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EXACT LINEARIZATION OF THE SLIDING PROBLEM FOR A
DILUTE GAS IN THE BHATNAGAR-GROSS-KROOK MODEL

N. B. Engibaryan! and A. Kh. Khachatryan!

We consider the nonlinear Boltzmann equation in the Bhathnagar-Gross—Krook model for the gas flow
in a half-space (the Kramers problem). The problem can be exactly linearized, and its solution can be
reduced to a linear integral equation with an addition—difference kernel and a simple nonlinear relation.

1. Introduction

One of the main models in physical kinetics is the Bhatnagar-Gross—Krook (BGK) model of the
Boltzmann equation. It has numerous applications in investigating the simplest or multicomponent gases
in a half-space bounded by a solid wall (the Kramers problem) and the gas flow between two parallel walls
(the Couette problem) [1, 2].

Applying the BGK model involves approximately linearizing the nonlinear integral-differential equation
obtained. The locally Maxwell velocity partition function of the gas is then replaced by the sum of the first
two terms of the power series with respect to the mean mass velocity U, where it is assumed that

U< (V) (1)

with V' being the molecular velocity of the gas {1-3]. This model is called the linearized BGK model. For
the Kramers problem, applying the linearized BGK model leads to a contradictory result: the function
U = U(x) (where z is the distance from the wall) determined from the linearized equation grows infinitely
as * — +00, which is inconsistent with the original assumption (1).

Our analysis of the Kramers and Couette problems shows that they can be exactly linearized and
effectively solved within the BGK model. In what follows, we restrict ourselves to considering the Kramers
problem.

2. The exact linearization of the problem

We let (z,y,z) be a Cartesian coordinate system in the space R® and let a one-component gas fill
the half-space z > 0 bounded by a solid wall coinciding with the plane z = 0. We consider the gas flow
problem in the Oy-axis direction. We let f(x,5) denote the sought gas partition function with respect to
the velocities 5 = (s1, s9,53). We let U(z) denote the gas mean mass velocity U(z) = (0, U, 0), where

Uz) = ! /SQf(.r,§’)d3s. (2)

n

IByurakan Astrophysical Observatory, Armenian National Academy of Sciences, Byurakan, Republic of Armenia, e-mail:
yengib@bao.sci.am.

Translated from Teoreticheskaya i Matematicheskaya Fizika, Vol. 125, No. 2, pp. 339-342, November, 2000.
Original article submitted March 22, 2000.

0040-5779/00/1252-1589$25.00 © 2000 Kluwer Academic/Plenum Publishers 1589



In the BGK model, the Boltzmann equation has the form [1, 2-4]

31%31;82 = —af(l', ;) + I@e—~a|§'_(j'(z)|2’ (3)

where o = 1/7, 7 is the relaxation time, a = m/(2kT), 8 = on(a/m)3?, m is the mass of the molecules,
T is the gas temperature, and k is the Boltzmann constant.
We introduce the auxiliary functions

f(.T,Sl,SQ,Sg) lf S1 207

s = {

0 if s1 <0,
(4)
— — 0 if 51 <0,
@9 = { |
flz,—s1,82,83) ifs; >0.
Equation (3) is completed by the boundary condition near the wall,
FRO8), 00 = /' (3) + (L = @) f7(0,8)], o (5)

where ¢ is the accomodation coefficient that gives the fraction of the molecules that after interacting with
the wall, leave it with the Maxwell velocity distribution

M/ /H —as?
S$)= —¢€ .
0 ( ) pu

The remaining part (1 — gq) of the molecules is mirror reflected from the wall surface.
It follows from Eq. (3) that

z dt
A R A T P (©)
0 51
e dt
F(z,5) = / L TN s (1)
T S1
where
‘D(Tv;) - 186~04|§'-—U(I)|2 — Be—asfeﬁas§e-a(sz—U(z))2. (8)
Taking Eq. (5) into account, we obtain
M/ > > —to/s = dt
C=qfy (5)+(1~4q) e W(§) 9)
0 1

from Eqs. (6) and (7). Inserting Eqs. (6) and (7) in (2) and taking Eq. (9) into account, we obtain the
mean mass velocity

U(z) = S(z) + Q(=), (10)
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where

:1/ d33/ 52d52/ dsl/ e—lr—”f’/ﬂ\y(t,g)fi, (11)
nJ s —o0 0 0 51
Qlz)=(1-9)— / / s2ds2 dss/ dsl/ e~ (rFto/ag(g, §)—. (12)

Relation (10) together with Egs. (8), (11), and (12) is a nonlinear integral equation for U. We now consider
transforming this equation.

From Eqs. (8) and (11), we obtain

S() = [ Ko~ thate) e (13)

where

o0 p d .
K(fL‘) = 4 'ga/ e—IU/sle“’asf _27
s 0 S1
oo
t) =4 /9— / 326""{52-(](‘)]2 dso.
T J-o

Passing to the new integration variable p = s; — U(t), we obtain
[0% o _apz
at) =S [ p+U@e" dp=U()
s — OO0

S(z) = /Ooo K(|z — t)U(t) dt.

and therefore

We obtain a similar expression for the function Q. As result, expression (10) becomes

U(z) = /Ooo K(|:n—t|)U(t)dt+s/Ooo Kz +tU®)dt, e=1~q. (14)

It can be easily verified that the conservation condition

/_O;K(x)dle

is then satisfied. With the function U(z) found from Eq. (14), the sought velocity partition function is
determined in accordance with Egs. (6)-(8).

The problem in Eqs. (2) and (3) for the nonlinear integral-differential equation is thus exactly linearized.
Its solution is reduced to linear conservative integral equation (14) and simple nonlinear relations (6)—(8).
We also investigated the exact solution of conservative linear equation {14) in [5]. We note that the results
given above can be generalized to multicomponent gas flows in the half-space.
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