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ABSTRACT.  Processes with stationary n-increments are known to be characterized by the stationarity of
their continuous wavelet coefficients. We extend this result to the case of processes with stationary fractional
increments and locally stationary processes. Then we give two applications of these properties. First, we
derive the explicit covariance structure of processes with stationary n-increments. Second, for fractional

Brownian motion, the stationarity of the fractional increments of order greater than the Hurst exponent is
recovered.

1. Introduction

The aim of this paper is to present a unified approach to the wavelet analysis of some classes
of non-stationary stochastic processes: processes with stationary n-increments, processes with sta-
tionary fractional increments, and locally stationary processes. We will give a characterization of
each class in terms of continuous wavelet transform and then use this to derive some non-trivial
second-order properties of these processes.

The wavelet analysis of stochastic processes has been developed in the last decade, mainly
in connection with self-similar processes like fractional Brownian motion: e.g., [10], [35], [24]
for the continuous wavelet analysis, and [1], [40], {71, [8], [11], [25], [391, [42], [6]. [20], {2] for
the discrete wavelet transform. Recently, many correspondences have been established between
the second-order [19], [5] and distributional properties [3] of a process and its continuous wavelet
transform. In particular, a convenient characterization of processes with stationary nth-increments
has been given: a process has stationary nth-increments if and only if its wavelet transform is
stationary for a wavelet with n vanishing moments. We will extend these results to the processes
with stationary fractional increments and locally stationary processes.

The results of the present work can be summarized in the following way. A process has
stationary fractional increments if and only if its wavelet transform is stationary (Theorem 4); a
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process is locally stationary if and only if its wavelet transform is locally stationary (Theorem 6),
where the analyzing wavelet has to be adapted to every case. As an application, we derive the explicit
covariance structure of stationary nth increments (Theorem 3) and show that fractional Brownian
motion with Hurst parameter H has stationary «-increments for « > H (Theorem 5). We have
chosen to detail all the proofs which follow a logical order in the body of the paper and relegate all
technical independent results to the appendices.

Before entering the core of the paper, we give a brief overview of the different classes of
processes we want to consider.

Processes with Stationary n-Increments. Processes with stationary n-increments are perhaps the
simplest class of processes with non-trivial non-stationarity and are often used for modelization in
physics. Let X(¢) be a complex-valued random process on R. For any 7 € R, we define the shift
operator B; by

B:X(t)=X(t —1)

and the discrete differentiation operator A; by A; = 1 — B;. The nth difference operator A% can
be simply expressed by means of the Binomial coefficients

AT=(1-B)' =Y (-1) ('f)B{ . (1.1
j=0 J

A process X (¢) is said to have stationary nth increments if for all s, ¢, 7, 7’ the expectations EAT X (s)

and EATX (s)A7, X (s +1) exist! and do not depend on 5. As can be easily checked, this amounts
to the following definition.

Definition 1. A process X is said to have stationary nth increments if A?X is (wide sense)
stationary for all T € R.

The main results for this class of processes were derived in the 1950s: Yaglom and Pinsker [43],
{45], [44], [34], [33] established a spectral representation based on Khinchine theorem, while
Gel’fand [15], [13] obtained an analogous result in the framework of generalized random pro-
cesses, using the spectral representation of conditionally positive definite generalized functions.
Since then, the only extensions we are aware of are re-formulations of the spectral representation
in the framework of linear filtering theory [32] and semi-martingale representation [41]. A process
with stationary nth increments can be written as

. £t n—1
X(0) = / (e'ff -kt - ((’f_) 5 ) dYE) + Yo+ it + . Yut",  (12)
where the Y'; are random variables and Y is a process with orthogonal increments such that
§2n
Yk ldY &) < 00 (1.3)

To find the correlation EX (s) X () we need to compute the integral

s : GEHm 1 [ . gy !
/(eg —l—lfs---—-a—_—l)T) (eE’-—I—IEIH-——(;l_—l)!-)EldY(E)F .

