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Abstract. In analogy to valuation characterizations and kinematic formulas of convex geome-
try, we develop a combinatorial theory of invariant valuations and kinematic formulas for finite
lattices. Combinatorial kinematic formulas are shown to have application to some probabilistic
questions, leading in turn to polynomial identities for Mobius functions and Whitney numbers.
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1. Introduction

The lattice structure of the collection of polyconvex sets, that is, the collection of all
finite unions of compact convex sets in R” (also known as the convex ring), provides a
crucial link between convex geometry and combinatorial theory. This connection was
highlighted by Rota in {20], where a valuation characterization theorem and kinematic
formula were derived for the Boolean algebra of subsets of a finite set (see also [11]).
In [10], the author extended these notions to the lattice of subspaces of a vector space
over a finite field. In this paper we develop a general theory in the broader context of
finite posets and lattices of order ideals.

We begin by recalling briefly two important results from classical convex geometry.
Denote by X" the set of all compact convex sets in R”. The set X" is endowed with the
topology induced by the Hausdorff metric on compact sets in R" (see [22]). A function
¢: X" — R is called a valuation on K" if ¢(0) = 0, where 0 is the empty set, and

o(KUL) = o(K)+o(L) —9(KNL), (1.1)

for all K,L € X" such that KUL € X" as well. A valuation ¢ on X" is said to be
rigid motion invariant if ¢(gK) = @(X) for all rigid motions (translations, rotations,
and reflections) g of R”.
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Of particular interest are McMullen’s intrinsic volumes [11. 13-15, 22, p. 210},
which give invariant extensions of i-dimensional volume (on i-planes) to polyconvex
subsets of R”, where n > i. Denote by G(n,i) the set of all i-dimensional subspaces of
R, equipped with the invariant (Haar) measure v; normalized so that

(@)= (1) g

i) ©jw,;’

where ®; is the i-dimensional volume of the unit ball in Ri. Denote by V; the i-
dimensional volume in Rf. The i-volume ¥; is extended to i-th intrinsic volume (also
denoted by ¥;) on all of X" by

K = [ KR dv,

G(n,i
where K|£ denotes the orthogonal projection of X onto the subspace &. The valuation
V; then extends uniquely to the lattice of polyconvex sets via inclusion-exclusion (see,
for example, [11,22]).

The valuation ¥y, which takes the value 1 on all non-empty compact convex sets,
extends to the Euler characteristic on the lattice of polyconvex sets (see, for example,
[11,14,15,22]).

Hadwiger’s volume theorem states that V), is the only continuous rigid motion in-
variant valuation on X" that vanishes on compact convex sets of dimension less than »,
i.e., on sets with an empty interior. This theorem is easily shown to be equivalent to the
following [7,9, 11,22].

Theorem 1.1. (Hadwiger’s Characterization Theorem) Suppose ¢ is a continuous rigid
motion invariant valuation on K". Then there exist cg,c),... .cp € R such that

oK) = gc,-n(x),

forallK € X"

Hadwiger’s characterization leads to simple and straightforward proofs of many
classical theorems of integral geometry, an important example of which is the principal
kinematic formula.

Denote by E, the group of rigid motions of R”, that is, the indirect sum of the
translations group of R” with the orthogonal group O(n).

Theorem 1.2. (Principal Kinematic Formula) For all polyconvex sets A and K,

n N .
/E Vo(ANgK) dg=2('j) 2Ly AV K). (1.2)

=0 n

The integral in (1.2) is taken with respect to the indirect sum of the Lebesgue mea-
sure on R” with the Haar probability measure on O(n). For compact convex sets A and
K, this integral has an evident geometric interpretation as the measure of the set of all
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g € E, such that ANgK # 0. Alternatively, one may think of (1.2) as the “measure” of
all convex sets gK in R" congruent to X that meet 4.

Theorem 1.2 is one of a family of kinematic formulas for valuations on polyconvex
sets, attributed in origin to Blaschke [1], Chern [3], and Santal6 [21]. The techniques
of the present work are inspired by those of Hadwiger [7] and Rota [20] (see also [11]).
Kinematic formulas remain a topic of current interest in convex and integral geometry
(see [4,5,8,11,22,23,26,27]).

