero for any 0<s<t. Otherwise some
ht,s would be constant which in turn would force h to be constant, a contradiction.
Indeed, hy =k, k being a real constant, implies arg min h=arg min h; ,=R" and
inf h=inf h; =k according to Theorem 1.

In Theorem 3 we use a localization argument to obtain the promised results.



On regularization in Banach spaces 403

Theorem 3. Let X be a Hilbert space and f: X —R be bounded from below,
continuous, and locally demi-convex.
(i) To each zo€ X there exist r>0 and T>0 such that

ft,s (LE) = (f_'_jB(zo,Qr))t-s(x)
= f(@) = (t=9)l0f (@)]o]?/2+(x,t—5)
> fa)—(t—s)L?/2

for all z€ B(zg,r) and 0<s<t<T, where v(x,u)/u—0 as ul0 and L is a Lipschitz
constant for f|B(ze,2r);

(i) dfi,s—Of in the sense of Kuratowski-Painlevé convergence of graphs as
0<s<t|0;

(ili) limo<s<tyo dft,s(z)=[0f(z)]o for every z€X;

(iv) (Preservation of stationary points and values.) The following conditions
relative to an arbitrary point t€X are mutually equivalent:

(a) Of(x)>0;

(b) dft,s(x)=0 for all sufficiently small 0<s<t;

(€) fr,s(z)=f(z) for all sufficiently small 0<s<t.

Proof. We observe first that in the definition of f)(z) [see (1)] it is sufficient
to restrict the infimum to y€ B(z, ), that is to say

=t (s gsle-vl?)

yEB(z,r)
provided
(12) [2X(f () —inf H)]V2 <.

We proceed by analyzing the “domain of dependence” of f; ; upon f. Choose posi-
tive real numbers 7, ¢ such that f+(2¢)7||-||? is convex and Lipschitz continuous
on the ball B(zg,3r). By Lemma 5 there is T€(0, ¢] such that

(13) C(t)f(z)=f(z) when z € B(xg,2r) and t € (0,T].

Moreover, by if necessary decreasing T' we can assume that when xz€B(zg,7), 0<
s<t<T, we have

1) OO fs(e)= inf (C(t)f(y)+

2
— d
L le—y] ) an

1
2(t—s)
(15) fmel)= it () s llo=l?).
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Here we have restricted the infima to y€ B(z,r) which is possible for all sufficiently
small 0<s<t since C(t)f and f are both bounded from below on X and from
above on B(zg,2r). (Indeed, the expression [...]}/2 in (12) goes to zero uniformly
over € B(xg,2r) as A|0.) Thus from (13)-(15) and Proposition 2(i) it follows that

(16) fr.s(@)=fi—s(x) = (f+3B)t—s(z) when z€ B(zo,7), 0<s<t<T,

with B=B(z¢, 2r).
By (16), for 0<s<t<T,
sup  (f(z)~fes(z))= sup  (f(2)—fly)—27"(t—5)""lz—y]*)

z€ B(zq,T) z€B(zo,7)
YEB(0,2r)

<sup(Lu—2"1(t—s)"tu?) = L?(t—s)/2.
>0
Also, by Proposition 3(ii) and (16),

fes(@) = f (@)= (=) [0f (@)ol|*/2+(z, t—5)
where y(z,u)/u—0 as u|0 for every x€B(zo,7), concluding the proof of (i).

(i) It is known that the derivatives of the Moreau—Yosida approximates dgy
converge to dg in the sense of Kuratowski—Painlevé convergence of graphs provided
g is demi-convex and ls.c., see [3, Theorem 3.4]. An application of this fact to
the particular case g=f+Jp implies the assertion because of (16) and the local
definition of the Clarke subdifferential.

(iii) By (16) it holds that

dfi,s(z0) =d(f+3B)t—s(®0), 0<s<t<T,
while it follows from Proposition 3(i) that

lim d(f+35)i—s(z0) = [0(f+T8)(x0)]o = [0f (z0)]o-

0<s<t]0
(iv) Use (16) and Proposition 3(iv). O

Note that the assumption that f be locally demi-convex is also necessary for (i).
Simply observe that the formula fr ,=[C(T) f]r-s together with (i) implies, by let-
ting s17, that C(T)f(z)=f(z) for all z€ B(xo,7) so that f+(2T)~!||-||? is neces-
sarily convex on B(xg,T).

We close the paper by remarking that under the hypotheses of Theorem 3,
the Moreau—Yosida approximate f; is C1'! near a given point z( for all sufficiently
small ¢. Actually, there exist positive real numbers 7" and r such that f; is smooth
on B(zg,r) when t€(0,T) and

Of:(x)/0t+ | dfs(x)||?/2=0 at each (x,t) € B(xo,r)x(0,T).

Also, fi— f locally uniformly while df;—0f in the sense of parts (ii} and (iii) in
Theorem 3. Furthermore, obvious analogues of (i) and (iv) are true.
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