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Abstract. Increasing convex order is one of important stochastic orderings. It is
very often used in queueing theory, reliability, operations research and economics.
This paper is devoted to studying the likelihood ratio test for increasing convex
order in several populations against an unrestricted alternative. We derive the null
asymptotic distribution of the likelihood ratio test statistic, which is precisely the
chi-bar-squared distribution. The methodology for computing critical values for the
test is also discussed. The test is applied to an example involving data for survival
time for carcinoma. of the oropharynx.
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1. Introduction

Stochastic ordering of distributions is an important concept in applied probability
and the theory of statistical inference. It arises in many situations and has useful appli-
cations in practice. Many types of stochastic ordering have been defined in the literature,
for example, in Stoyan (1983).

Statistical inference concerning stochastic ordering has been studied extensively.
Because it is often easy to make value judgments when such orderings exist, and be-
cause incorporating these orderings into an inference increases its statistical efficiency,
it is desirable to recognize the occurrence of such orderings and to model distributional
structure under them. Brunk et al. (1966) obtained a closed form for nonparametric
maximum likelihood estimates (MLE) of F' and G under the assumption that F <,; G
(F is smaller than G in the (usual) stochastic order). Dykstra (1982) considered a
similar problem with censored data and gave the MLE’s in the form of Kaplan-Meier
product-limit estimators. Testing procedures based on MLE’s of two stochastically or-
dered distributions have been discussed by Franck (1984), Lee and Wolfe (1976), and
Robertson and Wright (1981), among others. For more than two stochastically ordered
distributions, Dykstra and Feltz (1989) and Feltz and Dykstra (1985) obtained MLE’s
by using an iterative algorithm. Y. Wang (1996) has characterized the asymptotic distri-
bution of the likelihood ratio statistic. The inferences involving the uniform stochastic
ordering and the likelihood ratio ordering have been discussed by Dykstra et al. (1991,
1995).

In this paper we derive the null asymptotic distribution of the likelihood ratio test
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statistic for hypothesis testing problem involving increasing convex order constraints in
the null hypothesis. We write the formal definition of the increasing convex order as
follows (see Shaked and Shanthikumar (1994) for a general reference).

DEFINITION 1. The random variable (r.v.) X is smaller than the r.v. Y in the in-
creasing convex order, written as X <;.; Y, or equivalently, their respective distribution
functions (d.f.s) F and G satisfy F <ie; G, if

T

(1.1) EX-z)t = /Oo(t —z)dF(t) = /00(1 — F(t))dt
< /00(1 — G(t))dt = E(Y — z)* (all realz)

provided these expectations (equivalently, integrals) are finite.

An important result about increasing convex order is that X <;., Y if and only
if Ef(X) < Ef(Y) holds for all non-decreasing convex real functions for which the
expectations are defined, and if X <;;; Y and EX = EY, then Ef(X) < Ef(Y) holds
for all convex functions f (see Stoyan (1983), p. 9).

There are interpretations of this ordering concept in applied research. For example,
if non-negative random variables X,Y are the lives of two machines A, B respectively,
X <,z Y means that the mean residual life of the machine A is smaller than that of the
machine B (e.g., see Definition 1.3.1 of Stoyan (1983)). Ross (1983) has given another
kind of interpretations for this ordering. If X <;., Y and F(X) = E(Y), then from the
result above we have that Var(X) < Var(Y) (since f(x) = z? is convex). For this reason
it is said intuitively that X is less variable than Y provided X <;.. Y.

Many applications of the increasing convex order have been found in queueing the-
ory, reliability, operations research, economics and so on. For example, Stoyan (1983) has
used this ordering to find the optimal sample size in experimental design. Ross (1983)
has presented some applications of this ordering in comparison of queues and stochastic
processes.

Because the increasing convex order has so many applications and theoretical im-
plications, statistical inference concerning this ordering is certainly worthy of study.
However, it is surprising that very little attention has been given to the problem of
developing inference procedures for distributions ordered in this ordering. We do not
find any tests in the literature specifically designed for the testing problem that we will
discuss.

As in Robertson and Wright (1981), we assume the underlying populations are dis-
crete in this article. However, because there is no closed-form expression for the MLE
under increasing convex order constraints, we could not invoke the theory of isotonic
regression to derive the asymptotic distribution of the likelihood ratio statistic. We
overcome this difficulty by transforming increasing convex order constraints into a poly-
hedral cone constraint and then characterizing the likelihood ratio test statistic by an
optimization problem. We will get desired asymptotic distribution by using the limit
problem of the primal optimization problem.

This article is organized as follows. The definitions and preliminary results con-
cerning the chi-bar-squared distribution, which we will need in our development, are
summarized in Section 2. Section 3 derives the asymptotic distribution of the likelihood
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ratio test (LRT) statistic. Section 4 gives the methods to find critical values of the test.
Section 5 presents an example to illustrate the developed theory.

