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CHANGES OF DEFLECTIONS OF THE PLUMB-LINE 
BROUGHT ABOUT BY A CHANGE 

OF THE REFERENCE-ELLIPSOID 

The preceding paper deals with the changes in the deflections of 
the plumb-line caused by a shift  of the ellipsoid of reference. It seems 
useful to extend this along similar lines to the w~riations of the defter- 

a : -  b 
lions caused by a change of the elements a and ~ - - ~  of the 

.(1 
ellipsoid (~). For both cases ot' course the change of the S-N component  
of the deflection, taken with the negative sign, is identical wi th  the 
change in the geographical latitu(le r of the station on the ellipsoid. 
The change of the geographical longitude ), is found b y  mult iplying 
the negative value of the E-W component  of the change Of the deflec- 
tion by sec r 

Assuming a system of stations where the deflections of the plumb- 
line have been determined, out' problem now is to derive the cl!anges 
brought  about in these deflections by a variat ion of the equatorial 
radius a and the flattening ~. of the ellipsoid of reference; we suppose 
the components ~o and r,o of the deflection of the plumb-line in the 
base-station of the system to remain the same as well as the distance No 
in this point from the geoid to the eliips0id. This condition, therefore, 
involves that the ellipsoids bet'ot'e and after the change must be tangent 
to each other in the projection Po of the base-station on the two 
ellipsoids (2). 

To solve our problem we shall first determine the shift  of the 
ellipsoid's centre which has to accompany the variations ha  and A~ 
of a and ~ for sat isfying the condition of [angency in Po. VVe shall 
then proceed by deriving separately the effect of the changes Aa and A~ 
on the deflection of the vertical and on N, in an arbi t rary point P, of 

(t) LA~mERT requested the writer fo take this u t) and he was glad to do so; 
{he present t)aper gives tile result. 

(2) We may st~,te he['e once t'o:' all that for the values of ?r oeeum'ing in 
practice we need not distinguish l)etween a projeeLion of a slaIion from the 
geoid to the ellipsoid along the normal to lhe geoid or along the normal to 
tim ellipsoid or along the, eui've bclxveeu both sin,face.4 that is evel'ywhere 
tangent to tlle dire',tion of gl'avity; it can easily be seen IhaL their dill'erenees 
may be neglected. 
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the system when  we keep the ellipsoid's centre at the same place and 
secondly the effect on thosc quantities of this centre's shift. For 
deriving this last effect we m a y  use the formulas  of the preceding 
paper. The combinat ion of both effects will give us the result ing 
changes of the deflection of the plumb-line and of N1 in the station P1 
which  it is our purpose to derive. 

In making  these deductions we shall asstHne that the changes of 
a and b of the ellipsoid do no tma te r i a l l y  exceed an order ot' magni tude  
of 1/20.000th part  of a res p. b and that we thus may  neglect the 

Aa Ab Aa Ab 
squares of - -  and as well as = - ~  and =-~ W e  shall not 

a ~ a b " 
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neglect the order of = - -  and = -  
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Fig'. i 

The equation of the meridian through the base-point  Po of the original 
ellipsoid having the equation : 

X2 y2 

a- f q- b-- f ---- 1 

the line X Z  tangent  in Po has the equation : 

xx__2_o q_ YYo --_ ~. ( l ) 
a: b 2 

Denoting the x and z components  of the shift of the ellipsoid's centre 
which  must  accompany  the changes ha  and • by Aq and Ap and 
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giving the new coordinates wi th  regard to the new centre O" an accent, 
the new shape of the equation of ZX becomes : 

(x" + hq) (X'o + hq) (~ + Ap) (z'o + hp) 
+ = 1. (2) 

a" b e 

As ZX must bc tangent in the same point  Po to the new ellipsoid this 
equation must  assume the same shape in the new coordinates as (1) 
if we introduce the new values a ' - - a ~ h a  and b ' - - b ~ h b  for a 

and b. Neglecting the squares of Aa Ab Aq and Ap , - - ,  - we find 
a b a b 

this to be the case if 

( a '~ - -  a 2 1 - -  x'___o_o Aq  b" A p  1 - - - -  

a X'o 

( b "~ - -  b 2 1 - -  a--.--y-- h q  - -  b-- 7 A p  1 - -  
Z" 0 

l'rom which  we derive : 

