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On Supremal Languages of Classes of Sublanguages
that Arise in Supervisor Synthesis Problems with
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Abstract. This paper characterizes the class of closed and (M, N)-recognizable
languages in terms of certain structural aspects of relevant automata. This charac-
terization leads to algorithms that effectively compute the supremal (M, N)-
recognizable sublanguage of a given language. One of these algorithms is used,
in an alternating manner with an algorithm which yields the supremal (Z,, N)-
invariant sublanguage, to compute the supremal sublanguage of a given language
that is both (X, N)-invariant and (M, N)-recognizable. Finite convergence of the
resulting algorithm is proved. An example illustrates the use of these algorithms.
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1. Introduction

Many complex man-made dynamical systems evolve not according to differential
equations, but according to the intricate interaction of discrete events. In this paper
we consider such discrete-event dynamical systems, examples of which are flexible
manufacturing systems and computer/communication networks. In these examples
the discrete events are the completion of a task or the arrival of a message. The state
of the system, which changes only at asynchronous discrete instants of time, consists
of numbers and discrete variables, such as the number of parts waiting at each
station and the readiness status of each station. Models and control algorithms for
such systems have been developed by Ramadge and Wonham [RW], [WRI],
[WR2] (see also Smedinga [S]); in this work, a dynamical system (or plant) is
modeled by a finite automaton with certain controllable events, the occurrence of
which can be disabled by means of control action. The control task is formulated
as that of synthesizing a controller (called a supervisor), which can observe each
occurrence of events in the plant, in such a way that the behavior of the closed-loop
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system is minimally restrictive while being confined to a prespecified language (i.e.,
prespecified set of strings of events). The reader is assumed to be familiar with the
work of Ramadge and Wonham.

Recently, two papers [CDFV], [LW] have considered, in the framework of
Ramadge and Wonham, supervisor synthesis problems of discrete-event processes
in which the observation of events is assumed to be imperfect. They gave necessary
and sufficient conditions for the language to be realized by means of constructing
suitable supervisors.

It turns out, however, that the classes of sublanguages of a given language L
which satisfy the necessary and sufficient conditions do not, in general, possess
supremal elements, and therefore the minimally restrictive solutions may not exist.
On the other hand, the classes of sublanguages of L where the closure of each
element is (X,, N)-invariant and (M, N)-recognizable [CDFV] (or equivalently,
controllable and normal with respect to N and M in [LW], if we restrict ourselves
to the case where M is a projection) are not only subsets of the classes of languages
mentioned above, but are algebraically well-behaved so that they possess supremal
elements. Thus the consideration of the supremal elements of the latter classes of
sublanguages has been appreciated in [CDFV] and [LW] as a convenient way to
obtain minimally restrictive solutions in smaller classes or to investigate the exis-
tence of the solution to the problems. The computational aspects of the afore-
mentioned suprernal sublanguages, however, have not yet been fully developed: an
algorithm to compute the supremal sublanguage that solves the (restricted) super-
visor synthesis problem of [CDFV] has been presented in [CDFV] under the
assumption that M ' [M(Z,)] < Z, u {¢}.

We present in this paper an algorithm that is shown to compute effectively the
supremal sublanguage considered in [CDFV] without the above restriction. In
addition, our algorithm possesses a simpler and more graphical structure than that
of [CDFV]; this structure enhances understanding of the problem and is well-suited
to computer implementation. Moreover, our results are extended to solve the
(restricted) Supervisory Marking Problem [RW7] where L is not necessarily closed.
In the following we give definitions of various objects that are necessary for the
subsequent development, and specifically state the problem studied in the paper.

Let X be a (nonempty) finite set of events, called an alphabet, and let Z, = Z (Z,
represents the set of uncontrollable events). The set of all finite strings of events in
X is denoted by X*. The empty string is denoted by e. A subset O = T* is called a
language over . The closure of 0, denoted by O, is the set of strings that are prefixes
of strings in 0. If O = 0, O is said to be closed. Also, for any s € Z*, we denote by
|s| the length of string and by 3 the set of strings that are prefixes of 5. O is regular
if O is the language L (G) marked by some finite automaton G (see the definitions
in Section 2). Let A be a finite set, and let M: £ — A U {¢} be a function; M is a mask
or observation function, which will represent partial observations by the supervisor
of events in X. Then M can be extended to X* in a natural way; i.e, M(g) = ¢ and
M(so) = M(s)M(o) for all s e T*, ¢ e T (this function was introduced in [CDFV]
to model imperfect observations, and was specialized to a projection in [LW]). For
0 c N < Z*, 0 is (M, N)-recognizable if N n M™1[M(0)] = O. Also O is (Z,, N)-
invariant if OZ, "N < O.
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Now let L = N < X*. We assume that L and N are regular and closed. The
assumption that L is closed will be dropped later in Section 5 when we discuss an
application to Supervisory Marking Problems. Consider the classes of sublanguages
of L defined as follows:

R(L)= {0 = L|O is closed and (M, N)-recognizable},
D(L) = {O = L|O is closed, (£, N)-invariant, and (M, N)-recognizable}.

It was shown in [CDFV] that the supremal elements of R(L) and D(L) (denoted by
Sup R(L) and Sup D(L), respectively) exist and that Sup D(L) solves the (restricted)
supervisor synthesis problem posed in [CDFV]. That is, if G denotes a finite
automaton (or plant), N = L(G) denotes the language generated by G, G, denotes
the corresponding controlled discrete-event process [RW], S denotes a supervisor,
L(S/G.) denotes the set of sequences of events that can occur when S is coupled
to G, then the (restricted) supervisor synthesis problem of [CDFV] is that of find-
ing, for L  L(G), a complete supervisor S such that L(S/G.) is the largest (M, N)-
recognizable language contained in L.

Our objective is to find an effective way to compute Sup D(L). For this purpose,
we give a characterization of (M, N)-recognizable languages in Section 2, suggest
two algorithms that compute Sup R(L) in Section 3, and present an algorithm to
compute Sup D(L) in Section 4. Also, in Section 5, we discuss a method that
computes Sup R'(L) and Sup D'(L) using these algorithms, where L is not neces-
sarily closed and

R'(L):= {0 < L|0 is (M, N)-recognizable},
D'(L):= {0 c L|0 is (Z,, N)-invariant and (M, N)-recognizable}.
We note that if L is closed, then Sup R'(L) = Sup R(L) and Sup D'(L) = Sup D(L).

