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Abstract. Let G be a complex connected reductive group. Well known wonderful
G-varieties are those of rank zero, namely the generalized flag varieties G/P, those
of rank one, classified in [A], and certain complete symmetric varieties described
in [DP] such as the famous space of complete conics. Recently, there is a renewed
interest in wonderful varieties of rank two since they were shown to hold a keystone
position in the theory of spherical varieties, see [L], [BP], and [K].

The purpose of this paper is to give a classification of wonderful varieties of
rank two. These are nonsingular complete G-varieties containing four orbits, a
dense orbit and two orbits of codimension one whose closures D; and D5 intersect
transversally in the fourth orbit which is of codimension two. We have gathered
our results in tables, including isotropy groups, explicit basis of Picard groups,
and several combinatorial data in relation with the theory of spherical varieties.

1. Introduction

We start by defining wonderful G-varieties for a complex connected re-
ductive group GG, and we sum up a few of their remarkable properties. Then
we shall introduce our results.

Recall that a divisor with normal crossings on a nonsingular variety is a
divisor D = |J D; such that each irreducible component D; is nonsingular,
and whenever r irreducible components D; meet at a point p, then their
intersection at p is transversal, i.e., the local equations f; of the D; form
part of a regular system of parameters at p.

Definition 1.1. A wonderful G-variety is a nonsingular complete G-variety

X having the following properties:

(1) The group G preserves a divisor with normal crossings D = {J;| D:-

(2) The intersection [);.1 D; of all the D; is nonempty.

(3) Two points of X are in the same orbit if and only if they are in the same
set of divisors .D;.

The rank of X is the number r = card I of irreducible components D; of
D. Note that G has 2" orbits in X and [,y D is the unique closed one.
The orbit closures are the nie j D;i where J runs through all subsets of I,
and each (), j D; is a wonderful variety of rank r — card J.
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It is shown in [L] that a Borel subgroup B in G has a dense orbit in
X. When a normal G-variety has this property, then it is called spherical.
Moreover the following condition is necessary for a spherical homogeneous
variety G/H to have a wonderful completion, see [BP]:

(aut) The automorphism group Aut® G/H = Ng(H)/H is finite.

If this condition is satisfied, then there is a unique candidate X for a won-
derful completion of G/H, and it is wonderful if and only if it has no singu-
larities. This is the case for example if H = Ng(H), see [K]. Furthermore
the following universal property is satisfied by this candidate X, see [LV]:

(uni) Let Y be a normal complete G-variety containing only one closed or-
bit. Then any dominant G-equivariant morphism G/H — Y extends
equivariantly to X —» Y.

Wonderful varieties were shown to play a central role in the theory of spher-
ical varieties, see [BP] and [K]. As in [B3] and [L], many questions about
wonderful varieties may be handled by reducing them to the rank two case,
namely the lowest rank for which ;.1 D; # ;[ Di- '

The goal of this paper is to classify wonderful G-varieties of rank two.
An essential difficulty is that most isotropy groups are not reductive. So we
made the following observation. The well-known weight decomposition on
the Lie algebra b" of the unipotent radical of B naturally generalizes for an
arbitrary parabolic subgroup P in G: Indeed, let L be a Levi subgroup in P
and let M be an irreducible L-module in p*. Denote by x s the character
through which the radical of L acts on M.

Lemma 1.2. The L-module M C p* is uniquely determined by x .

See Lemma 5.5 for a proof. Lemma 1.2 is a practical tool to deal with the
radical of H. It enables us to determine the pairs (g, ) (where G/H «+ X is
of rank two and f) = Lie(H) is not semisimple) by choosing a nice parabolic
subalgebra p in g containing f). The few remaining cases readily follow
from the known classification of connected reductive spherical subgroups,
see [Kr], [M], and [B]. Lemma 1.2 also gives us the eigenvectors of } in the
rational representations of G.

Our target is to obtain the following theorem. For a parabolic subgroup
P in G, let G be the universal covering of G = P/P", where P" denotes the
radical of P. Split G into simple components [ G+ where o runs through
an index set, say X. Recall that if there exists an equivariant morphism ¢ :
X — G/P, then there is an equivariant isomorphism X ~ G x? ¢~1(P/P),
see (Bi]. In Theorem 1.3 below, we refer to tables which lie in Sections 2
and 3.

Theorem 1.3. Wonderful G-varieties of rank two are the G x¥ X, where
P C G is any subgroup which strictly contains B and X is any wonderful
G-variety G-equivariantly isomorphic to either one of the following varieties:
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(a) A Go-variety in Tables A-G, where Go = [[, ¢z, Go and Zo C T.
(b) A Gi-variety times a G-variety both in Table 1, where G; = [[,¢5, Go
and $; 11X, C X.

See Lemma 2.2 and Theorem 7.8 for a proof. We have identified the G-
orbits in D; U D as follows. Fix a Borel subgroup B~ opposite to B and
let {z} = XB™. It can be seen, thanks to Table 1, that the set © of weights
with multiplicities (see for example case 8 in Table A and Theorem 5.6) of
T := BN B~ in the tangent space T, X uniquely determines the group action
on D; and D,. These sets © also enable us to determine the normalizer
Ng(H).

Furthermore © almost determines X up to isomorphism. Indeed, let
X (B) denote the group of characters of B, and let = be the lattice of char-
acters x5 € X(B) of all rational B-eigenfunctions f on X. It is routine
to identify two weights of © which yield a basis of Z. Let A be the set of
colors, namely the B-stable prime divisors in X which are not G-stable. If
vp denotes the discrete valuation associated with D € A, then there is a
natural map ¢ : A — Hom(Z, Z) which maps D — (x5 ~ vp(f)). (Note
that xs determines f up to a scalar.)

Theorem 1.4. Fiz G and let X be a wonderful G-variety of rank two. The
sets © and g(A) determine X up to isomorphism.

Theorem 1.4, which yields a combinatorial description of wonderful vari-
eties of rank two, follows from Theorem 1.3 and Tables A—G. Observe that
it is not necessary to know how many colors yield a given point in g(A).

Remark 1.5. The group action on any normal G-variety is locally projective
rational, see [S, p. 8]. Because X has a unique closed orbit, X is projective,
and for any equivariant embedding of X in a projective space P(V), and any
one parameter subgroup in the center of G, the quasi-affine cone over X lies
in a unique grading subspace of V. Therefore the action of the connected
center of G in X is trivial. Without loss of generality, we assume that G is
semi-simple and simply connected.

Acknowledgements. I am grateful to D. Akhiezer, M. Brion, H. Kraft,
F. Knop, P. Littelmann, D. Luna, G. Schwarz, Th. Vust and R. Yu for their
support and many useful remarks on earlier versions of this paper.

Notation. The base field k is the field of complex numbers. Let k* :=
k\{0}. We denote by T a maximal torus in G, and by B a Borel subgroup in
G containing T'. Let X(T') = X(B) be the corresponding lattice of charac-
ters. We denote by B~ the Borel subgroup in G containing T and opposite
to B. Let S be the basis of the root system R of (G, T) determined by the
choice of B. Notations used for groups, roots-and weights are those of [BN].
In a few formulas, B;, C; and D; are used for brevity to mean type A;,
and D2 to mean type A; x A;. For a root 3, let w = sg be the reflection in
the Weyl group W = Ng(T)/T of G canonically defined by 3. Consider the
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quotient Ng(T') — W and choose W in the preimage of w. Let (W) C Ng(T)
be the subgroup generated by w. For a dominant weight A, let V) be the
irreducible G-module with highest weight A, and Vy* its dual. If S is an
algebraic subgroup in G, let Cg(S) denote its centralizer, S° its identity
component and S* its unipotent radical. Let Cs denote the center of S.
The letter X is used to denote the (candidate) wonderful completion of a
spherical homogeneous space G/H satisfying (aut), and A is used for its
colors, see Theorem 1.4. By k(X)(®) we denote the multiplicative group of
B-eigenvectors in the field of rational functions on X. Consider the abelian
group homomorphism k(X)(B) — X(T) = X(B) which associates to each
B-eigenfunction f its character xy. The image of this homomorphism is
denoted by Z.

2. On wonderful varieties of rank one

This section has no pretention to originality. Its goal is to present known
results of Akhiezer [A], see also [B1], in a simpler way when one aims at
determining the wonderful subvarieties of rank one lying in a wonderful
variety X of rank r. ‘

Let 2z € X be the unique point fixed by B™.

Definition 2.1. A spherical root y of X is a weight of T in the T-module
T.X/T,G 2.

Let G, be the isotropy subgroup of G at z. Then the set of spherical
roots 7;, 1 € I, of X yield a Z-basis of Z. Indeed, the point z lies in a toric
T-subvariety W C X stable under the Levi subgroup of G, containing T,
such that the following map is an open immersion [BLV, p. 621]:

G xW — (GI)*W C X

where G contains B and is opposite to (the parabolic subgroup) G,. There-
fore, the spherical roots of X give a basis of the image of k(W)™ in X(T),
see [F, p. 29] and observe that dim W = codim Gz=r. Sortk E=r.

The lattice = can be determined in the following way. Recall that the
algebra of regular functions on G has a natural G x G-module structure
k[G] ~ @ V) ® V', where A runs through all dominant weights in X(B).
Let # : G — G/H denote the projection, where G/H < X is the open
orbit. For each color D € A, choose an equation fp € k[G] defining
7~ 1(D). Since H is spherical in G and X(G) is trivial thanks to Remark 1.5,
fp € k[G](BXH) and fp is determined up to a scalar by xs, € X(B)xX(H).
Furthermore, (xs,)pea generates (with the scalar functions) the multi-
plicative semi-group k[G](BXH) since k[G] is factorial, see Remark 1.5 and
[KKLV, p. 74]. Thereby we can easily recover k(G/H)(®), and hence . In
particular, card A < r+ rk X(H). .

