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Randomized Approximation of Bounded
Multicovering Problems!

D. Peleg,” G. Schechtman,® and A. Wool*

Abstract.  The problem of finding approximate solutions for a subclass of multicovering problems denoted
by ILP(k, b) is considered. The problem involves finding x € {0, 1}" that minimizes Z}. x; subject to the
constraint Ax > b, where A is a 0—1 m x »n mairix with at most £ ones per row, b is an integer vector, and »
is the smallest entry in b. This subclass includes, for example, the Bounded Set Cover problem when b = 1,
and the Vertex Cover problem whenk =2 and b = 1.

An approximation ratio of k — b + 1 is achievable by known deterministic algorithms. A new randomized
approximation algorithm is presented, with an approximation ratio of (k — b + 1)(1 — (c¢/m)!/*~6+D) fora
small constant ¢ > 0. The analysis of this algorithm relies on the use of a new bound on the sum of independent
Bernoulli random variables, that is of interest in its own right.

Key Words. Integer linear programs, Randomized rounding, Set cover, Approximation algorithms.

1. Introduction

1.1. The Problem. The problem dealt with in this paper is the ILP(k, b) problem,
formally defined as

miny Y7, X,
ILP(k, b): Ax > b,
x € {0, 1},

where A is an m X n matrix, a;; € {0, 1), such that, for all i, Z;'l:l a;; < k,and
b = (b1, ..., by) is an integer vector such that b; > b for all i. Thus problems in the
ILP(k, b) class consist of a system of m inequalities of n variables, where each inequality
uses at most k variables, its right-hand side is “> b,” such that the smallest b; is b, and
the goal is to minimize the cost function } ., x;.

We demonstrate the richness of the class ILP(k, b) by exhibiting a number of NP-
hard problems, taken from [GJ], which can all be formulated in a natural way as special
cases of the ILP(k, b) problem. They are all presented in their standard version, i.e., with
b; = b = 1 in our terminology.
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VERTEX COVER. Given a graph G = (V, E), find a subset V' C V with minimal
cardinality, such that for each edge (u. v) € E at least one of u and v belongs to V.

ILP(2, 1) formulation: Define a variable x, for each v € V. The inequalities are
Xy +xy, > 1,VY(u,v) € E.

BOUNDED DEGREE DOMINATING SET. Given a graph G = (V, E), with maximum de-
gree A, find a subset V' C V with minimal cardinality, such that for each u € V\V’
there is a v € V’ such that (1, v) € E.

ILP(A + 1, 1) formulation: Define a variable x, for each v € V. Denote the neigh-
borhood of a vertex v by I'(v) = {u € V|(u,v) € E} U {v}. The inequalities are
Zue[‘(v)x“ z LLVveV.

PARTIAL FEEDBACK EDGE SET. Given a graph G = (V, E) find a subset E’' C E with
minimal cardinality, such that E’ contains at least one edge from each circuit of length
L or less for some fixed integer L > 3.

ILP(L, 1) formulation: Define a variable x, for each ¢ € E. The inequalities are
2 ecc Xe = 1, Vcircuit C, |C| < L.

BOUNDED SET COVER. Given a collection C = {Cy, ....C,} of subsets of a finite set
S. denote the rank of an element i € S by p; = [{jli € C;}}, and let max; p; < k for
some constant k. Find a subcollection C’ € C with minimal cardinality, such that every
element of S belongs to at least one member of C'.

ILP(k, 1) formulation: Define a variable x; for each set C;, j = 1,...,n. The in-
equalities are ZC,;:‘ x;j>1,vies.

BOUNDED HITTING SET. Given a collection C = {C|,....Cy,} of subsets of a finite
set S, such that max;|C;| < k for some constant k, find a subset $ C § with minimal
cardinality, such that S’ contains at least one element from each subset in C.

ILP(k, 1) formulation: Define a variable x; for each element j € S. The inequalities
are } ;.o x> Lfori=1,....m.
BOUNDED CHOICE TEST SET. Given a collection C = {Cy, ..., C,} of subsets of a
finite set S, let D, be the set of indices of possible test sets for each u, v € §, u # v:
D,, = {jllue C; Av&€Cj)V(u¢gC; Av e (), such that max, ,|D,,| < k. Find
a subcollection C’ € C with minimal cardinality, such that, for each pair of distinct
elements u, v € S, there is some set C, € C’ that contains exactly one of # and v.

ILP(k, 1) formulation: Define a variable x; for each set C; € C. The inequalities are
2jen, Xi =z LYu,ve S, u#v.

The ILP(k, b) problem is NP-hard. The case when b = 1 and k = n is the Minimum
Set Cover problem, and when k = 2 and b = 1 it is the Vertex Cover problem, see
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[GJ]. This also is a MAX-SNP-hard problem [F], i.e., does not have a polynomial-
time approximation scheme unless P = NP [ALM™]. In contrast, the relaxed fractional
problem, LP(k, b}, in which the solution vector is not required to be integral, i.e., x €
[0, 11", appears to be easier; the optimal solution for the relaxed problem can be found
in polynomial time using Linear Programming algorithms [Kha], [Kar].

The best known problems in the ILP(k, b) class are those with b = 1. In this work
we concentrate on the effect of the b parameter, when it is larger than 1. One typical
situation in which » > 1 may naturally appear is in network design problems, when a fault
tolerance requirement is imposed on the design. As an example, consider the following
center selection problem [HS], [BKP2]. The network is given as a graph G = (V, E)
with maximum degree A. We wish to select nodes of the network as centers, in which
copies of some resource or service are to be placed. Each node should either be a center,
or have a center as an immediate neighbor. For increased crash resilience, we also require
that every node will still have at least one functioning center in its neighborhood even
after b nodes have crashed. To meet this requirement we must select the centers so
that at least b + | of them appear in each node’s neighborhood. For cost efficiency, we
need to select the minimal number of centers possible. Therefore, if we define a binary
variable x, for each network node v, with x, = 1 meaning “v is selected,” then writing
an inequality per neighborhood and minimizing >, x, as our cost function will give us
an instance of ILP(A + 1,6+ 1).