2. The chi-bar-squared distribution
Let Y ~ N(0,V) be an m-dimensional normal vector, C be a convex cone and define

(2.1) P=YVly - gleig(y -8V Y - B).

Suppose that B is the optimal solution to the optimization problem (2.1), that is, B is
the projection of Y onto C in the V~! metric. Then we have ¥ = ||3||2, where the norm
and inner product are taken with respect to the matrix V—1. The basic distributional
result concerning x? is that it is distributed as a mixture of chi-squared distribution, i.e.,

(2.2) P(x*>c¢) = ZwiP(X? > ¢),
i=0

where x? is a chi-squared random variable with i degrees of freedom, x3 = 0 and w;’s
are nonnegative weights such that >~7" w; = 1. The distribution of x? is determined by
V and C, and we write x2 ~ x2(V, C).

Particular cases of the distributional result (2.2) first appeared in Bartholomew
(1959). His results were extended to a very general context by Kudé (1963) and indepen-
dently by Niiesch (1966) for known covariance matrix, by Perlman (1969) for unknown
covariance matrix. Shapiro (1988) has given a presentation of the general case.

Using properties of projections onto convex cones and their dual, we can write x2
as follows

(23) X = mig (¥ —8YV(Y - B),

where C° is the dual cone of C.

The weights w; = w;(m, V, C) which appeared in (2.2) depend on V and C, and the
computation of the probability weights w; is a difficult numerical problem. In the case
of C = R} = {z : x > 0} Kudb (1963) proposed a formula for the weights w;(m, V, RT),
denoted subsequently by w;(m,V). An expression in a closed form of w;(m,V) for
m < 4 is available. For m > 4 , reasonably accurate estimates of the weights can be
easily obtained by Monte Carlo simulations.

3. Distribution theory for the test

3.1 Hypothesis testing problem

In this subsection we transform increasing convex order constraints into a polyhedral
cone constraint and then we can formulate our hypothesis testing problem in a tractable
form.

Let X;(¢ = 1,...,m) be independent random variables, each taking value in the same
set {b1,...,bk+1} (assume b < --- < br+1) with Pij = P(X; = bj), i1=1,...,m,j =
1,...,k+1. Set p, = (pir,.--,pik+1), ¢ = 1,...,m. Assume we have a random
sample of size n; from the population X;, and n;; observations sampled from X; with

k+1

the outcome b;{n; =3 j; ng;,t=1,...,m). Then p;, the vector of relative frequencies
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with p;; = nj;/n;, is also the unconstrained maximum likelihood estimate of p;, and n;p;
has a multinomial distribution with parameters n; and p;. Let n = Z:’;l n;. In deriving
the asymptotic results, we assume that lim, _,,n;/n=7;>0,i=1,...,m.

Consider the hypothesis Hy : p1 <icz -+ <icx Pm- By Definition 1 we have

k+1 k+1
(1) Hy: > (bj—b)pi; < Y, (bj—b)pigrg, I=1..,ki=1,...,m-1
j=l+1 j=l+1
Because
k
(3:2) pi,k+1:1_zpij, i=1,...,m,
i=1

the probability distribution of X; is completely determined by the vector 8; =
(pi1, - .-, pix)’. Combining (3.1) and (3.2), we have

! k
(3.3) Hy: (b —br41) D pij+ O (b — bega)pi
Ji=1 j=l+1
3 k
< (b= b)) D pirrg+ ) (b5 = ber1)pisi,
i=1 j=1t1

I1=1,...,ki=1,...,m~-1.
Forl=1,...,k, letting a; = b; — bg41,

1 I - 1AV, / ’ ! Al AY
Bl:(ag,...,a;,alﬂ,...,ak), C’;Z(—BL,Bi), Dig“——(ok,...,ok,cz, Lyeoey k)’
N — N’
4 i—1

where O is a k x 1 zero vector, D;; is a mk x 1 vector, 6 = (8y,...,6.,)", (3.3) can be
rewritten as

(3.4) H:0eS=1{0:Dy0>0,1=1,... ki=1,...,m—1}
—{0:A0>0,j=1,...,(m— 1)k} = {6: 40 >0},

where A is a (m — 1)k-by-mk matrix, and rank(4) = (m — 1)k. S is a polyhedral
cone. On the other hand, the potential constraints are that p; € {(z1,...,Zx41) 1 2; >
O,Z;C:II z; = 1}, 4 = 1,...,m. Equivalently, we can write these constraints as 8 €
E={6:py >0, Zle pij < 1,4=1,...,m}. In this paper, we consider likelihood ratio
statistic for testing problem involving two hypotheses, namely, H; and Hs: no restriction
among p;{(i = 1,...,m). With the notation above, our hypothesis testing problem can
be written as

(3.5) H :6cSNE versus Hy—H; :06€ R™ —SNE.