Our goal is to find all possible spherical roots. The following lemma yields
an important reduction for this calculation.
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Lemma 2.2. Let P be a parabolic subgroup in G such that P" C H C P.
Then X = G xP X, where X is a wonderful P/P"-variety of rank r with
open orbit P/H.

Proof. Consider the projection G/H — G/P. By the property (uni), see
the introduction, it extends equivariantly to ¢ : X — G/P. Let X :=
$U(PP).

- By [Bi], G x® X is an algebraic G-variety, and it is G-equivariantly iso-
morphic to X. Now observe that P/H can be identified with the open
P/Pr-orbit in X and that X is a wonderful P/P"-variety of rank r. [

Definition 2.3. A prime group in G is a subgroup § having the following

properties:

(ind) If P" C S C P for a parabolic subgroup P in G, then P = G.

(pro) The only pairs of semi-simple groups (G1,G2) such that G = Gy x G,
and S = 5, x S; with S; C G; are (G,1) and (1,G).

Thanks to Lemma 2.2, it will be sufficient to focus on prime wonderful G-
varieties, i. e., those for which H is prime in G. Even then, we will see further
on that H is often not reductive. So we use the following decomposition.
Let U := H* = (H%*. By [Mo, p. 200], there exists a connected reductive
subgroup K C H such that H® = KU is a direct product. Moreover, there
exists a parabolic subgroup P C G containing Ng(U) such that U C P*
[BT, p. 102] (I have learned that this result was found independently by
B. Weisfeiler.) Hence we can choose a minimal parabolic subgroup Q C G
containing H® such that U C Q“. Let L be a Levi subgroup in Q containing
K. From now on, we fix BC Qand T C L.

Since all spherical roots come from the case r=1, we have listed in Table
1 the prime wonderful G-varieties of rank one.

How to read Table 1. According to [BN], types A,, B,, C,, and D,
start respectively with n =1, n = 2, n = 2, and n = 3. Also, bear in mind
Remark 1.5 while reading column 2.

In column 1, labels were designed for the use of spherical roots which we
will make in Section 3. Two labels such as 7B and 7C share the same number
7: this means that when types B and C match, i.e., when n = 2, then the
two corresponding cases are G-isomorphic. Case 5 shares the same number
5 as case 5D: it expresses the fact that there is an outer automorphism of
Sping which maps the first Spin; on the second (for n = 4).

In column 3, the connected group K is given up to a finite covering, and
if the Lie algebra u of U is nontrivial, then we split it into irreducible K-
modules. The group H is either KU, KU (W) if an element w € W is given
in column 3 (then the pair (K, U) is found one case above), or KUCg if the
letter c appears in column 4. If Cg ¢ H, then HCg/H ~ Z/2Z.

In column 4, we compute xy,, for each color D € A. The letters ¢ and ¢
denote nontrivial characters in X (H) satisfying ¢ = 1 and €2 = 1. When
a fundamental weight w; is used as a character of H, then H C Q and Q
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is the largest parabolic subgroup in G containing B such that w; € X(Q).
Case 5 corresponds to two distinct cases: w34 means ws, respectively w;.

In column 5, we give the unique spherical root ;. (We have seen above
that = can be easily recovered from (xs,)pea, therefore y; is also deter-
mined since it is positive in X'(B), see [B3, p. 130].) Because of the following
remark, we label ; as in column 1, and we give the dimension of X in col-
umn 7.

Finally, for column 6, we refer to the last paragraph of this section.

Remark 2.4. Reading through columns 4, 5 and 7 of Table 1, we immediately
see that if X is a prime wonderful G-variety of rank one, then for a given
group G, X is uniquely determined by 7; and another data such as card A
or dim X. This shows that a (not necessarily prime) wonderful G-variety of
rank one is uniquely determined by 7; and G, see Lemma 2.2.

Here is a beautiful interpretation of the expression of the spherical roots
7, ¢ € 1, in terms of the xy¢,,D € A. See also [L1]. Let f; € E(X)(B)
be up to a scalar the unique function satisfying xy, = —v;. If X; denotes
the unique wonderful G-variety of rank one having «y; as spherical root and
G/G, as closed orbit, then [, ,; D; ~ X; with D; = f7'(0) [B3, p. 126].
Moreover Pic X = @ pea Z-{JD}, where {D} denotes the class of D in the
Picard group Pic X [B2, p. 405). Since we can express ; = Y Dea™DXfp
with n}, € Z, we get {D;} = 3 pecanp{DP}. In column 6 of Table 1, we
give nl,, D € A, with A ordered as in column 4.

3. Prime wonderful varieties of rank two

In this section, we gather our classification results in Tables A-G which
contain the prime wonderful G-varieties of rank two, see Definition 2.3 (and
Theorem 1.3). Proofs will be given in the following sections.

How to read Tables A-G. Labels in column 1 refer to Theorem 5.6,
Proposition 5.7 and the propositions of Section 6. These labels were designed
to help keeping track of the isomorphism between different types, such as in
Tables B and C; cases 7 are the same for n = 2.

Columns 2 and 3 can be read as in Table 1. When useful, weights of
T N K are given for U, such as in case A8.

In column 4, we sometimes have ¢® = 1 instead of ¢ = 1. For Q, follow
How to read Table 1 (with sometimes more than one w;) except in the second
cases of BC8 where @ is the same as one case above.

In column 5, a basis (;) of E is given, see Theorem 1.4. Each v; is a
combination of the characters of column 4: the corresponding coefficients
are given in column 6. For Tables A-G, we identify 2®z Q and Homgz(Z, Q)
by choosing the length of y; to be V2, shorter than -y,. In the last column,
1 and 7, are represented by arrows. The cone V dual to the cone generated
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Prime wonderful G-varieties of rank one
G Finite covering of K x ¢, €EX(B)xX(H) 7{601' b np dim X
4 as a Kxmodule with fp € k[G]®*H)
Table 1
1A SLpn  n2>2 GLn (wy,—wi) a1+...+a£.1) 11 2n
(wn,wy)
2 SL 8a; (2w,€) 2a§2) 2 2
3 SLyxSL, SLy (witw),1) log+ia® 1 3
4  SLyxSLy SLy (widw!,c) ap+al® 2 3
5A SLs Spy (w2, 1) %a1+a2+%ag5) 1 5
6A SL, Spy (wa,c) art2axt+al® 2 5
7B Sping,y; n>2 Sping, (wi,1) a1+...+a,(17) 1 2n
8B Spingpy n>2 Sa, (w1,€) 2a1+...+2a,(-.8) 2 2n
9B Sping,,; n>2 SLpxk*  (wy,1) art.4al 10 ln(n+3)
A2E™  (wn,wn)
10 Spin; Gy (ws,1) %al-l-aﬁgagm) 1 7
11 Sping Gy (ws,c) a1+2a2+3a§11) 2 7
7C Spa, n>2 SkoxSpy, o (w2,1)q+20ot.420m 3tol” 1 4dn—4
8C Spy Sa; (wa,€) 2a1+2a§8) 2 4
9C Span 122 KXSppna (w2,1)o+2axt.+20n3+ol” 10 4n-3
k (w1, w)
1D Sping GLs (w2, —w2) atortel) 11 6
(w3, w2)
5D Spiny, n>3  Sping,; (uDort.topotiegtiald 1 2n-1
5 Sping Spiny (w3/4,1) %01+a2+°3/4+%a4(7; 1 7
6D Spiny, n>3  Sping,; (wd2m+.+20m ot ital® 2 2n—1
6 Sping Spiny (w3/4,¢) a+2az+204 /4-!»04(7% 2 7
12 Fy Sping (ws,1) a1+2az+3ast2ai™ 1 16
13 G SL3 (w;,1) 2040y 1 6
14 G Sa; (w1,€) 4a1+2a£14) 2 6
15 Go k*xSLa  (ws,w:) atad® 11 7
kok® (w1, w1)
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Prime wonderful G-varieties of rank two