1.2. Related Work. The earliest published approximation algorithms for the Minimum
Set Cover problem [J], [L], [Chv], or ILP(n, 1), use the greedy heuristic. This heuristic
chooses variables one by one, according to the number of inequalities they satisfy. The
approximation ratio achieved by these algorithms is Rgreeaqy < 1 + Inm.

In [D], | Wol], and [BKP1] the greedy heuristic is examined in a more general setting.
In particular, it is shown to be applicable to the ILP(k, b) problem for all values of » and
k. The analysis shows that the approximation ratio achieved is Rgreedy < In(mb).

There are several results on ILP(k, b) problems that take advantage of the bounded
number of variables per inequality. The first algorithm for the Vertex Cover problem
with a constant approximation ratio of 2 is attributed to Gavril in [GJ]. This algorithm
repeatedly picks an uncovered edge, and takes both of its endpoints into the output set,
until all the edges are covered.

A different algorithm was described by Hochbaum [Hoc1] for the subclass ILP(k, 1).
The algorithm solves the relaxed fractional LP(k, 1) problem, and takes all the variables
with fractional values of at least 1/k to be the solution set. The analysis shows an
approximation ratio of & (and in particular, 2 for the Vertex Cover problem).

Both Gavril’s algorithm and Hochbaum’s algorithm can be extended to the more
general ILP(k, b) setting, and both generalizations yield approximation ratios of k —b+1
[Woo].

Subsequent algorithms for the Vertex Cover problem, with approximation ratios of
slightly less than 2 (for any fixed value of m), rely on a result by Nemhauser and Trot-
ter [NT], concerning the properties of the weighted Vertex Cover problem. Their work
shows that there always exists an optimal solution to the fractional L P(2, 1) problem
where the variables all have values of 0, 1, or % Hochbaum [Hoc2] uses this property to
obtain improved approximation algorithms for the Vertex Cover problem. Unfortunately,
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it may be difficult to extend this approach even to ILP(3, 1) since there are examples in
this class where the optimal solution cannot behave as multiples of % [Wool].

The best currently known approximation algorithm for the weighted Vertex Cover
problem is by Bar-Yehuda and Even [BE]. They use the Nemhauser—Trotter preprocess-
ing, coupled with a local-ratio theorem to obtain several approximation algorithms, the
best of which has an approximation ratio of R < 2 — (loglogm)/(2logm).

The weighted ILP(k, b) problem, in which the objective function is min Zj w;x;, is
studied by Hall and Hochbaum [HH}. Their algorithm is a generalization of the approach
in [BE], and has an approximation ratio of k. However, it is not hard to see that in the
unweighted case the algorithm becomes a variant of Gavril’s algorithm, and hence has
an approximation ratio of k — b + 1 for ILP(k, b) instances. This algorithm has a time
complexity of O(n - max{n, m}), which is better than that of algorithms requiring the
solution of the relaxed linear program (e.g., [Hoc1)).

A randomized algorithm for the b-matching problem in hypergraphs has been pro-
posed by Raghavan and Thompson [RT]. The problem is closely related to the ILP(k, b)
problem, with the following differences: the inequalities are “< b,” the goal is maxi-
mizing the cost, and there is no k bound on the number of variables per inequality. The
algorithm solves the relaxed fractional problem using Linear Programming, and then uses
the values of the optimal solution vector as the defining probabilities for independent
Bernoulli random variables.

A computational study comparing the performance of many of the above-mentioned
algorithms on large-scale problem instances is [GW]. It is shown that on the tested
instances, the quality of the solutions found differs considerably between algorithms
with the same approximation ratio.

1.3. New Results. 'We first show some interesting structural properties of the ILP(k, b)
problem. We present approximation-preserving reductions to and from the ILP(k, 1)
problem, thus showing their equivalence in the sense of [PY]. We also present an example
showing that the gap between the optima of the integral problem and its fractional
relaxation may approach a factor of k — b + 1.

Our randomized algorithm RND for ILP(k, b) has an approximation ratio of

o\ kbt
RRNDS(k—b+1)<1—<—) )
m

for a small constant ¢ > 0. This is better than the ratios of the deterministic algorithms
for any fixed value of m, although asymptotically it is the same. The analysis of this
algorithm relies on the use of a new bound that we prove on the sum of independent
Bernoulli random variables.

An extended abstract of this paper can be found in [PSW].

2. Preliminaries

2.1. Definitions and Notation. We refer to a solution to ILP(k, b) either as a vector,
e.g.,x € {0, 1}", or as a set of chosen variables T = {j|x; = 1}. We usually identify the
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variables with their indices, i.e., we may interchangeably use either x; or j to denote the
Jth vaniable.

We use the following notation. The cost of a solution z € [0, 1]" is defined to be
C(z) = 2 7, z;- We use x° to denote the vector of an optimal (integral) solution to
ILP(k, b) and C°P' = C(x°"") to denote its cost.

We use LP(k, b) to denote the corresponding relaxed fractional problem, x* to denote
the vector of an optimal solution to LP(k, b), and C* to denote the cost of an optimal
feasible solution to LP(k, b), namely, C* = C(x*).