2. Strict-Subautomata and a Characterization of
(M, N)-Recognizable Languages

A Nondeterministic Finite Automaton (NFA) G is a 5-tuple G = (@, %, f, 90, @u)s
where Q is a finite set of states, T is an alphabet, g, € Q is the initial state, Q,, = Q
is the set of final (marked) states,and f: £ x Q — P(Q)isa transition function (where
P(Q) is the power set of Q). f is extended to £* x Q in the standard way (see, €.g.,
[HUT), and the extension is denoted by the same symbol f. For o e £ and g e g,
we say that f(a, q) is defined and write f{(o, g)!, if f(o, g) is nonempty. G is said to
be a Deterministic Finite Automaton (DFA) if for any 6 € X, qe Q, f(0,q) is a
singleton set {r}, r € Q whenever f(g, q)!. In this case we write f(g, g) = r to mean
that f(o, ) = {r}. We denote by ® the empty automaton which has as its set of
states the empty set. L{G), the language generated by G, and L_(G), the language
marked by G, are defined by

L(G) := {w € Z*| f(w, go)!},
L.,(G) := {w e T*|there exists q € Q,, such that g € f(w, g,)}.
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Clearly, L(®) = J. We often write L(G) as |G|. Also, we note that L(G) is closed.
By Tr G, we mean the trim component of G defined by

Tr G := {flr’ z’f;r’ 9o, Qm N Qtr) ’f Qtr # ga

otherwise,

where Q,, := {g € Qlthere exist s, t € Z*, r € Q,, such that q € f(s, go) and r € f(t, g)}
and f;, := flz g, Clearly, | Tr G| = |G| and Tr G is effectively constructible [E]. G
is said to be trim if G = Tr G. In this case, |G| = L(G). In this paper all automata
are assumed to be trim unless otherwise stated.

Consider two NFAs A = (Q,, X, f4, a0, Qum) and B = (Qp, Z, f, dgo> Qpm) With
|B| < |A]. We say that B is a subautomaton of A if

(i) f5(s. gp0) = f4(s, g40) for allse m
Also, we say that B is a strict-subautomaton of A if, in addition to (i),
(ii) if s € [A] and s ¢ | B], there exist § € § such that £,(5, ¢,0) ¢ Q5.

Note that @ is a strict-subautomaton of any NFA. If 4 and B are deterministic,
a detailed description of a subautomaton can be given as follows. Consider the
conditions

(iii) Qp = Q4> qu0 = 9o and
(iv) for all g € Qp, 0 € Z, fy(0, q) = f,(0, q) whenever f3(o, q)!.

Then it is easy to check

Lemma 2.1. Let A and B be deterministic. Then B is a subautomaton of A if and
only if the conditions (iii) and (iv) hold.

Remark 2.1. Given two NFAs C, and C, with |C,| = |C,|, we can always obtain
two DFAs A4 and B with |A| = |C, |, |B| = |C,| such that B is a strict-subautomaton
of A. For example, first construct two DFAs D, =(Q,, Z, f, 43, Q1) and D, =
(@2, %, 13,95, Q2m) such that |D;| =|C,| and |D,| = |C,| (the existence of such
DFAs and the procedure for obtaining them are well known; see, e.g., [HU]); then
define 4 := Tr (QA, E’f:h 90> QAm) and B:= Tr (QB: ZafB’ 90> QBm) by

QA = Ql X (QZ v {Q.s})a qs ¢ QZ’ QAm = le X (QZ v {qs})’ 9o = (q;’ qg)’
Q5:=0, x 0, Q5m = Q1m X Qzm;

{(ri, r)lr € £i(0, 9,), 73 € f2(o, q2)} ifg,€Q, and fy(0, q2)),
{("1, q,)lry € f1(o, ‘11)} otherwise,

S50, @1, 42)) == {(ry, r)Iry € f1(0, 4,), 12 € fo (o, q4:)}.

Jal0,(q1, 42)) = {

Now let L < iV <« Z* be regular and closed, and let G := (Q, %, f, 94, Q) and
G, :=(Q,, Z, f,, 40, Q) be NFAs such that |G| = N, |G,| = L, and G; is a strict-
subautomaton of G. The following equivalent statements are convenient and sug-
gestive for the subsequent development.
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Lemma 2.2.
L is (M, N)-recognizable
<> forallse N,te L, M(s)= M(t) impliesse L,
< forallde M(L), {seN|M(s)=d} <L,
< forallde M(L), {seN|M(s)=d}={se L|M(s)=d}.

Thus, if there were a way of obtaining two sets of strings {s € N|M(s) = d} and
{s € L|M(s) = d} for each d € M(L), then it would become an easy task to check if
Lis (M, N) recognizable. This observation motivates the following (standard) con-
struction of two DFAs T and T, that generate M(N) and M(L), respectively.

Let T:= (X, A, h, x5, X) and T, := (X, A, hy, x50, X,) be defined as follows:

X=PQ) —-{g}, X;=PQ)-{T}
xo = {qef(s, qo)IM(s) =€},  xy0:={qg€fs, qo)IM(s) = ¢},
h(d, x):= {qg €f(s, 9")}q’' € x and M(s) = 5},
hy(8, x;) := {q € f{s, 9')|q’ € x; and M(s) = d}.
Then it follows from a simple induction argument that, for all d € A*,
h(d, xo) = {g € f(s, 90)|M(s) = d},
hy(d, x50) = {q € fs, go)IM(s) = }

Since G, is 4 subautomaton of G, it is clear from the construction that h,(d, x,,) <
h(d, x,) for all d € | T,|. From now on we assume that T and T, are trim; i.e., we
identify T and T, with their trim components.

Lemma 2.3. Let d € |T|. Consider the following statements:

(1) hy(d, x4) # h(d, x;).
) {selGl|M(s) =d} ¢ |Gl
(3) There exists d € d such that h(d, Xxo) & X,.

Then (1) = (2) = (3).

Proof. (1)=>(2) Suppose that {se|G||M(s) = d} = |G,|. Since G, is a subauto-
maton of G, this implies that f(s, go) = f,(s, g,) for ail s € |G| whenever M(s) =
Thus h(d, xo) = {q € f(5,90)|M(5) = d} = {q € [(5,90)IM(s) = d} = h(d, x,0), which
contradicts the assumption.

(2)=(3) Let se|G| be such that M(s) = d and s ¢|G,|. By the definition of
strict-subautomaton, there is § € § such that f(3, q) ¢ Q,. Let d = M(3), thend e d
and f(5, go) < h(d, x,). Noting that X, c P(Q,), we have that h(d, x,) ¢ X,. »

Corollary 2.1. Letd e |T)|. If hy(d, x,,) = h(d, x,) for all d € d, then {s € |G||M(s) =
d} < |G,l.
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Proof. Suppose that {se IGIIM(sZ =d} ¢ |G,|. By Lemma 2.3, there exists ded
such that h(d, x,) ¢ X;. Note that d e | T| since | T} is closed. Thus h(d, x,) is ncn-
empty. Hence h(d, x,) # h,(d, X0), which contradicts the assumption. n

Now we are ready to establish a characterization of (M, N)-recognizable languages.

Theorem 2.1. L is (M, N)-recognizable if and only if T, is a subautomaton of T. In
this case, T, is also a strict-subautomaton of T.

Proof. Note that |T;| is closed, so that if d € | T;|, then d € | T;| for all d e d. Thus
T. is a subautomaton of T

< forallde|T,|, h,(d, x,0) = h{d, x;) (definition of subautomaton),

< forallde|T,, {se|G||M(s)=d}<]|G,| (Corollary 2.1 and Lemma 2.3),
<> L is (M, N)-recognizable (Lemma 2.2).

