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ABSTRACT.  The Carleson operator is closely related to the maximal partial sum operator for Fourier series.
We study generalizations of this operator in one and several variables.

1. Introduction

Let T = [0, 2T} and for f € L!(T) let S, f(x) denote the partial sums in the Fourier series
for f. Carleson [1] proved that if f € L2(T), then S, f(x) converges to f(x) almost everywhere.
Hunt [4] extended this result and proved that if p > 1 and f € L?(T), then the above convergence
also holds. The proof of the convergence is based on the following fact. Set

Nf(x) =sup|S,f(x)|], xeT, feLiT).

Then the maximal partial sum operator N is bounded on L?(T), 1 < p < oc.
The Carleson operator C is closely related to N and is defined by the formula

Cf(x) = sup _/xl—te_iétf(t)dt’ xeT, fell(D,

eR
d T

where the integral is taken in the principal value sense. It is proved in [4] that C is bounded on L?(T)
for 1 < p < oo and the boundedness of N is a consequence of this result.

An alternative proof of convergence almost everywhere of Fourier series was obtained by
Fefferman [2].

Sjolin [7] considered an analog of the operator C in several variables. This is obtained by
replacing the kernel 1/x by a Calderén-Zygmund kernel k. Let s > 2 be an integer and assume that
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k is a complex-valued function on R* \ {0}, which is homogeneous of degree —s and belongs to
Cs+1 (RS < {0}). Also assume that

f k(x)d S(x) =0,

gs—1

where d S denotes the area measure on the unit sphere S*~!. Set

Cf(x) = sup /k(x —ne ¥ f(nydr|, xeT, felL'(T),
EecRs

where the integral is taken in the principal value sense. It is proved in [7] that the operator C is
bounded on LP(T*) for 1 < p < o0.

The proof in the case of several variables is different from the one-dimensional proof in [4] at
some points. The greatest difficulty in the case s > 2 lies in the proof of the inequality needed for
the change of pairs, in which one estimates an expression of the form

/ k(x — 1) (1 - e"E'(x-‘)) h(t)dt ,

w

where @ is a cube in R*, x € w, and h € L' (w). In the one variable case k(¢) = t~! and

ko (1-et) =17 (1- &%)

is a C* function, which makes the estimate of the above integral easy (see [4, p. 252]). In the case
when k is a Calderén-Zygmund kernel, the function k(¢) (1 — €'¢*) has a singularity at the origin
and we need a new idea to get the desired estimate (see [7, p. 72-75]).

The operators C can also be defined in a similar way for f € LP(R®),1 < p < o0,5 > 1. By
use of the homogeneity of the kernels 1/x and k(x) it is proved in [7, p. 78] that the corresponding
operators are bounded on LP(R®), 1 < p < oc.

Here we shall consider some generalizations of the above operators. To formulate the problem
let us first introduce some notation. Assume that ¥ € C3°(R) is even and that supp ¢ C {x; 1/2 <
|x] < 2} and also that

iw(zfx)=1 for x #0.
Set p(x) = Y (x)/x so that -~
() = v (%)
We also set ¢;(x) = 2/¢(2/x) and then have
03 = ~ ¥ (2/x)

and supp ¢; C {x; 2777} < |x| < 277+!}. 1t is also clear that

> 1
Z(p](x)=_7 X#O,
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and

i 1
Yo ==, 0<lx<1.
0 X

We let (r j)8° denote the Rademacher functions and set

00

ks(x) =) rj(®)p;(x), xeR, sel0,1].
0

We then ask the question if it is possible to replace the kernel 1/x in the definition of the operator
C by the kernel k. We shall prove that this question has a positive answer. More than that we shall
prove a more general result.

It is clear that k; satisfies the following conditions:

ke C3R~{O),

kGOl < € — (L1
x|
1
K| <c=, (1.2)
X
1
k") <€ =5, (13)
|x|3
kisodd, (1.4)
and
suppk C [-2,2]. (L5

Here the constants C can be taken to be independent of s. We can now formulate our first theorem.

Theorem 1.
Assume that k € C*(R ~ {0}) and that k satisfies conditions (1.1) through (1.5). Set

Sf(x) = sup /k(x —e ¥ fyar|, xeT, fellT).
teR T
Then
ISfllp = Cpllfllp, 1 <p <00,

where || ||, denotes the norm in LP(T).

We remark that one cannot directly apply Hunt’s proof in [4] to prove this theorem. This is
because the function k(¢) (1 — €'¢*) is not necessarily continuous at the origin. However, if one uses
the modifications in Sj6lin [7] mentioned above, a proof can be obtained.

As a corollary we prove the following Littlewood-Paley type inequality for the Carleson oper-
ator.

Corollary 1.
Let n be a measurable real-valued function on T. Set

cjf(x)=/¢j(x—t)e-f"(">'f(t)dt, xeT,j=01,2,....
T
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Then
0 12
(Z|ij|2) < Cpllflp 1 <p<oo,

0 b4

where the norms are taken in L? (T), and C), is independent of the function n.
Theorem 1 has the following analog in several variables.