We are interested in several measures of the algorithm’s quality. For some algorithm,
B, let Cp(A) denote the cost of the solution found by B on the problem defined by the
matrix A. Then the approximation ratio of B is

Cp(A)
Rp(m) = Sljp CoP(A)

|A has m rows] ,

and its asymptotic approximation ratio is Rg = lim,,_, o, Rp(m). We may also consider
the fractional approximation ratio of B, R} (m) = sup 4 ((Cg(A)/C*(A))|A has m rows},
and the asymptotic fractional approximation ratio, Ry =lim,, o RE(m).

2.2. Technical Lemmas. Inthe analysis of our algorithm, we deal with sets of variables
in the range [0. 1], whose sum is bounded from below. We now present two technical
lemmas regarding the properties of such variables.

The first lemma characterizes the distribution of “large” values of variables in the
range [0, 1] whose sum is bounded from below.

LEMMA 2.1. Let€, b, t beintegers,t <b <l—t. LetQ <x; <l,forj=1,....¢4 be
such thatr Zj-:l x; > b.Thenatleastb—t+1of the values x; satisfyx; > 1/(€—b—1+2).

PROOF. Assume that Zf: 1 X;j > b, but there are at most b — ¢ values x; satisfying
x; = 1/(£ — b —t + 2). Assume without loss of generality that x; > x; > .- > x,.
Then

[4 b—t 3 (4
ij': Xj+ ijf(b—’t)'*' ij'
= =1 - b+l J=b=t+1
b—1 £-b+t) —m—
< ( )+ ( +1) b1 72
2t —2
=0b-t+1)+———<b,
( + )+Z—b—t+2_

contradiction. The last step of the derivation uses the fact that > < ¢ — ¢, and therefore
2t -/ —-b—1t+2)<t-1. O

The useful cases of this lemma, which are applied in later parts of this work, are:

et =1.1f1 <b < £—1,thenat least b of the values x; satisfy x; > 1/(£ — b+ 1).

o 1 =21f2 <b < {2, then at least b — 1 of the values x; satisfy x; > 1/(£—b).
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Our second lemma deals with the maximum of a product of linear terms. In the
analysis of our randomized algorithm (Section 5) we need to bound the maximal value
of a specific multilinear function. We need to maximize this function constrained to the
domain where the variables are in the range {0, 1] and their sum is bounded from below.
The following lemma gives us the desired result.

LEMMA 2.2. Fora > 0 let (a) = min{a, 1}. For any § > 1 and integer d let f(x) =
H}L.(l ~(8x;)), x € [0, 119 and Z}Ll xj > 1.Ifd > 6, then f(x) attains its maximum
when x; = 1/d for all j,and f(x) = (1 — 8/d)*. Ifd < 8, then f = 0.

PROOE. The condition Z}i:l x; = 1 implies that there exists j such that x; > 1/d. If
d <4, then, for this j, (6x;) = 1,and f = 0.
Assume now that d > §. If x has some x; > 1/8, then f(x) = 0. Therefore since

1/8 < 1, we need to search for the maximum of the function only inside the domain
N\ d
Hy(8) = [o, E) n [x|;x,- > 1].

In this domain we can drop the (-), and consider f(x) = ]_];Ll (1 —8x;).
By the fact that the geometric mean is always less than or equal to the arithmetic
mean (with equality only if the numbers are all equal), we have that

d d S d _\ d
n(l_axj)s M — I_M S(]_is.) R
=1 d d d

with equality everywhere only if all the x;’s are equal and Zj x; =1 O

3. Structural Properties

3.1. Reductions to and fromthe b = | Case. The following propositions show that the
approximability of ILP(k, b) problems with b > 1 is closely related to that of ILP(k, 1).

PROPOSITION 3.1.  Any instance of ILP(k, b) with m inequalities can be reduced to an
instance of ILP(k — b+ 1, 1) with at most ) ., (b k_l) inequalities, and if b, = b for all

i, then there are at most m(bfl) inequalities.
PROOF. Consider the inequality

(N D xizbi, |TI=t<k
jeT

We replace it with (, ) inequalities:

2 x>, VSCT, (S|l=£0—~b+]1.

jes
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It suffices to show that, for any vector y € {0, 1}¢,
y satisfies (1) <<y satisfies (2).

1. Assume y does not satisfy (2). Thatis, assume that there exists S € T,|S| = £—b;+1,

such that 3, ¢ v; = 0. Then
2 v=2 y=h-l
jeT jeT\s

hence y does not satisfy (1) either.
2. Assume y does not satisfy (1). That is, assume that str ¥ < bi.LetL = {jly; =1}
(or equivalently, T\L = {j|y; = 0}). Then

Ll <b;—1 = |T\L|=€—b +1.

It follows that therc existsan S € T\L C T, |S| = £—b; + 1suchthat 3 ;¢ y; = 0.
hence v does not satisfy (2) either.

REMARKS.

o The transformation does not apply to the relaxed problem LP(k,b), i.e., the re-
sulting LP(k — b + 1, 1) instance will not necessarily be equivalent to the original
instance.

e In general it may be impractical to use the transformation, since the output set
of inequalities is considerably larger than the input one. Both the algorithm of [HH]
and our randomized algorithm have the same approximation ratios on ILP(k, b) and on
the corresponding Set Cover problem, so using the transformation only increases the
time-complexity.

o The increase in the number of inequalities could be by a nonpolynomial factor, even
when k — b+ 1 < In(mb), i.e., when the algorithm of [HH] has a better approximation
ratio than the greedy algorithm [BKP1].

e When b; or k — b; is bounded for alt / the transformation is polynomial, since

k k
by <M k—b <M = mo fMEL < pMHL
=mor = = (b,- _ 1) (k—b,- + 1) =7

Therefore it is an L-reduction. using the terminology from [PY].
PROPOSITION 3.2.  Any instance of ILP(k, |) with n variables and optimal cost C°?* can

be reduced to an instance of ILP(k + b — 1, b) with n + b — | variables and optimal cost
C®P+b—1.

