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Abstract. One-term Edgeworth Expansions for the studentized version of com-
pound Poisson processes are developed. For a suitably defined bootstrap in this
context, the so called one-term Edgeworth correction by bootstrap is also estab-
lished. The results are applicable for constructing second-order correct confidence
intervals (which make correction for skewness) for the parameter “mean reward per
unit time”.
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1. Introduction

The main objective of this investigation is to obtain one-term Edgeworth expansion
and establish second-order correctness of a suitably defined bootstrap for the studentized
compound Poisson process. We begin with the definition of a renewal reward process.

Let {N(t),t > 0}, be a renewal process with the inter-arrival times T}, T3, .... Here
T;, i = 1,2,... are positive i.i.d. r.v.’s. Thus N(t) equals the number of arrivals up to
time t. Suppose X1, Xo, ... are i.i.d. random variables independent of {N(t),¢ > 0}. The
renewal reward process is defined as Zﬁvz(é) X;, where Xg = 0. The classical example of
a renewal reward process arises in a business setting where customers arrive according
to a renewal process and X; denotes the revenue directly due to the i-th customer. The
total revenue up to time ¢ gives rise to a renewal reward process.

Hipp (1985) obtained Edgeworth expansions for (ZZN:%) X; — Atp)/V/At, where p =
E(X;) and E(T1) = A~ > 0. In fact, he considered a more general case, where X; are
random vectors and X; and T; are allowed to be dependent. His results are derived under
a Cramér’s type condition for the distribution of (X7,T}). In the univariate case, one-
term Edgeworth expansions for the standardized mean can be obtained under a weaker
assumption that X; has a non-lattice distribution.

Edgeworth expansions for pivotal quantities such as the studentized mean are dif-
ficult to derive for general renewal reward processes. We shall investigate the general
case in a later paper. In this article we concentrate on the compound Poisson process
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by making use of the relation between the variance and the mean of T7. This rela-

tion facilitates studentization by a simple expression involving only X, ..., Xx(), when

{N(t),t > 0} is a Poisson process. It can be easily seen that Zﬁ\’:(é) X? is a natural

consistent estimator of the variance of (Zfi(é) X; — Aut). One might think of deducing
an Edgeworth expansion for the studentized

N(¢) N() —1/2

(1.1) Re= S Xi—aput] [ 3 x? ,
=0 1=0

by expressing it as a smooth function of Eiji(é) (X;, X?), Aut and applying (the rele--

vant) part (i) of Theorem 2.7 of Hipp (1985). To treat such functions, expansions for
P(Ei]i(é)((Xi,Xf) — E(X;,X?)) € C) are needed uniformly for a class of non-convex
sets C defined through inequalities involving a linear term plus a quadratic form. It is a
non-trivial task to extend Hipp’s result on convex sets to such a wider class of sets. We
shall not pursue this line of investigation further here.

There are several related papers (Mykland (1992), (1993), (19954, b), Yoshida (2001)
and Kusuoka and Yoshida (2000)) on asymptotic expansions using nontrivial martingale
approach and Malliavin calculus. However, our result is derived from the standard
Edgeworth expansions in the i.i.d. case using simple and elementary estimates.

In Section 2, we shall develop an Edgeworth expansion for R;. In Section 3, a result
on second order correctness (similar to Singh (1981)) for a suitably defined bootstrap
procedure for R, is established. Some simulation studies are presented in Section 4
for standardized and studentized compound Poisson processes. The technical details,
required in the proof of the main result, are presented in the Appendix.

We conclude this section by noting that the results obtained here can readily be
applied to form confidence bounds for Aut or Au. This is especially true for the second
order bootstrap result on the studentized case. For a survey of the problems on esti-
mation of the intensity function of a Poisson process see the monograph by Kutoyants
(1998). Note that Au can be interpreted as ‘mean reward’ per unit time. Let §,(¢) and
G1-a(t) be the bootstrap estimates of the a-th and (1 — a)-th quantile for the statistic
R;. The interval

L V@ L (v 1/2 R0 g 1/2
7 ZXi_‘jl—a(t)Z ZXf , ZZXi_‘ja(t)Z ZXf
=0 =0 =0 =0

is an asymptotically second order correct 100(1 — 2a)-level confidence interval for Apu.
The proof of second order correctness can be carried out along the lines of Babu and
Bose (1988), Bose and Babu (1991), or Hall (1988).