Also, it is obvious from the Lemma 2.3 and the definition of strict-subautomaton
that if T, is a subautomaton of T, then it is also a strict-subautomaton of T. L]

3. Algorithms for Sup R(L)

In this section two algorithms which compute Sup R(L) are presented. We assume
that L N < Z* and L, N are regular and closed. We first give an equivalent
description of Sup R(L).

Let K := {se€ LIN n M"'[M(5)] = L}. Then we have

Lemma 3.1. K = Sup R(L).

Proof. First we show that K € R(L). Clearly, K = L and K = K. Thus it remains to
prove that K is (M, N)-recognizable. Suppose now that se K, t € N, and M(s) = M(¢t).
Then NAM ' [M(#)]=NnM™'[M(5)]<L. Note that te NaM™'[M(r)], so
te L. Hence, from the definition of K, t € K. By Lemma 2.2, K is (M, N)-recognizable.

Next, let O € R(L) and let s € 0. Then s € L. Also, § < O since O is closed. Thus

NAMIU[ME)]} < NnM[M(0)] = O < L. Hence s € K, and therefore O < K.
|

Theorem 2.1 motivates the consideration of the following algorithm to obtain
Sup R(L).

Algorithm A (Sup R(L)). Given NFAs G and G,, G, a strict-subautomaton of G,
with |G| = N and |G,| = L:

Step 1. Construct two DFAs T := (X, A, h, xo, X) and T, := (X,, A, h, X,0, X)
as illustrated in Section 2.

Step 2. Obtain a DFA T, by eliminating states and/or edges of T, so that T, is the
largest subautomaton of T that is also a subautomaton of T;; more specifi-
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cally, if xo # X, then T,:= ®. If xy = x,, T, := Tr(X,, A, h,, x,, X,) is
defined by
Ay X,:= X,n X.
(B) For all xe X,, 6 €A, hy(d, x)! if and only if hy(d, x)! and h,(J, x)
== (8, x). In this case, h,(J, x) := hy(3, X).
Step 3. Compute K = L M7'[|T,|]. (K can also be effectively computed; the
detailed procedure and some related material will be discussed later.)

From the definition of T., it is clear that |T;| is closed and that T, is a subauto-
maton of T and of T, as claimed. The following lemma can be proved by a simple
induction argument.

Lemma 3.2. Let de|T|. Then delTl if and only if h, (d, x,0) = h(d, x;) for all
d e d. In this case, hy(d, xo) = hy(d, x,,) for all ded.

Corollary 3.1. T, is a strict-subautomaton of T.

Proof. Itsuffices to show that the condition (i) holds. Let de|Tjandd ¢| 71[. Then,
by Lemma 3.2, there is d’ € d such that h(d’, x,0) # h(d’, X,). Since d" € d for all
d’ € d’, (ii) holds by Lemma 2.3. |

Also, we have, from Lemma 3.2 and Corollary 2.1,
Corollary 3.2. Ifde|T,|, then {se N\M(s) =d} < L.

The following theorem states that the above algorithm indeed yields Sup R(L).
Theorem 3.1. K = Sup R(L).

Proof. It suffices to show that K = K. Let se K. Then s € L and M(s) € | T.|. Now
suppose that te N M™'[M(5)]. Then te N and M(t) = d for some d e M(5) =
M(s). Since | T;| is closed, d € | T;|. By Corollary 3.2, t € L. Thus s € K, and therefore
K < K.

Conversely, if se K, then se L and N M™'[M(3)] < L. Let d = M(s). Then
d €| T;}. Note that

NAM ™' [M@E)] <L ifand onlyif {we|G||M(w)=d} < |G, forall ded

Thus if f(w, g,) < h(d, Xo), d € d, then M(w) = d and w € |G|, and therefore w € |G|
from the above observation. Since G, is a subautomaton of G, this in turn implies
that f(w, go) = f(W, o) = hy(d, x,,). Hence h(d, x,) < hy(d, x,;) for all d € d. Since
the reverse inclusion is always true, it follows that h(d, xo) = hy(d, xo) for all d € d.
By Lemma 3.2, d € | T.|. Thus we have shown that s & K, and therefore that K < K.

|

Now we give a method of constructing an NFA V, that generates the language
LAMT|T]]. Assume that T, # ® (i.e, xo = Xx,0). For later purposes, we also
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construct an NFA V that generates the language N. Thus we let NFAs V=
(Y, Z, 9, Yo» Y) aﬂd ‘/s = Tr (Ys’ Z, gs» yO’ Ys) be deﬁned by.

Y=Xx0Q, Y, =X xQ, Yo = (X0, go)
glo, (x, 9)) := {(x', q')|x" = h(M(a), x), ¢’ € f(0, 9}
g:(0, (x,, @) = {(x', ) x" = h(M(0), x,), ¢’ € fi(o, 9)}.
Then it is straightforward to check

Lemma 3.3.

(i) g(s, yo) = {(x, 9)lx = h(M(s), xo), g € f(5, 4o)},
gy(s, yo) = {(x, @)lx = h(M(s), xo), 4 € f(s, 40)}-
(i) |V]=|G|and |V = Lo M™'[|T].
(iii) V, is a strict-subautomaton of V.

Remark 3.1. Since all procedures involved in each step are clearly effectively
computable, we have, in fact, given an effectively computable algorithm to obtain
Sup R(L).

" A more efficient algorithm can be obtained when a pair of NFAs equipped with
stronger structural properties are available from the beginning. Let G = (Q, %, f,
9o, Q) be an NFA. For d e M(|G|), we define a set Q;(d) by

Qq(d) := {g € Qlqg e f(s, 40), M(s) = d}.

Thus, if we consider T = (X, A, h, x4, X) to be a DFA constructed from G as in
Section 2, then Q(d) is precisely equal to a state h(d, xo) of T whenever Qg;(d) is
nonempty. Now we say that G is M-recognizable if for all d,, d, € M(|G|), Qg(d,) N
Q6(d;) = & whenever Qg(d,) # Qg(d,). Thus the Qg4(d)’s, in this case, form equiva-
lence classes in Q. Also note that it is always possible to get an M-recognizable NFA
from a given NFA, even though the condition looks difficult to satisfy. For example,
the NFA V constructed in the previous section is M-recognizable, which will be
proved in the following.

Lemma 3.4. V is M-recognizable.

Proof. Using Lemma 3.3, we have that, ford e M(| V),

Qy(d) = {(x, 9)lx = h(d, x,), 9 € f(s, 4o) Where M(s) = d}.
Now suppose that d,, d, € M(|V]) and Q,(d,) # Q,(d,). Then either h(d,, x,) #
h{dz, xo) or Qe(d,) = {q € Qlq € f(s, go)s M(s) = d,} # {q € Qlg e f(t, o), M(t) =
d,} = Q¢(d,). Note from the definition of h that Qs(d)y=h(d, x;)forallde M(|G|) =
M(|V|). Thus either case implies h(d,, x,) # h(d,, x,). Hence Q,(d,) N Qy(d,) = &.
|

Consider again the finite automata G, G,, T, T,, and T, discussed before. Here, we
make an additional assumption that G is M-recognizable. We demonstrate a method



Supremal Languages of Classes of Sublanguages - 55

for obtaining an NFA G, which is constructible directly from G, G,, and T, and which
generates the language K = L n M™'[|T,|]. We begin with the following lemma.