The hypothesis Hi : p1 <icx - -+ Sicx Pm i implied by the hypothesis Hy : p; <5 -+ <
Pm, but not conversely. Hence the test discussed here has a less restriction than the one
considered by Robertson and Wright (1981).
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3.2 The asymptotic distribution
In this subsection we give the null asymptotic distribution of the LRT statistic for
our testing problem. We begin by expressing the likelihood function of (pi1,...,pm) as

m k+1

L(pli'napm) X H Hp:;”

i=1j=1

For the hypothesis testing problem (3.5), the likelihood ratio statistic is

(3.6) Ty =2 {maxlog L(p1,-..,Pm) — max log L(p1, - - - ,pm)}
P1< ez SicaPm
= 2{log L(P1, ..., Pm) — log L(P1, . .., Pm)}
m k+1
=2) Z[nij(logijij — log p;;)]
i=1 j=1
m k
=24 > "[ni;(log p;; — log fi;)]
=1 j=1

o e (- ) e (-0 )

= 2{log L(f) — log L(é)}

=2 {oreng')n(k log L(8) — Jax log L(H)} ,

where p;(i = 1,...,m) and 6 are the restricted MLE'’s of pi(t =1,...,m) and 6 under
H; respectively, @ is the unrestricted MLE of . Under Hy, for i = 1,...,m we denote

the unknown true value of p; by pl(-o) = (pl(?), et pg?,g +1)"- Thus the unknown true value

of §is Gy = ((6§0))’, ce (6’&3))’)’, where 91(0) = (Pz('?), . ,pgz))’. To derive the asymptotic
distribution of 715, we first give the following lemma.

LEMMA 1. n1/2(9 — Op) is bounded in probability, that is, 6 — 6y = Oy(n‘1/2).
Here Op(-) is used in the sense of Mann and Wald (1943) (that is, for a sequence of
k-dimensional chance variables {a,} and a sequence of positive numbers {b,}, we write
an = Op(by,) if for each € > 0, there is an M, such that P(la,| < Mb,) > 1 —¢).

PROOF. We first show that @ is a consistent estimate of 0y. Note that 8y € S. Let

1 m N k k
n(0) = —log L(0) = — Dij i5 + Di - 5
gn(6) = ~log L(6) ; ~ ;p]logp] + Pi k1 log (1 ;pt

Then

k k
il n; ©) 0)
g(0)=E [ﬁ log L(G)] = Z o > pi) logpij + pipyqlog [ 1 - Zpit

i=1 7=1 t=1
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The gradient vector and the Hessian matrix of g(#) are given respectively by

oo - (20, B0 000 o)y’

Opi1’ T Opie’ T Opm1 T Opmk
(3.7) H, 0
2
H(6) = (3 9(9)> _ ,
99:90; ) (rukyx (mk) 0 H.

where 8g(6)/9pi; = (n:/n) [p&?’pm — P (1= b pie)™Y]; Hy = (B with hi; =

- 0 k a2y,
- afmp P05 il (L~ T pu) 2 and iy = (/b (1 = 38 )G
D,5,0l=1,...,k,i =1,...,m. It is easily seen that H(f) < 0 (negative definite) and
vg(be) = 0. Hence g(G) is a strictly concave function and 6y maximizes g{@) over S.
By the central limit theorem, we obtain

(3.8) 2@ - S U, i=1,...,m,

where U; = (Uix,...,Uik+1), ¢ = 1,...,m, are independent, and U; follows a multivari-
ate normal distribution with the covariance matrix satisfying

(39)  var(Uy) =p(1-p),  cov(Uij,Ur) = o0 G #1, i=1,...,m,

and “—L” stands for convergence in distribution. Thus, appealing to Theorem 5.1 of

Billingsley (1968), we have that

m k k
(3.10)  ga(8) = g(6) +n7'/* Y {Til/2 |:Z Uij log pij + Ui k+1 log (1 - Zpit)] }

i=1 j=1 t=1

{1+0,(1)}

9n(0) and g(6) achieve their maxima on S at § and 6y, so (3.10) implies that 8 is a
consistent estimate of 6.
Next by Taylor’s theorem we have

(311) 9u(6) — 9n(60) = V9n(60)'(6 — Bo) + 5(0 — 60) Ha(0)(6 — B0) + 10— 0|05 1),

V9n(6o) and H,(6p) can be obtained by replacing p( ) with Pi; and p;; with p ) in 3.7).
Again using (3.8) and the weak convergence result mentloned earlier we get that