2. Edgeworth expansions

To establish a one-term Edgeworth expansion for the studentized statistic R;, recall
that for the Poisson process {N(t),t > 0} with rate A > 0, the inter-arrival times T;
have the exponential distribution with

E(M)=X1>0, var(ly)=A"%, and w3=E(T1 -1 =2x75
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To state the main theorem, let
_ 2 _ _ 3 2 _ 2y _ 2, 2
p=E(Xy), o°=var(X1), ps=E(X1—p) and v°=E(X{)=0°+p"
Unless otherwise stated, throughout this paper the limits are taken as t — oco.

THEOREM 2.1. Suppose E(X1)® < oo and the distribution of X1 has a continu-
ous component. Let {N(t),t > 0} denote a Poisson process with rate A > 0, and be
independent of the sequence {X,}. Then, uniformly in x, as t — oo,

N x
(21) P (Wt < gc) = &(z) + &/Tl—m(ug(h? +1)— @@=z - 1)

+ 3u(0? + 2202 + 222%))¢(x) + o(t~1/?).

Proor. Let Hy = {|N(t) — At] < (At/2)},
(22) W, = (N(t) = \)/VA, Ai=1In, C,=H,0{Wi<logt}, B=Is,
(2.3) Z, = Zy(z) = %(Vx —uW), and V,=Vi(z) = %(m — W/ NINTD).

If 4 = 0, then the result follows trivially from

(2.4) P(HY) < /\242E(N(t)—/\t) =0o(@t™!),

E(A:(V/X/N({) — 1)) = E(A((1 + (W /VAL) V2 1))
= O(B(W;l)/Vt) = O(t71/%),

and Lemma 4 by taking m,, = 0.

From now on, without the loss of generality, we assume p > 0. We use Lemma 4
with m,, = (n—At)//n, when N(t) = n. As P(|W;| > logt) = o(t~!/?) by Lemma 3, it is
easy to check using (2.4) and P(|X2 —v| > v/2) = O(n~1), that P(|R¢| > 5vo~!logt) =
o(t~/?). Hence it is enough to prove that (2.1) holds uniformly in |z| < 5vo~!logt. Let

(2.5) ¥(z, Vi) = 3z80vV, — ps(V2 —1).

By Lemma 4, we have on C; uniformly in |z| < 5v6~!logt, that

(26) P(R; <z |N(t))=2W) + ——=%(z, Vi)$(Vi)VA/N(t) + o(t /%),

63\/>

Since on C%, ¥(z, Vi)¢(Vz) = O(|z|) and \/At/N(t) = 1 + O((logt)t~1/2), we have for
|z| < 5uvo~llogt and on Cy,

(2.7) ¥z, V)o(Va)(1 — VA/N(t)) = O((log t)%t™1/3).

Similarly on Cy,

(2.8) Vi=Zy = (u/o)Wi(1 — VAt/N(t))
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)

= P _ w2+ 0((logt)3t™1)

20Vt
= — (vz/o))? ogt)3t~1
- Zym(Zt ( / )) +O((l gt) t )’
and
(2.9) (Vs — Z:)* = O((logt)*t™1).

By (2.8) and (2.9), there exists a & between V; and Z; such that on C;,
(2.10) B(V;) = ¥(Z:) + (Vi — Zo)d(Z0) + O((Vi — Z.)*6c9(0))
= 9(Z,) + Q—I;"V—T;(zt ~ (vz/0))?$(Z:) + O((log t)*t™Y),

uniformly in |z| < 5v5~ ! logt.
For any polynomial ¢}, we have on Cj,

(2.11)  |Q(z,V)¢(Vi) — Q(z, Z)d(Z)| = Vi — Zi| - lga (&) — £:Q(, €0)|6(E:)
= O((logt)"t™1/?)

uniformly in z, for some positive integer r depending on the degree of the polynomial Q.
Here ¢, (y) = %—S(m,y) and & is a number between V; and Z;. Thus from (2.6)-(2.11),

we have, uniformly in |z| < 5vo~!logt,

We have by Lemmas 1-3, uniformly in |z| < 5v0~1logt,

(213) F (( ; (z- ?)2 + }13111(:1:, zt)) ¢(Zt)Bt)

(2.12) E(Bt

) = o(t~1/?).

30 6v\ ,0° 30° viz?
+(VT‘2——;)$ 'V—2+ZZ—/‘(1+ > )¢($)+0(1)

- (e

Finally to estimate E(®(Z,)), let Z ~ N(0,1), U and the process {N(t),t > 0} be
independent, where U is uniformly distributed on (—=1/2,1/2). Then W = (zv—0Z)u~?