2. Invariant Valuations on Finite Lattices

Let P denote a finite set, partially ordered by the relation <, and with a minimal element
0. We shall also refer to the partially ordered set P as a poset. An automorphism of a
poset P is a bijective function g : P — P which preserves the ordering <. The collec-
tion of all automorphisms of a poset P forms a group under composition of functions,
denoted by Auz(P). If G is a subgroup of Aut(P), then G acts on P by evaluation of the
functions g € G at elements x € P.
Forx € P, denote
U(x) ={gx:g € G},

that is, the orbit of x under the action of G. Let U(G;P) denote the collection of all
orbits in P of the action of the group G, except the singleton orbit {0} of the minimal
element 0. We shall refer to U(G; P) as U where no confusion is possible. Denote

Stab(x)={g€ G:gx=x},

that is, the stabilizer of x under the action of G. Recall that Stab(x) is a subgroup of G.
If A is a finite set, denote by |4| the number of elements of 4. The orbit and stabilizer
of an element x € P satisfy the identity:

[U(x)||Stab(x)| = |G].

An order ideal I is a subset of P such that, if x € 4 and y < x, then y € 4. An order
ideal is a partially ordered set in the order induced by P. An order ideal having exactly
one maximal element is called a principal ideal.

The (set-theoretic) union and intersection of any number of order ideals is again an
order ideal. Thus, the set J(P) of all order ideals in P is a distributive lattice and we can
study valuations on J(P).

A function @ : J(P) — R is called a valuation if ¢({0}) = 0 and

¢(AUB) + (4N B) = ¢(4) + ¢(B),

forall 4,B € J(P).

For x € P, denote by X the principal ideal whose maximal element is x, that is, the
set of all y € P such thaty < x.

It is well known (or see [11, 19]) that every valuation ¢ on J(P) extends uniquely to
a valuation, again denoted by o, on the Boolean algebra B(P) of all subsets of P, which
is generated by J(P). Such a valuation is evidently determined by its value on the one
element subsets of B(P), that is, by arbitrarily assigning a value ¢({x}) for each x € L.
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Letx € Pandletl;,h,... I, be the maximal principal ideals [, C X such that [} # X.
Then
o({x}) = 0®) —@(hULLU---Ulp).
The right-hand side can be computed in terms of principal ideals of lower order by the
inclusion-exclusion principle (1.1). Thus, by induction on the partial ordering, we have
the following theorem (due to Rota [12, 19]).

Theorem 2.1. Every valuation @ on the distributive lattice J(P) of all order ideals
is uniquely determined by the values ©(X), over all x € P. The values ¢(X) may be
arbitrarily assigned.

Suppose G is a group acting on the poset P. For I € J(P), the set
gl={gr:xel} 2.D

is also an order ideal of P. It is easily verified that (2.1) defines a group action of G on
the lattice J(P). We say that this G-action on J(P) is induced by the action of G on P.
A valuation ¢ on J(P) is called invariant if it is invariant under the action of group
G, that is, if o(1) = @(gl) for every order ideal / € J(P) and all g € G.
Among the most important invariant valuations on any lattice is the Euler charac-
teristic, which we now define. The following is an immediate consequence of Theo-
rem 2.1. (See also [19].)

Theorem 2.2. There exists a unique invariant valuation ¢ on J(P) called the Euler
characteristic, such that %(X) = 1 for every principal ideal X with x > 0 and x({0}) = 0.

Recall that the Euler characteristic of the distributive lattice J(P) of order ideals of
a poset P satisfies

xD=- 2 wu0,x), (2.2)

xel x>0

where 0 denotes the minimal element of P and g is the Mobius function of P (see [12,
18, 19, 24, p.120, 25]).
For U € U(P;G), define
ou(X) = xNUJ,
and extend @y to all of J(P) by Theorem 2.1. For every order ideal /,
ou(l) = INU].

In other words, the valuation @, counts the number of elements of the orbit U contained
in an order ideal.

Note that if y € U(x), then u(0,x) = (0,y). This follows from the fact that y = gx
for some automorphism g of P. Therefore, we denote by #(U) the value of x(0,x) for
any x € U. It now follows from (2.2) that

A== > Duox)=- 2 uUe,), (2.3)

UeU(P;G) xeU UeU(P:G)
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for any order ideal /.
More generally, we have the following combinatorial analogue of Hadwiger’s char-

acterization theorem for invariant valuations.