Aa t / X'o _t a \  hq 1 Z'o hp 
(3a) 

a 2 a a 2 b b 

Ab t x'o Aq t ( ~  _~_o) Ap (3b) 
b --  2 a a 2 - - - [ -  b 

and as : 
b b ' _  b (Aa  A b )  ( A a  A b )  

•  a' . = ( t - - ~ )  - 
a a a b a b 

we f i n d :  

•  = - -  (1 - -  ~)  - -  + ( 3 c )  
2 X'o a ~o b 

Because of the negligibility of the above-mentioned second order 
quantities we can drop the accents of Xo and zo in the equations (3) 
and we can neglect ~2 wi th  regard to I. Solving (3a) and (3c) with 

Aq 5p 
regard to and , we obtain : 

a b 

Aq Xo ha " 
. . . . .  + ( 1 + ~ )  b 2 A~ (4a) a a a 

b --  b a q - ( l + : ~ )  A~ + 2 ( 1 ~ )  Zoo A~ (4b) 

W e  shall change now from x, y~ z coordinates to latitude r and 
longitude ), and in doing so we shall introduce temporari ly  three lati- 
tude-angles % viz. the geographical  latitude r the geocentrical latitude 
~,, and the corresponding spherical latitude Cs (see fig. 1). We  shall 
finally express the formulas  only in ~. In fig. 1 three angles are indi- 
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ca ted  for  tile b a s e - p o i n t  Po 1)ut tile fo lh )wing  f o r m u l a s  a re  va l id  for  
all  po in t s  of  the m e r i d i a n .  

As : H 
PoBo b 

QoRo a 
we see t h a t :  

a n d  : 

b 
t g T , = a t g 7  

b 
tg 7,- - -  - -  t~ ~, 

a 

a n d  we  eas i ly  der ive  for,. the d i f fe rences  ~ - - 7 ,  and  ~ , - - r  b r e a k i n g  
off a f t e r  the  sq tmre  of the f l a t t en ing  : 

O f  : 

OP : 

l t 
- -  r - -  ~ a s in 2r -t- ~ ~o cos'-' 7, s in 27, -4- ... (5a) 

t 1 
7 - -  ~.~ - -  ~ -  ~ sin 2~ + ~ ='-' s in -~ # sin 27 + ... (5b) 

1 l 
*s  - -  7,,, = ,~ :~ s i n  2 7 s  -~- -~ -  s i n  -~ ,~  s i n  27,, + ... (6a) 

r r  - -  -~- ~ sin 2 %  -F  -~- ~" cos 2 7., s in 2 r  + ... ( 6 b )  

(5a) a n d  (6a) give u s :  
1 

- -  r  - -  �9 s in 27~ -4- ,:5- ~2 sin 27, + ... ( 7 a )  
2 

w h i c h  leads t o :  

7 - -  r = r s in 2% + ~- cos r sin 3r + ... (7b) 

Tile f o r m u l a s  (4) can  n o w  be wr i t t en  as fo l l ows ;  we  shal l  sepa-  
ra te  the t e rms  w i t h  the f ac to r  ~ and  b r i n g  t hem toge the r  in the second  
p a r t ;  t e r m s  w i t h  ,,:~ are  a g a i n  neglected.  Fo r  tile po in t  Po we  p rov ide  
the ang l e s  ~ w i ! h  an  ex t r a  sub- in ( lex  zero. F o r  c h a n g i n g  over  f r o m  the 
ang l e  r to r w e  m a k e  use of  (51)) and  for  s i m p l i f i c a t i o n  we  i n t r o d u c e  
a q u a n t i t y  : 

Aa 
h ~  - -  ' -+- s i n :  7 o A ~  ( 8 a )  

a 

W e  thus  f ind  : 

_ - - c o s ~ o  A ~ + ~ s i n  - ~ 7 o A ~  1 - -  - -  - -  ~ sin-" 2~oA~ 
a 2 
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0l' : 
Aq 