G Finite covering of K xs, €X(B)xX(H) (™™D nl o(A),v
U as a K-module with fp Ek[G](M) 'yénble 1) nZ
Table A
1 SLs SO3 (2wy, 2¢)(2wz, c) 20{? 21 %
2082 12 z
2 SL3xSLy SLy (witwl,2¢)(watwh,c) artal™ 21
az+a’2(4) 12 %
3 SLg Sps (w2, 2¢)(w4,c) a1+2a24a:(,6) 21 %
ast2aital® 12 4
4 SL4 SLoxk*xSLy  (wi+ws, 1)(wz, —ws2) ol 111
(w2, w2) artal? 211 %
4 SL, SasOSartartas  (Witws, e)(2wa, 1) artal? 241 %é
22 22 £
4 SLpp  SLoxk*XSLpoy  (witwe,1)(wz, —ws) agt.+al) 111
n>4 (Wnt1, w2) artel) 211 %
5 SL4 k*xSLy (w2, 1)(witws, wy)  en+ial? 014 %
S2k? (w2, w2) o ) 111 i
5 SL4 k*xSLa (w2, c)(witws, watc) agl) 111
S2k%  (wo, ws) art+al?) 022 %{
6 SL3 E*xk* (w1, —w1)(wa, we—w1) oM 1110
k (wy,wo){w2,w:1) agl) 0111 %
6 SLpna k*xSLy1xk* (wy, —w) (w2, wn—w1) agl) 1110
n>3 k! (w1, wn)(wn,w1) a2+...+a$;1) 0111 %
6 SLnp k*xk*XSLn-1 (un—wfwnwe—w)  ork.4ol) 1110
n>3 K™ (wpeq, wo)(wn,w) asll) 0111 %
6 SLnpt  KXSLaxKXSL  fwy—nn Yuryntih s—w) ark.+ol) 1110
n>H2>4 kek' (g, W gg1)(wn, ) apattel) 0141 %’é}
7 SL3 K (witwa, witc) asl) 112
ko, @&k (w1, w2)(w2,w;) agl) 121 %
7 SLg E*xSLa (w2, c) o+l 111
Ka,ons®k (w1, ws)(ws, wy) aztaf) 111
8 SLyxSLo k*  (witw],c) agl) 1141
kayon! (w1, wy )(w}, w}) a'l(l) 111
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Table B
1 SpingxSL, SLoxSLy (w1, 1)(watwl,c)  artal? 10
cxtol® 12 B
2 SpingxSpins Spins (urtwh Dwztwhl)  Lop+lel® 14 %
artal 12 4
2 SpingxSping Sping  (wy-+w, Dawotwhd az-i-a'2(4) 12 %é)
atal® 22 £
3 Sping Spin; (wj,1)(ws,c) a1-i-az+a3+a,(19) 10 %{
art2azt3al) 12 4
4 Sping k*xSLy (w1, ~w1)(2ws, 1) otV 111
(w1, w)) 2a§2) 121 %
4 Sping Sata; (2wi,1)(2wse,€) 2a§2) 12 %é
2 22 4
4 Spingpy k*xSpiny, ; (w1, —w1)(we,1) agl) 111
n>3 (wy,wy) 2az+...+2a(8) 121 %
4 Sping,y Sait.4a, (2wi,1)(we,¢€) 2az+...+2a,(-,8) 12
n>3 20{? 22 %
5 Sping SLoxk* (w1,1)(we, —w2) agl) 111
(w2, w2) aﬁ-agg) 100
5 Sping Sayt2a;  (w1,1)(2ws,€) a1+a§9) 10 b
2a) 22 EHi°
6 Spimyny  SLp<kK™Sping, o,  (w, Dups,up+l) Ob+rf'---i'ay(;7) 0141 %
n>pi2>3 KPRk PGAZE?  (wp, wp) o) 111 &
6 Spingpyy Sen  WLEWpLUPTE) a1+...+a§,1) 111 %{
n>pt2>3 (wp, wp) 2ap+1+...+2a$,8) 022 4
7 Spingpy K*XSLp1xk*  (un1.2un—wiiunun—w) a4 1101
n>2 K lek™ @A%™ (wy, w1)(wn,wn) oq+...+o,§}_)l 1012 %
8 Spingpyy SLp1xk*xk*  (wy,1)(wn, wn1—wn) a,(-,l) 0111
n>2  E"lek™ Ak (o g ifumw) ottt 1414 %
8 Spingp,yy San, (WLERun,uwe-11€) a1+...-ia,(i)1 111 %{
n>2 (Wr1, Wn1) 202 022 £
8 Spigny SLyxKXSL oK (o,Dupsy)  cgut+ol® 0110 }K
n>q+2>3 KK e 7 (wq, wq)(wn,wn) a1+...+agl) 1110 £
akIgk™ Ion?k?
9 Sping KX (witws, wotw: /2) o) 121 °
Faynn,@kdk (w1, w1)(wa, w2) o 113 %
9 Spin, K*xSLa  (ws, w1) aztal® 110
k2 o OHDRDK? (w1, w1)(w3, w3) a1+a£1) 112
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Table C
1 SpyxSLy SLaxSLy  (wrtw},c)(ws, 1) ar+ay) 01
ool 21
2  SpyxSpy Spgy  (wi+w),1)(watwh,1) %aﬁ%a;@) 11
artal® 241 :_E{
2 SpyxSp, Spy (witw),o)(wrtwh,1)  artey”) 21 ;Ié
artal® 22 4
3 Spay, SpsxSpopa  (w2,1)(ws,1) a3+204+...+osg7) 11 ;’é
n>4 a1+2a2+a:(36) 21 7
3 Spg SastazCSartas  (W2,€) (w4, 1) a1+2a2+a:(,) 21
203+20'%) 22 ;ié
4 Sp, SLaxk* (2w1]1)(w2, —w2) oV 111
(w2, wa) 22?211 ;_q.:jé
4 Sp, Sartas (2wy,€)(2ws,1) 22 21
22 22 ;gé
4 Sp,, SLp1xk*xSLy  (w1+wn, wn1)(ws2, 1) ozt 4ol 111
n>3 52k (wpy,wne1) a1+a$14) 212 <4
5 Spo, k*xSpap o (w1, —w1)(wz,1) agl) 111 o
n>2 (wy,w1) a1+2a2+...+2an_1+a$19) 010
5 Sp2n, 82a 4. 4 2an_1+an (2’U)]_,E)('LU2,1) a1+2a2'+'"-"'ar$9) 01 p
n>2 202 22 °
6 Spg SLoxk*  (witws, 3wa/2) (w2, w2/2) ol 111
52k20S%k2  (wa, w2) artal? 203 7
6’ Spo, k*xSLoxSpa,a (w2, 1)(ws,w1) a1+ag1) 111 \
n>3 ek (wi,wi) azt2ast.A20m1tal) 0141
7 Spy, SL,, 3 xk*xk* ('wl,w,,_l—-wn)(u)n,2uh_1—wn)a1...q£1)1 1110 };5
n>2 E'@oS%k™ ! (wny, wn1)(wn, wn) ,(11) 0121 4
8 Sp, K*xk*  (wy, wa—w)(wa, 1) ag? 10141 E?é
ko, k20,40, (w1, w1)(w2, w2) ag) 1111 4
8 Spy Sa; * (2wq, wate)(w2,€) agl) 111 ;IE
(w2, w?) 2a§2) 202 4
8 Spoy SLyxKKXSpynopa (nupn—upfupauy) ort.togs) 1014
n>pt2>3 KPP Bk (wpupupintpr) o§,+1+2o§,+2...qgg) 0110 4
SRPDS2KP :
9 Sp, K* (witwa, witwa/2) oV 112 X2
Foyon Ok (w1, w1)(wa, wa) oM 131 °>.:j<°
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Table D
1 Sping F*xSLaxSLy (w1, —wy ) (wotws, 1) oV 111
(w1, w1) aztal? 124 %
1 Sping Sa108artaztas  (2wy,1)(wrtws,e) aztal?) 12
2a{? 22 %
1 Sping, k*xSping, o (w1, -—w;)(ws,1) agl) 111
n>4 (wy, w1 200t 200 ptog1+al® 121 %
1 Sping, S0198a142azt.. QUi Iwae) 202... 200 2Hop 110D 12
n>4 120 ptan 2{2) 22 %
2 Sping SLaxk*  (w2,1)(wy/3, —way3) ai1/)3 111
(wq/3,w4/3) 011+2012-+-a$21 211 %
2 Sping  Say/5%8at20rtastes  (W2,6)(2wyy3,1) a1+2ar+a$l 21
222 22 %
A
3 Spinyg SLsxk* (wg,1)(we, —ws)  astastal’) 111
(ws,ws) a1+2a2+a§6) 211 %
4 Spiny, SLn-2xk*xSLa  (uy, Dn—i-+umth2) Som1+ial® 0141
n>3  k"RSAUIOAZE" 2 (wpo,wn2) art.+alt, 111 %
4 Spiny, SLn2Xk*xSL2  (w1,ftth1-Htm 29 ar+..+aly 111
n>3  kE2RS%KPOAZE™ 2 (wnop, wna) an1tald 022 %{
4 Sping, SLpxK%Sping, 5, 1  (wn,wprr,up) ap+1+...%a,..1+%ay$5) 0141
n>p+3>4 KR 2PN (wp, wp) oyt 4ol 111 %
4 Sping, SLpxKxSping, 551 (w1, c)(wph,wptc) art.+of) 111
n>p+3>4 PP IoNR  (upup) 20011+ 4+ 20n 2 ton e 022 %{
4 Sping SLoxk*xSLz (ug/sDentus/swd)  Jonthaly) 011
S2k%Qk%ak (w2, w2) a-ﬂ-as)a 111 %{
4 Sping SLaxk*xSL2  (we)3dw1tws)swatd az-fa‘(:/):i 111
S2K2Qk%0k (w2, wn) a1+a$l 022 %{
5 Sping Spyxk*  (uy/31)wawys) éal-l-aﬁéaa(z 011
K (way3,wa/3) agll)s 111 %
5 Sping Spyxk*  (wy/3,¢)(w2, wyz+c) ail/)s 111
kS (wy3,wa/3) (11+2¢12+a$l 022 %{
6 Sping SLipxk*xk* (umuh/sﬂ%/z)(ua/z—ﬂa/z)m%% 101
K2 (w2, w3) (w3, w2) 0‘:(;1/)2 1101
7 Spin,y, SLpaxk* (wi,c) a1+...+an_2+a$‘1_)1 114
n>3 KoL ®AZE™ ™ 3,05 Y, w;) a0 2t 141