Theorem 2.3. (Basis Theorem) The invariant valuations {¢,: U € U(P;G)} span the
vector space of all valuations ¢ on J(P) that are invariant under the action of G.

Proof. Suppose ¢ is an invariant valuation on J(P). Extend ¢ to all of B(P). The
extended valuation, which is still denoted by ¢, is again invariant. If U(x) = U(y)
U, then there exists an automorphism g of P such that gx = y. Therefore, o({x})
o({y}) = ¢y, for some constant ¢, € R. Thus, the valuation

¢ Z Py
UeU(P:G)

vanishes on all singleton sets {x} for all x € P, and consequently vanishes on all of
B(P). ' N

In order to compute the coefficients ¢, given by the Basis Theorem 2.3, note that if
x € U, then

ofxh= Y co{x})=cu. (2.4)

UeU(P;G)

If we know the values of @({x}) for some x in each orbit U, then we are done.

However, a valuation ¢ is often given in terms of its values on principal ideals ¥ for
x € P (as in, for example, Theorem 2.1). In order to compute the values ¢({x}), given
the values ¢(¥), we use Mobius inversion. Recall that the extension of a valuation ¢ on
J(P) to all of B(P) is given inductively by

({0} =0
and
o({x}) = 0(x) - éw({y}),
so that }
o(F) = KZXQJ({V}) (2.5)

for all x € P. Applying Mébius inversion to (2.5) yields
o({x}) = 2 u(»x)0(). (2.6)

y<x

Combining (2.6) with (2.4) along with the invariance of ¢, we obtain

e =0({x}) = 2 uyx)o®), 2.7

y<xu

foreach U € U.
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3. Kinematic Formulas for the Lattice of Order Ideals

As an application of the Basis Theorem 2.3 we shall derive a combinatorial analogue of
the principal kinematic formula (1.2).

One way to construct invariant valuations on J(P) is the following. Start with any
valuation ¢ on J{P) such that ¢({0}) = 0 and let 4 be any order ideal. For any order
ideal B, define

o(4;B) = Z(p(A NgB).

1614
where g varies over the group G. For fixed 4, the set function ¢(4;B) is a valuation in
the variable B; in fact, it is an invariant valuation, since

o(4;80B) = lZw ANggoB)

|G
= — Zcp(A NgB),
|Gl 4

for each automorphism go € G. By Theorem 2.3, the functional ¢(4;B) can be ex-
pressed as a linear combination of the valuations ¢, with coefficients o, (4) depending
on A4:

o(4:B) = Y au(4)p.(B). 3.1
veu
Meanwhile, for fixed B, the set function ¢(A4;B) is a valuation in the variable A.
From this it follows that each of the coeflicients a(A) is a valuation in the variable 4.
Now consider the case when ¢ is an invariant valuation. If so, then

O(4;B) = = ZwAﬂgB) |G|Z<p(g"AﬂB)

ﬁ 2 0(gANB) = ¢(B:4).
4

It follows that a,(A4) is an invariant valuation in the parameter 4, so that

o(4:B)= Y aweu(4)e.(B).
uveu
Since ¢(4;B) = ¢(B;4), it is evident that a,v = . It turns out that most of the
constants o,y are equal to zero. To compute the coefficients ay, extend the valuation
© to the Boolean algebra B(P) generated by J(P) and let ¢, denote the value of p on a
singleton set in B(P) whose single element lies in the orbit U (that is, ¢, = ¢({x}), for
any x € U). Recall that the values ¢, may be obtained from (2.4) or (2.7).

Theorem 3.1. (General Kinematic Formula) Suppose ¢ is an invariant valuation on
J(P). Forall A,B € J(P),

‘I—Z<P(AﬂgB) > lcbcp((A)wl( B). (3.2)
1G] % deu Ul
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When P is a modular lattice and the orbits U coincide with the grades of P, the
values U] are sometimes called the Whitney numbers (of the second kind) for P.
Proof. Suppose xy,y, € Plie in orbits U and V respectively. Let4 = {x,} and B = {3, }.
Foranyge G, theset ANgB=0if U# V. If U=V, then ANgB =0 if x, # gy,, while
there are |Stab(x,)| automorphisms g of ¥ such that x, = gy,. Hence, we have

oy L _ 1Stab(x,)) _ L

Meanwhile, @, (4) = 1 if Uy = U otherwise, it is equal to zero. Similarly, ¢, (B) = 1
if Vo = V; otherwise, it is equal to zero. Hence,