Theorem 2.
Let s > 2 and assume that Q@ € C*T! (R* \ {0}) and that Q is homogeneous of degree 0 and
also that

f Qx)dS(x)=0.
§5-1
Let £ € C511(0, 00) and assume that

1
Nl =C—,
r.\
1
!
[€(r)] 5C,T+T’

1
(s+1) -
€@)| sy

and also that £(r) = 0 forr > 2. Set k(x) = Q(x)£(|x|) for x € R® ~ {0} and

Sf(x) = sup /k(x -ne ¥ f(nyd|, xeT, fel'(T).
§elR¥ |J

Then
“Sf”pfcp“f"p, l<p<ox,

where the norms are taken in LP (T®).

We shall also prove weighted estimates with respect to A, weights (Theorem 4) and moreover
vector valued estimates (Theorem 5). This last result has an application in [5].

2. Proofs of Theorems 1 and 2 and Corollaries

We shall now prove Theorem 1. We shall first use some standard Calderén-Zygmund theory,
but for completeness we give some details.
Assume that & satisfies (1.1) through (1.5). It is easy to see that

r

sup /eigxk(x) dx| <C,
r>0
tecR Fr

where the integral is taken in the principal value sense. See Stein [8, p. 36-37). Then set

k(x), x| > ¢

>0
0, x| <&’ ’

ke(x) = {
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and T; f = k. * f. We then have k, € L? and |128| < C. One also has

f ke(x — ) —ks()|dx < C,  y £0,
[x|=2y|

and
f lk(x - y) —k(x)|dx <C, y#0.
[x{=2fy|

It follows from [8, p. 35] that

1T fllp < Cplifllp, 1<p<oo.

Also limg0 Te f = Tf exists in L? norm if f € LP(R), 1 < p < oo. Hence, ||Tfll, <
Coplifllp, 1 <p <oo.

The proof shows that C,, = O(p) as p — 0.

We shall now study the corresponding maximal operator,

Claim.
Set

T*f(x) =sup|Ts f(x)] .

>0

ThenT* is of weak type (1, 1) and strong type (p, p), 1 < p < 00, withconstant Cp, = O(1/(p—1))

as p — 1, and Cp, = O(p) as p — o0. It follows that lim,_,o T, f (x) exists almost everywhere if
felPR),1<p<oo

Proof of Claim. Choose ¢ € C§°(R) such that supp ¢ C (—1,1), f 9 dx =l and ¢ > 0. Set

1
Pe(x) = - p(x/e), €>0.

First assume x| < 2¢. We have

k% 0p(x) = f k(3)os(x — y)dy

lyi<3e
= / k(y) (pe(x — y) — @e(x)) dy
lyl<3e
and
1 /x 1 /x y Iyl
jpe(x — y) — @e(X)| = \;w(;) —;w(; - ;) < o

It follows that
1
e x 0o (0l < /c- N gy =l

[yl € £
Iyl<3e

Hence, |k * e (x) — ke (x)] < C % for |x| < 2e.
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Now, assume |x| > 2¢. We have

Ik % 0s(x) — ke ()] = f k(x = )os(3) dy — k(x)

yize

- f k(x — y) — k(x)) 95 () dy

yige
1 &
<C g IYlpe(y)dy < C Pl
fyl<e
Set
1, x| <1
Yx) = 1 Il -
ol jx] > 1
Then |
1 /x <, x| <&
vew=—v(z) =1tz _,
£ £ P55 =, |x] > &
It follows that
Ik * e (x) — ke(x)] < Ce(x)
and hence

|k *@e —ke) % fl < Cips x| fI SCMS,
where M f denotes the Hardy-Littlewood maximal function of f. Thus,
|Te fl < CMS + |k * @) * £l
ifl < p<ooand f € LP?. We have
(ks * @) * f = @ % (ks * f)

and letting § — O we obtain
(k*x@s)* f =g x(Tf).
It follows that

T*f < C Mf + C M(Tf) . @.1)

Hence
IT*fll, < Colifll,, 1<p<oo,

where C, = O(p) as p — oo,
A weak (1, 1) estimate for T* follows as in [8, p. 43—45]. Interpolation then gives

1

The claim is proved. |

Assume o is a bounded interval, f € L°(w), f = 0 outside w and || f|loo < 1. We have

1/p 1/p
(/|T*f|pdx SCP(/IfI”dX) ., p=2,

()
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and invoking the formula
n

=

S

o0
s=3
0
we are able to prove that
f T fdx < Clo|,

@

if a > 0 is small enough. It follows that
Hrew; T*f(x) > A}| < Cem M|, A1>0,
and for a general function f € L°°(w) we obtain
|{x cw; T*f(x) > A}| < Ce~ M lojy) 1 >0.