PROOE.  Consider an instance of ILP(k, 1) with n variables xy, ..., x,. We add b — 1
new variables, x; fors =n + 1,...,n + b -- 1. We replace the inequalities
3) ijz], fori=1,....m,

JjeS;
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with
n+b—1
4) ij+ Z xs > b, fori=1...., m.
Jj€S s=n+1

The inequalities of (4) contain at most k + b — 1 variables each, since |S;| < k for all i.
We need to show that

Jy, ysatisfies (3), C(y) =t <« 3y, y satisfies (4), C(y)=t+b— 1.

1. Assume y € {0, 1}" satisfies (3). Thenclearly ' = (y1, ..., ¥n, 1, ..., 1) € {0, 1}7+¢~1
satisfies (4), and C(y") = C(y) + b — 1 as required.

2. Assume y’ € {0, 1}"*P~! satisfies (4). We first construct y” € {0, 1}*+*~! that also
satisfies (4), suchthat y! = 1 fors =n+1,....,n+b—1,and C(y") = C(y"). The
vector y” is constructed by the following procedure.

vy

whileds, n+ 1 <s<n+b-1,y/ =0do
Find 1 5j_<_n,yj’-’=1
yi < Lyl <0

end-while

Note that the “Find” always succeeds whenever there exists y, = 0, since C(y') > b.
Note also that C(y”) = C(y') throughout the procedure.

We prove that y” satisfies (4) by induction on the loop. Initially y” = y’ satisfies
(4) by assumption. For the inductive step, consider a specific modification of y”, at
indices j and s. By construction the variable x; appears in all the inequalities, thus
it appears in any inequality that x; appears in. Therefore swapping the values of y;’
and y; does not violate any inequality.

The vector y is obtained by setting y; = y; for j = I....,n. Clearly, this y
satisfies (3), and C(y) = C(¥') — b + 1 as required. O

Proposition 3.2 leads us to the following conjecture, which extends conjectures
from [Hoc2] and [BE].

CONJECTURE 3.3. Unless P = NP, there is no polynomial-time approximation al-
gorithm for ILP(k, b) which, for fixed k and b, has an approximation ratio less than
k—b+1.

3.2. The Ratio Between the Integral and Fractional Optima. In this section we present
a family of ILP(k, b) problem instances on which the gap between the optimal integral
and fractional solutions is “large.” We show that on this family of instances the ratio
C°P'/C* gets arbitrarily close to k — b + 1. This is an extension of an example given
in [Hoc3] for the case b = 1.

Consider the following set of inequalities, denoted by A. For some ¢, the number
of variables is n = b — 1 + ¢, and there are m = (,_,, ) inequalities. Variables
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1,....b — 1 appear in all m inequalities. Each inequality contains one of the possible
choices of k — b + 1 variables out of variables b, . . ., n, and the right-hand side is “> b.”

The optimal cost of LP(k, b) is C*(A) = b — 1 +1/(k — b + 1). A possible optimal
solution is

1 =1,.... b—1
* = 1
A _ j=b,...,n
k—b+1
There exists an optimal solution x°P that contains variables 1. ..., b— 1 (see the proof of

Proposition 3.2). After removing these variables, the problem becomes ILP(k—b+1, 1)
with m = (,_, ) inequalities. A simple counting argument shows that the minimal
number of variables that cover all the inequalities ist —(k—b+1)+1 =1t —k+ b, and
that any choice of t — k + b variables covers all the inequalities. Therefore the optimal
integral costis CP*' = (b~ 1)+r—k+b=t—k+2b— 1,50

CP(A)  1—k+2b—1
C*(A)  b—1l+t/tk—b+1)’

and the ratio tends to k — b + 1 withr.
This example shows that any approximation algorithm B for the ILP(k, b) problem
has a worst-case fractional approximation ratio Ry > k — b + 1.

4. An Inequality Concerning Sums of Independent Bernoulli Random Variables.
The following theorem is a key tool in the analysis of our randomized algorithm, which
appears in Section 5.

Let {x} = x — [x] = x(mod 1), let E denote expectation, and let X ~ B(p) denote a
Bernoulli random variable X with a distribution rule of

P(X=1)=p, PIX=0=1-p.

THEOREM 4.1. There exists a constant ¢ > O such that if X; ~ B(p;),i = 1,...,n,
are independent Bernoulli random variables, thenputting E = Y ., pi = EQ ", X)),

P <§":x,- < F> > (1 ~ (E)).
i=|

Note that for every £ and n > E there are p;’s with } -, p; = Eand PQ_7_, X; <
E) =1 —{E}. Indeed, takc p; = -+ - = PIE] = 1, PIEI+I = {E}, and PlE+2 = - =
pn=0.

PROOF. Let X;,i = 1,....n, be independent Bernoulli random variables with P(X; =

D=pi,P(X; =0)=1-p;. If p; € {0, 1} for all i, then the claim is trivial, so assume
otherwise. Put