Lemma 3.5. Let de|T,| and q € Qg(d). If there exists d’ € | T;| and 6 € A such that
qgehy(d's, x,), thend's e | T,

Proof. Note that g € Q4(d’'d) since hy(d'd, x,0) = h(d'S, xg). Thus Qg(d) = Qg(d’'d)
by the assumption that G is M-recognizable. Now suppose to the contrary that
d’'s ¢ | T|. It follows from Lemma 3.2 and Lemma 2.3 that there is d € 4’6 such that
h(d, x,) ¢ X,. But 4’ € |T}. Thus d = d'6. Consequently, h(d’s, X,) ¢ X, and there-
fore h(d, x,) ¢ X, since h(d, xo) = Qg(d) = Q¢(d'd) = h(d'6, x,). Hence h(d, x,) #
hy(d, x,,). By Lemma 3.2, d ¢ | T,| which contradicts the assumption. Thus it must
be the case that d’6 € | T, N

Now we define an NFA G, := Tr (Q,, Z,f;, 0. 0.), 0, < Q,, by:

(a) g e Q, if and only if there exists d € | T;) such that g € Q,(d). _
(b) Forallge J,and o € £, f,(s, 9)! if and only if f(a, g)! and f,(0, ¢) " 0, # &.
In this case, f.(a, q) := fi(o, g).

If g0 ¢ O, by rule (a), then G, := ®. Note that g, € J, if and only if T, # ®.

Lemma 3.6. For all we Z*, fi(w, go)! if and only if fi(w, q,)! and M(w) e |T}. In
this case, fi(w, go) = f,(W, qo)-

Proof. We use induction on {w|. If jw| = 0, the assertion trivially holds.

Let w e * and ¢ € Z. Suppose that fuwa, g,)!. Then fiw, go)! and there exists
q’ € fi(w, qo) such that f;(a, ¢’)!. By induction hypothesis, f.(w, g,)! and M(w) e | T.}.
Also, fi(W, o) = fi(w, go)so that g’ € fy(w, go). By (b), fi(0, ¢')! and there exists § € 0,
such that § € f,(o, g'). Thus f,(wa, q,)!. Note that § € f;(wa, q,), s0 § € hy(M(wa), X).
Moreover, by (a), there exists d € [ T;| such that § € Q(d). Using Lemma 3.5, we have
M(wo)e|T).

Conversely, suppose that f,(wa, go)! and M(wa) € | T;. Then f,(w, q,)! and M(w) €
|T;|. By induction hypothesis, f;(w, go)! and fiw, 4o) = fi(w, o). Let g’ € fi(w, o),
and note that £(0,q’) < £,(wa, go) < h(M(wo), X,0) = Qg(M(ws)). By (a), fu(o,q') =
0.. It follows fromfb) that for all ¢’ € f(w, q,), f.(0, ¢') = fi(0, 9’) whenever f,(a, g')\.
Thus it is clear that f(wo, qo)!. Moreover, f,(wa, qo) = {q € £.(0, ¢')1q’ €£i(W, @o)} =
{gefi(o, @)g' €fiw, q0)} = filwa, go). =

We now have the following theorem.
Theorem 3.2. |G,| = Sup R(L).
Proof.
we|G,| < we|G|and M(w)e|T]  (Lemma 3.6)
< welGlnMT[T1=R
< we Sup R(L) (Theorem 3.1). |
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The previous construction of the NFA G, requires the DFA T: to be available.
However, it is possible to obtain G, without the knowledge of T.. Note that, for
de|T|,

de|T)| < h(d x,0) = Q¢(d) forall ded (Lemma 3.2)
< Qqd) <0, forall ded

(“=>"is trivial. “<=" is immediate from the proof of Lemma 2.3
if we note that Qs(d) = h(d, x,)).

Thus, (a) in the definition of G, can be replaced by:
(ay qe g, if and only if there exists d € | T| such that g € Q5(d) and Qq(d) = Q,
forallded.

This condition can be further simplified since we take as G, the trim component
of the automaton constructed by (a) and (b). Consider:

(a)" g e @, if and only if g € Qg(d) implies Q;(d) = Q,.

Recall that the Q4(d)’s form equivalence classes in Q. Thus it is clear that the states
of G, generated by (a) are contained in those generated by (a)”. It is also easy to
verify that the additional states generated by (a)” are precisely those which are not
accessible from the initial state g4, and therefore are excluded from the state space
of the resulting trim automaton. Note that the condition in (a)” can be checked
simply by inspecting the state h(d, x,) of T which contains g. Thus the following
algorithm effectively computes Sup R(L).

Algorithm B (Sup R(L)). Given NFAs G and G, where |G|= N, [G,|=L, G, is a
strict-subautomaton of G, and G is M-recognizable:

Step 1. Construct a DFA T := (X, A, h, x4, X) as illustrated in Section 2.

Step 2. Construct an NFA G, := Tr (0., T, f.» 40, 0s), 3, < Q,, according to (a)”
and (b). If g, ¢ 0, by rule (a)”, then G, := ®. Since a nonempty Qs(d) is a
state of the DFA 7, the determination of J, might be done in the following
way: check each state x € X to see if x contains any g ¢ Q,. If so, remove
allge xn Q, from Q,.

Our introductory comments concerning the simplicity of the structure of our
algorithm relative to that of [CDFV] clearly refer to our Algorithm B.

4. An Algorithm for Sup D(L)

In this section, an algorithm that effectively computes Sup D(L) is presented. Recall
that

R(L) = {0 < L|O is closed and (M, N)-recognizable},
D(L) = {0 < L|O is closed, (Z,, N)-invariant, and (M, N)-recognizable}.
We define two more classes of sublanguages of L as follows:
C(L) = {0 = L|O is closed and (Z,, N)-invariant},
C'(L) = {0 = L|8is (Z,, N)-invariant}.
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So far, we have presented two algorithms that compute Sup R(L). Also, we note
that Wonham and Ramadge [WR1] have presented an efficient algorithm which
computes Sup C'(L) effectively when L, N are regular and N is closed. Moreover,
it is not difficult to see that if L is ciosed, then Sup C'(L) is the same as Sup C(L).
Thus we are naturally led to the consideration of the strategy where the algorithm
of Wonham and Ramadge and one of the algorithms developed in Section 3 are
applied in an alternating manner to compute Sup D(L). In the following we explore
this idea in detail.

We again assume that L, N are regular and closed. Also, all automata are assumed
to be deterministic in this section, which makes the algorithm of Wonham and
Ramadge [WR1, Section 6] readily applicable. Note that this additional assumption
is not a restriction, since for each NFA A, there is a DFA B such that | 4] = |B].
A standard procedure that converts an NFA into a DFA can be found easily
(e.g., see [HUT).

Now we summarize Wonham and Ramadge’s algorithm as follows.