(3.12) (02 7 94(60)]' (8 — 60) 5 £'(6 — 6o),

where f = (fi1,.--» fiky-- s fm1y oo fmk), fij = 7"1/2((17(0)) U;; — (pz('?13+1)_1Ui,k+1)

(t=1,...,m,j=1,...,k). Since p; — pf ) in probability, H,,(8p) — —V in probability,

where V is defined in Theorem 1. Hence

(3.13) %(0 — 80)" Hn(60)(8 — 65) = —%(9 — 00)' V(8 — 6o) + 0,(1)]18 — b]|2.
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Refer to the equation (3.11) with  replaced by 6. Note that  is a consistent estimate
of 8p. Then for any € > 0, there is a constant Ce(> 0), and a sequence c,{€) — 0 such
that with probability greater than 1 — ¢

« 1 - R N R «
(3.14) 0 < gn(0) — gn(bo) < —5(0 —00)' V(8 — 8) +nY/2C,|16 — || + cn(€)]10 — 8o)|>.

Multiplying (3.14) by —n we obtain 0 > 25'V4 — Cc||4| — ca(€)15]1?, where 4 = nl/2(6~
6p). Then one could find a constant M, such that ||§]| < M. by the positive definiteness
of V. The lemma follows. O

It can be easily seen that the equality (3.6) is equivalent to
(3.15) Ty = min {20log L(p1, ... ,Pm) — log L(p1, - .., pm)]}

P1<ica "'Sic:pm

= ,min_{2(log L(8) — log L(9)]}.

Let F,.(6) = 2[log L(6) — log L(6)](then F,(p1,...,pm) = 2[log L(p1,...,Pm) — log L
(P1,---,Pm)])- From Lemma 1 we can use 8 = n'/2(6 — 6,) as the optimization variable.
The variable B is often used in the statistical literature, for example, in Prakasa Rao
(1987), and J. Wang (1996). Because 3 = n!/2(6 — 6p) could be any real number, the
constraint set E will be slackened in this case. Substituting 8 into the problem (3.15),
we have

(3~16) Ty = mgl Gn(ﬁ) = Gn(Bn)a

where G, (8) = Fno(n™Y/28 + 6g), S, = {8 : A)(n"Y23+65) > 0,l = 1,...,(m — 1)k}
and 3, is the optimal solution. To find the limit form of problem (3.16), we first give
the limit form of the objective function G, (3).

THEOREM 1.
(3.17) G.(8) L G(B) = (Z - BYV(Z - B),
where Z ~ N(0,V~1) and the block diagonal matriz V = diag(Vy,...,Vin), Vi =
fmaM (m)mh<” ED) T+ )T G =1, k), m) = 0,06 #
0),i=1,.

PRroor.

Fo(p1y- -y Pm) = 2[log L(P1, . . ., Pm) — log L(p1, - - -, Pm))
m k+1

=92 Z Z {ni{ﬁij(logﬁij - Ingij)]} .

Writing a second order Taylor’s expansion for log p;; about p;;, we obtain

m k+1

Fu(p1,--s0m) = 3 Y [mipijoi; (pi; — Bis)?)

i=1 j=1

m n k+1
3 0 -
=y [Bisa” (n'2(pi; — p3)) — n (i — p)? 5,

i=1 1=1

.,
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© and 0 is in

(®

where «;; is between p;; and p;;. Since p; is a consistent estimate of p;

a n~1/2_ghrinking neighborhood of 8y, with probability 1 a; = (i1, ..., k1) — P

and p; — pg ) ,i=1,...,m. From (3.8) it follows that n:/Q(éi _01(0)) = U,-,z =1,...,m
where U; = (Uﬂ, Uik)’ , 1 = 1,...,m, are independent, U; follows a multivariate
normal distribution with mean zero and covariance matrix satisfying the equality (3.9),
and §; = (Dity - - Dik)’s 01(0) (pf(l)), ,pfg)) for i = 1,...,m. Hence, appealing to
Theorem 4.4 of Billingsley (1968), we have that

(3.18) (126, — 60, ... ;02O — 0O B, P, )
L (
5 U U G e G2, GV G2
as n;(i = 1,...,m) simultaneously approach co. Since F,(p1,...,pm) are continuous

function of the vector in the left side of (3.18), we may apply the weak convergence
result mentioned in the proof of Lemma 1. Substituting pg?lg a=1- Zle p,(-? ), Dik41 =

1— Zle Dit, Digy1 =1 — Zle Pit, and B = n'/2(8 — 6p) into Fy(p1,...,pm) we obtain

m

k
Fo(6) 5 Z sz,)) o VP0G - B)?