- - -  = - -  c o s  , o A ~  - -  a s i n  ~ , o  c o s  , o  (Ai3 - -  c o s  2 , o A a )  ( 8 b )  
a 

and : 

F :  

= - -  sin ~o (A~ - -  2A~) + a sin <?o cos "~ +o (A~ ~ cos 2+oAa) + ~ sin ,oA~ (se) 

0 

Fig. 2 

We shall n o w  deter 'mine the changes  A~J, A~,/, and  A N ' ,  of tile 
mer id ian  and  pr ime vert ical  componen t s  ~.~ and r,t of the def lect ion 
of tile l i lumb-l ine and  Of tim dis tance N~ between geoid and ellipsoid, 
which  the changes  ,Aa and  Aa b r ing  about  in an arbi~,rary point  N~ 
or" the or iginal  ellipsoid it' d u r i n g  the change  we keep t h e  el l ipsoid 's  
eenire at the sanle, place. In do ing  so we assume that  P~ js projected 
on the n e w  .ellipsoid by ~ line in the sense of the no rma l  on the 
ellipsoid in P~; we denote this project ion or P~ on the new .ellipsoid 
by P'~. The line of pro jec t ion  P~F~ has the length A N ' .  The ge0een- 
trieal la t i tudes ~?,~t and  ~,~ of P~ and  P'I differ only  by a slnall a m o u n t  
caused by the small  angle  ~ t - -~ , , a  between the line of projec t ion  and  
the radius  OP~ of point  P~; this difference ~,,,~--.~',,~ is obv ious ly  
given by : 

AN11 
~ml - -  (P'ml - - -  - -  (~1 - -  ~rnl)  (9)  a 

where the rad ius  of P'~ has  been replaced by a. 

As the angle  ~--~?, ,1  has  the order  of m a g n i t u d e  or the t'latte- 
. ANI~ 

n ing  ~ the angle  ~ml--:~'ro,1 has  the order  of magn i tude  of ,, ~ ,  
a 

i. e. the smal les t  order  of m a g n i t u d e  we do not  negleeL 

We  can  n o w  wri te  : 
AN1 I 

A~ll = +1 - -  +'1 = '+1  - -  +ml -~ - - - -  (+1 - -  +,,i) - -  (+'1 - -  +'ml) (10) 
a 
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By m a k i n g  use of  f o r m u l a  (7b) and  of ( l l c )  (to be de r ived  be low)  
we  ob ta in  : 

= - -  s in 2~, ,~5" ,  - -  2,, cos r s in  3 7 1 A ' ,  - -  ", s i n  2q1( 
Aa 

\ a 

g i v i n g  : �9 

A~I ~ = - -  s in  2~1A', - -  ", s in 271 + cos 2 ~Ar ( I l l )  
a 

As it is c lear  tha t  the c h a n g e  of the el l ipsoid,  as l o n g  as its cen t re  
is kep t  a t  its place,  does no t  affect  the longi tude ,  we  h a v e  : 

A~1' -- 0 ( l i b )  

F o r  d e r i v i n g  AzV/, we  m a k e  use of  the d e v e l o p m e n t  of  the  r a d i u s  
O P l  : 

V 
- -  a / t  - -  ", sin'-' r - -  - -  r l  

L 

and w e  ob ta in  : 

A N /  r1 - -  r'~ Aa 

a a a 

w h i c h  leads to  : 

3 '1 
~ 2  (sin-" ~ml - -  sin 4 r + ... | 

2 _1 

m +  
Aa - -  Ab 

a 

- -  - -  sin: ~lm ' , )  

3 

a 1,I~'~ (t  - -  2", s i n :  ql) ~ 

p,,, 1 - -  e -~ 1 - -  2", 

AN// _ __Aa + s in  e ~IA', + ", s in e 71 - - - -  cos? r ( l l c )  
a a a 

The  firsL two te , 'ms h a v e  been  used in tim a b o v e  d e d u c t i o n  of  A~/ .  
AN1 