Consider DFAs 4 = (Q, Z, f4, 4% Q4m) and B = (Qp, Z, /3, 9%, Q) With |B| <
|A]. We say that B refines A if for all s, t€[B], f4(s5 q%) = fa(t, q3) implies
(s, @%) = fu(t, ¢%). If B refines A, then there is a unique function y: Q,— Q,
satisfying Y(f5(s, 49)) = f,(s, ¢5) for all s € [BI.

Algorithm C (Sup C'(L)) (Wonham and Ramadge). Let G = (Q, %, f, g4, Q) and
Co = (2o, Z, 9o 29, Zo.,,) be DFAs such that {G| = N, |Co| = N, and C,, refines G.
For each j > 0, define a DFA Cyy i= Tr (Zj4y, Z, gju1s 2415 Zje1.m) DY

Ziyy = {ze Zj‘z(‘Pj(z)) NZ, < Z(Z)}, Zintm=Zjm N Zjsrs

gj(°'7 z) if gj(o', z)€ Zj+l >
undefined otherwise,

gjri1lo, 2) = {

where %(q) and Z(z) are the sets of events for which the transition functions are
defined at the states g € Q and z € Z;, respectively, and ;: Z; = Q is the unique
map defined as above.

It was shown in [WRI1] that each C;,, refines G and that there exists ke N
such that |C;j = |G| for all j = k and |C,] = Sup C(|Cp)-

Remark 4.1. 1f C, is a strict-subautomaton of G, then C, refines G. [t is also easy
to check that C; is a strict-subautomaton of G for all j.

Now we present an algorithm that computes Sup D(L).

Algorithm D (Sup D(L)). Let DFAs G and G? be such that |G| = N, |G?| = L,
and G? is a strict-subautomaton of G. Let j = 0.

Step 1. Compute Sup C(|GJ|) (use Algorithm C). Denote the resulting DFA by
G-

Step 2. Compute Sup R(|G.}) (use Algorithm A or Algorithm B). Denote the
resulting DFA by GJ*!, Also, if G is not M-recognizable, construct a DFA
G’ such that {G’| = |G| and G’ is M-recognizable. Otherwise, let ¢’ == G.

Step 3. Set j:=j + 1. Go to step 1 with G replaced by G".
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Remark 4.2. The DFA G’ in step 2 can be identified with the automaton V in
Section 3.

Note that we can always use Algorithm B in step 2 after the first iteration. In this
case, the procedures after the first iteration will be simply those of removing states
from the set of states of the automaton constructed in the previous step. Hence it is
clear that the algorithm stops in a finite number of iterations. Since the algorithm
converges, we must now also show that it does indeed converge to Sup D(L).

Let K; = |G{], K§ = |GJ), and let S = Sup D(L). Then K, = L, Kj = Sup C(K})
and Kj,, = Sup R(K}). Note that, for all j, K;,; = Kj = K}, so the sequence {K;}
is monotone decreasing. '

Lemma 4.1.

(1) S K, forallj=0.
2 If K=K, thenK, < S.

Proof. (1) Clearly,S = K, = L.SupposethatS = K;,j > 0.Then S = Sup D(S) =
Sup D(K;) = Sup C(K;) = K{  and therefore S = Sup D(S) = Sup R(S) =
Sup R(K5) = Kj4;. Thus S = Kj,,. Therefore we have proved that § < K; for all
ji=0.

(2) Suppose that K; = K,,,, then K, = K{ = K;,,. Thus K; = K{ = Sup C(K;)
and K; = K;,; = Sup R(K$) = Sup R(K;). Hence, K; = Sup D(K;) € D(L). There-
fore K; < Sup D(L) = S. ]

In view of Lemma 4.1, we conclude that if the algorithm stops after a finite number
of iterations, or, equivalently, if there is i > O such that K; = K, for all j > i, then
K; = Sup D(L). Thus we have

Theorem 4.1.  The sequence {K;} finitely converges to Sup D(L). Thus Algorithm D
effectively computes Sup D(L).

Remark 4.3. Algorithm D is more general than the algorithm of [CDFV], since
the latter is only valid under condition
) M7'[MEZ)]<Z,u{e

However, in this special case, the algorithm of [CDFV] yields Sup D(L) without
an iterative procedure. It is interesting in this context to note that if the mask M
satisfies an additional condition

(i) M(o)# eforallceX — Z,,

then Algorithm D can be shown to yield Sup D(L) after a single iteration of the
procedure.

An alternative proof of convergence of the algorithm, which provides additional
insights, is given in the Appendix A. Now we give an example which illustrates
the use of Algorithm D.
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Fig. 1. G and G? (Example).

Example. Let X = {a}, a3, B, >}, Z, = {&, B,}, and let M(a,) = M(a,) =6,
and M(B;) = M(B,) = 6,. Notice that in this case M™'[M(Z,)] & T, u {¢} (ie,
the condition of [CDFV] is not satisfied). Two regular languages N and L over %,
with L < N, are given as follows:

N = a, B7 fHBray + o By BE) + o, Y,
L = a,B3BHB, + a3) + o, B}

Figure 1 displays two DFAs G and G? which generate languages N and L,
respectively. Note that G? is a strict-subautomaton of G. Also, it can be easily
checked (Algorithm C) that G? = G2. In other words, L is (X, N)-invariant.

We use Algorithm A to compute Sup R(]G2)). Two DFAs T and T, with
|T| = M(N) and |T;| = M(|G2|) are displayed in Fig. 2. We note here that the
Qs(dYs, d e M(N) (which are states of T when they are nonempty), do not form
equivalence classes on the set of states of G, since they are not disjoint. Thus G
is not M-recognizable. Also, it is clear that T, is not a subautomaton of T. We
remove the edge x, Lt xs from T, so that the resulting automaton T, is the largest
subautomaton of T that is also a subautomaton of T,. The DFA T, is also dis-
played in Fig. 2. From T, we obtain the DFA G!, which generates the language
IGS{ M| T,|]] = Sup R(IG2)), according to the method given in Section 3. Since
G is not M-recognizable, we also construct a DFA G’ (in the same way as for G!)
such that |G| = N. The corresponding DFA T’ which generates the language
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Fig.2. T, T, and T, (Example—first iteration).

M(IG’|) = M(N)is constructed accordingly. The DFAs G}, G’, and T are displayed
in Fig. 3. This completes the first iteration of the algorithm. Note that T and 7"
have the same structure, but different labels for states. Note also that states of
T’ now represent equivalence classes on the set of states of G'. Thus we see that
G’ is M-recognizable. We use Algorithm B hereafter for obtaining Sup R(GL),
jz 1

We remove the state 7 of G! using Algorithm C to get G, which is displayed
in Fig. 4. Observe that the state x; (= {7, 8,9}) of T contains the state 7 of G’
which is not in the set of states of GL. Thus we remove states 8 and 9 of G_. as
well (Algorithm B). The resulting automaton G? is also displayed in Fig. 4. This
completes the second iteration.

The same process is repeated in the third iteration, and the resulting automata
G2 and G? are shown in Fig. 5. Now, Algorithm C gives G2 = G2; i, |G3| is
(Z,, N)-invariant. Since |G2| = Sup R(|G2]) is (M, N)-recognizable, it is clear that

' = G2 for j > 4 Hence, Sup D(L) = |G?| = (a, + a;)B,.
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Fig.3. G!, G, and T’ (Example—first iteration).