(1 - Zp(o)) (Zk:(?”i—lﬂUit - ﬁz’t))

= Z(Z,, — 61),‘/1(Zz - :Bz);

=1

where Z,L = (T;1/2Uily- . .,T'i_l/zUik),,ﬁi = (/Bil" . .,ﬁik)l with ,3” = ’I’ll/2(pz pf;)))
for j = 1,...,k, V; is defined in Theorem 1, i = 1,...,m. It is easily seen that Z; ~

N©VY), and V' = 7 M M7 = @)k with w8 = 5001 —p‘o))(j =
k) and w$) = pf?)pfo) (J #1).
Let Z = (Z1,...,4,,), V = diagW1,..., Vo), 8 = (B4,...,08,). Since Z;,i =

1,...,m, are independent, Z ~ N(0,V~1). Thus (3.17) follows. The proof is complete. O

Next we study the limit of the feasible solution set S,,. Let Sy be the interior of S.
Suppose that S is the set that exactly (m — 1)k — i of the (m — 1)k inequalities of S are
strict (without loss of generality suppose that the last (m — 1)k — i inequalities of S are
strict), that is,

So={0:450>0,j=1,...,(m—1)k}
‘={0:A0=0n=1,...,i,A0>0,l=i+1,...,(m—1)k}0 < i < (m— 1)k).

Then we have the following result.

THEOREM 2. Suppose that 8y is the unknown true value of 8. Then asn — oo we
have

(1) If Oy € Sy, then S, T R™k
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(2) If 6o € S°, then Sy 1 T* = {B: Aj8>0,j =1,...,i}(0 < i < (m — 1)k).
(3) If 6y € S(m=DE then S, 1 S.
Here “A, T B” means that A, C Ap4+1 for any n and lim, o A, = B.

PROOF. We have that

Sp = {B: Aj(n 2B+ 60) >0,j=1,...,(m - 1)k}
= {ﬂ : A;ﬂ 2 n1/2(_A;00)7j = 17 (AR (m - l)k}

Then 51 C 52 C S3 C ... since A%0p > 0 for j = 1,...,(m — 1)k. Furthermore, if
A% = 0 for some j, AjB > 0. If Az00 > 0, A > n1/2(—A3-00) — —oo(n — 00), that
is, this inequality is slack. Thus the result of the theorem follows immediately. O

Remark 1. Because.{S,} is monotone and closed, the convergence in Theorem 2
is also the convergence of sets in Kuratowski’s sense. We write § = (K)lim S,, if for
any z € S there is a sequence {z,} such that z, € S, and 2, — z and for any sequence
{zn} with 2, € S, any accumulation point of {z,} must belong to S (e.g., see Attouch
(1985)). This kind of convergence of sets will lead to convergence of optimal solution of
the related optimization problems, as shown later.

With Theorems 1 and 2 we can formulate a limit problem of (3.16):

(3.19) T = G(8) = min(Z - B)'V(Z - B),

where K is one of the T9(0 < i < (m — 1)k), R™* and S, and § is the optimal so-
lution. Although for the objective function we have G,(3)—LG(B) for any fixed B3, it
has not been shown that G,,(3,)—LG(3). When 3 is varying over some connected set
D, {Gn(8),8 € D} and {G(B),3 € D} can be viewed as stochastic processes. We will
study the convergence in distribution of the sequence of these stochastic processes in the
following lemma.

LEMMA 2. The stochastic processes {G.(8),8 € D} converge in distribution to
{G(B),B € D}, that is,

(3.20) {G.(8),8 € D} 5 {G(B),8 € D},
where D = {8 : ||B8]| < M, B € R™F}.

PrROOF. According to the theory of probability (see Prakasa Rao (1975)), {G.(8),
B € D} converges in distribution to {G(3),3 € D} if and only if the following two
conditions are satisfied:

(a) Any finite dimensional distribution of process {G,(8), 8 € D} converges weakly
to the corresponding finite-dimensional distribution of {G(g), 8 € D};

(b) For any € > 0 it holds that

lim sup P{ sup  |Gn(BMD) — GL(BP)] > ¢, 8D, 8@ ¢ D} =0.
"0 h—0 | Ip0-p@ | <h



130 XINSHENG LIU AND JINDE WANG

First we check condition (a). By Cramér-Wold theorem, it suffices to show that for
any ci,...,¢r € R and any 1), ... 8 € D, we have

Y ciGa(BD) 53" ¢, G(BY).
Jj=1 Jj=1

This convergence result can be proved in the same way as Theorem 1. We will not repeat
the procedure here.
Next verify the condition (b). For 3(), ) in D, we have

IGa(BY) = Gn(BD))
=2|log L(n"Y/28® + 65) — log L(n~ Y280 + 6,)]
= 2n|[gn(n /2P + 69) — 9n(60)] — [92(n"/*B™ + 65) — gn (60)],

where g, () is defined in the proof of Lemma 1. From (3.11) and (3.13) it follows that
- i - L )y pl i
ga(n 1280 4 80) — gn(60) = n~! [‘5(5( YvE® + Op(l)“ﬂ( |2
2 ga( 008 +n B0 PO,()]

Therefore, when 7 — oo and ||3(!) — 8| — 0, for any given € we have |(3(1))'V (1) —
(B®YVE®| < £, and with probability approaching one

(Gn(B) = Ga(B™)] < |(BD)VED — (8@Y V@)
+2/(n'/? 7 ga(60))' (BN — B + 7.