1The symbol X stands for the complex conjugation.
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It is a convergent sum of divergent integrals, which makes it difficult to develop and reorder into
different integrals. Furthermore, the interdependence of the Y; and the spectral measure is not
known. Therefore, it seems to us that the spectral representation is not very satisfactory, since it
does not reveal the explicit structure of the covariance function and hence poorly describes the non-
stationarity. To circumvent the difficulty, we propose use of the wavelet characterization of such
processes. Roughly speaking, the processes with stationary n-increments can have a polynomially
diverging spectral density at zero [see formula (1.3)]. The wavelet analysis is a good tool to study
such processes, since the wavelet transform removes the low-frequency content of a signal. This
idea was used in [10] for a rigorous definition of a spectrum of fractional Brownian motion.

Processes with Stationary Fractional Increments. Fractionally differentiated processes were
introduced in [16] and [17] to construct the class of fractional ARIMA processes, which are a
generalization of the classical ARIMA model with a fractional degree of differentiation and can
exhibit long range correlations. Following [4], we define for any real number —1 < a ¢ N the
fractional difference operator A% by

o0
A?=(1-B)*=) n}B],
—

where

78 =1, R N el I1 k=l-e 42, (1.4)
TOTG+DrCe) o0

and T" is the Gamma function:

oo letdr, x>0,
Fx) =1 oo, x=0,
xIrd+x), x<0.

The a-increments of a process X (¢) are defined by A%? X (), whenever this series makes sense. To
motivate the study of the fractional increments, it is important to replace them in the context of
times series. We can make time series out of X (t) and AYX by considering X, = X(t = n) and
A*X, = (AZ_ X)(t = n). A time series X, is said to be ARIMA(0, «, 0)if

A*X, = Z,, (1.5)

where Z, is a white noise. Given Z,, and || < 0.5, it is known [4] that there exists a unique stationary
solution X, to (1.5). A natural question might be whether there exists non-stationary solutions. This
raises the problem of determining those non-stationary processes, discrete or continuous, which
become stationary after fractional differentiation. This yields to the following definition.

Definition 2. A process X has stationary a-increments if A?X is (wide sense) stationary for all
T eR.

Again the wavelet analysis will turn out to be a very efficient tool to characterize such processes.

Locally Stationary Processes. Locally stationary processes were introduced by Silverman in [38]
to describe physical systems whose statistical characteristics change slowly in time. A process is
(wide sense) locally stationary if its covariance C(s, £) can be written in the form

cen=n(7) ()
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where y is a stationary covariance function (the factor 1/4/2 is not in the original definition but we
put it in for convenience, see Section 5). Note that the condition C(s, s) > 0 forces the function
m to be non-negative. Furthermore, we can always assume that the covariance term is normalized,
i.e., y(0) = 1. Locally stationary processes are very convenient to model non-stationarity because
many properties of stationary processes can be translated to them [28], [26], {27]. This is why they
can be successively characterized with the help of the wavelet transform by adapting the method
developed for stationary processes. Note that recently a different and less restrictive notion of local
stationarity has been introduced by means of orthogonal wavelets (see, e.g., [22] and references
therein). However, we will restrict ourselves to the definition of Silverman, which is more tractable
in the context of continuous wavelet analysis.

2. Hypothesis and Definitions

Hypothesis on the Processes. We consider a complex-valued measurable random process (X (¢),
t € R) on some probability space (2, F, P). The dependence on @ € 2 will always be implicit
and the stationarity throughout will be understood in the wide sense. Further, the process will be
mean-square continuous (m.s continuous), which, as it is well known, is equivalent to assuming the
continuity of the covariance function in its two variables. We will denote by M (¢) and C(s, t) the
mean and covariance of the process, respectively,

M@y = EXQ@,
C(s, 1) EX()X({) —EX(EX(Q) .