_ Xi — pi
i pi(1 = pNV/¥

Z;
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Then
EZ;=0, ) oXZ)=1,
i=1

and

n n 2

S pi(l— p((1 — p)* + pP) 1
r= Ekzl|3 — i= i’ <
2

Qi pi(1 = p))3? -, pi(1 = p)i

By the Berry—Esseen theorem (a quantitative version of the Central Limit Theorem, see
p- 225 of [Chu]),

sup < AT

- 1 * 2
P Zi x|~ — e~ 2 dt
(Z ) V27f —00

i=1

for some absolute constant A (> 1). In particular, for x = 0,

i=l i=1 i=1

and it follows that, as long as Y ", p;(1 — p;) is larger than 16A2,

=1 i=1
So we may assume ZL, pi(1 — p;) < 16A? and, in particular,
e > (- p) < R4°

pizl/2
and
3 pi<324%
pi<1/2
Putt =1 — {37, pi}. By increasing some of the p;’s without changing [>_;_, p;]

we may assume f < % We may also assume that p; > p; > --- > p,. Let kg = 0 and
let k| be the first index (if it exists) such that p;, > % and

k
' 1—t
kl—l <;pi<k1—l+m.
In a similar manner define indices k; inductively. Let k; > k;_; be the first index, if it
exists, with p;, > % and

k;
(6) kj_kj—l_1< Z p,'<kj—kj_1'—1+
i=kj_1+1

1—1t
64A%°
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Let &,, be the last such index to exist. Then

k:
m g m(l —I)
0 k,,,—m<; ,::,(_Z;’lpi<km‘m+m———64142

and in particular, by negating the last inequality,

“ 4 m(l —¢)
Z(l—p,-)>m———7—.
j;] i=k; q+1 64A‘-

Using (5) it follows from the last inequality that

3247+ 1> m.
Going back to (7) we get
LI 31 —1)
ky, —m < pi <km—m+
J=1 i=k 41
so that
) -t Z <1-1
— < ig <1 —1
4 P
i=kny+1

There can be three rcasons why &,,4| does not exist:

(1) k, =n(e.g,all p;’s are > %),

() Y/ pi=n—ky—1+(1—1)/64A% (andthen 37, . pi <n —ky-1),

(iii) for some n > ¢ > k,,, both

Zfz > -k 1+1—t
i=k+lp,_ " 64A2

and either peyy < Sord < pepi < €—kn — X ;1 P <1 —(1—1)/64A%

We examine each of the three cases. Foreach 1 < j < m, using (6),

kJ k! kl
P X;< X op) =P ) d-xpx=1
i=k; 1+1 i=kj.|+l i=/\'j..|+l
k,
=1-P| > (1-X)=0
i=k,_1+1

1—P(X; = 1,Vk_ + 1 <i <kj)

kl k/
1- J] mzt-exp|{- > (d-pn

i=k,. | +1 i=kj.1+1

%

1~
ool (-5
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Ky
( X; Z ) e—l/2)m > (1 _e—1/2)32A2+1’

which proves the theorem if case (i) occurs. If case (ii) occurs, then in a similar manner

P(i X; < i p,—)zl—exp(— i (l—pi)>21—€_'

i=km+1 i=kpy+1 i=k,+1

and

ii M;‘

and

n n
P (Z. X; < Zl p.-) > (1 —e” V241 — ¢,

If case (jii) occurs, then p; < 1 — 1/128A% for i > ¢ and thus
3" pi < 1647 12847 = 204842,
i=f+1

So either

t
> pi=

i=kn+1

in which case

n n [4
P(insZp.-) (1—e /R +‘P( oxi< ) p.)
i=l i=1

>

i =k +1 i=k,y+1
P( Sy p,-)
i=f+1 i=t+1
> (1 _ e—1/2)32/\2+l(1 _e—~l)lpa ( Z Xi — 0)
i=t+1
— (1 _6_1/2)32A2+1(1 _e—l) l_[ (l _ pl)
i=f+1
> (1—e )P = e exp (—B > p.-)
i={+1

(1— e—1/2)32A2+l(1 _ e—l)e—2048A4B

v

(here B = 128A%In(12842) sothat 1 — x > e 8 for0 < x < 1 — 1/128A4?)

or

¢
Z pi <1,

i=km+1
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in which case necessarily

n

Z pi > € —ky,

i=kp+1

and

“’(ix.- Sim) (l—e-‘/z)”’““ﬁ"( Y xs ) p.-)
i=] i=1

2z
i=kn+1 i=kpn+1
> (1 - e—|/2)32A2+1p< Z X, =¢— k,,,)
i=k,+1
> (1—e V2324 p(x, = 1 i=kp+1,....¢
&X;,=0,i=£04+1,...,n)
[4 n
2 (- T g [Ta-p0
ickn+l i=€+1
s [4
> (1 — e~ 1/2)324%1 oy <—B Z (1 —p,-))
i=km+1
- exXp (‘B Z Pi)
i=f+1
> (1- e—]/2)32A1+1e--13(2o48/\4+1)_ 0O

We would now like to state two corollaries; the first is stated to emphasize the amaze-
ment that we find in the theorem above, the second one, suggested to us by Uri Feige,
may prove to be a more useful form of the theorem.

COROLLARY 4.2. ForO <« < 1, let

f(@) = infP (Z X; < an) ,

i=1

where the X,’s are as in the statement of Theorem 4.1 and the inf is taken over all n and

all py, ..., pawithY"[_, pi = an. Then f(a) > 0 if and only if « is rational.
PROOF. (<) Assume « is rational. Then the sequence {an}, n = 1,2,..., has a
finite set of values, so let ¢ = max,({an}) < 1. Let s and py, ..., p, be as before. By

Theorem 4.1 we get

IP’(ZX,— < an) > q(1 — {an}) > q(1 —¢) > 0.

i=1

(=) Assume « isirrational. Forany n letk = |an] and 8 = {an}. Letthe probabilitics
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be pi=---=pi=1, prs1 =B, and pgy2 = - - = p, = 0. Then
IP’(ZX,-5an>=P(Xk+1=0)=1—,8=1—{an}.
i=1

Since « is irrational the infimum of the last expression is 0. a

COROLLARY 4.3.  There exists a constant q > 0 such that forall0 < ¢ < 1 if X; ~
B(pi), i = 1,...,n are independent Bernoulli random variables, then putting E