even n=i+l=j, odd n=i=j+1
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Table E
1 Eg Fs (w1,2c)(ws,c)20+art2azt2actal® 21 ;{
a2+a3+2a4+2a5+2a((56) 12
2 Eg k*xSpin;y (w1, —wi1)(we,1) al-i-a3+a4+05+ag1) 111 ;’é
(we, w1) 2a2+a3+2a4+a§6) 121 :
Table F
1 Fy SL3xk*xSLz (wi+wy, w3)(w2, w3) az—haz(,g) 110
K2k 20k20k® (w3, ws) ar+al? 211
2 Fy Spin,xk* (w3, ws)(wy,1) agl) 111
k' (wg,ws) a1+2a2+3a§u) 212
3 Fy4 Spingxk* (w1, ws)(w3,ws) a1+a2-+-a:(,9) 101
KiokT  (ws, ws) art2oztal® 110
4 Fy Goxk* (w3, 3wa/2)(ws, we/2) o 111
Kok (wa,ws) a1+2a2+3a{) 203
5 F4 SLaxk*xk* (wy,ws)(ws, wa—ws)  artaztal) 1001
Kok k> ok (w3, ws)(ws, wy) ol 0141 %
k3 ek
6 Fg SLoxk*xk*xSLy (w1, 2wz—ws)(ws, wa—w3) a;;-i-ail) 0111
K@k @k’@5%k%* (w2, wa)(ws, w3) a1+ag1) 1012 }is
$s2k2*@c2tmz
Table G
1 Go SLaxSLy  (2wy,1)(2ws,1) 22\? 21
202 32
2 GyxGa G2 (witw), 1)(watwh,1) artal® 21
az—+a'2(4) 32
3 G k*xSLy  (w1,1){(ws,wy) agl) 111
k2 (w1, wy) al-{-agls) 011
4 Go k*xk*  (wy, wo—wr (w2, 3wi—w2) asl) 1011
karto:Dk20,40;, (w1, w1)(ws, w2) oM 0131
B30, +a2Dh3ar+ 20,
4 Gy E*xk* (w1, woe—w1)(we, wy) agl) 10141
Kor®kzarta; (w1, w1)(wa, w2) g 1121
G"'30!1'*1212®l‘:3011+212
5 Gg k* (wytws, 7wy /3) agl) 112

koo, ORDRDRDE (w1, 101) (w2, w2) oV 141
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by (—;) is shadowed. The circles represent the image of A by g (see The-
orem 1.4). Their precise coordinates in the basis (7;,72) are given by the
coefficients of column 6, as in Table 1.

Remark 3.1. Note that the combinatorial data given in Tables A-G are
precisely the data needed to classify all equivariant normal embeddings of
G/H, using [LV] or [K1].

Remark 3.2. One can define the little Weyl group Wx C W of a wonderful
G-variety X to be the reflection group of @ having V as a chamber, see
[B3]. Namely, Wx is the group generated by the reflections s; about the
hyperplanes {y; = 0}: if 4; is not a multiple of a root of (G, T), then it is
easily seen that there exists a multiple of ; which can be written as a sum
of two orthogonal roots B and B’. Therefore s; is induced by sgosg € W.

4. The triplets (L, K, K;)

The purpose of this section is to describe the homogeneous space L/K
(We keep the setting KU = H° ¢ Q = LQ%, U C Q* and K C L.) One of
the main features of L/K is that it is L-spherical. In fact, to claim that H is
spherical in G is equivalent to saying that K has an open orbit K'z C Q*/U
and that L/K, C Q/H® is open and L-spherical [B, p.191].

This decomposition yields the following basic lemma. For any G-variety
Y (not necessarily spherical), let

rkg Y := minycy codimy B¥-y.
Lemma 4.1. Let X be a wonderful G-variety of rank r. Then
I‘kL L/KI = rkg X=r

Proof. Let By be a Borel subgroup in G such that ByH is open in G. Because
ByQ is open in G, there exists a Levi subgroup Lqg of Q such that B,NQ is a
Borel subgroup in Lg. Then codimg By H® = codimg (B} N Q)H°. Hence
tk¢ G/H® = rk;, Q/H®. Finally note that L/K, is the open L-orbit in
Q/H® and that rkg G/H® = tkg X = rky W = r, see the beginning of
Section 2. O

Lemma 4.2. A wonderful G-variety X is prime if and only if H? satisfies
the property (pro) and the following condition:

(ind)* If P* C H® C P for a parabolic subgroup P in G, then P =G.

Proof. Assume that H satisfies the property (ind) and that P ¢ H° C P
for a parabolic subgroup P in G. Recall that there exists, see Section 2,
a parabolic subgroup Py in G such that U C Fy and H C P. Since
P* C U C B, it follows that P4 C P. Hence P" C H C P and P = G.

Therefore HO satisfies the property (ind).
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It remains to prove that if HO satisfies the property (ind), then it satisfies
the condition (ind)!. So assume that P* C H® C P for a parabolic sub-
group P in G. Then the radical of a Levi subgroup in P normalizes H? hence
is in H° thanks to the condition (aut) (and the fact that Ng(H°) = Ng(H),
see [BP, p.283]). Hence PP C H'c P. O

Thus our main goal will be (until the end of Section 6) to determine the set
of prime connected spherical subgroups S C G which satisfy the conditions
(aut) and rkg G/S = 2. Indeed by Lemma 4.2 this set is one-to-one with
the set of G/H? of all prime wonderful G-varieties of rank two.

Proposition 4.3. Assume that X is prime of rank two. Then
rky, L/K—I—rkK Qu/U = 2.

Proof. Let By, be a Borel subgroup in L such that By K is open in L. Then
we have

tk;, L/K, = codimy B} K, = codimy, Bf K + codimg (Bf N K)K,

and rkx K/K, < codimg (B¥ N K)K,. Sorky L/K+ rkx Q*/U < 2.

Conversely, assume that K # L, and Q # G. Because K is reductive,
K is not parabolic in L. Hence rk; L/K > 1. Now observe that U # Q*,
otherwise Q* C H° C Q, see the condition (ind)®. Therefore rkx Q*/U > 1
since Q*/U is affine. Sork; L/K+ rkx Q*/U > 2. O

Corollary 4.4. Assume that X is prime of rank two and Q # G. Then
either K = L, C? C K # L or there ezists a character x € X(L) such that

K = (ker x)°.

Proof. Assume that C? ¢ K. Since K is connected, there exists xy € X (L)
such that K C K := (ker x)°. We have

tky L/K = codim;, BK = codimy B¥K™ + codimg+ (BENKHK

Since U # Q*, see the condition (ind)?, we get rk;, L/K = 1. Moreover,
codim;, B¥K+ = rk;, L/K+ = 1. Therefore tky+ K*/K =0, i.e., K is
parabolic in K*. Now recall that K is reductive, so K = K*. O

Let (L, L) denote the derived group of L.

Corollary 4.5. Assume that X is prime of rank two, Q # G, and C? C
K # L. Then K = SC? where S := K N (L, L) is semisimple. Moreover
(L,L)/S is, up to a finite covering, the open orbit of the wonderful (L, L)-
variety of rank one corresponding to cases 3, 5, 7 or 10 in Table 1.
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Proof. By [BP, p.283|, N1(K)/K is a diagonalizable group and it is easily
seen that rk;, L/Ny(K)+dim Np(K)/K =rky L/K = 1. Hence N(K)/K
is finite. Otherwise rky L/Np(K) = 0, i.e., Ny (K) is parabolic in L, and
since we have chosen () minimal such that H® ¢ Q and U C Q%, no strict
parabolic subgroup in L contains K: so Ni(K) = L. But then K would be
a reductive group of codimension one in L with C} C K. Contradiction.

Therefore L/ K is up to a finite covering isomorphic to the open orbit of a
wonderful L-variety of rank one, and clearly K is prime in L. We can forget
about cases 4, 6, and 11 in Table 1 thanks to cases 3, 5, and 10 respectively.
Since K is connected, cases 2, 8 and 14 are ruled out. Cases 1, 9 and 15
cannot occur because no strict parabolic subgroup in L contains K. Finally,
cases 12 and 13 are ruled out as well since L # G. 0

5. The L-module structure on q“

We keep the setting KU = H® C Q = LQ* as we have done so far. In
this section, we estimate the rank of X(Q) (for arbitrary r) and thereby
the rank of Pic X. Then, by investigating the L-module structure on q* =
Lie (Q*), we describe the K-module q*/u when r=2. We start with the
following basic lemma. Denote by S the basis of the root system R of (G, T')
corresponding to B (recall that B C @Q and T C L, see Section 2). For any
positiveroot =3 .o Ma, define the support of 8 by

S ;= {a €S| M > 0}.

Lemma 5.1. Assume that B ¢ S. Fiz ap, a4 € S such that Agp > 24f
op = 4. Then there exists a pair of positive roots B,, 84 € R satisfying the
following conditions:

(1) op € 5% and o, € SP.

(2) B = B> + Ba-

Proof. Assume that the lemma, is not true for some positive roots. Choose
B’ of minimal height among them. Let @ € S\{a,, o4} such that 8 = ' — o
is a positive root. Fix a decomposition 8 = g, + 4 according to properties
(1) and (2). It is easily seen that either @ + 8, or a + B, is a root (use the
Jacobi identity). Contradiction. O

Let g, denote the weight space in g corresponding to 8. For a Lie subalge-
bra n C b*, let R(n) := {8 € R| g4\{0} C b"\n} and S(n) := Uger(n)S”.

Lemma 5.2. For any Lie subalgebran C b", ZﬂeR(n) Z3 = ®aeS(n) Zo.

Proof. Observe that if card R(n) < 1 then R(n) = S(n). So let us assume
that card R(n) > 2 and let §; € R(n) N S. Clearly, there exists 8 € R(n)
such that 3, .5 AP2 =1 (apply Lemma 5.1 with oy, q, € SP\{$1}). Thus

Z-B1 +Z-B2 = Z-B1 ® Z-a where {a} = SP2\{4;}.
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Now assume that there is an integer ¢ > 2 and that there are distinct
elements £y, ..., B; € R(n) such that Z-6, + ... + Z-5; = @ Z-a where « runs
through all elements of S; := $%* U... U S%. If card R(n) # 4, then thanks
to Lemma 5.1 there exists a root B;+1 € R(0)\{f1,...,B:} such that our

assumption remains true for i + 1 instead of 4, i.e., 3 es\s; M+ <o O

It turns out that Lemma 5.2 implies a key bounding statement for the
rank of X(Q). Let Sg denote the subset of S associated to Q, i.e., the subset

satisfying L = Cg((Nyes, ker @)°).
Theorem 5.3. Assume that X is prime of rank r. Then rkX(Q) <r.