To be able to define the wavelet transform, we will assume the following growth restriction on the
second moment function:

H: 'IEX(s)Y(T)| < 0(( + |s|™)(1 + [t™)) for some m > O .

This implies in particular that the variance and the mean are polynomially bounded. Note that this
condition is automatically satisfied if the process has nth stationary increments, as can easily be
shown.

Some Functional Spaces. Following the usual convention, we denote D(R") the space of complex-
valued C* functions on R" with compact support and S(R") the space of Schwartz functions on R”,
that is the C* functions ¢ which are, together with their derivatives, rapidly decreasing at infinity:

sup  |x1l®t .. |xa|% [DP1. . DB (xy, ..xn)| < o0 forallerj, B € N.
(x1,..x5)€R”

We will use the notation D for the distributional derivative on R and D, and D, for the partial
distributional derivatives on R2. The dual 7’ (R") is the space of generalized functions and S’ (R")
the space of tempered distributions on R”. Under our assumptions, the covariance function C(s, f)
can be considered as a distribution in S’'(R?). We use the notation $for the Fourier transform of a
function ¢ in S(R"),

1, .., 5) = Qu) "2 f emiCxtbaxn)gy (x) L xp)dxg .. dxy

and the same notation for the Fourier transform of tempered distributions, {i(¢) = u($), the distinc-
tion being clear from the context. The term “measure” will always refer to Borel measures on R”
assuming finite mass on compact sets, which can be identified with distributions of order 0 in 7/ (R").
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If a measure y is of tempered growth, i.e., f(1+ |lx I)y"1d || < oo for some ! > 0, then it can also
be identified with a distribution of order 0 in &'(R), that is such that |u(¢)| < K | (1 + [x1)é®)|
for all ¢ € S(R). In the following, we will frequently make use of approximate identities, whose
definition we recall hereafter.

Definition 3. An approximate identity in S’(R") is a family of functions ¢,(x) = a~'¢(a~1x)
with ¢ € S(R*) and [ ¢ = 1. If in addition ¢ € D(R") and ¢ > 0, then ¢, is an approximate
identity in D'(R").

If ¢, is an approximate identity in S'(R"), it is well known (see, e.g., [12]) that for any
v € SR") and F € S'R"), ¢, * ¥y — ¥ in SR"), and ¢, * F — F in S'(R"). If ¢, is
an approximate identity in 7’(R"), the analogous statement holds in the topologies of D(R") and

D’'(R™). If ¥ is only a continuous tempered function and ¢ is either in S(R") or D(R"), then we
have ¢, * ¥ —  for the pointwise convergence.

Wavelet Transform of Random Processes. For all (#, a) € R" x R, we will adopt the following
notation for the symmetric, resp. dilated, resp. dilated and translated version, of a function g on R":

~ —_ 1 1 -b
) = ). 8 = —8(3). gral) = 2 (" - ) :

For all g € S(R) and (b, a) € R x R, the process 25.2(t) X (¢) is measurable with

f E|gp ()X(0)]dt <o0.

It follows (see, e.g., [9]) that almost surely the sample functions of g, ,(#) X (¢) are Lebesgue inte-
grable and we may define the integral:

WeX(b,a) = f %g (f—zf) X(0)dt = (32 * X) (),

which we call the wavelet transform of X with respect to the wavelet g (even if g is not truly a
wavelet in the sense that [ g = 0). For fixed a, the wavelet transform defines a random process
W, X (-, a) on R, which we refer to as the “wavelet process.” Its mean M, and covariance C, (s, t)
are given by

M,(t) = EW,X(t,a)

= / aljg’ (i;—t) M () dr

= ZaxM(), 2.1
EW, X (s, a)We X (t,a) — EW, X (s, a)EW, X(t, a)

flz_(sl—s) lg (t,—t)C(s',t’)dS’dt'
a a a a
(Ga*C) (s, D), (2.2)

where the last convolution acts in the plane and G(s, ) = g(s)g(t). The exchange of expectation
and integration in both formula is justified by Fubini’s theorem, since the integrals are absolutely
convergent. Thus, mean and covariance of the process in the wavelet plane are merely smooth
versions of the original mean and covariance. They can also be seen as the one- and two-dimensional
wavelet transforms of these latter with respect to the wavelet g and G. We will often consider
Equations (2.1) and (2.2) on the Fourier side; that is,