5. Application to the Supervisory Marking Problem

In this section we seek a generalization of the algorithms developed so far so that
the resulting algorithm provides minimally restrictive solutions within a smaller
class to the following Supervisory Marking Problems (SMP) [RW] with partial
observation: given L < L_(G), L.,(G) = L(G), and a mask M, find a proper super-
visor S (i.e., S is complete and L_(S/G.) = L(S/G,) n L,(G) = L(S/G.)) such that
L,(S/G,) = L. It turns out, as is the case for the supervisor synthesis problem of
[CDFV], that the class DD(L) of sublanguages O of L which satisfy the necessary
and sufficient condition for the existence of proper supervisors S with L,($/G;) = O
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Fig.4. Gl and G? (Example—second iteration).

does not, in general, possess a supremal element [CDFV], [LW] (see also Appendix
B). In other words, the minimally restrictive solution does not necessarily exist for
SMP. Thus it is again natural and convenient to restrict ourselves to a subclass of
DD(L) that has a unique supremal element [LW].

Let Lc L, N < X* L = N. We assume that L and N are regular and N is
closed. Here, L is not necessarily closed. Let O < L_,. We say that O is L, -closed
if 0 N L, = 0. Consider the following classes of sublanguages of L:

R'(L):= {0 < L|0 is (M, N)-recognizable},
DD'(L):= {0 < L|0is L, -closed, O is (£, N)-invariant and (M, N)-recognizable},
D'(L):= {0 < L|0is (Z,, N)-invariant and (M, N)-recognizable}.

G :%. G:3

B, By

4 6 2 4

Fig.5. G2 and G} (Example—third iteration).
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These classes of sublanguages of L are closed under arbitrary union and possess
supremal elements. Also, if we identify L and N with L_(G)and L(G), each language
of the class DD'(L) is a solution to SMP; i.e.,, DD'(L) = DD(L) [LW] (see also
Appendix B). Thus we consider Sup DD'(L) as a minimally restrictive solution
to the “restricted” SMP. Consider now the class D’(L) of sublanguages of L.
Clearly, DD’(L) < D’(L). However, the requirement for a sublanguage O of L to be
in D’(L) is not sufficient to guarantee the existence of a supervisor S such that
L.(S/G.) = 0. Nevertheless, it is shown in Appendix B that if L is L _,-closed, then
Sup DD’(L) = Sup D’(L), and that we may assume without loss of generality that
L is L_-closed. Since the problem of obtaining Sup D'(L) is easier than that of
obtaining Sup DD'(L) (there are less constraints in the former problem), we discuss
hereafter an algorithm that effectively computes Sup D'(L).

The algorithm that is developed in this section is essentially parallel to the one
presented in the previous sections for Sup D(L). The only major difference is
that Algorithm A or the new version of Algorithm B does not, in general, yield
Sup R'(L) with a single iteration of the procedure any more. Consider an operator
Q: P(X*) > P(X*) defined by

QR):= {se RINN M7 '[M{)] = R}.
Clearly, Q is monotone: ie., if R; < R,, then Q(R,) < Q(R,). Let Sg := Sup R'(L).
Then the following lemma is immediate.

Lemma 5.1. Sg = Q(Sz).
Proof. Trivially, Q(Sg)<=Sz. Let seSz. Then NnM'[MGE)]<Nn

M™'[M(Sg)] = Sg, where the equality follows from the fact that Sg is (M, N)-
recognizable. Thus s € Q(Sz). This proves that Sg < Q(Sg). ]
Define a sequence of sublanguages {R;} of L by
R,:=1L,
Rj:y = Q(R)).

Clearly, {R;} is monotone decreasing; i.e., R;,; = R;for all j > 0.

Lemma 5.2.

(1) Sk =R forallj=0.
(2) If I{J = Rj+1, then Rl [ SR'

Proof. (1) Clearly, Sz = L = R,. Suppose that Sg < R;, i = 0. Using Lemma 5.1,
we have Sp = Q(Sg) © QR;) = R;;;. Thus Sz < R;forallj > 0.

(2) Assume that R; = R;,,, or equivalently, R; = Q(R;). From the definition of
QNAMME)] < R; for all s€ R;. Thus N n M™'[M(R;)] = R;. Hence R; is
(M, N)-recognizable. Since R; = L, we have that R; € R'(L). Therefore R; = §;. W

By Lemma 5.2, it is clear that if the sequence {R;} converges after a finite number
of terms, then the limit is Sup R'(L).
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Observe now that Q(R ) = Sup R(R) by Lemma 3.1 and the definition of Q.
Also, it is easy to see from the definition that Q(R;) = R; mQ(R) Thus we have
that Q(R;) = R; n Sup R(R ). This observation therefore suggests that we could use
the algorlthms developed in Section 3 to compute Q(R;) for each j.

In fact, Algorithm A in Section 3 computes Q(L) without any modification. This
can be easily seen by noting in Algorithm A that steps 1 and 2 yield the same T,
regardless of whether L is closed or not (recall that the construction of DFAs T and
T, is such that |T| = M(IGI) and |T}| = M(|G,), and that T, is determined entirely
by the structural properties between T and T,), and that the last step computes
LAMI|T)] =L (LAM|TI]) = L Sup R(L). A similar observation can
be made concerning Algorithm B with a minor modification; that is, we replace
the set of marked states J; of G, by §,., := 0, N Q,, where Q.. is the set of marked
states of G,. Then this modified version, called Algorithm B’, effectively computes
Q(L). We summarize the above argument in

Lemma 5.3. Let R = N be a regular language over £*. Then Algorithm A (or
Algorithm B') effectively computes Q(R).

Thus the sequence {R;} can be computed by repeatedly applying Algorithm A
or Algorithm B’. The convergence of this sequence is now obvious in view of
procedures involved in these algorithms, and can be argued as in Section 4; that is,
after the first iteration, we could use Algorithm B’ exclusively so that at each
iteration, the procedure is simply to remove some states from a subautomaton of
a fixed M-recognizable NFA. Therefore the whole procedure must stop after a finite
number of iterations. A proof of convergence which is similar to the one presented
for Algorithm D in Appendix A can also be constructed.

Now we consider Algorithm D with Sup C(-) and Sup R(-) replaced by Sup C'(-)
and Sup R'(-). We call this modified version Algorithm D’. It is easy to verify
that Lemma 4.1 still holds with § and {K,,,} interpreted as Sup D'(L) and
{Sup R'(Sup C'(K))}, respectively. Again, the convergence of Algorithm [’ can be
shown in the same manner as in Section 4. Thus we have

Theorem 5.1. Algorithm D’ effectively computes Sup D’(L).