Proof. Let By, be a Borel subgroup of L such that dim B} K is maximal.
Since rk X(Q) = dim C} and r = codim; B} K (see Lemma 4.1) it suffices
to prove that I' := C? N B¥ K, = C? N K, is finite.

Observe that C? C Naesg ker @ and that K C [ ker 8 where 3 runs
through all roots such that gg\{0} C q*\u. In particular, I' C (scpq)
ker 8. So by Lemma 5.2, T C naES(u) ker a. Now note that if P is the
parabolic subgroup in G containing B associated to S(ut), then P* C U and
Q C P. Hence P* C H° C P. So P = G by the condition (ind)¥. Therefore
S(u) =S and ' is finite. O

Corollary 5.4. Let P be a minimal parabolic subgroup in G such that P™ C
HCP. Thenr <tk Pic X —rk X(P) < 2r.

Proof. Let H = H/PT C G = P/P" and let X be as in Lemma 2.2. Con-
sider the setting KU = H® ¢ Q = LQ* as we have done so far for H. By
Theorem 5.3, we have rk X(L) = rk X(Q) < r. Moreover, K is reductive
spherical in L and no strict parabolic subgroup in L contains K. In partic-
ular, tk X (K) < rk X(L), see for example [Kr, p.149], [B, p.190]. Hence
tk X(H) = rk X(K) < r. Since rk Pic X = card A < r+ rk X(H), see Sec-
tion 2, and rk X(H) = rk X(H)+ rk X(P), we get rk Pic X —tk X(P) < 2r.
Finally, the remaining inequality means that card A > r+ rk X'(P) and this
is clear (see Section 2). O

The following lemma is just a generalization of the well-known T-module
decomposition on b* (and it implies Lemma 1.2). For a positive root 3 such
that gg C q“, let (L - gg) C q* denote the irreducible L-module generated
by g4.

Lemma 5.5. Let P be a parabolic subgroup in G containing B, and choose
8 C p*. Let Lp = Ce((Naes, ker @)°). Then V := (Lp - §5) is uniquely
determined by (Ag)aes\sp. Moreover these integers do not depend on the
choice of gg C V.

Proof. Let Ap C A denote the root lattices of ((Lp, Lp), Tp) C (G, T) where
Tp =TN(Lp,Lp). Then the weights of T in V' are in 8 + Ap. Moreover
we know from representation theory that the convex hull of these weights



B. WASSERMAN 391

(which looks like the convex hull of the corresponding (Lp, Lp)-irreducible
module) should meet the convex hull of the weights of any irreducible L-
submodule V' C p* whose weights lie in 8+ Ap. So V and V' should share
a T-eigenspace. Therefore V = V' C p*.

Finally note that V' is an irreducible (Lp, Lp)-module. So the last state-
ment of the lemma is clear. O

Now we apply our previous results to start the classification of the groups
H? for X prime of rank two.

Theorem 5.6. Assume that X is prime of rank two and Q # G. If G is
not simple, then G = SLy x SLy and H® is a Borel group in the diagonal.
(See case (A8) in the tables of Section 3, i.e., case 8 in Table A.)

Proof. Split G into simple components Gy X ... x Gj, | > 2. Then S =
S;U..US;and Q = Q1 X ... X @, with Levi decompositions Q; = L;Q}.
First note that thanks to the condition (ind)*, Q¥ ¢ U for all 1.

We claim that C{ ¢ K. For otherwise, M % N for any pair of irreducible
K-modules M, N such that M C q¥, N C q} with i # j (a consequence of
Lemma 1.2) and therefore U = U; x ... x U;. So K # L thanks to the
property (pro). Hence, by Proposition 4.3, q*/u is a K-module of rank
one. In particular q“/u is an irreducible K-module and U; = Q¥ for all 1
except one. Contradiction. This proves the claim.

Thanks to Proposition 4.3 and Corollary 4.4, K = (ker x)® with x €
X(L), and q*/u is an irreducible K-module of rank one. In particular,
q*/u is isomorphic to a K-module lying in q} for each i since Q} ¢ U. This
shows that | = 2 because codimr K NT = 1. Besides (L,L) C K. Hence
there exists a pair of simple roots a € S;\Sg, &' € S2\Sq such that g, ¢ u
and g, ¢ u. Therefore K = ker (@ — ') and q*/u~ (K -g,) ~ (K- g,)-

Thanks to Theorem 5.3, S\Sg = {a,o'}. It follows that S; = {a} and
S2 = {c'} since (K - g,) ~ (K - g,.) and (L,L) C K. Hence G is of type
A; x A; and K is the diagonal torus. O

A nice consequence of this result is that the group G is simple for most
prime wonderful varieties of rank two. Indeed, if ) = G, then a computation
of ranks, using [Kr, p. 149] and [B, p. 190-191] leads us to the following list.
The labels we use below refer to Tables A—G, for instance label BC1 refers
to Tables B and C, cases 1.

Proposition 5.7. Assume that X is prime of rank two and Q = G. Then
G/H" is isomorphic to either one of the following homogeneous spaces:

(A1) SL3/SOs;.
(A3) SLe/Sps.
(BC1) Spy x SLy/SLy x SLo.
(B3) Sping/Spin,.
(C3) Spy,/Spsy X Spop_g4 for n>4.
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(E1) E¢/F4.
(Gl) G2/5L2 X SL2
(ABCG2) G x G/G where G = SL3, Sp, or G,.
It remains to consider the cases where G is simple and @ # G. Thanks to

Theorem 5.3, we know that either card S\Sg = 1 or card S\Sq = 2. In the
following two theorems, B will denote a positive root satisfying gz C q*.

Theorem 5.8. Assume that X is prime of rank two. If G is simple and

S\Sq = {ap}, then either one of the following possibilities occurs:

(a) K=L, q*/u=~(L-g, ) is of rank two.

(b) K=L, q*/u~(L-g, )®(L-gg) is of rank two, and /\gp > 2.

(c) tky L/K =1, C? C K, q*/u is of rank one, and the projection q* —
q*/u factors through the L-equivariant projection q* — (L - g, ).

Proof. We claim that (L - g, ) ¢ U. Indeed, if (L-g, ) C U, then fix §
(with minimal height) such that gz\{0} C q*\u, see the condition (ind)*,
Section 4. Since g5 ¢ (L- gap), we can apply Lemma 5.1 (with o = ).
This yields 8 = 3, + B4 with g4 , g5 C U. Hence gz C U since U is a Lie
subalgebra in b*. Contradiction. This proves the claim. Now we go through
the three cases of Corollary 4.4.

If K = L, then by Proposition 4.3, q“/u is a K-module of rank two. If
it is irreducible, then we get case (a); if it is not, then we get case (b).

If C? C K # L, then by Proposition 4.3, tkx q*/u = 1. Hence q*/u
is an irreducible K-module. Moreover, by Lemma 5.5, (L - 9a,,> is the only
L-module in q* on which C} acts with weight ayp. In particular, (L-gg) C U
whenever /\ZP > 2, see Lemma 5.5. This yields (c).

Finally, assume that K = (ker x)® with x € X(L). Then (L,L) C
K, and by Proposition 4.3, rkx q*/u = 1. Hence q*/u is an irreducible
(L, L)-module isomorphic to (L - gap). Thanks to the condition (aut), u
is embedded diagonally in q*, i.e., there exists (at least one) irreducible
L-module V\{0} C q“\u such that V' 2 (L-g, ) as L-modules but V' =~ (L-
8,,) as K-modules. Fix 8 with maximal height such that g5\{0} C g*\u.

Lemma 5.5 yields /\gp > 2. So we apply Lemma 5.1 (with a, = ay) as many
times as necessary to find a set of §; such that 8 = )_ §; and 9, C (L- gap),

i.e, Aﬂ*p = 1. Then for each 7, there exists a K N T-eigenvector v; € U such

that its component (with respect to the T-decomposition on bu) on gg is
non zero. In particular, these vectors v; generate in U a Lie subalgebra
containing a vector v having a non zero component on gg. Now note that
all the remaining components of v are in U since the height of 8 was chosen
maximal. Hence g5 € U. Contradiction. Therefore this last case is ruled
out. O

Theorem 5.9. Assume that X is prime of rank two. If G is simple and
S\Sq = {ap, a,} with p # q, then either of the following possibilities ocurs:
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(8) K=L, q*/ux>(L-g, ) ®(L-gg) is of rank two, and qu =1.
(b) K =ker (o, — a,)° and q*/u~ (K - 8a,) = (K - @, ) is of rank one.

Proof. By Lemmas 5.1 and 5.5, there is an irreducible L-module in q*/u
with lowest weight a simple root. So there exists @ € S\Sqg such that
(L-8,) ¢ U, say @ = ap. If P is the parabolic subgroup in G containing
B associated to Sg U {e,}, then P* ¢ U thanks to the condition (ind)*.
Hence there exists a root § such that gz\{0} C p*\u. In particular o, € sP
and gg\{0} C g*\u. Choose f (respectively 8') with maximal (respectively
minimal) height. (Note that Lemma 5.1 yields /\g; = 1.) Again, we go
through the cases of Corollary 4.4.

If K = L, then q*/u is of rank two by Proposition 4.3. Thanks to the
condition (ind)*, q*/u is not irreducible. Moreover the rank of the sum of
m irreducible L-modules is at least m. So q“/u~(L-g, ) ® (L-g4) and
(L-8g) = (L~ 84)- This yields case (a).