¢(4;B) = Z auovo(Puo(A)‘on(B) = Oy
Up VoeU

Therefore, ayy = (1/|U])cy if U = ¥, otherwise, it is equal to zero. |
For example, if @ = @, then (3.2) becomes

I‘&Z‘Pu(AﬂgB) = ]%'(pU(A)(pL.(B). (3.3)
4

The basis theorem implies that every kinematic formula for an invariant valuation can
be expressed by taking linear combinations of the identity (3.3).

The case ¢ = % is of particular interest. The Euler formula (2.3) implies that
x({x:}) = —u(U). Theorem 3.1 then specializes to the following combinatorial ana-
logue of Theorem 1.2,

Theorem 3.2. (Principal Kinematic Formula) Forall 4,8 € J(P),

rléTZX(A“gB) =2 —#(U)I—lﬂwl (4)o (B). (3.4)
g UelU

The probability that a randomly chosen principal ideal ¥ shall meet a fixed principal
ideal ¥ is now given by
| o 1 N
5 2XENG) = 3 —uU) eu(®)9u(P)- (3.5
|G| g veu | |

By combining (3.3) and (3.5) with standard probabilistic arguments, one may derive
new combinatorial identities, as is demonstrated in the examples that follow.

4. Examples and Applications

We now apply the the theory of invariant valuations to central examples of posets in
enumerative combinatorics.
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4.1. Finite Boolean Algebras

Consider the lattice B, of all subsets of {1,2,...,n}, a Boolean algebra. The collection
B, is a poset when ordered by inclusion of subsets. Let G = S,,, the group of permuta-
tions on # elements. The orbits of the action of G are the collections B% of k-element
subsets of {1,2,...,n}, having size [B¥| = (7).

The Mdbius function of the poset B, is given by

ulx,y) = (= )b

forx,y € B, such that x C y. The Basis Theorem 2.3 implies that all invariant valuations
on J(B,) are linear combinations of the valuations ¢;, given by

¢i(I) = [INB,,

forall/e J(B,)andi=1,...,n
It then follows from Theorem 3.2 that

n -1

L 3 angs) = X0 () otdae) @
ZESy i=1

forall 4,B € J(B,). If A = %; and B =¥, then the left-hand side of (4.1) expresses the

probability that a randomly chosen /-simplex will meet a given k-simplex. Using ele-

mentary probabilistic reasoning, one can easily check that the probability that a random

I-simplex does not meet a given fixed k-simplex is

A\ n—k
/ [ )
From (4.1), we then obtain

() () gmnen=gor () () e

By adding the term corresponding i = 0 to both sides of (4.2) and multiplying by -1,
we obtain the identity

() O0-07C7)

for all positive integers 0 < &,/ < n.

Note that if k+/ > n, then ("7*) = 0. In the preceding argument, this corresponds
to the case in which the two sets gy; and x; have non-empty overlap for any permutation
g i.e., the case in which x, N gy, = 0 with probability zero.

The left-hand side of (4.1) can be computed once again using standard combinato-
rial arguments. Let x; € B,. The number of /-sets y € B,, such that x; Ny is a set of size

iis given by
k\ (n—k
()(=0)
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On combining this with (4.1), we obtain the identity

g () ()0 -0) £0 00,

On simplifying, we then obtain

() (G2 (i2)) =0 44

Similarly, we use the identity (3.3) to compute the expected value of @ (xi N gy),
yielding the identity

SO°OC0-OTO0 e

for all 0 < k,/,m < n. The left-hand side of (4.5) is obtained from the definition of
expectation, while the right-hand side follows immediately from (3.3).

