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S C I E N T I F I C  A N D  T E C H N I C A L  S E C T I O N  

E F F I C I E N C Y  O F  T H E  M E T H O D  OF S P E C T R A L  V I B R O D I A G N O S T I C S  

F O R  F A T I G U E  D A M A G E  OF S T R U C T U R A L  E L E M E N T S .  

P A R T  4. A N A L Y S I S  OF  D I S T O R T I O N  O F  H A R M O N I C I T Y  OF V I B R A T I O N  C Y C L E  

OF B E A M S  W I T H  C L O S I N G  T R A N S V E R S E  C R A C K S  

V. V.  M a t v e e v  and A.  P. B o v s u n o v s k i i  UDC 620.178.5:620.179 

Using an asymptotic method of nonlinear mechanics and concepts of linear fracture mechanics, we 
derive analytical expressions that relate the constant component and amplitudes of even harmonics, and 
the ratio of maximum deviations and half-periods of displacements of opposite signs in a vibration cycle 
of prismatic beams to the length of a closing transverse crack. The analytical solution is compared to 
the data of experimental determination of these parameters in bending vibrations of rectangular 
cantilever beams with an edge transverse crack. Analysis of the results of analytic and experimental 
investigations has shown that harmonic analysis of the strain waveform of beam-type elements in 
resonance vibrations can be used as an efficient diagnostic method for detecting fatigue damage such 
as closing cracks. 

N o t a t i o n  

co - natural frequency of  an intact beam 

co 0 - natural frequency of  a beam with a closing crack 

to m - natural frequency of  a beam with an open crack 

13' - relative change of  the natural frequency of  a beam with a closing crack 

L - beam length 

h - height of  the cross section 

ct - coefficient of  relative changes in the stiffness of  a cracked beam 

l - crack length 

y - relative crack length 

x c - coordinate of  the cracked section 

In troduct ion .  The previous reports [ 1, 2] give an analytical solution of  a problem of  longitudinal and bending 
vibrations of  prismatic beam-like elements with transverse cracks, which is based on using an asymptotic method of  
nonlinear mechanics and concepts of  linear fracture mechanics. In [3] we present relationships for the determination of  
changes in natural frequencies in longitudinal and bending vibrations of  prismatic beams with transverse cracks of  
different type, size, and location, under various boundary conditions and vibration modes. 

The objective of  this work was to determine analytically the relative values of  the constant component and 
amplitudes of  even harmonics as well as the ratios of  maximum deviations and half-periods of displacements of  opposite 
signs in the cycle of  vibrations of  beams with closing transverse cracks. The analytical solution is compared with the 
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data of  the experimental determination o f  the above parameters in bending vibrations of  a cantilever beam rectangular in 
cross section with an edge transverse crack. 

Evaluat ion  of  the E r r o r  of  the Approx ima te  Analyt ical  Solution. In [1], using an asymptotic method o f  
nonlinear mechanics, we obtained the following second-approximation solution of  the nonlinear differential equation, 
which represents free and resonance vibrations of  beam-like elements with a closing crack for the case where the first 
harmonic of  displacements o f  a generalized mass varies along a cosine curve: 

where 

u=a[  cOstp+~-0+l)=-2,4s ' . . . .  (1) 

a 2a 
E o = - - ,  E n -  . (2) 

/I; /l:(n 2 _1) 2 

In the case of  a sine variation o f  the first harmonic, the solution is rearranged to give 

u=a[ sin q~+ E~ + n=-2,4s an COS n~]" .... (3) 

The above solutions are simple and convenient for the approximate evaluation o f  the dependence of  the most 
representative parameters o f  vibration-cycle harmonic components a 0 and a 2 on the extent o f  damage o f  a beam, 
which is given by the relative change ~ of  the beam stiffness K. The coefficient ct is determined as the difference in 
the longitudinal or bending stiffness o f  a cracked beam in half-cycles of  its vibrations of  different signs: 

r _ - r ~  
~ -  , K+ < K_ .  (4) 

K_ 

In Part 3 [3] we give expressions for calculating the coefficient u in longitudinal and bending vibrations o f  
prismatic beams with transverse cracks o f  various types under various boundary conditions. 