Y P =ECQ_, X)),

I

H’(ZX,-SE+8> > ge.

i=1

PROOF. We separate the discussion into two cases:

1. {E} <1 — €. Then using Theorem 4.1,

P(in 5E+s) zP(iX,-sE> > q(1 - (E)) 2 ge.

i=| i=1

2.{E} >1—¢e.Then E = [E]—1+4+{E} > [E] —¢&,s0 [E] < E + €. Define an
auxiliary random variable Y ~ B([E] — E), so IE(ZL, X;+Y)=T[E]. We get

P(ixi§E+€) P(Xn:xi+Y§E+8)
i=1

i=1

Y

v

P(Zx,-wf rEw) > q(1 = {[E1)) =4 > ge. D

i=1

5. The Randomized Algorithm

5.1. Introduction. In this section we present a randomized approximation algorithm
for the ILP(k, b) problem. Our goal is to obtain an algorithm with an approximation ratio
which is lower than the ratio of k — b + 1 we already have from deterministic algorithms
[HH}.

A randomized algorithm for the closely related general b-matching problem in hy-
‘pergraphs has been proposed by Raghavan and Thompson [RT]. Their technique, called
“randomized rounding with scaling,” is based on first solving the fractional b-matching
problem, and then using randomization to obtain an approximate solution for the inte-
gral problem. The analysis of their algorithm relies in two essential ways on the use of
Chernoff bounds on sums of Bernoulli random variables [Che].

In our algorithm for ILP(k, b) we also use randomized rounding with scaling, but
with a new analysis which avoids the use of Chernoff bounds. This is both necessary and
advantageous for the following reasons. First, the analogue of one of the two applications
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of Chernoff bounds in [RT] is not possible for ILP(k, b) (the source of the difficulty is
mentioned in what follows). Second, the other application of a Chernoff bound yields
an inferior approximation ratio in our case. Instead of the Chernoff bounds, our analysis
hinges on the utilization of the k bound on edge cardinalities, and on the use of the new
bound on the sum of Bernoulli random variables, Theorem 4.1.

5.2. Randomized Rounding with Scaling. The fundamental idea behind randomized
rounding is quite simple. Let x* = (x{, ..., x}) be an optimal solution to an LP(k, b)
instance. Since xj’-* € [0, 1] we can define independent Bernoulli random variables:

YjNB(x;) for j=1,...,n.

The Y;’s are referred to as the rounded version of x*. A natural idea is to take a random
assignment for these variables as a candidate for an integral solution for the corresponding
ILP(k, b) instance. Indeed, consider a specific inequality

) Y Xj=b  for |S|<k. and b; >b.

jE€S

Then the expected sum of the Y; variables satisfics the constraint, since by linearity of
expectation

z (Z Y,—) =Y EW)=) x>k

jes jes jes

and similarly the expected cost is optimal,

E (i Y,-) <C*.
j=I

The difficulty in utilizing this idea lies in the fact that there is a significant probability
that the rounded Y; values will not satisfy (9). Furthermore, it is not clear whether there
is a nonzero probability that the randomized rounding will yield a solution in which none
of the m constraints is violated, and which has a low cost simultaneously.

More precisely, we require that for a (random) integral solution to be called satisfac-
tory, with respect to some cost ¢, two events must occur:

&1 = {no constraint is violated}

and

&) = { Y Su’].
1

J

In other words, we define the event of finding a satisfactory solution by

(10) E=E N&EW).
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Our task is to find a method of choosing the random variables ¥;, and a suitable cost
bound ', such that for probabilities y and & we have

e PEN=>1—vy,
o« PEW)) > .

Since the events £ and & (u’) are not independent, we cannot preclude the possibility
that these two events are largely disjoint. We are only guaranteed that P(£) > P(&1) +
P(&> (1)) — 1. Therefore we should ensure that

(n (A—y)+e=>140>1.

Then 6 is a lower bound on the probability of finding a satisfactory solution. Therefore
the expected number of trials until a satisfactory solution is actually found is 1/8. To
claim that we have a randomized approximation algorithm, we need to show that 1/6 is
polynomial, and then the approximation ratio is determined by the cost u'.

The first step we take is to ensure that £; occurs with probability 1 — y. To achieve
this, the random variables need to be scaled. By scaling, we mean that the x7* probabilities
are multiplied by some factor § > 1. The resultant values are then used to define the Y;
random variables. The factor & is chosen so the probability of event £, is at least 1 —
for some “safety probability” y.

REMARK. Multiplying a probability x7 with § > 1 may yield a value larger than 1, in
which case we take 1 as the result. Therefore, we cannot claim that the expected sum
of scaled variables in a specific inequality is at least 8b; (consider the extreme case of
x}‘ € {0, 1} for all j; then the scaled variables have the same probabilities as the unscaled
ones). This is the cause of our inability to apply a Chernoff bound at this point in the
analysis. This difficulty does not arise in Raghavan and Thompson’s analysis for the b-
matching problem, since the problem there is a maximization problem, and their scaling
is done with a factor § < 1.