6. Concluding Remarks

A graphical characterization of (M, N)-recognizable sublanguages of a given lan-
guage L has been presented and has led to the development of an algorithm which
effectively computes Sup D(L) under the assumption that N and L are regular.
No restrictions on the mask M have been made, although some conditions, one
being the same condition imposed in the algorithm of [CDFV], guarantee that
Algorithm D yields Sup D(L) after a single iteration of the procedure. Moreover,
the results have been extended to the case where we desire to obtain Sup D'(L)
and L is not necessarily closed. Thus Algorithm D’ effectively computes Sup D'(L)
which is a minimally restrictive solution within a smaller class to SMP. Also,
the notion of M-recognizable automata has been introduced in order to construct
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an algorithm (Algorithm B or B’) with a simpler structure than that of Algorithm A
or the corresponding algorithm in [CDFV] to compute Sup R(L) or Sup R'(L).
This simply structured algorithm not only makes the entire procedure of extracting
Sup D(L) or Sup D'(L) much more straightforward so that the procedure consists
of simply removing some states from the automaton obtained in the previous step,
but also simplifies the proofs of convergence for various algorithms. It is expected
that the concept of M-recognizable automata will play a key role in the develop-
ment of algorithms which compute other sublanguages of L that solve supervisor
synthesis problems with partial observation.

It is clear from their structures that all of the algorithms for Sup R(L}) (Algorithm
A, B, B, and that of [CDFV]) are of exponential worst-case complexity; thus so
are Algorithms D and D'. In Algorithm A the exponential time complexity results
from the construction of the DFAs T, T,, and T,; i.e., the state spaces of these DFAs
have cardinality that is, in general, exponential in the size of the state spaces of G
and G;. The algorithm of [CDFV] includes the construction of DFAs similar to T,
T,,and T;. The state space of T in Algorithm B (B') has cardinality less than or equal
to that of G, since G is M-recognizable. However, if G is not M-recognizable in
the first place, the M-recognizable version of G has to be obtained in order for
Algorithm B to be applied. The procedure of obtaining an M-recognizable automaton
will be of exponential-time complexity.

The fact that all algorithms in the paper are of exponential-time complexity
is not surprising. Indeed, the same argument as in [T] can be shown to lead to
the conclusion that unless P = NP, there is no polynomial-time algorithm for the
decision problem corresponding to the problem of obtaining Sup R(L). In other
words, all the problems considered in this paper are “intractable” from the point
of view of computational complexity theory. Note, however, that this view comes
from the worst-case analysis of the problems. Also, there are exponential-time
algorithms that are successfully used in practice. The practicality of the algorithms
presented in this paper is yet to be determined in applications to real problems.

Appendix A. An Alternative Proof of the Convergence of Algorithm D

In this appendix we give an alternative proof of the convergence of Algorithm D.
We begin with definitions of some equivalence relations on Z*.

For any K « N < Z*, we define equivalence relations =4 and ~4 on Z* as
follows:

(i) s=xtifforailwe Z* swe K ifand only if tw € K.
(i) s~xtifs=ytand s =4t.

Also, we define an equivalence relation ~, on P(Z*) according to
(ili) O; ~x O, if for all 5 € O, there exists t € O, such that s ~4 t, and vice versa.

Recall that the sequence of regular languages {K;} generated by Algorithm D are
defined recursively by K, = L, Kj = Sup C(K)), and K;,; = Sup R(K}). We note
again that for all j, K;,, < K§ < K, so the sequence {K;} is monotone decreasing.
Now, it has been shown in [WR1] that if a sequence of regular languages {K;} is



66 . Hangju Cho and S. I. Marcus

decreasing and the sequence {Card(Z*/=, )} is bounded, then there is i € N such
that K; = K for all j > i. To prove the convergence of Algorithm D, it is therefore
enough to show that the sequence {Card(Z*/=¢ j)} is bounded. For this purpose,
we proceed as follows.

We first state a lemma which is a direct consequence of Theorem 3.1 of [WR1]
and the proof of Lemma 3.4 of [WR1].

Lemma A.l. Lets,te f(_j-,j 20.If s ~, t, then s ~gs t.

Note that 7(3 = Kj in our case. We recall from Lemma 3.1 that
Kj.y = Sup R(Kj) = {s € KjIN n MT'[M(5)] = Kj}. (%)
Lemma A2. Letse K;,,. If we NAM™'[M(s)], thenwe K;,,

Proof. Let we N M™'[M(s)]. Since se K;,,, we K by (x). Also, M(w) =
M(s), so M(w) M@E). Thus Nan MU [MW)]=NnM~ l[M(s)] < K;. Therefore
we Ky, B

Lemma A3. Let s, teK;y, j20. If s=gt and NOM™'[M(s)] ~xs N
M™I[M(2)], thens =g, t and N " M7 [M(s)] ~¢,,, N M~ [M(£)].

Proof (Part A) It will be shown that if s =x:t and NnAM™[M(s)] ~ks NN

“'[M(9)], then s =g 1. Let sueK;,,. Then su e K; and therefore tu e Kj.
Suppose thatwe N M- 1[M(tu)]. We show that we Kc Ifwe MT'[M(7)], then
w e K; by (*) since t € K;,,. So let we M™'[M(t@)], 4 € &. Thus w = w, w, where
w, € M 1[M(1)] and w, e M~} [M(i1)]. Note that w, € N since N is closed. By the
assumption, there existsv € N n M ™[ M(s)] such thatv ~ks wy. Thusow, € N. Also
vw, € M~ [M(sit)]. Hence, vw, € K§ by (x) and by the assumptlon that su € K;,
But this implies that w = w,w, € Kc since v ~x- w;. Thus we have proved that
tu e K;,, and therefore that s =, ¢.

(Part B) We show that NaM- IM($)] ~k,,, Nn M7 [M(1)]. Let xe Nn

M™'[M(s)]. By the assumption, there exists y € N M~ '[M(1)] such that x ~. y.
By Lemma A.2, x, y € Kj,;. Note that N n M7 [M(x)] ~xs N n M™'[M(y)] since
M(x) = M(s)and M(y) = M(t). Thus, by part A, x =¢,, », and therefore x ~x  y.
Hence we have shown that N n M7 [M(s)] ~¢,,, N M~ 1IM@)].
LemmaAd. Lets,teK;j=0.Ifs~ tand NnM7'[M(s)] ~, NnM™'[M(1)],
thens~g tand N M7 [M(s)] ~x,, Nn M~ [M(9)].

Proof. We use induction on j. If j = 0, the assertion trivially holds. Suppose that
s,te K, i>0,suchthat s~ tand NAM™'[M(s5)] ~, N M~ [M(£)]. Then
s, t € K; since K;,, < K;. By induction hypothesis, s ~, tand N n M [M(s)] ~,
N nM™'[M(1)]. Note also that s, t € K{ since K;,; < K{. By Lemma A.1, s ~; t.
Suppose now that x e N n M~![M(s)]. Then there exists y € N n M™[M(¢£)] such
that x ~¢ y. By Lemma A.2, x, ye K,,,. Thus x, y € K}, and it follows from
Lemma A.1 that x ~y. y. Hence N M™'[M(s)] ~gs NN M™'[M(t)]. Now we
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apply Lemma A3 to get s ~¢,  tand N M~ [M(s)] ~x,,, N n M7'[M(1)]. This
completes the induction step. |

We define another equivalence relation =~ on X* according to
(iv) sgtifs~ytand Nn M7 [M(s)] ~x Nn M [M(1)].