The Fourier expansion [4] of  the form 

A0 
u = - -  + s (A n cos n9 + B,, sin nq~) (5) 

2 n=-1,2,3 .... 

of  the solution to the differential equation o f  free vibrations o f  a single-mass piecewise-linear system which simulates a 
body with a crack and has no formal constraints as to the level of  nonlinearity, yields more complicated (from the 
analysis standpoint) expressions for the coefficients of  harmonic components: 

2v0o l + c o s = n  

An ~ = n =0, 1, 2, ..., 
T(O 2 -n2002)(O2 -r/2002 ') 

(6) 

2v0 o2 sin rcn ~ 1 7 6  
Bn tom = I1 =0, 1, 2 . . . . .  (7) T(m2 2 2)(0~ n 2 2 ' -n  00 -n  00) 

where v 0 is the velocity of  motion o f  a generalized mass m at an initial moment o f  time with a displacement equal to 
2 m2 2 =(K_ - K + ) / m ,  and zero, T is the period of  vibration of  the system, m2,,, = K + / m ,  0 2 = K _ / m ,  m a = - m m 

m 0 = 2ram m/(m + 0 m ). 



TABLE 1. Relative Values of Amplitudes of Some Higher Harmonics 
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To compare solutions (3) and (5), let us represent the latter as 

U = B l [sin ~p + A~ c~ Cp + ~~ + n=2,3,...~"(-Anc~ 

In doing so, we express the coefficients A o, A n, and B,~ in terms of  the parameter tx: 

(8) 

= (Q2 _I)(R 2 -1) AI, - (Q2 _I)(R 2 -1)[l+cos(rcn/Q)] B,  =A--,, sin(ten~Q) (9) 
Ao Q2R2s in (x /Q) ,  (Q2 _nZ)(R 2 _n2)s in (x /Q)  ' l+cos (xn /Q) '  

where 

Q -  1+41-cr , R -  Q-----Q-- 
2 41 

Table 1 summarizes the calculated values of  the coefficients A, and B n with the values tx _ 0.3, which are the 
most important from the practical standpoint, i.e., which are o f  interest for diagnostics of  early stages of  damage. The 
data given in Table 1 demonstrate the following. First, for the first harmonic the determining amplitude is that at a sine 
function B I . Second, among higher harmonics the most significant is the second one with the determining amplitude at a 
cosine function A 2 . Third, the approximate solution (3) provides reasonable accuracy of  the determination of  the most 
significant parameters (h-0, h-2) of  harmonic components of  the displacement (strain) wave cycle. 

However, it should be mentioned that solution (3), like solution (5), does not include the difference in vibration 
modes of  a system in half-cycles o f  opposite signs. This restricts also the use o f  solution (5) in the case o f  systems with 
distributed parameters with a small nonlinearity. 

Results of  Analytical Solution. Let us consider the constant component h- 0, the second-harmonic amplitude h-2, 

and the sum of  amplitudes o f  all higher harmonics ~ h-,~ -~ 0.264~, whose dependence on the parameter o~ is linear 
n=2,4,... 

(Fig. 1), as vibration damage indicators. However, it should be pointed out that their linear dependence on ct does not 
dictate a linear dependence of  these indicators on the crack size because the parameter ct depends nonlinearly on the 
relative crack length, the crack relative location along the length of a beam, and the relative height of  the cross section, 
and on the vibration mode of the latter [2, 3]. To see if a possible relationship exists between the parameter ct and a 
particular damage, we give in Fig. 2 the dependence of  the parameter tx on the relative length of a transverse crack 
7 (7 = l / h )  located at a different distance x c from the fixture, for three modes of  bending vibrations of a cantilever 
beam rectangular in cross section with the ratio of  the height of  the cross section to the beam length h / L  = 0.1. 

We can also consider the relative differences in half-periods AT and maximum deviations AU- with opposite 

signs as damage indicators: 

A~-_T+-T_  _ 1 -  1 ~ - ~  
T+ +T_ 1+ 1.~~-~-~ ' (10) 
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Fig. 1. Dependence of  various damage indicators on the parameter F: 1) F = AU ; 2) F = N 0 ; 

3) F = A T ; 4 ) F =  ]~N n ;5)  F = f i 2 .  
n=2,4 .... 

Fig. 2. Parameter Ix vs the relative crack length ]' for different locations of  the crack for the 
first (solid lines), second (dashed lines), and third (dot-and-dash lines) modes of 
vibration: 1) L C /L=0 .1 ;  2) L c / L = 0 . 2 ;  3) L c / L=0.5.  