3,u0 35_252(”2 + 02)> #(x) + o(1).
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Fig. 3. Exponential, studentized, true Fig. 4. Exponential, studentized, boot-
distribution. strap distribution.

has the normal distribution with mean zv/u and variance o?u~2. Since E(U) = 0, we
have by Lemma 3 (see (A.12)),

E(®(Z:)) = E(®(Z, - U(p/oV\t))) + o(t™1/?)
= P(Z <vo~ 'z — po~ W, — (Up/oVAt)) + o(t~1/?)
= E(P(W; + (U/VA) < W | W) + o(t™1/?)

= B@(W)) = o= B(W? = Ds(W)) +o(t™")

Lemma, 3 is essentially used, for the expansion, only here. By Lemma 1, E(®(W)) = ®(z)
and E((W? — 1)¢(W)) = (u/v)3(x? — 1)¢(z). Therefore

(2.14) E(®(2:)) = ®(z) (e® = )g(z) +o(t™'/?)

©
613Vt
uniformly in z. Theorem 2.1 now follows from (2.12)—(2.14).

3. Bootstrapping

To describe the bootstrap procedure for Ry, let T1,T5,...,Tn(y and X1, Xo,...,
X n() be the observed data. Let

;N 1 L Mo
b= —= X; and <=—= T;.
P Ok
Let Ty, ...,T;. be ii.d. exponential random variables with mean A1 satisfying

Y, TI<t< Y T

i<m*—1 i<m*
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Fig. 5. Lognormal, normalized, true dis- Fig. 6. Lognormal, normalized, boot-
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Fig. 7. Lognormal, studentized, true Fig. 8. Lognormal, studentized, boot-
distribution. strap distribution.

Here N*(t) = m* — 1. Thus N*(t) is a Poisson random variable with mean At. Also,
note that o3 = E*(Ty — A7!)3 = 2A~3. Furthermore, let X}, X3,... s X 7+ (¢) be random
draws with replacement from Xj, Xa,..., Xy

THEOREM 3.1. Under the conditions of Theorem 2.1 we have, for almost all sam-
ple sequences {(X;,T;)} and N(t), that

Doicn(y Xi — At A iene X - At
- P

<z
A/ ZigN(t) X? v/ ZigN*(t) X2

Vitsup |P <z]|—0,
x

ast — oo.

Proor. Using Theorem 1 of Babu and Singh (1984), a result similar to Lemma 4
can be established for the bootstrapped version. We also note that for any ¢,C > 0,
estimate (A.3) of Lemma 3 holds uniformly for ¢ < A < C and |v3| < C. By strong law
of large numbers, the empirical versions of v2, u3, A, 02, u converge to the corresponding
parameters. This leads to

ey X — Mt
% ZlSN (t) i <z| = (I)(q;) + —31—-—-—(;13(21'2 + 1) - H3(m2 - 1)
ZiSN‘(t) Xi*2 63Vt

+ 3u(a? 4 a%2® + v2x?))p(z) + o(t~1/?)

p

uniformly in z for almost all sample sequences. Now the result follows from (2.1).
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Fig. 9. Normal, normalized, true distri- Fig. 10. Normal, normalized, bootstrap
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Fig. 11. Normal, studentized, true dis- Fig. 12. Normal, studentized, bootstrap
tribution. distribution.

4. Simulations

Figures 1-12 give simulation results on the true distribution, bootstrap distribution
for normalized and studentized compound Poisson processes. Taking A = 1, the Poisson
process is simulated up to time ¢ = 40. Given a realization of Poisson process N(t),
t < 40, the reward random variables X3, X3, ..., Xn(a0) are generated from exponential
distribution with mean p = 1 (Figs. 1-4), log-normal distribution LN(0,1) (Figs. 5-8)
and normal distribution N(0,1) (Figs. 9-12), respectively. Each figure is based on 10,000
runs. Figures 1, 5, 9 are the simulated true distributions of the normalized processes

SNO X, — Apt
V(o2 +u2)

Figures 2, 6, 10 are the bootstrap distributions for the normalized processes

S Xy — At

\/AL(82 + ji2)

Figures 3, 7, 11 are the simulated distributions of the studentized process R, and Figs. 4,
8, 12 of their bootstrapped versions. From these histograms, it can be seen that the
normalized Poisson processes are approximately normally distributed for ¢ = 40 whatever
the rewards are. But, the studentized ones are seriously skewed to the left for exponential
or log-normal rewards. The skewness in each case is almost perfectly captured by the
corresponding bootstrap distribution. For normal reward, studentization of the process
does not incur any evident skewness.
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Appendix
We now present some technical lemmas needed in the proof of Theorem 2.1.