F o r  d e r i v i n g  the second  p a r t  of  At, Ar, l and  w h i c h  is c a u s e d  
a 

b y  tlle sh i f t  of  the e l l ipso id ' s  cen t re  we  m a y  use  the f o r m u l a s  2 A ,  2 B  

a n d  3A, 3B, 3C of the prec/~ding paper ,  whe , ' e  - - p ,  - - q  a n d  - - r  
r e p r e s e n t  the  c o m p o n e n t s  of  the shif t .  W e  have ,  t he re fo re ,  to in t ro -  
duce  p - - - - h p ,  q - - - - h q  and  r - - 0 .  W e  shal l ,  f u r t h e r m o , ' e ,  m a k e  
use  of  : 

e 2 --- 2", ~ ",~- 

and ,  the re fo re ,  i f  n e g l e c t i n g  ",e and  h i g h e r  p o w e r s  o[' ", w i t h  r ega rd  
to the u n i t y  : 

a 
- -  I , I / - -  1 - -  �9 s in -~ r (12b) 

~m 

Ap Ap 
= ( t  - -  ",) - -  0 2 e )  

a b 

- -  '1 + ,, ( 2 -  3s in  z ~1) (l~a) 

s in  z ~,,,i + 3", s in :  r cos  z ~ A ' ,  
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W h e  thus  obta in  : 

[ ] [  hq  
hp  sin r h~l ' ~ =  t + 4 - ~ ( 2 - - 3 s i n  ~ 1 )  c o s ~ l ~  a 

t hq Ap -I 
-4- 2 sin r sin "~ ~-  (;~i - -  ),o) - -  - -  ~ cos r J a 

A~I// ._ [ t  __ ~ sin2 ~1]  sin (),1__),o) Aq 
a 

ANi n Ap Aq 
- -  - -  - -  sin r ~ - -  cos ql ~ + 

a b a 

t Aq Ap 
+ 2 cos r s in:  -~- (),1 - -  ~o) a + ~ sin ~i 

-4- 

(i3) 

h p  hq 
in w h i c h  we  have  to in t roduce  the values of , and  

b a 

ANi r 
the fo rmulas  (8). A d d i n g  tbe fo rmu la s  for  A~I x, h~l x and  ~ we  obtain a 
the f inal  results  of  our  deduct ions .  

] t (~ _ Xo) ~ - -  h~l --- s in (r - -  r - -  2 cos r sin ~1 sin 2 --~ 

i i 
4 cos r cos -~- (r + ~o) sin y (r - -  $o) A~ +4- 

+ [ ( 2 - - 3  s in+-r  (~i-4-~o)) sin ( ~ 1 - - ~ o ) -  

- - 2  cos r s in r (2-f-s in-~ ~ o - - 3  sin'~ , 1 ) s in '~  t ()'1 - - ) ,o)  - 

- -  s in 2r sin:  ~ ( r  r - -  2 cos r cos (r sin (r ,,A~ + 

-4- sin 4r sin'-' t (~1 - -  r + sin ~o sin ~1 sin-" 2 (),1 - -  Xo) - -  

- -  sin qo sin 23. (~1 + ~o) sin 3 ( ~ i -  90) - -  

- -  sin ~o sin y (oh -t- ~o) sin (~l - -  ~o) - -  

g iven by  

t / ] 
s i n @  -t-4 2~1 + ~o) ( 7 1 - - r  ~ A c t  cos ~l cos-~- (r - -  (~i--9o) sin cos2 2t---(~i sin 2 t  

- - J  

(14a) 
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A~I = - -  cos ~o sin (;q - -  Xo) 3 ~  + 

[ i tg 9~ sin 49~ ~'- COS ~0 sill  (~1 - -  ~0) s in . (*l  - -  ~o) ~!n (r -~ 9o) aA~ -~ l-~ 7 

0 4 b )  

a _ ~ ( ~ -  r176 + cos  ~o cos  ~ sin-" @z ()'~ - -  ~o) ~ + 

' 4 -}- 4 cos 2 T (~1 + ~;) Sin "~ (~1 - - ,  90) As + 

( , ) + - -  T sin 290 s in (~ l  - -  ~o) + 2 s i n  r cos  i~x sin 2 T (xl - -  ;~o) + 