A o - _ U + - U _ _ I X I I +  ] ~ 2 ]. (11) 
U+ +U_ ;t n=2,4,... (n 2 -1)  2 

Note that the value of the relative difference in half-periods AT correlates with the value of the relative change 

of the natural frequency of vibration of  a cracked beam ~') ,  which was discussed as a damage indicator [3 ], i.e., AT = 13', 

while the value of the relative difference in maximum deviations AU is proportional to the constant component 

(AU -= 1.264N 0 ). 

Figure 1 shows also the functions AT(et) and AU-(IX). It is obvious that the most representative crack 

indicators, in decreasing order of their relative values, are A U-, AT = 15', a0, ~ N n, and N 2. However, the practical 
n=-2,4 .... 

significance of  a particular indicator will depend on the resolution of  the respective instruments used for measuring the 
determining parameters of  this indicator. Furthermore, it should be taken into account that in the case of  crack detection 
or crack length determination by measuring the natural frequency of vibrations of  a beam, one must know an initial 
value, while a noticeable value of any other indicator can even indicate not only the presence of a crack but, to a certain 

extent, the crack size as well. 
Notice that the dependence of the parameters a 0, a 2 , and AU on the relative crack length ~/, crack location x c, 

and the vibration mode number i is qualitatively similar to the 13'(T), ~'(x c /L ) ,  and fY(i). 

R e s u l t s  of Experimental Investigation. The experiment was carried out using an KD-1M setup [5]. We studied 
bending vibrations of  cantilever specimens of 15Kh2NMFA and 08Kh 18N 10 steels; their test portion was rectangular in 
cross section. The relative height of the cross section h / L  was 0.0627 in the first case and 0.133 in the second case. A 
heavy mass was fixed to a free end of  the 08Khl8N10 steel specimens. 

The geometrical characteristics of the specimens and the mechanical properties of the steels were described in 

detail in [6]. 
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Fig. 3. Amplitudes of the zero (a) and second (b) harmonics vs the relative crack length 3' for a 
15Kh2NMFA steel specimen (dots - experimental data, line - calculated results). 
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Fig. 4. Amplitudes of  the zero (a) and second (b) harmonics vs the relative crack length 3' for a 
08Khl8N10 steel specimen (dots - experimental data, line - calculated results). 

A test specimen was fixed rigidly in a massive frame, which was hung on thin steel strings for the purpose of  
vibration insulation. Vibrations of  specimens were excited by a resonance method through the use of  an electromagnetic 
system, which consisted of  a waveform generator, an amplifier, and electromagnets. Bending vibrations of the specimens 
were excited in the plane of  their maximum stiffness. The strain recording system was made up of strain gauges glued to 
the specimen test surface, a strain amplifier, a digital voltmeter, an oscillograph, a frequency meter, an analog-digital 
converter, and a personal computer. 

The fatigue cracks were initiated from a preliminarily produced stress concentrator in the given section of  the 
specimen test portion. For the harmonic analysis of  the recorded strain wave we used the procedure and software 
developed earlier [7]. 

The results of the investigations support essentially the approximate analytical solution. The most pronounced 
indicators of  the crack initiation in a specimen are the constant component and the amplitude of  the second harmonic at a 
cosine curve, which are detected quite reliably by using the proposed experimental procedure of  the harmonic analysis 
even for rather small cracks with 3' = 0.1. The crack growth leads to a considerable increase in these parameters. As an 
illustration, Fig. 3 gives the functions if0 (3') and if2 (Y) calculated for a 15Kh2NMFA steel specimen by formulas (2) 
using the expressions for the coefficient o~ derived earlier [3]. 

For a 08Kh 18N 10 steel specimen with a mass at its end we observed a good agreement between the results of 
analytical and experimental determination of the zero harmonic amplitude (Fig. 4a). However, it should be mentioned 
that a substantial difference exists between the calculation and experimental results (Fig. 4b). We have also established a 
significant dependence of  the experimental data on the strain gauge location with respect to the crack, which requires 
further investigation. 



Conclusions. The results of the analytical and experimental studies of the distortion of the strain wave 
harmonicity in the vibration of  prismatic beams with transverse cracks suggest that harmonic analysis of the wave of the 
real strain cycle of beam-like elements in their resonance vibrations can be used as an efficient diagnostic method for the 
detection of fatigue damage such as closing cracks. 

The proposed experimental procedure of  the harmonic analysis of an experimentally recorded strain signal 
allows a reliable detection of distortions of  harmonicity of a strain wave due to rather small cracks. The most significant 
indicators of the presence of  a closing crack are the constant component of the strain wave and the second harmonic 
amplitude at a cosine curve. 
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