M) = Z@HOM®), (2.3)
Catim) = 2@®)8(—amC(E, n). (2.4)

Cy(s,t)
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Some Classes of Wavelets. The wavelet to be chosen for the wavelet analysis will depend on the
process under consideration. Let us introduce the following classes of wavelets.

Wavelets with no Vanishing Moments. We say that a “wavelet” g € S(R) is in the class Sp(R)

if [ g # 0. We say that g is a Gaussian “wavelet” if g(x) = aeP* for some complex numbers o
and B with R8 > 0, where Rz denotes the real part of ¢ a complex number z.

Wavelets with n Vanishing Moments. For any integer n > 1, we say that a wavelet g € S(R) is
in the class Sy, (R) if it has at least n vanishing moments or, what amounts to the same, if its Fourier
transform has a zero of order at least n at the origin:

/x"'g(x)dx:O, m=0,1,..,n—1&[g¢)|<0("), £E>0.

We say that a wavelet g € S(R) is in the class S—, (R) if it has exactly n vanishing moments or, what
amounts to the same, if its Fourier transform has a zero of order n at the origin,2

/x'”g(x)dx:O, m=0,1,..,n—1, and fx"g(x)dx#0¢§(5)~§", £E—>0.

Wavelets with Fractional Number of Vanishing Moments. For any real ¢ > 0, we say that a
wavelet g is in the “fractional moment” space F»q(R) if g can be written as

) =T g1 7 (6)

for some function x € S(R). We say g is in F—, (R) if x € So(R).

As we will see, wavelets in Sg(R), S—,(R), and F—, (R) will, respectively, characterize sta-
tionary processes, processes with stationary nth increments, and processes with stationary fractional
increments. The Gaussian wavelets will characterize locally stationary processes.

Note that F»4(R) and F=,(R) reduce to the spaces S>»(R) and S=,(R) when o = n is an
integer. The reason for this intricate definition will become clear in Section 4. The wavelets in
F>o(R) and F4(R) are not in the Schwartz space when « is non-integer. However, they have all
the needed properties for our purposes.

3. Processes with Stationary n-Increments

Stationary processes constitute the reference processes for all the following and therefore it is
natural to start with them. It is clear from (2.1) and (2.2) that the wavelet process is stationary as
soon as the original process is itself stationary. The converse is also true, as was shown in [5].

Theorem 1.

Let X be an m.s continuous process on R satisfying H.

i) If X is stationary, then for all g € S(R), WX (-, a) is stationary for all a > 0.

ii) Conversely, if for some g € So(R), W X (-, a) is stationary for all a > 0, then X is
stationary.

iii) Under the stronger assumption g (&) # Oforall&, it is enough that W, X (-, a) be stationary
for some arbitrary a > O, for X to be stationary.

2Here and everywhere, the symbol ~ refers to the equivalence of two functions: f ~ g if c; < f/g < ¢3 for some
constants 0 < ¢ < ¢3.
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A similar result holds for processes with stationary n-increments, provided the wavelet has n

vanishing moments. This is not surprising, since such a wavelet performs a smooth differentiation
of the process.

Theorem 2.
Let X be an m.s continuous process on R satisfying H.

i) If X has stationary nth increments, then the wavelet process W, X (-, a) is stationary for all
wavelet g in S5, (R) and for alla > 0.

ii) Conversely, if for some wavelet g in S=, (R), W X (-, a) is stationary for all a > 0, then X
has stationary nth increments.

iii) Under the stronger assumption g(§) # O for all & # O, it is enough that WX (-, a) be
stationary for some arbitrary a > 0, for X to have stationary nth increments.