-4- 2 s i n s 1  c o s  T (~t + ~o) s i n  2 (91 - -  90) aA~ + 

i ( ) + sin &p0 sin (oh - -  ~o) + ") sin 9o.eos 91 sin 2 1 (~,1 - -  7,o~ + 
- 5 -  ~ - ; -  ' 

t t 
+ 2 sin ~o cos.,-7- (oh _4_ ~o) sin -~- (91 - -  90) 

] - -  cos'-' ~t sin (~pl + r sin (gt - -  90) azX~. ('lie) 

As it ough t  to be, these fo rmu la ' s  are annu l led  for, cp, = ~o and 

?,1 = Xo. For  A~I and  AN1, . file t e rms  c o n t a i n i n g  the f t a t t en ing  a are 
a 

compl ica ted .  For  sys tems  of no wot ' ld -wide  ex tent  w e  c a n  s impl i fy  
them cons iderab ly .  As ~Aa and ~A~ are  a s sume d  to hal/e an  ocder  of  
m a g n i t u d e  of  1:6.0(X).000 or less w e  m a y  u sua l l y  negtedt 'in tlle fac tors  
by  w h i c h  they  are mul t ip l ied  tile terms c o n t a i n i n g  the squares  and  
p roduc t s  of  o h - - q o  and  ';q~-7.o. If  these angles  i e.g. are  less than  one 
tenth, w h i c h  co r r e sponds . to  a d is tance  of some 600 k m  rrom the base-  
star.ion i the squares  and p roduc t s  o b v i o u s l y  a m o u n t  to an or{let of 
m a g n i t u d e  o f  1:600.000.000. 

For  the (;use w e  m a y  neglect  them tile fac tors  of ah,~ ape a nnulh.~d 

and those of  r ape reduced  to a s imple  shape ;  for .--ANx it is li:k~wise 
a 

annul led .  W e  thus get f o r t h e  comple te  f o r m u l a s  : 

t t 
- -  4 cos q~ cos 2 (~1 + %) sin 2 -  (9~ - -  90) A:~ - -  t t5a)  

3 
(2 + T tg ~6 gin 4~0) sin (91 -=  90) ~•162 
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1 
A~,t = - -  c o s  70 s i n  ()'1 - -  )v0) A} + T s i n  70 s i n  470 s i n  (),~ - -  ),o) etAa. ( t 5 b )  

__A"V~ _-- _ _  2 sin'-' (Tt - -  70) -k  cos 7o cos r s i n  ~ -~- 

t t 
+ 4 cos 2 7 -  (7~ q- 70) sin = 7 -  (~t - -  ~o) A~ (15c) 

with : 
A a  

• = 4- sin'-' 7ok=. (Sa) 
a 

The factors  or sill ( T x - - 7 o )  resp. sin ( ;q--) ,o)  of the r177 terms m a y  
be tabula ted  for a special  case iD_ order  to facili tate thei," c ompu ta t i on .  

As we  have  a l ready  ment ioned  ill tile beginning ,  the w d u e  or A~,t 
wi th  the negat ive  s ign represents  the change  ill geograph ica l  htt i tude 
of P~ on tile el l ipsoid caused  by  the change  of tile e lements  a and  ~ of 
the ellipsoid. In the s ame  w a y  the va lue  of A~q~, mul t ip l ied  by  - -  sec ~ 
gives the change  of the geograph ica l  longi tude  or Iq on l, hc e l l ipsoid 
by this sanle cause.  

ANt 
The f irs t  term of the fornltlht rot" ~ can  be wr i t t en  in a s imple r  

a 
w a y  if we  plot the poin ts  Po and P~ on a sphere  w i th  rad ius  a at the 
same geograph ica l  la t i tudes  and longi tudes  as they have on the 
ell ipsoid and if we  denote  lhe geocentr ic  angl(; be tween  the radii  to 
those inlages by  (P,P,)) and  the length of the chord  be tween  the images  
by  P~Po. It is easy  to derive : 

~ [sin.2 I t Xo)- I 9 , 7  ( ~  - -  70) + cos ~o cos ~ sin -~ -7, (Xl - -  A~ = 

l ~ .  ( 1 5 c ' )  = - - .  2 s i n  -~ ~ ( l q P o )  ~ - -  - -  -~-  