LEMMA 1. If X ~ N(z+/1+ 2,32) for B and z real, then

(A.1) E(2(X)) = 2(z)
E(¢(X)) = (1 + %) 2¢(z)
E(X¢(X)) = (1+ 8% 'z¢(x)
E((X? - ¢(X)) = (1 + 52732 (z? - 1)¢().

Proor. Let Z7, Z; bei.i.d. standard normal random variables. If X = z+/1 + 82+
BZ,, then (Zo — BZ;)(1 + #?)~1/2 is a standard normal random variable, and

E(®(X)) = P(Z2 < BZ1 + z(1 + BA)Y?) = P((Z2 — BZ1)(1 + 6%)7Y/2 < 1) = ®(x).
The rest of the three equations follow by taking derivatives of (A.1) with respect to z.

LEMMA 2. Let F and G be two probability distribution functions. Suppose f is a
differentiable function with derivative f' and satisfying

[irwldy <o, [1flaF <oo, [ 1f1d6 < oo

Then for any real a and 3, we have uniformly in x,
(A2) [ flaa+ u)art) - [ stz + acis)
<sup|P) - G [ 1 Wldu.
v

ProOF. If B = 0, then the left side of (A.2) is zero. For 3 # 0, the use of integration
by parts yields the lemma.

To prove Theorem 2.1, we require a result on one-term Edgeworth expansion for
the Poisson Process. However, we derive a result on Edgeworth expansions for a general
renewal processes, as it is of interest on its own. Though, Lemma 3 appears to be a stan-
dard result, a short and simple proof of it is presented here for the sake of completeness.
For a renewal process {N(t),t > 0}, the inter-arrival times Ty, T3, ... are i.i.d. positive
random variables. Let E(T;) = A~ > 0, 72 = var(T}), and v3 = E(T1 — A~!)3. Recall
that for the Poisson process with rate A, T} are exponentially distributed with 72 = A~2.
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LeEMMA 3. For a renewal process {N(t),t >0}, if 7 >0, E[Ti|> < oo and T is a
non-lattice random variable, then ast — oo,

N(t) - At -3t 5 ho(z) o
wy (N o) -0 - 2IEE @ 1o + 2 ole)
= o(t_1/2)
uniformly in x, where hy(z) = 1(A1)2 ~ 1+ {\t + d\rzv/At}, {a} = a — [a], and [g] is the

integer part of a. Further, if U is a uniformly distributed random variable on (—1/2,1/2)
and is independent of the process {N(t),t > 0}, then uniformly in z,

Va — T4 2,2 _
) P (AT =) 3 - S e+ e

= o(t™'/?).

PrROOF. For any real z, define a; = a;(x) = 1 + At + ArzV/ L, ny = [ag]. We will
estimate the left side of (A.3) on £ < —v/At/(2A7) and z > —v/At/(2A7) respectively.
Uniformly for z < —At/(2\7), we obviously have ®(z) + (z* + 1)¢(z) = O(¢t!) and by
the renewal theorem, that

P(N(t) — Mt < 2 ArvAt) < PIN(2) — M| > At) < (2/M)ZE(N(8) — At)2 = O(t™Y).

So we only consider the case z > —v/At/(2\7). Note that in this case n, > At/2. In
addition, let |z| < logt,

= ng — At
Sp = T,, and z;= .
; t /\'r\/nt

By applying the usual Edgeworth expansions for sums of i.i.d. random variables, we have

(A.5) P(N(t) — Xt < zArVAt) = P(N(t) < a; — 1) = P(N(t) < n; — 1)
= P(Sp, > t) = P(~(Sn, — A7) < T7v/1p)

= &(z;) + \/——(xt — 1)e(ze) + o(t™/?)

uniformly for z > —VAt/(2A7). As n, — At = O(1 + |z[v/1) and |z| < logt, we have by
Taylor series expansion

1 — (ng/At) Y2 = ((ng — At)/228) + O(((ng — At)/At)?)

(A.6) = (Arz/2VXt) + O((1 + 2%)t7Y)
(A7) = O((1 + 2®)t71/?).