Assume that C} C K # L. Then there are two irreducible K-modules
M C(L-g,,) and N C (L - gg) such that the two corresponding classes
of irreducible K-modules occur in q*/u. Moreover, M # N thanks to
Lemma 5.5. Therefore rkx q*/u > rkxy M @ N > 2. This contradicts
Proposition 4.3.

If K = (ker x)° with x € X(L), then rkx q*/u = 1. So there are K-
module isomorphisms q*/u ~ (K - g, ) ~ (K - g5) ~ (K - gg ). Moreover
/\5,, +A£q > 2 never occurs. Indeed, for otherwise apply Lemma 5.1 as many
times as necessary to find a set of f; such that § =Y 3; and /\g; + ,\g-q =1
for all 7, and then follow the end of the proof of Theorem 5.8 to obtain a
contradiction. Therefore /\gp + /\Zq = 1. Since a4 € R , we get )\gq =1 and
A, =0.50(L-gs) =(L-g, )and f' = ag. Thus K = ker (ap — g)° and
this yields (b). O

6. The pairs (g,h)

The purpose of this section is to make a list containing all pairs (g, i) for
X prime of rank two. Thanks to Theorem 5.6 and Proposition 5.7, we shall
assume that G is simple and Q # G. We say that (g,,b,) is isomorphic to
(82, b,) if HY is conjugate to HY in G; = G, see Remark 1.5. Our goal is
to determine the pairs (g, h) up to isomorphism.

Remark 6.1. The pairs (g, ) that we give in this section are pairwise non
isomorphic (unless otherwise stated). This might not be clear at once. But it
will follow from the combinatorial data computed in Section 7 (and gathered
in columns 5 and 7 of Tables A—G). Similarly, the condition (aut) will follow
from these combinatorial data together with the eigenvectors of H in the
representations of G (gathered in column 4 of Tables A-G) except for the
pairs (g, fj) corresponding to Theorem 5.6 and Proposition 6.8 for which the
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condition (aut) can be easily checked on the Lie algebra level. (Note that
Ng(S8%) = Ng(S) for a spherical subgroup S in G [BP, p. 283].)

First of all, let us state the following routine lemma when G is of type Y =
A,, B,, C,, or D,,. Let P, be a parabolic subgroup in G such that Sp,, =
S\{ar, as} with r < s. Define M := Hom (V,k*~")® Hom (k*~",k")® Hom
(V, k™), where V denotes the irreducible representation of highest weight w;
for Y, ..

Lemma 6.2. Assume that Y = A,, By, C, or D,. Then the semisimple
type of Levi subgroups in Prg 38 Ap_y X Ay_r_1 X Y,_,. Moreover, for

Y=A,: P} ~M,

Y=B,: pL MO QK™ ®NE &N,

Y=Cn: P >MOK®k®S% & S% T,

Y=D,: MOk QKT @Ak @ Ak when s#n — 1.

Remark 6.3. One can easily compute similar formulas for the exceptional
groups. For instance, if G is of type Eg, then the semisimple type of Levi
subgroups of Py is A4 and p%, ~ k% & A%k5* @ A2k® @ k. In the proofs of
this section, we shall freely use these decompositions.

Now we go through the five cases of Theorems 5.8 and 5.9. In the following
propositions, we check that K has an open orbit in Q*/U and that @/H° is
L-spherical of rank two, see the notations of Section 4. Recall that the rank
of an L-variety Y is the minimal codimension of B}-orbits in Y, where By,
is a Borel subgroup in L. The labels below refer to Tables A-G, for instance
label BC4 refers to Tables B and C, cases 4.

Proposition 6.4. Assume that S\Sg = {op}, K = L, and that q*/u ~
(L- gap) is of rank two. Then up to isomorphism, (Y,p) is either one of the
followng pairs:

(A1) (Ag,2) for n>3.
(BC4) (B,,1) for n>2.
(c4) (Cuyn—1) for n>3.

(D1) (Dg,1) for n>3.

(D2) (Dg, 3(respectively 4)).

(D3) (Ds,4).

(E2) (Ee,1).

(F1) (F4,3).

(F2) (Fq,4).
Furthermore, cases (A4) and (D1) yield isomorphic pairs (g, ) whenn = 3.

Proof. f'Y = Ay, then by Lemma 6.2, we have * = p3, ~ Hom (k" ?*1, k?)
and (L, L) is up to a finite covering SL, x SLp_py1. Hence u = {0}. More-
over, Py, is L-spherical and rky, P, = min (p,n — p +1). Therefore n > 3,
and p = 2o0rp =mn-1. Now note that (Ap,2)~y(A,,n — 1) where
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W= Sg;+...+an_1 © Sas+..4+an I-€., the corresponding groups HO are con-
jugate in G'by W € Ng(T) (see the introduction). Since q*/u is obviously
spherical, this gives (D1) for n = 3 and (A4) for all n.

When Y =Dy, n>4, we have q*~M @ A%k? with M = Hom(k2("~P), k)
(this is only true for p # n — 1, but this restriction can easily be overcome
thanks to the involution of the Dynkin diagram of D,). If p = n, then
M = {0}, and rk;, A% ¥? = 2 if and only if n = 4 or n = 5. Moreover, for
n = 5 we have (Ds, 4)~(Ds, 5) where W= 84, a, ©Sas+as- This gives (D2)
and (D3). If p <n—2, then q*/u~ M, andrk; M = 2 if and only if p = 1.
This gives (D1) for n > 4.

If Y = By, n > 2, then we find that q* = M @ A%kP with q*/u~ M =
Hom (k*>(~P)+1 kP). Now rky M = 2 if and only if p = 1. This gives (BC4).

ForY=C,,n >3, q* ~ M ® S?kP with M = Hom (kz("_P) kP). If
p = n then M = 0 and rk; S%k? > 2. Therefore p < n and q*/u ~ M
Since rk;, M = 2 if and only if p = n — 1, this gives (C4').

IfY=E,, n=6,7or8, then rk;, (L - g.,) =2 if and only if n = 6 and

=1 or 6. Then (L, L) is of type D5 and (L 9a,) = k'® is one of the two
(noneqmvalent) half spin representations of Ds. Moreover (Es, 1)~y (Eg, 6)
Where W= Sq, 4a+as+204+2a5+as © Sa;-+az+2as+2as+as+as- LhiS gives (E2).

If Y = Fy, then rky (L - ga,,) =2 if and only if p = 3 or p = 4. When
p=3,(L,L) is of type Ay x A; and (L-g,,) = k3® k2. When p =4, (L,L)
is of type Bz and (L - g, o) = ~ k8 is the spin representation of B3. This gives
(F1) and (F2).

Finally the case Y = Gy is ruled out since we get rky, (L-g,,) =1 and
rky, (L - gaz) =3. O

Proposition 6.5. Assume that S\Sq = {op}, K = L and that q*/u ~
(L 84,) ®{L- 8g) is of rank two, with )\ZP > 2. Then up to isomorphism,
(Y,p,u) is either one of the following triplets:
(BC5) (Cn,1,{0}) for n>2.
(G3) (Ga,1,k?).

Proof. First make the observation that a necessary condition for rky, q*/u =
2 is that rky (L - ga ) =rky, (L gﬂ) =1.

When Y = A,, q is irreducible. So this case is obviously ruled out.

Y = Cy, n > 2, then we need to have p < n and U = 0 in order to get
a non irreducible q*/u. Moreover, rk; S§2k? = 1 if and only if p = 1. So
p =1 and thus q*/u is obviously spherical. This gives (BC5).

If Y = By, n > 3, then rk;, Hom(k2("~?)*+! kP) =1 if and only if p = n.
Therefore we need p = n. Now rky A2 kP = 1 if and only if n = 3. Thus
q* ~ Hom(k, k*) @ A%k3® = k3 @ k%*. Therefore q* is of rank 3. So this case
is ruled out.

The case Y = Dy, n > 4 is also ruled out. Indeed, p < n — 2 (othermse
q* is irreducible) and hence tk; Hom(k2("~P), kP) > 2.

If Y = Eg, E7, Eg or Fy, then rk;, (L ga,) > 2 for all p.
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Finally when Y = Ga, rkg (L - @,,) = 3. Therefore p = 1 and this gives
(G3). O

A subgroup S C G is called horospherical if it contains a maximal unipo-
tent subgroup in G. By [P], this is equivalent to S being spherical in G and
dim Ng(S)/S =r1kg G/S. Let Y and Yk denote the semisimple types of
L and K respectively.

Proposition 6.6. Assume that S\Sq = {op}, C} C K, 1k; L/K =1,
that q*/u is a K-module of rank one and that there is a surjective K-
homomorphism (L - gap) - q*/u. Then (Y,p,YL,Yk,q%/u) is, up to
isomorphism, either one of the following data:

(A5) (As3,2,A; x A1, Aq,k).

(B6) (Bpn,p,Ap_1 XBpn_p,Ap_1 XxDp_p,k?) for n—p>2.

(C6) (Cs3,2,A1 x Ay, Aq,k).

(C6') (Cn,1,Cn-1,A1 X Cpz,k?) for n>3.

(D4) (Dn,p,Ap—1 XDp_p, A1 XBy_p_1,k?) for n—p>2.

(D5) (D4, 3(respectively 4), Az, Ca2, k).

(F3) (F4,4,B3,D3, k).

(F4) (F4,4,B;,G2,k).
Furthermore, cases (A5) and (D4) for n = 3 yield isomorphic pairs (g, b).