Using (3.12) and the fact that D is compact we conclude that

Jim sup P{ sup |G (D) — Ga(8P)] > ¢, 81, 6% € D}
TTOR=0 L IBM - |I<h

. 1
< Jlim sup P { sup  |(n!2 7 ga (60))' (B — B)| > 7€, 8V, 6@ € D}

TR0 BB li<h 4
=0.

Then both conditions (a) and (b) are satisfied. The assertion of this lemma follows. O

From the convergence result on the sequence of stochastic processes in Lemma 2,
the desired convergence will be obtained.

THEOREM 3. Tyo converges in distribution to T, that is,

(3:21) Tiz = Gn(fBn) 5 G(B) =T.
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PRrROOF. Note that the sample functions of the stochastic processes {Gn(8),8 €
D} and {G(B),B € D} are continuous functions on D. Let C(D) be the space of all
continuous functions over D whose metric is defined by

d(h1,he) = sup |h(B) — ha(B)|,  h1,he € C(D).
BeD

Then the stochastic processes {Gn(8),8 € D} and {G(8),8 € D} induce a family of
probability measures {g, un,n = 1,...}. By Lemma 2, the convergence in (3.20) implies
{un} converges weakly to u, written as p, = u.

Define mappings H,(-) and H(-) on C(D) such that

(3.22) Hy(fa) =  min £a(8) = fa(5”)
and
(3.23) H(f) = min_f(8) = f(8)

for fp, f € C(D), where K is as in (3.19), and BﬁD) and B(P) are optimal solutions. First
we are going to show that

(3.24) H.(G,) 5 H(G).

Since G(B) is a strictly convex function and K N D is a convex set, the problem H(G) =
minge knp G(B) has a unique optimal solution. To show (3.24), by u, = u and an
extension of the continuous mapping theorem (cf. Theorem 5.5 of Billingsley (1968)) it
suffices to show that

(3.25) Jim H,(fn) = H(f)

for any fn,f in C(D) with f, — f and f is such that (3.23) has a unique optimal
solution. Observe the convergence of f, to f means that max|f,(8) — f(8)] — 0 and
this implies f,(8,) — f(B) for any B, — 3. Thus, to show (3.25), it suffices to show
that B,(lD) — 3(P), We first show the following: if B,(LD), n =1,2,... are optimal solutions
of problem (3.22) and 8 is an accumulation point of {B,(,D)}, then 3 must be an optimal
solution of problem (3.23). Suppose it is not true. Then there is a point Gy in K N D
such that f(Bo) < f(B). Without loss of generality we assume [ is a interior point
of D (since f is continuous). On the other hand, by Remark 1 there is a sequence 3,
such that 8, € S, and 8, — By, and then 3, € D when = is large enough. As 3 is an
accumulation point of {37(19) }, there must be a subsequence {BS,?)} such that ﬁﬁ,(,?) - .
Noticing that f, — f, we obtain

£(Bo) =1im fn(8,) > lim £, (B)) = £(B).

This contradicts the working assumption f(B) < f(B). Hence 8 must be an optimal
solution of problem (3.23).
Since D is compact and S,, K are closed, {ﬂA,(,D)} must have accumulation points.

Moreover, by the assumption on f the only possible accumulation point is 3(P). Thus
we get (3.25) and then (3.24).
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Since £ is the optimal solution of the problem (3.19) and B =0 € K, we have
0>(Z-B)V(Z-B)-2'VZ=pVB-28VZ.

Observe that Z ~ N(0,V~!) and V > 0 (positive definite). Then for any ¢ > 0 there
exists a constant M, such that ||3|| < M. with a probability larger than 1 — e. Without
loss generality, we assume that this M, is the same as that M, in the proof of Lemma
1 (otherwise we may choose the larger one as the common M,). Note that G’n([in) =
H,(G,),G(B) = H(G) when ||3,]| < M, and ||3|| < M.. Therefore

P(Gn(Ba) # Ha(Gy)) <€, P(G(B) # H(G)) <e.

By the arbitrariness of € and H,(G,)—L H(G), we get (3.21). This is the desired result. 0
Now we come to the distribution result of the likelihood ratio test statistic.