4.2. Finite Vector Spaces

Denote by L,(g) the set of all subspaces of a vector space ¥ of dimension n over a
finite field of order ¢. The collection L,(g) is a poset when ordered by the inclusion of
subspaces. Let G = GL,(q), the group of linear automorphisms of V. The orbits of the
action of G are the collections L (q) of k-dimensional subspaces of /, having size

ko (1) _ (@ =D (g 1)
‘““”"(k)q“ @-D@=D

the Gaussian coefficients. Recall also that
|GLa(g)| = (¢" = 1)(g"—q)---(¢"—¢" ")
The Mobius function of the poset L,(g) is given by

Hlr,y) = (—1)8m)=dim) () (4.6)

for x,y € L,(q) such thatx C y.
By the Basis Theorem 2.3, the collection of valuations {¢;}/., onJ(B,) given by

=1
oi(1) = INL;(q)|

is a basis for the space of invariant valuations on L,(g). From Theorem 3.2, we then
obtain

Tome =31 ® (") e
G ] 21 AN8B) = 2 (=1 (,.)q adeB), @D

forall 4,B € J(L,(q)).
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Similarly, the kinematic formula (3.3) now becomes

i n
GLyg) =" A0eh) = ()

forall 4,B € J(L,(q)) and foreachi = 1,... ,n. Letx; and ), be subspaces of I having
dimensions & and /, respectively. In the case when 4 = ¥, and B = ¥,, the formula (4.8)
gives the expected number of i-dimensional subspaces inside the intersection of the
k-dimensional subspace x; with a random /-dimensional subspace gx;.

By applying elementary probabilistic reasoning to (4.7), we obtain the g-analogue

of (4.3), to wit:
,;210(_ 1)ig®d (’Z)q_' (l:)q <f)q =g (f;)q-l (n ; k) }

for all positive integers n,q and all 0 < &,/ < n. This formula was originally obtained
by Chen and Rota (see {2, (4.4)] and also [12, p. 273]).

For additional details, see [10]. See also [6, 12, 24, pp. 126-127, 25, pp. 291-197]
for a treatment of g-analogues, Gaussian coefficients, and the Mdbius function (4.6).

i
9;(4)9:(B) (4.8)
q

4.3. The Lattice of Partitions (Order Ideals)

Denote by I, the set of all partitions of the set {1,2,...,n}. The collection I1, is a
poset when ordered by a refinement of partitions. Specifically, we have = < & in I,
provided each block of the partition & is contained inside a block of 6. We denote by
|| the number of blocks in the partition .

Let G = Sy, the group of permutations of {1,2,... ,n}. The orbits of [1, under the
action of G are collections of partitions having the same shape. Let n € 1, and let q;
denote the number of blocks of nt of size i. Then the orbit U(n) has size

n!

n 1
|U(m)| = (IN@g!---(n!)ana,! =n!g (karg,!”

For m,c € I1, such that & < o, the Mébius function u(r, o) is given by

wm o) = (==l T (np - 1)1, (4.9)

Peo

where np denotes the number of blocks of  contained in the block P. For a derivation
of (4.9), see [25, p. 301].
Note that if m = 0y, the discrete partition, then (4.9) becomes

§(O0,,0) = (~1Y O [T (P = D! = (=S (=11, (4.10)
k=1

Peo

where a; denotes the number of blocks of ¢ of size &.
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Combining (4.10) with Theorem 3.2 we obtain

1
;Zx(AﬂgB)
4

Z (_l)n~|°"+l (ﬁ(k— 1)!”") (Iﬁl k' aAak ) )‘pU(B)

a)+2ax+-+nay=n k=1 k=1

( l)n—|u|+l n
Z . H D% (kD)% a,! | @ (4)pu(B) (4.11)

ay+2az+--+nag=n k=1

for all 4,8 € J(I1,), and where || =a) + -+ + ap.
Unfortunately, the values of ¢y/{4) are very difficult to compute for a typical order
ideal 4 in [1,.

4.4. The Lattice of Partitions (Filters)

Unlike the previous examples, the lattice I, is not self-dual. Denote by IT; the lattice
dual to IT,, in which all order relations in I'l, are reversed. Denote by 10, the indiscrete
partition consisting of a single block, 1n, = {{1,...,n}}. The Mobius function for IT;
is then given by

#O0piz,0) = (o, 1n,) = (=) T (ra— 1! = (=1)°""(Jo| - 1)

Beln,

It follows from Theorem 3.2 that

Ly yune=  y (el (ﬁm) )0.(8).

* gEeS, ay+2a3+-+nay=n k=1

Once again the values of gy (4) are very difficult to compute for a typical order ideal 4
in IT}, (a filter in I1,).