Proof. Recall that Corollary 4.5 gives us the candidates for L/K. If Y = A,,,
then case 3 in Table 1 yields (A3, 2, A; X A, A1, k). This gives (A5) and (D4)
for n = 3, since L/K, (see the notations of Section 4) is in this case up to
a finite covering SLy X k* x SLy/S where S ~ SL; is embedded diagonally.
Case 5A yields (A4, 1,A3,C,, k4) and (A4,4, A;,Co, k4) Indeed, (L'gap) ~
k? ® k* (respectively k* ® k"~3) is an irreducible SL, x Sp, (respectively
Spy XSLy,_3)-module and rkx kP ®k* (respectively k*®k™~3)= 1 if and only
if p = 1 (respectively n = 4). Now note that in both situations rk; L/K, >
dim L/K+ dim q*/u— dim B¥. Sorky L/K; > 5+ 4 — 6 = 3. Hence case
5A is ruled out.

If Y = B,, n > 2, then case 3 in Table 1 yields (B3,2,A; x A, Ay, k?)
because we have (L - g, ) ~ S3k* ® k? (as K-modules) and rkx S%k* = 3.
But this case is not good since dim L/K = 3, dim q*/u = 2 and dim B} = 2.
Case 5A yields (B4, 4,A3,Cz,k%). Indeed, (L - g, ) ~ k* ® kX"~9+! js an
irreducible K-module, and rkx k* ® k2(*~9+1 = 1 if and only if n = 4.
But when n = 4, dim L/K,; = 9 and dim B} = 6. Thus case 5A is
again ruled out. Case 7B yields (Bn,p,Ap—1 X Bp_p, Ap1 X Dyy_p, kP) for
n—p > 2. For there is a K-module isomorphism (L-g a,> ~ kP@K2-P) g kP
and clearly rkx k? ® k2(*=?) > 1 for n — p > 2. This gives (B6) since
L/K_ is then up to a finite covering SLy, X k* X Sping(, )41/ X Sping(,_p)
where S is a generic isotropy group of SL, x k* in kP. Finally case 10 is



B. WASSERMAN 397

ruled out since (L - g, ) ~ k? ® k7 is an irreducible SL, x Gz-module and
tke, k7 > rkgpin k7 =2.

If Y = C,, n > 3, then case 3 gives clearly (C6) (see case A5)).
Case 5A yields (Cy,4,As,Cz, S2k*) because if n > 4, then (L - Oo,) =
k* ® k(=% is an irreducible K-module and rkx k* ® k2(*—% > 1.
But since rkx S2k* > 1, this case is ruled out. It remains to look
at case 7C which yields (Cp,p,Ap—1 X Crp,Ap_1 X A; X Cyp_1,K? ®
k% (respectively k? ® k2(*—?-1)) for n — p > 2. Indeed, (L - 9.,) =~
K @ k¥nP) ~ kP @ k2 @ kP @ k2(*~P-1) as K-modules. Moreover
tkx kP ® k? (respectively k? ® k2®=?~1) = 1 if and only if p = 1. So we
get (Cp,1,Cp-1,A; X Cp_2,k? (respectively k?»~*)). Furthermore, when
n = 3, s,, identifies (see the proof of Proposition 6.4) the two candidates
for (g,h). We claim that g*/u # k?"~* when n > 4. Let P be a parabolic
subgroup in Sp,,,_, such that Spy,_,/P ~ P(k?"~*). Then Spy,_»/SL2 X P
is not spherical of rank one: otherwise, since it is prime and not in Table
1, it would be horospherical. Therefore L/K, cannot be spherical of rank
two when q¥/u = k?"~* since, up to a finite covering, L/K, would be
Spy,_2 X k*/SLz x S where S is a generic isotropy group of Spy, 4 X k*
in k2"~%. This proves our claim. So q*/u = k2. Then L/K, is up to a
finite covering k* X Spy,,_»/S X Sp,,_4 where S is a generic isotropy group
of k¥* x SL; in k2. Hence L/K is spherical of rank two, see 7C and 9C in
Table 1. This gives (C6').

IfY =D,, n > 4, then case 3 yields (Dp,n —2,Ap_3 X A; X Aj,A,_3 X
A1, k™"2) since we have necessarily p=n—2 and (L-g, _)~k""2Qk*®k” ~
k"2 ® S?2k? ® k"2 ® k as K-modules. This gives clearly (D4) for n —p =
2 (see case (A5)). Cases 5A-5D yield (D4,4 (respectively 3),As, Co, k),
(Dnsp, Ap-1XDnp, Ap_1XBp_p_1,kP) for n—p > 3, and (Dp, n—4, Ap_5 X
D4, Ap_5 x B3, k™% x k%) where k8 is the spin representation of B;. Indeed,
rkgpin,, k% = 2, hence either n = 4, p = 4 (respectively 3) and (L- g, ) ~
A?k* = k® @ k as Cz-modules, orn —p >3 and (L- g, ) ~k* ® k2n—P) ~
kP @ k2P~ U+l @ kP @ k as A,_; X B,,_p—1-module (observe that C, = B,
and rkSpin2,+1 k#+1 = 2). This gives clearly (D5), and also (D4) forn—p > 3
(see case (B6)). But the last candidate is ruled out since rkx k*~* ®k® > 1.

If Y = Eg, E7 or Eg, then case 5A yields p = 4 for E; (respectively p=5
for Eg) with (L- g, ) =~ k* ® k* ® k* (respectively A’k® ® k*) as an SL3 x
SLy x Sp, (respectively SLs x Spy)-module. But thenrky (L-g,,) > 1. Case
5D (n > 4) yields p = 1 or 6 (for the three groups) with (L-g a,,> ~ k2 @ k™
as a Dy41 X Ay —1-module, where k?' is one of the two spin representations
of Di41 (I=4, 5 or 6). Moreover k2 is also the spin representation of By,
hence k2 ® k™ is an irreducible K-module. But rkSpin,,“ k2 =1 if and

only if I = 2. So type E is ruled out.
If Y=F,, then case 7B requires that p=4 and this yields (F4,4,B3,D3,k4)



398 WONDERFUL VARIETIES OF RANK TWO

Zw (F47 4) B31 D31 k4*) where W= 8a;+az+a3%8az+a3 Sa; and (L'ga4) = k8 x>
k*® k** as a Sping-module. Then L/K is up to a finite covering Spin; x k*
where S is a generic isotropy group of Sping X k* in k*. Hence L/K, is
spherical of rank two (see 9B for n=3, Table 1) and this gives (F3). Case
7C yields (F4,1,C3,C2 x Ay, k*). Indeed, (L-g, ) ~ k¥ ~ 5@k @ k' QK
as Cy x A;-modules and rkx k® ® k2 > 1. Now observe that if P denotes
a parabolic subgroup in Sp, such that Sp,/P ~ P(k*), then Sps/P x SL;
is not spherical of rank one: otherwise, since it is prime and not in Table 1,
it would be horospherical. Therefore L/K, cannot be spherical of rank two
because it is up to a finite covering isomorphic to k* x Sps/S x SLy where S
is a generic isotropy group of k* x Sp, in k*. Case 10 yields (F4, 4, Bs, G2, k)
since (L-@,,) =~ k ~ k7 @ k as a Gy-module and rkg, k7 > rkSpin, k" =2.
This gives (F4).
Finally, Y = G, is obviously ruled out. [

Now we go through the cases of Theorem 5.9. In the following propo-
sitions, 3 is chosen to be the lowest weight in the L-module (L - gg). Let
r < s be such that {r,s} = {p,q}.

Proposition 6.7. Assume that S\Sq = {ap, 0.} withp # q, K = L and
that q*/u =~ (L-g, ) ® (L - 8g) is of rank two with qu = 1. Then up to
isomorphism, (Y,7,s,ap, ) is either one of the following data:

(AD6) (An,1,q,01,01 + ...+ ag) for n>q>2.
(B7) (Bn,1,m,a1,01 + ...+ ay) for n>2.

(BC8) (Bn,q,n,an,0q+ ...+ ay) for n>q+1>2.
(C7T) (Cnyn—1,n,an,0n-1+ ap) for n>2.
(C8') (Cuyp,p+1,0p,0p41) for n>p+22>3.

(F5) (F4,3,4,03,a4).
(F6) (F4,2,3,02,03).
(G4) (Gg,1,2,a;,az (respectively a; + az)).
Furthermore, cases (B7) and (C7) yield isomorphic pairs (8,0) when n = 2.

Proof. First recall that if M; denotes a representation for SL; isomorphic to
k! or k*, then kg1, «SL,, Mt ® M, = min (k,1). Recall also (see the proof
of Proposition 6.5) that rky (L- g, ) =1k (L-gz) = 1 and have in mind
the fact that U is a Lie algebra.

Y =A, thenq* ~k" @k ™ ®k* "@k" *t1*® k" @ k" *+1*. Hence
r=1or s—r=1orn—s+1=1. Sowe get (A,,1,q,01,a1+...4+ag)2w(An, 1, I+
Lo, o041)=w (An,mn,an,0m + ... +ap) forn > g=1l+1=m-+12>2,
where w=15,,_, 0...08,, and W' =5, 0...08,,,,. This gives (AD6).

IfY = B, n > 2 (observe that for I > 1, rkspin2l+l k241 — 9 and

rkgy,, k' @ k'* > 2) then ,(qu, N,0p,0q + ... +0ap) forn >p+12>2and
(Bn,n—1,n,0n,an-1+20,)~w(Bn,n—1,n,an_1,0p)~w (Bn,1,n, 01,01 +
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.. +ay) for n > 2, where w= s, and w’ =sq,+..4q,_,- This gives (BC8),
(B7) and also (C7) for n = 2.

If Y = C,, n > 3 (note that for [ > 1, rkgp_ k# =1 and rkgy, S%' > 1)
then we find (Cp,n—1,n, @, @n—1+0a,)~w(Cpn,n—1,n,an_1, 0n)~w (Cy, 1,
n, a1, 201 +...4+20n_1+ay) for n > 3 and (Cp, p, p+1, ap, api1)=w(Cn, 1,1,
a;,01 + ...+ o) forn >p+2 =141 > 3, where the isomorphisms are
given by w= 84, W = 84,4 .. +a,_, a0d W’ = 84,4 4a,. This gives (C7)
for n > 3, and (C8').