Then we have the following corollary.

Corollary A.1. Forallj > 0,Card(2*/=, ) < Card(K,/~,) + 1 < Card(Z*/~,) +
1. In particular, Card(Z*/= ) < Card(K,/~,) + 1 forall j > 1.

Proof. Note that the subset * — K of £* forms at most one equivalence class
under =y . Thus the assertion follows from Lemma A.4. |

Recall that L = K, is regular. To show that the sequence {Card(E*/EKj)} is
bounded, it therefore suffices to prove that Card(K, /=) < 0.

We consider again DFAs G =(Q, ., 40, ), G, = (@, Z, f., 40, Q;), and G, =
(@,, =, [ go» O,) which were defined in Section 3. Thus |G| = N, |G,| = L, and
|G,| = Sup R(L). Also, G is M-recognizable and G, is a strict-subautomaton of G.
We recall here that such DFAs can always be effectively constructed. We also note
that K, < |G,| since K, = Sup R(K§) = Sup R(L).

Define equivalence relations =¢ and =;_ on Z* as follows:

(v) s =4 tifeithers, t € |G| and f(s, o) = f(1, o), Or 5, t ¢ |G|
(vi) s =g, tifeithers,t € |Gyl and f(s, q¢) = f(t, qo) OF 5, t ¢ |Gl.

Then it is easy to check that s = t implies s =y t and s = =g, t implies s =, t. Also,
we have

Lemma AS. Card(K,/~;) < Card(L/=4) < .

Proof. Lets, te|G,|. Thens,t € |G,|. We first show that s =¢_t implies s = t. Let
§ =g, t. Since G, is a subautomaton of G, s =g t so that s ~ t. Thus f{(s, qo) = f{t, q0)-
Note that f(s, go) € Qa(M(s)) and f(1, go) € Q(M(1)). Thus Qs(M(s)) = Qe(M(1))
since G is M-recognizable. Moreover, we have, from Lemmas 3.6 and 3.2, that
{ fsu, q0) M (u) = M(s5)} = Qa(M(s)) and { £(v, go)I M (v) = M(2)} = Q(M(t)). Hence

{/iu, q0)IM () = M(s)} = { £(v, g0}l M(v) = M(1)}. (x%)

Now let we N M™[M(s)]. Then M(w) = M(s). Since se|G,| = Sup R(L), it
follows from Lemma A.2 (with K, and K} replaced by 1G,| and |G,|, respectively)
that w e |G,|. Thus f,(w, go)!. By (*#), there exists w' € £* such that f,(w’, go) =
fiw, qo) and M(w')= M(t). Thus w' = w and w' € NnM™'[M(1)]. Note
that w’ ~; w by the same argument as in the beginning of the proof. Thus
NAMTIME)] ~. NaMI[M@)).

Hence, we have shown that for s, te|G,|, s = =g,t implies s~ t. Therefore
Card(]G,|/~,) < Card(|G,}/=¢,). Since K, = |G, it follows that Card(K,/~,) <
Card(|G,|/~,) < Card([G,i/_G‘ < Card(L/=¢) < w. [ |
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Thus we have established that the sequence {Card(2*/= )} is bounded. Hence

Theorem A.1. The sequence {K;} of regular languages finitely converges. Thus
Algorithm D converges after a finite number of iterations.

Appendix B. Minimally Restrictive Solution of SMP

In this appendix we discuss a minimally restrictive solution within a smaller class
to SMP. We first note the following result which can be easily verified using
the results in [CDFV] (the same result can be found in [LW], where the mask is
assumed to be a projection).

Lemma B.1. Given a language K, & # K < L, (G), there exists a proper supervisor
S such that L (S/G.) = K if and only if:

(i) K is (M, K N Ln(G))-recognizable.
(i) K is (X,, L(G))-invariant and (M, X, L(G))-controllable.

Let DD(L) be a class of sublanguages of L which satisfy conditions (i) and (ii)
above. Then DD(L) is the solution set for SMP. However, DD(L) is not closed
under union and does not have a supremal element; the same example as in [CDFV]
illustrates this fact.

Consider now the class DD'(L) of sublanguages of L introduced in Section S.
If we identify L, and N in DD'(L) with L_(G) and L(G), then it is straightforward
to check that DD'(L) = DD(L)(see, e.g., Proposition 4.1 of [LW]). Since Sup DD’'(L)
always exists, we regard it as a minimally restrictive solution to the restricted
SMP. Let

F(L,L,):={0 < L|Ois L,-closed}.

Then F(L, L) is closed under arbitrary union and possesses a unique supremal
element [RW]. Note that Sup DD'(L)e F(L, L), and therefore Sup DD'(L) <
Sup F(L, L,). It follows that

Sup DD'(L) = Sup DD'(Sup F(L, L,))-

Thus we may assume that the given language L < L, is L -closed. If not, we first
obtain Sup F(L, L,,) and consider it as a given sublanguage of L_,. The procedure
which effectively computes the language Sup F(L, L) can be given in a simple
manner: for example, let A := (Q, Z, f, g0, @) and 4, := (Q,, . 1., 44> Qsm) be DFAs
sgch that |Al = Ly, Ayl = L < Ly, and A, is a subautomaton of 4. Definc a DFA
A;:=Tr (Qs’ Zvj;a 90> Qsm) by:

(A) g e 0, if and only if g € Q,,, whenever g € Q,,..

(B) O = 05N Qo (= Quin)- N
(C) fi(o, q)! if and only if (o, ¢)! and f(o, q) € J,. In this case, fi(o, 9) = fi(o, ).

Then it is not hard to check that |4,] = Sup F(L, L,,).

! X is the set of controllable events; i.e., Z. =X ~ X, Alanguage O < L(G)issaid to be (M, I, L(G))-
controllable if s, 1 € 0, g € I, 50 € 0, tg € L(G), and M(s) = M(t) implies to € O.
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Consider the class D’(L) of sublanguages of L defined in Section 5. We prove in
the following a result similar to the one in [WR2]; our proof is, however, more
straightforward.

Lemma B.2. If Lis L -closed, then Sup D'(L) is L ,~closed.

Proof. Let S:= Sup D'(L). Then it suffices to show that Sn L, < S, since the
reverse inclusion trivially holds. Thus if we show that § n L,, € D’(L), we are done.
By hypothesis, S L,, € Ln L, = L.Notealsothat§n L, = S (clearly, SnL,, =
S;also,S < SAL,sinceSeSandS < L = L_),and that S is (£,, N)-invariant and
(M, N)-trecognizable since S € D’(L). Thus we have proved that S~ L_ e D'(L). M

Now we prove the claim made in Section 5.
Theorem B.1. Let L be L ,-closed. Then Sup DD'(L) = Sup D'(L).

Proof. Clearly, DD'(L) = D’(L). Therefore Sup DD'(L) < Sup D’(L). To prove the
reverse inclusion, we note that Sup D’'(L) is L. -closed by the hypothesis and
Lemma B.2. Thus Sup D'(L) € DD'(L). Hence Sup D'(L) < Sup DD'(L). [ ]
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