4.5. The Lattice of Faces of an n-cube

Let C, denote the n-dimensional unit cube in R”. Let (" denote the regular cell de-
composition of the cube C, into lower-dimensional unit cubes. The cell complex "
is partially ordered by set inclusion of the faces of C,. The null set 0 is included as
the minimal element of the lattice C". For a description of the lattice structure of (",
see [16,17]. See also [12] for an extensive bibliography.

The Mabius function of the lattice C” is characterized as follows.

Proposition4.1. Let C,D € (" be any two cells withCC D and C# 0. IfdimC =k
and dimD = I, then

w(C,D) = (-1 and u0,C)=(-1)F". (4.12)
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Proposition 4.1 is not difficult to prove directly. For a more general result, see [24,
p. 122].

We shall consider the action of group G of isometries of the n-cube C,, a finite
subgroup of the orthogonal group O(n). Evidently, G acts transitively on the set of i-
dimensional faces of C, foreachi =0, 1,... ,n. Itis not difficult to show that |G| = 2"n!,
while the orbit U; of an i-dimensional face has size

Ui = ('j) 2,

Let J(C") denote the lattice of order ideals in . The Basis Theorem 2.3 implies
that if ¢ is an invariant valuation on J(C"), then

n
o= Z CiPi,
i=0
where ¢; is the invariant valuation given by

forall 4 € J(C").
Kinematic formulas are now derived in the usual way. Suppose ¢ is an invariant
valuation on J(C"). For all 4,B € J(C"), we have the general kinematic formula

n

1
m%@(A ngB8) = i=Zo

-1
(’:) 2 "cii(A) pi(B), 4.13)

where ¢; = o({G}).
Suppose ¢ is chosen to be the Euler characteristic y for the lattice J(C"). For
0 < i < n, the value ¢; is then given by

ci = o({G}) = —u(0,C) = (-1)".

This follows from Proposition 4.1.
Combining this with (4.13), we obtain the principal kinematic formula

n
2"n! i=0

! z (m\"! i-n i
Sutngs) =3 () 2 1ol0®) (@.14)
g
If 4 = C; and B = C; are principal ideals, then the formula (4.14) becomes
1 L AN A YA Y
ng(AﬂgB)zg(—l) (;) (:) <i)2"+’ " (4.15)

giving the probability that a random /-dimensional face of C, meets a given k-dimensional
face. It follows that there are

() () 0==-5) 000

(4.16)
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I-faces of C, that meet C;.
Instead, if we apply the formula (4.13) to the case ¢ = ¢, for a particular fixed
i€{0,1,...,n}, we have

1 -
7 2. 9i(ANgB) = (’:) 27"0i(4)9u(B), (4.17)
g

forall 4,8 € J(C"). If A = C; and B = C are principal ideals, then the formula (4.17)

becomes
1 o oktenei (M) (K (1>
2,,n!§<P:(CkﬂgC1)—2 (l) <l> ) (4.18)

giving the expected number of /-faces of the intersection of a given k-face of C, with a
random /-face of C,.

Using the definition of expectation and standard probabilistic arguments, one can
compute the left-hand sides of (4.15) and (4.18) more directly. In this case, powers of
2 appearing on both sides of these expressions cancel out, resulting once again in the
same identities (4.4) and (4.5) obtained from the example of finite Boolean algebras.

5. Variations and Generalizations

There remain many other variations and applications of the general kinematic formula,
Theorem 3.1. For example, one can replace the random intersection of two order ideals
with a random union. For any invariant valuation ¢ on J(P), the valuation identity (1.1)
implies that

Y o(4UgB) + IGI > @(4NgB) = ¢(4) + ¢(B). (5.1

]GI geG gcC

A kinematic formula for the expected value of a random union, ¢(4 UgB), is then
derived from a combination of Theorem 3.1 with the identity (5.1).

One can also consider multiple intersections. The proof of Theorem 3.1 easily gen-
eralizes to the case of multiple intersections to yield the kinematic formula:

1 1
1GF > G(p(A NgiBiN---NgeBi) = UzﬂlUl"CU%(A)%(BI) - Qu(B),
81ve- B4 € €

for all order ideals 4,B,, ... ,B; € J(P). Similarly, one can derive kinematic formulas
for multiple unions.
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