Trivially, the expected cost of the scaled variables is at most §C*. However, it turns
out that for the 8 that we use the expected cost is in fact at most 8C* — 1. This observation
enables us to claim that the algorithm can (with a high probability) find a solution with
cost of at most §C*, i.e., one higher than the bound on the expected cost. In other words,
our analysis shows that, for some ¢ > 0,

P(E(8C™)) > &.
We need to show that for these y and ¢, (11) holds, and that 1 /6 is indeed polynomial (in
fact it will be constant). We can then claim that we have a randomized algorithm RND
that finds a satisfactory solution, i.c., a feasible solution with a cost of at most 8C*. The

approximation ratio would then be

.
Renp < Rpnp < 6.
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5.3. The Main Results

THEOREM 5.1.  There exists a polynomial-time randomized approximation algorithm
RND for the ILP(k, b) problem with 4 < b < kpyin — 2, where ki, is the minimal
number of variables in any inequality. Algorithm RND has the following approximation
ratio, using q, the universal constant guaranteed by Theorem 4.1, and M = (q /2)(k —
b+ 1)k—b+1:

k —b, m<M,

RE < 1/(k—b+1)
RND = (k—b+1)<1—<i) ) m> M.
2m

REMARK. This does not contradict Hochbaum’s conjecture (3.3) since for k — b fixed
the bound on the approximation ratio tends to k — b + 1 with m.

The proof of this result is presented in two stages:

1. Satisfying the Constraints (Section 5.4). For any probability y we obtain a lower
bound on the scaling factor § that will guarantee that the probability of the event &,
is at least 1 — y. This is achieved by direct analysis of the event. We then show that
& also guarantees that the expected cost is at most C* — 1.

2. The Algorithm (Section 5.5). We find the choice of probabilities (y and ¢) that will
yield a cost of at most §C*, while satisfying (11). We conclude by showing that 6,
the probability of success, ensures a polynomial-time algorithm.

5.4. Satisfying the Constraints. Let x* = (x],...,x;) be an optimal solution to
LP(k, b). Consider an inequality on ¢ < k variables. Assume without loss of gener-
ality that it is

[4
(12) > x
j=!

NOTATION. Fora > 0 let {a) = min{a, 1}. For § > 1 define scaled Bernoulli random
variables

v

b;.

Y, ~ B({8x}))

and their sum

£
Y=>3v,
j=1
Let a(5) = P(Y < b;), the probability that (12) is violated.

PROPOSITION 5.2.  For 1 < b; < knin — 2. and a safety probability y, if

y §/(k=b+1)
82max[k—b,-,(k—b,—+1)(]—(—) )l,
m

then ¢ (8) < y/m.
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PROOF. Define A, for r = 0,...,b; — 1 as the event that exactly r variables from
I'=1{1,...,€}arechosentobe 1,i.e., A, = {Y = r}. From the definition of Y,

(13) P4 =) [Texn [T - 6x.

]-;&_l jes JEI\S

The events are disjoint, therefore

b —1
a(8) = ZIP’(A,).
r=0

By assumption, b; < kpin — 2 < £ — 2. Assume also that b; > 2. Define the set of

" “large values” in x* as B* = {jle > 1/(¢£ — b;)}. Then by the fact that x* obeys (12),

and by Lemma 2.1 applied with ¢ = 2, |B*| > b; — 1. For each of the j € B*, (xf) =1
(since by assumption § > k — b; > £ — b;).

Consider the events A, forr =0, ..., b; — 2. Since r < b; — 1, from the pigeonhole
principle we get that in every term of (13) there is at least one j € I\S such that
(1 - (ij*)) = (. Therefore P(A,) =0forr =0, ...,b; — 2.

We now consider the event A, _;. If | B*| > b;, then by a similar argument § = k — b;
suffices to get P(Ap,_1) = 0 and we are done. Otherwise, |B*| = b; — 1. Then the only
nonzero term in (13) is the one based on the set § = B*. Therefore

(14) a(d) = P(Ab,-—l) = l—[ (Sx;) I_[ (1 - (ng*)) — l—[ (1 - (Sx;))

jeR jenB* jel\B*
Note the following facts:

o |I\B*|=¢—-b; +1,
® Djeng X 2 bi =Y cpxf > 1

Under these conditions, by Lemma 2.2, if @(8) > O then it gets its maximal value as
a function of x* when all xf’s are equal, and xf =1/ —b; +1)forall j € I\B*.
Therefore

. 8 ¢—b+1 S k—b;+1
15 n<(1-—2 (-— T,
(1) “”*( E—bi+l) ( k—b,—+1)

since, fora > O and t > 4, the function (1 — a/t)" is monotonously increasing with ¢.
In our case £ — b; + 1 > §, otherwise «(8) = 0. Therefore taking § as specified in the
proposition ensures that «(§) < y/m.

The only remaining case is b; = 1. In this case the only event is A, and then we do
not need to assume that § > k — b;. The analysis can start directly at (14), with B* = &.
This completes the proof of Proposition 5.2. O

REMARKS. .
o For the special case b; = 2 we can simplify the proof. Specifically, we can weaken
the requirement that § > k — b;, and replace it by

k

> =,
-2

8
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Instead of using Lemima 2.1, we can then use the observation that there exists at least
one j with x? > 2/¢, and the analysis holds without the premise b; < kmin — 2.

o If k — b; + 1 is not fixed, then we can take the limit in (15) and get a(§) < e~%.
To ensure a(6) < y/m we need to take § > In(m/y), which leads to a logarithmic
approximation ratio.

COROLLARY 5.3. For 1 < b < kyin — 2, and a safery probability y . if

y 1/tk b+1)
8 > max k—b,(k—b+1)(1—<—) )],
m

then P(&)) > 1 —y.

PROOF. We need § to satisfy the requirements of Proposition 5.2 for every inequality 7,
i.e., we must take the value from the inequality on which the expression in Proposition 5.2
is largest. This maximum is obtained for inequalities where b, = b, the smallest right-
hand side value. To prove this, it suffices to show that, forevery 0 <t < 1,if b < b,,
then

(k — b+ 1)(] _ T]/(]\'—b-H)) > (k _ bi + 1)(1 _ Tl/(/\'-b,--%—l)).
and after rearranging,

bi—b> (k—b+ 1r/* D — (k- b + D VEEHD,

The last inequality holds since the right-hand side is a monotonous increasing function
of 7 in the domain [0, 1] which has a value of b; — b when t = 1. ]

PROPOSITION 5.4. If4 <b <k—2,and$isasin Corollary 5.3, then E(Y) < §C* —1.