To prove Theorem 1 we can now use Hunt’s proof in [4] with modifications according to [7,
p. 69-75]. The proof in [7] is carried out in dimension s > 2, but it is easily modified to work also
in dimension s = 1. For instance, on [7, p. 73], a kernel H is defined by the formula

H(t) = CoJsyrpp(Itl) 1617712, t e R° {0},

where Jg /2 denotes a Bessel function. In our case s = 1 we simply take H as the Fejér kernel on
the line.

We shall now use Theorem 1 to prove Corollary 1.

Proof of Corollary 1. We set k;(x) = Z{)" rj(s)g;(x), where N is a positive integer and g; is
defined as in the introduction. Also set

Asf(x) = /ks(x ~De " r(ydt, xeT, sel0,1].
T

The kernels k; satisfy the conditions (1.1) through (1.5) uniformly in s and N and it follows from
the proof of Theorem 1 that

1/p 1/p

[inswras)  <c,| [irwra) . 1<p<oo,
T T

where C), is independent of s and N. We have

N

Acf@ = 2ri0) [0, = 07" ) d
T

0
N

=) ri)Cifx),
0

and invoking a well-known inequality for the Rademacher functions we obtain

N 1/2
(ZlcijZ) <GCplfllp, 1<p<oo.
0

P
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Letting N — oo we obtain Corollary 1. O
Let K denote a subset of the non-negative integers. Then the kernel
k(x) =Y g;(x)
jek

satisfies the conditions in Theorem 1. We remark that the corresponding operator § appears in the
proof of Lemma 3 in Prestini [5].

The following corollaries deal with maximal operators obtained by considering sharp cut-offs
and smooth cut-offs, respectively.

Corollary 2.
Let k satisfy the conditions in Theorem 1. Set

S* f(x) = sup f k(x —te ¥ f@ydt|, xeT, fellT).
EZI[% teT;|x—t|>¢}
Then S* is bounded on LP(T) for 1 < p < oc.
Proof. It follows from (2.1) that

5*f < C Mf + C M(Sf)

and the boundedness of S* is a consequence of this estimate. O

Corollary 3.
Set

j{l
§f(x) = sup f (er(s)(pj(x —1) e—istf(t)dt , xeT, feLY(T.
jl)Zo i=0
teR T

Then S is a bounded operator on LP(T) for 1 < p < .
Proof. Setk(x) =) 3°r;j(s)p;j(x) and

ke(x) = k@), Il > e fore > 0.
) 0, x| <e

Fix jo and set & = 27/0_ Then k.(x) = é" ri()g;(x) for |x| > 10¢ and

Jo
1
ke (x) — er(s)(pj(x) <C- for|x| <10e.
5 £

It follows that
SF<CMf+CS*f

and an application of Corollary 2 gives the boundedness of 5. O
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Proof of Theorem 2. From the conditions on €2 and £ in Theorem 2 it follows that
lk(x)| < Clx|™*,
[D%k(x)| < Clx|™*~!  forlal=1,
[D%k(x)| < Clx|~"2  for|a| =2,

|D°‘k(x)| <Clx|™* ! forjaj=s+1.

Using these estimates we can then prove Theorem 2 in the same way as Theorem 1. We omit
the details. O

Theorem 3.
Let k satisfy the conditions in Theorem 1 or Theorem 2. For 1 < p < oo and f € L?(R®) set

Sf(x) = sup /k(x - t)e_iE"f(t) dt], xeR’.
teRs g

Then S is a bounded operator on LP(R*) for 1 < p < oc.

Proof. The proof is simple since k has compact support. We give the proof for s = 1 and remark
that the proof for s > 2 can be obtained in the same way.

We first observe that if f € L?(R) and f has support in an interval of length 1, then it follows
from Theorem 1 that

l/p l/p

[1stirax)  <cp [is1as @2)
R

if 1 < p < co. Forageneral f € L?(R) write f = }°%, fj, where f; has support in the interval
{j, j + 11. Itis clear that

[o.¢]
Sf<> Sfi and
—00

o
ISFI? < Cp ) |8S51"
—o0

and the boundedness of S follows if we invoke (2.2). O

3. Weighted and Vector-Valued Inequalities

In this section let the operator S be defined as in Theorem 3. We shall use weight functions -
w which belong to the Muckenhoupt classes Ap,. For the definition of Ap, see Garcfa-Cuerva and
Rubio de Francia [3, p. 396].

Theorem 4.
Assume 1 < p < oo and that w € Aj. Then

fISfI”wdx < Cp,w./‘fl”wdx.
R RS
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Proof. A proof can be obtained by use of the proof of [6, Theorem 2.1 on p. 32]. O

Theorem 5.

Assumel < p <andl < q < 0. Then
/g 1/q
Z Isf;|* =Cpyq Z | 731 .
i j

P p

where the norms are taken in LP (R®).

Proof. The inequality follows from Theorem 6.4 on p. 519-520 in {3]. M

The estimate of Theorem 5, in the case ¢ = 2, 1 < p < 2, is used in the proof of Lemma 3

in {5].

(11
(2]
3]
[4]

[5]
[l

71

{8]
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