THEOREM 4. Let So, S*, T* and 6y be as in Theorem 2. Let (T*)° and S° be dual
cones of T* and S. Then we have:

(1) If 0y € Sg, then lim, P(T12 = 0) =1.

(2) If 8y € S%, then Tia—L2(V~1,(TH)%)(0 < i < (m — 1)k).

(3) If By € S(m=Vk_ then Tip—Lx2(V~1,89).

PROOF. The result of the theorem follows immediately from Theorems 2,3 (replac-
ing K in (3.19) by R™F T and S respectively) and the equality (2.3). O

4. Computing the critical value for the test

It is well known that H; that @ is in the polyhedral cone S is a composite hypothesis.
In view of Theorem 4 we know that the asymptotic distribution of T7o depends on the
location of 8y in S. To compute the critical value of the test, we need the least favorable
null distribution, which is given by the following theorem. Robertson and Wegman (1978)
has established a similar result for testing hypotheses that a collection of parameters
satisfy some order restriction.

THEOREM 5. Let Py,ep(E) be the probability of the event E computed under the
assumption that 8o € D. Then

lim Pgoes(Tm >t) < lim Pooes(m—l)k (T12 >t)
holds for any real t, where SU"~1k = {§ - Af=0j=1,...,(m—1)k}.

PRrOOF. First, Theorem 4(1) states that all elements in Sy can be removed from
consideration as a least favorable value since Ty2 converges in probability to zero for
these values of . ’

Next, for 0 < i < (m — 1)k, let Br: and Bs be optimal solutions in (3.19) when
K =T and K = S respectively. By the comment given in Section 2 Br: and fBs are the
projections of Z onto T* and S in the V metric, and G (BT:’) and G(,@g) are the distances
from Z to T* and S. Because S C T%, G(B1:) < G(Bs). Thus for any real t we have
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P(G(B;m) >t) < P(G(,BS) > t). The proof is then completed by noticing the result of
Theorem 3. O

From Theorem 5 it follows that S(™~1F is the least favorable null hypothesis among
hypotheses satisfying H; in the sense of yielding the largest type I error probability.
Then by Theorem 4(3) we get that the least favorable null distribution of the test is
x2(V~1,58%. Therefore, for a chosen level o, the critical value ¢, could be chosen to
satisfy

(4.1) P(x2(V1, 8% > ca) = 0.

We now supply some methods to computing é, the restricted MLE of @ under H;.
As stated in Subsection 3.1 we can transform increasing convex order constraints into a
polyhedral cone constraint. Substituting p; x+; with 1 — E?:l pij fori=1,...,m, we
express the log-likelihood function of (p1,...,pm) as

m k k
log L(f) = Z Z(nij log pij) + n; k41 log (1 - Zpu) + const
im1 |j=1 t=1
= —N(#) + const.

Then it can be easily seen that  is the optimal solution of the optimization problem

min N(6)
(42) { st. € SNE.

Sincefori=1,...,mand j=1,...,k, ON(6)/0pi; = —nijp[jl +n p+1(1— Zf___l pit) "L,
82N (6)/9pi;Opu = nigs1(1— Y b, pie) ~2(j #1) and 82N (8)/0p%; = nijpi> +nigr1(1—
Zle Dit) "2, it is easily verified that the Hessian matrix of N(8) is positive definite. Thus
N(0) is strictly convex and has a unique minimum belonging to the convex set SN E.

Several algorithms in mathematical programming can be directly used to compute
6. For example, we can get the value of 6 by making use of penalty function methods or
feasible direction methods (e.g., see Bazaraa and Shetty (1979)). However in practice the
specific optimal solutions could be computed by a system of Matlab functions. We have
computed the restricted MLE in the example of Section 5 by the function “fmincon”
(the trust region method) and the function “constr” (the penalty function method) in
which the starting points must be chosen to be feasible points. A computer program
that implements all the computations in the example is available from the authors on
request.

There are still two problems for applying the testing procedure above: how to

compute the weights w; and how to handle the unknown parameter 3. From the formulas
(3.4) and (5.5) of Shapiro (1988) we have

(4.3) wi(mk,V=1,8% = wnk_s(mk, V=1, 8)
= Wim-1)k-i((m — Dk, AVI4), i=0,1,...,(m— 1)k,

while the remaining weights vanish, where A is defined in (3.4), and wW(m_1)k—i((Mm —
1)k, AV—tA’),i=0,1,...,(m—1)k, can be obtained according to the method described
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in Section 2. However, the distribution of ¥? depends on the unknown parameter Oo(€
S(m=1k) through the weights. For this problem one may use § = (n"! 31", n;1,...,n7}

Doy Mgy, Y Mg, ., T Y0 nig) as an estimate of the unknown 6 and
compute the weights based on this estimate, where § can be obtained by setting p;; =
-- =pm;i(j =1,...,k+1) and solving the resulting optimization problem. The estimate

6 is the MLE of 6y under the least favorable null condition 6y € S (m-1k and § converges
to Op in probability. Then V() also converges to V' in probability. Therefore it is very
reasonable to use 8 for the unknown 6.