PROOF. Let §; be the set of variables in inequality i, |S;| = £ < k. Let D; C S; be the
set of b — 1 variables j € S; with largest fractional values x;. Since 3 ;¢ x> b; > b,
the average value for x7 is at least b/€ > b/k. Thcrcforc summing the b — 1 largest
values we get

Zx >(b—1)—

jeb;
Now let D be the set of b — | variables j € {I. ..., n} with largest fractional values x}.
Then forany i, 3, x7 > 3 .cp X[, 50
(16) > ox >(b—1)—

jeD

Using the definitions of ¥ and (-) we get

n

E(Y) =Y (5x) = 6C* — ) max{sx] — 1,0}.

J= i=1
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Since by assumption § > k — b, Lemma 2.1 guarantees that, for all j € D, (ij*) =1.
Therefore

E(Y) < 5C" = Y 6xf — 1) = 6C* — (5 Y- |D|>.

jeD jebD

By (16) and using the assumptions that b > 4 and k — b > 2 we get

IE(Y)55C*—((k—b)(b—1)%——(b—l)>ﬁSC*-—l. O

3.5. The Algorithm. Now the groundwork is prepared for proceeding to prove our main
result, Theorem 5.1. We need to combine the results of Corollary 5.3 and Proposition 5.4
regarding the properties of the scaling factor 8, and then to use Corollary 4.3. With
these tools we can now build the randomized algorithm RND and prove its claimed
approximation ratio, and polynomial-time complexity.

Using the universal constant ¢ from Theorem 4.1, we define

an £=gq,
q
18 =,
(18) vY=5
Hence
(19) 0=(l—y)+8—1=§,

We use this y to calculate § according to Corollary 5.3, i.e.,

1/(k—b+1)
(20) 8=max[k—b, (k—b+l)<1—<%> )}

With this § denote the scaled probabilities and their sum by

zj = (8x]), for j=1,...,n,

n
u = ZZ,‘.
j=1

Note that, by Proposition 5.4, u < §C* — 1.
Now define the random variables using the modified probabilities:

Y; ~ B(z;) for j=1,...,n.

The algorithm RND flips n independent coins for the ¥; random variables, until event £
occurs (for a cost of §C*).

LEMMA 5.5. The algorithm RND enjoys the following properties:
LPE)>1-y,
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1. Calculate v by (18) and 6 by (20) for k, b and m.

2. Linear Programming : find the optimal fractional solution

x* = (x],....z0).
3. Calculate the scaled probability vector z = (z1,...,2,) by
z; = (br3).

4. Randomize : flip n independent coins with probabilities z, until
the event € (10) occurs.

Fig. 1. Algorithm RND.

2. P(&(8CM) = ¢,
3. P(&) =0 =¢/2,
4. Rgnp <8

PROOF. By the definition of §, Corollary 5.3 holds, thus
PE)=1—y.
Using Corollary 4.3, along with Proposition 5.4 we get
PEGC) =P <8CH>PY <pu+1)>q-1=c¢
We conclude by (19) that the probability of finding a satisfactory solution is
€
PE) >0 = 7

Since P(£) > 6 > 0, algorithm RND will find a solution y € {0. 1}" such that Cgnp =
>_/—1 ¥ < 8C*. Therefore the approximation ratio is

Crav _ o O

*
Rgap =

We need to show that 6 is polynomial, which is trivial since 8 = ¢/2, a constant.
Therefore the time complexity is dominated by the Linear Programming phase, which
is polynomial.

By a straightforward computation we obtain that, for M = (g/2)(k — b 4 1)} 1,
the value of § depends on m by

k—b, m<M,

5= g 1/tk~b+1)
(k—b+1)(1—(2—) ) m>M.
. m N

This concludes the proof of Theorem 5.1.
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5.6. Final Remarks. 1. We have not computed the exact value of the constant g. It is
bounded very roughly from below by

q Z 2_250 ]

A tighter bound can probably be found by careful analysis. Nevertheless, it seems that
g is too small to be of practical value.

2. It is not beneficial to reduce ILP(k, b) to ILP(k — b + 1, 1) using Proposition 3.1.
The reduction increases the number of equations by a (potentially) nonpolynomial factor,
causing the time complexity to increase significantly in the Lincar Programming phase.
Moreover, the increased number of inequalities increases the bound on the approximation
ratio Rinp-

An important exception is the case b = k — 1, which is not covered by Theorem 5.1.
Using Proposition 3.1 in this case increases the number of equations by a factor of only
O (k?), and reduces the problem into an instance of ILP(2, 1). However, this is the Vertex
Cover problem, for which better deterministic algorithms exist (e.g., [BE]).

3. The requirement » > 4 is not a real limitation. We can transform an ILP(k, b)
instance with b < 3 into an instance of ILP(k+4—b, 4) by adding 4—b new variables that
appear in all the inequalities, and increasing the right-hand side to 4, as in Proposition 3.2.
This has no adverse effect on the analysis since in all the expressions containing b, it
appears only in the difference & — b, which is invariant under the transformation.

4. As presented, the algorithm has a small (though constant) probability of finding a
satisfactory solution. Therefore derandomizing it would be a significant improvement in
terms of its time complexity. Since the Raghavan—Thompson algorithm was successfully
derandomized [R] (see also [BV), we could hope to derandomize our algorithm as well.
So far we have not succeeded in doing this, and it remains an open problem. The main
difficulty seems to be derandomizing Theorem 4.1.
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