Estimates (A.6) and (A.7) yield,

(A.8) -z 20 {2“;7}_2/__

1—{at}( 1 ) 21— At ATz
AT \/_ VIt ne 2Vt
=0t~ (1 +|zl%)),
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and hence |z; — x| = O(t~1/2(1 + |z]%)). By another Taylor series expansion

(A.9) ®(z:) = @(x) + (2 — 2)P(2) - %(zt — z)2p(€e,1)6e1
(A.10) (27 — d(ze) = (2° - 1)p(z) + O((z¢ — 7)(3Ek2 — £2)0(&1,2)),

for some &;1,&;,2 between x; and z. Since yk¢(y) is uniformly bounded for any k& > O,
we have by (A.8),

(x¢ — x)2P(£,1)€e1 = O(t™')  and

(z¢ — 7) (3,2 — £22)B(Er,2) = O(t™1/3),

uniformly for z > —v/At/(2A7) and |z| < logt. In particular, it implies that for z <
—logt,

(A.11)

P(N(t) - Mt < 2Vt) < P(N(t) - M < —VAtlogt) = o(t™1/2),
and for z > logt,
P(N(t) - Xt < aVAt) 2 P(N(t) — At < Vtlogt) = 1 —o(t™/?).

Consequently, (A.3) holds uniformly for z > —v/t/(2A7), by (A.5), (A.8)-(A.11). The
expansion (A.4) follows as E{a + U} = 1/2 for any real number a. This completes the
proof of Lemma 3.

Remark. For the Poisson process N(t), the results reduce to

P(N(t) ~ At < zVAt) = &(z) - K}*E(xz — 44 6{xt + zVAt})¢(z) + o(t"1/?),
and
(A.12) P(N(t)-X+U< :1;\/—)3) = &(z) - 6\;_)‘_1:(1.2 — )é(z) + O(t_1/2),

uniformly in z.

Although the Edgeworth expansions for studentized random variables are well
known, the explicit forms of expansions for ‘perturbed’ studentized random variables
are not easily available. Before stating the next lemma on such expansions, we estab-
lish some notation. Let {m,} be a sequence of real numbers satisfying m,, = O(logn).
Define

6 =FE(X3) — uv = ps + 2u0®, 02 = (c/v)? — (Qpu/vVr)mv4,
g’n, = (ll,/l/)mn - (0/2\/1—")1/—37 Y3 = #3’/_3 - 302V—507 Zn,z = (Vl' - u'mn)a_l,

1 & — = 1< o
X"ZE;X"’ W, = vn(X, —p), and Xﬁ:;;Xi.

LEMMA 4. Suppose E(X$) < oo and the distribution of X1 has a continuous com-
ponent. Then, as n — 00,

sup [P/ (Ko = 1) + s < 24/ XZ) ~ &(Zn )
+ (603\/5)—1(“'3(2721,.75 - 1) - 3‘9:”UV—1Zn,w)¢(Zn,m)l = 0('”—1/2)'
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ProOF. We start with the computation of the first three “approximate cumulants”

of
(A.13) Wy + umn)(X_;‘:)_l/r“’ =7, + O(U3(|Wn| + logn)/n),
where
5 1 1 B [z
_ 3 _ 2 2 k. P
Up=+vn(X2-v%), and Z, VW" 21/3\/5W"U" -+ an 2u3\/ﬁm

A simple algebra leads to

1 1

E(Zy) =0n, Var(Zy) = 02 + O((1 + m2)/n),

U, + (WoU, — 6)),

and

(A.15) V*E(Z, - 02 = EW?) — ———=E(W,(W,U, —0))

2w 3\/_
+ 071+ m2) + n 3 2E|U, W, %).

So the third “approximate cumulant” of (A.13) is given by

1 -3 24,,—5 73
— — 3076 = ==
\/ﬁ(ﬂgl/ oov ) \/ﬁ
To establish the validity of the formal one term Edgeworth expansion, note that the
distribution of (X7, X?) is strongly non-lattice. So by Theorem 20.8, 24.2 and Lemma
24.1 of Bhattacharya and Ranga Rao (1986), it follows that the distribution of (Wy,,Uy)

has a valid one term Edgeworth expansion. Hence by (A.14) and (A.15), as in Lemma
3 of Babu and Singh (1984) or Theorem 2 of Babu and Singh (1985), it follows that

(A16)  P(Wy+ pmn < o\/X2) = ®((z — 6,)/0m) + o(n~1/2)
60’3\/_((($ n)/an)2 - l)d)((.’L‘ - 0n)/0'n):

uniformly in z. See also Bhattacharya and Ghosh (1978). Since

1 v Oum, —1/2 v fBum, m2
wo(mdmm) = (ames) o (),

x—8 umy8 0 1
- =Zngs n,x > - 3
oo e+ Z S0 2y20\/ﬁ+0<n(1+|m‘|mn)),

the lemma now follows from (A.16) and the estimate

z—6 1 Zn o0um 0
d n — n,x n —1/2
( i ) (Z, ) + N ( A R —V%) O Zng) +o(n %),

which holds uniformly in . This completes the proof.

and
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