It is elementary to check that the cases Y = D,, for n > 4, Eg, E; and Eg
are ruled out, using the fact that rkSpin,, kK2 =2forl>1.

If Y = Fy, then we find (F4, 1,3, 01, a1 + a3 + 03)~w(F4,2,3, az, az)~y
(F4, 27 4, ag, 02 + 2(13 + 204) and (F‘h 3, 4s agz, a4)zw" (F41 3, 47 ag, a3 + 04),
where W= 84, 40,, W = Sag+a, 2a0d W’ = s,,. This gives (F6) and (F5).

Finally, if Y = G, then we get (G2, 1,2, a3, 201 + a2)~w(G2,1,2,0q, 01 +
az), where w=s,,, and also (G2,1,2, a;, az). This gives (G4). O

Proposition 6.8. Assume that S\Sq = {ap, 0.} withp # q, K = ker
(ap — ag)? and that q*/u ~ (K - 8a,) = (K -8, ) is of rank one. Then up
to isomorphism, (Y,p, q) is either one of the following triplets:

(AD7) (Dpy,mn—1,n) for n> 2.

(BC9) (B2(respectively 3)» 1,2 (respectively 3)).
(G5) (G21 1, 2)

Proof. Let @ € Sq. Since (K - g, ) = (K - g, ), (&) < 0 (i.e., a'is
a neighbour of a, in the Dynkin diagram of S) if and only if (o, ag) < 0.
Therefore o, and a, are ends of the Dynkin diagram of S, and they are not
be separated by more than one simple root. Hence Y = A,, (n = 2 or 3), B,
(n=2o0r3),C, (n=2o0r 3), D, (n > 3) or Go. Observe that in each case
(K-8,,) = (K-8,,) is of rank one except for (C3, 1,3) where (K -g,, ) ~ k?
and (K - g, ) =~ S?k%. Now recall that D3 = A3 and C, =B,. 0O

7. Colors and normalizers

The goal of this section is to compute the pairs (G, H) for X prime of
rank two. The group H is determined both geometrically and by means of
its eigenvectors in the rational representations of G (see Tables A-G). The
group action on X is also determined, and the irreducible components of
the normal crossing divisor are expressed in Pic X, see Section 2.

So far we have determined a set ® of candidate pairs (G, H®) for X prime
of rank two. If one sets aside in Tables A—G all cases where an element w €
W is given in column 3, second cases of A5, B2, C2, D4, D5, fourth case of
D4, and sixth case of D4, then the set ¥ of all triplets (G, K, U) is one-to-one
with @, the correspondence being (G, K, u) — (G, KU). Let Ag denote the
set of B-orbits of codimension one in G/H°. For each Dy € Ay, let fp, be
an equation defining ;' (Dg) where my denotes the projection G — G/HP.
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(Note that fp, € k[G’](BXHo) is determined up to a scalar by its character
Xfp, € X(B)xX(H®).) Observe that c € X(H) is trivial on H’, see column
4 and Section 3.

Lemma 7.1. If (G,H®) € 9, then (xfp,)Docn, 15 the set of characters
given in column 4 for the corresponding (G, K,u) € ¥.

Proof. By Remark 1.5, if f € k[G’](BXHo) is nonconstant, then there exists
Dy € Ag such that x5 = Xfp, if and only if f'# fi x fo with both f; €

k[G’](BxHo) nonconstant. Thereby, it is easy to check that if we take ¢ = 1,
then the characters coresponding to ¥ in column 4 are the x fpy> Dy € Ag.
Indeed, if the weight in X'(B) of a candidate fp, in the tables is a sum
w, + w, of fundamental weights (with possibly r = s), then fp, cannot be
split into a pair of eigenfunctions with weight w, and w, in X(B) respectively
(thanks to card A < 2+ rk X(K), see Section 2), except in the following
cases: first A7, A8, first B9, C9, G5. For these five cases, we notice that in
the irreducible G-module V,,,, respectively V,,,, the highest weight line is
the only one fixed by U. O

Lemma 7.2. Each (G, H®) € & satisfies the condition (aut).

Proof. We shall check the condition (aut) for all cases except those men-
tioned in Remark 6.1. Let =y = k(G/H®)(®)/k*. If V, denotes the cone of
invariant valuations in @y = Homz(Zy, Q), see for example [K1, p. 231 and
242], then we have dim Vy N (=Vp) = dim Ng(H®)/HP. Since H° is clearly
not horospherical, see Section 6, we have Vy # Qp (see [P]). So it remains
to show that dim Vy N (—Vy) is not one-dimensional. If it is, then H® would
be contained in a parabolic subgroup P in G such that card Ag = X(P)+1
(see [K1, p.239]) which is clearly not the case. O

By Lemma 7.2, for each group lying between H® and Ng(H?), the cor-
responding homogeneous space G/H has a (unique normal) candidate won-
derful completion X, see the condition (aut) and Remark 6.1. In Tables
A-G, we have gathered some of these candidates X.

It is easily seen that the set of characters in X'(B) x X(H) given in column
4 correspond to (Xxf,)Dea, see Section 2 for this notation and the proof of
Lemma 7.1. This yields ZE and the closed orbit Gz C X since G is the

stabilizer of the line through [[pca fD € k[G]'®, see Section 2 and for
example [K1, p. 244].

Proposition 7.3. The candidates X given in Tables A—G are wonderful.

Proof. Note that a candidate X always contains two wonderful subvarieties
of rank one, since normal singularities do not occur in codimension one. Let
71, 72 be the corresponding spherical roots. Recall from the introduction
that X is wonderful if and only if X is nonsingular, i.e., 73, y2 generate Z;
see Section 2. Since G-z is known and 7y;, v, are linearly independent, it
follows that -y; and -, are uniquely determined thanks to Table 1, except in
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cases mentioned in Examples 7.4, 7.5 and 7.6 below. Therefore the proof of
this proposition will be completed by the end of Example 7.6.

Example 7.4. (first cases of B5 and C5 for n = 2) Consider the projection
G/H — G/WH where w € W is given in the tables one case below (namely
second cases of B5 and C5). By the property (uni), see the introduction, we
get an equivariant morphism X — X, where X and X,, are the candidate
wonderful completions of G/H and G/WH respectively. In particular, the
(well defined, see above) spherical roots of X and X, lie on the same half-
lines in E®z Q. Since the spherical roots for X, are known thanks to Table
1, we get those of X.

Example 7.5. (case G3) We claim that in this case the pair of spherical
roots of X is not (&, a3). For otherwise, consider the projection G/H —
G/H, where (G, H,) is given in case 15, Table 1. By [K1, p.239], there
would be a quotient of @ = Homz(=, Q) by a one-dimensional colored vector
space V yielding Homz(Z(oy + o2),Q), and by [K1, p. 238}, V should be
generated as a cone by elements of p(A) (see Theorem 1.4 for this notation)
and by elements of the cone V dual to the cone generated by —a; and —as.
But it is easily checked that this is not the case (note that V. NV = {0}).
Contradiction.

Example 7.6. (cases where H C B) Consider the projection G/H — G/B.
By the property (uni), we get an equivariant morphism X — G/B. In
particular, codimension one G-orbits in X have solvable isotropy groups.
Therefore the spherical roots of X are simple roots, see Table 1. [

Remark 7.7. In cases A1, A2, A3, A7, A8, B1, B3, C1, D7, and E1 of Tables
A-G, the candidate wonderful completion X, of G/H? is singular. Indeed,
the spherical roots of X, (see the proof of Proposition 7.3) are in these cases
the same as those of X and in particular they do not generate the lattice Zg
corresponding to Xp. Note that in all other cases Xy is wonderful thanks to
Proposition 7.3.

By Lemma 2.2, the following theorem yields Theorem 1.3 while Theo-
rem 1.4 can be deduced from Tables A-G.

_Theorem 7.8. The prime wonderful varieties of rank two are the varieties
given in Tables A-G.

Proof. Observe that for each pair (G, H®) € ®, there is at most two corre-
sponding subgroups Hy and H in Tables A-G, always ordered by inclusion,
with H/Hjy, respectively Hy/H®, containing at most two elements. So by
Proposition 7.3 and Remark 7.7, it suffices to prove that H = Ng(H), i.e.,
that there are no pairs of spherical roots other than those given in the tables,
see Remark 6.1 and Introduction. This point is clear thanks to Table 1 (see
the proof of Proposition 7.3) except in cases A5, first A6, first A7, A8, B6 for
p = 1, B7, first and second B8 for n = 2, first B9, C7 for n = 2, C8, C9, first
and second D4 for n = 3, third and fourth D4 for p = 1, D5, G4 and G5. For
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these, assume that Ng(H) # H. Note that v; (see column 5) for G/H is a
simple root a of (G, T') and that 2a should be a spherical root for G/Ng(H).
By [L1, 3.2] there should be a unique color of G/Ng(H), represented by a
pair (x,x’) € X(B) x X(Ng(H)) such that the following property is satis-
fied: x(av) # 0. Moreover, for G/H, there are two colors Dt, D~ (with
equations f, respectively f~ € k[G](BXH)) having this property. Therefore
the product f+f~ € k[G](BXNG(H)). So v € Eny ®z Q = Z®7 Q where
En =~ k(G/Ng(H))®) /k*. Contradiction. [

[A]

[Bi]
(BLV]
[BN]
[BP]
[B]
[B1]
[B2]
(B3]
[BT]

[DP]

[F]

[KKLV]

K]
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