5. An example

In order to illustrate the theory developed in earlier sections, we consider some
data given in Data Set II from Kalbfleisch and Prentice (1980). These data consist
of survival times for patients with carcinoma of the oropharynx and several covariates.
Patients diagnosed with squamous carcinoma of the oropharynx were classified by the
degree to which the regional lymph nodes were affected by this disease. Since lymph
node deterioration is an indication of the seriousness of the carcinoma, one would expect
the populations with increased or decreased effects of the disease on the lymph nodes
between them to be ordered in the increasing convex order. The data were grouped
into seven classes in Table 1 of Dykstra et al. (1991). Just like in Y. Wang (1996), we
delete all censored data and Group VII (in which most data are censored). We next
merge every two next groups into a single group, that is, we group the data into three
intervals (0,260}, (260,540] and (540,900]. Table 1 lists n;; for the grouped samples.
We treat the grouped data as occurring at the interval midpoints. Thus we obtain four
distributions with the common set of outcomes b; = 130,by = 400,b3 = 720. Let p;4+1
be the probability distribution of Population 7,7 = 0,1,2,3. Thus m = 4,k = 2, and
E={6:pi1>0,pi2 >0,pi1 +pi2a < 1,i=1,...,4}. Consider the hypothesis testing
problem Hj : py <z P3 Sicx P2 <icx P1 « Ha — H,y. Substituting b; = 130,by = 400
and b3 = 720 into (3.3) we get S = {6 : A9 > 0}, where

(11 -1-10 0 0 0
5032 -59-32 0 0 0 O
00 1 1 -1 -1 0 0
00 59 32 -59-32 0 0
00 0 0 1 1 -1 -1
\0 0 0 0 59 32 —59 32

)

Leta = (331 257 11’ 7’ 97 4a 4v 8a 57 8’ 14’ 6)’7 b(g) = (Ing417 10gp42, log(l_p41 _p42)a Ing3l)
log pa2,log(1 — p31 — p32), log pa1,log paz, log(1 — pa1 — pa2),log p11,log pr2, log(1 — p11 —

Table 1. Number of observations for grouped data.

Population mn;  ni2 ngg  ng

Pop 0 8 14 6 28
Pop 1 4 8 5 17
Pop 2 7 9 4 20

Pop 3 33 25 11 69
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p12))’. Solving the optimization problem (4.2) with N(8) = —a'b(8) we obtain
6= (0.4783, 0.3623, 0.3500, 0.4500, 0.2667, 0.4889, 0.2667,0.4889)’.

Then Tip = 2[a’b(d) — a’b(d)] = 0.3912, where § = (33/69,25/69,7/20,9/20,4/17,8/17,
8/28,14/28)’ is the unconstrained MLE of 6.

We now compute the p value for the test. First, we use Monte Carlo techniques to
obtain the weights. Here p; = (52/134,56/134,26/134)’. From the expression of V!
(see the proof of Theorem 1), a direct computation can give the matrix A = AV 14,
By the equality (4.3) we must compute the weights w;(6,A),i=0,...,6.

We take 10,000 draws from a multivariate normal distribution with mean zero and
covariance matrix A. For each sample point R we minimize (z — R)’A~1(z — R) subject
to = (x1,...,%¢)" > 0. Denote the optimal solution by . Then we count the number
of elements of the vector I greater than zero. In this case w;(6,A) is computed as
the proportion of the 10,000 draws in which & has exactly i elements greater than zero.
Implementing this technique in Matlab program gives that wo(6, A) = 0.0090, wy (6,A) =
0.0881, wy(6,A) = 0.2659, ws(6,A) = 0.3532, ws(6,A) = 0.2187, ws(6,A) = 0.0600,
we(6,A) = 0.0051. Therefore, the p value for the test is

P(x*(V1,8% > 0.3912)
8
= wi(8, V71, 8% P(x? > 0.3912)
i=0
6
= Zwﬁ—i(ﬁa A)P(x? > 0.3912)
=0
= 0.5317ws5(6, A) + 0.8223w,4(6, A) + 0.9421w3(6, A)
+0.9832w2(6, A) + 0.9956w; (6, A) + 0.9989w(6, A) = 0.9026.

This large p value indicates that the null hypothesis is true. This result gives a positive
support to our proposed testing scheme.
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