Proof. Also [5]. O

We will now use the above wavelet characterizations to derive the explicit covariance structure
of processes with stationary nth increments. We start by the following lemma.

Lemma 1.

If X is an m.s continuous process with stationary nth increments, then its covariance satisfies

(=D"E""CE, ) = du(€)8(E + 1) (3.1

for some positive tempered measure . such that
20\~ !
/(1 +E ") du(E) < oo. (3.2)
Here and everywhere, 5(§ + n)d (&) is the symbolic notation for the measure m on R? given

by m(®) = [ du(E)®(E, ~£).

Proof. Denote 2(£) = &"e~% 2, Since g isin S—,(R), Theorem 2 implies that the wavelet process
WX (-, a) is stationary and thus its covariance satisfies

Ca(k, n) = 8(¢ + ndua(®), (3.3)
for some finite positive measure d . It follows from (2.4) that
D% CE ) = (D) a T, et e
a~ e 5k + mdpg(§) -

The above equality holds a priori in D’ (R2). However, the left-hand side is a tempered distribution,
and does not depend on a. Thus, the right-hand side is also a tempered distribution in &’ (R?),
independent of a:

(~1"E""CE, ) = X785 +)dpy (&) = dp®)8E +n) 34

where, by Lemma 5 i), i is a tempered measure on R. It remains to prove (3.2). For this, it suffices
to show that [ E72[1 — x (&) x(—E)ldu(€) < oo, where x is a cut-off function in C3°(R) such
that x(£) = 1 for |§] < 1and 0 < x < 1. Now let ®(s, 1) = 27! exp(—(s? + t2)/4). Since
(&, 1) = exp(—£2 — %) we have

f 721 — x (©)X(—5)du(&) = lim f D, (€, —E)E[1 — xE)x (=HduE),
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the above limit being finite or not. On the other hand, ®,, is an approximate identity in S’(R?), and
thus by (3.4),

limaoo [ £72M[1 — x ()X (—E)]Pa(t, —£)du(E) = limyoC (Sa(1~ x @ 1))

limg0 C (®4) — C (Pax ® X)

= liMmg—o C (®2) — C (®g * (X O X))
= CO,0-CEX®X) ,

which shows that the above limit is finite. This concludes the proof of Lemma 1. d

Recall that a function or distribution u is said to be conditionally definite positive [13] on some
space of functions £ if u(f * f) = 0 whenever f € £. We are now able to state the following result.

Theorem 3.

An m.s continuous process X on R has stationary nth increments if and only if its covariance
has the form

n—1

Cl,ty=r(s =1+ Y s/rj(t) +t/75(s) 35)
j=0

where
i) r is a symmetric continuous function, conditionally positive definite on D"S(R) := {D"¢ |
¢ € SR} and of growth [r(x)] < O(1 + |x*")

ii) the r j are continuous polynomially bounded functions such that R ( ']’.;(l) tir j (t)) >0

Proof. Suppose C(s, t) has the form (3.5) and let the wavelet g be in S5, (R). Then the wavelet
covariance

~ 1 "—s\1 [t —t
Ca(s,t) = Go #C(s,1) = f -3 (s S) -g( )r(s'—t')ds’dt’

a a a

is stationary since the contribution of the functions r; is cancelled by the n vanishing moments of g. It
follows from Theorem 2 that X has stationary nth increments. Conversely, suppose X has stationary
nth increments. We generalize here a method that was first used in [35] to obtain a characterization
of fractional Brownian motion by means of its wavelet transform. By Lemma 1 we have

(=D)"E""C(E, n) = du(®)d(& +n)

for some positive tempered measure 4 with [(1 +§ y-lgu() < oo. Under inverse Fourier
transformation we obtain

D'D'C(s,t) = F(s, 1) (3.6)

for some F € S'(R%). Now let y € S'(R) be the Fourier transform of the positive tempered measure
. By the Bochner-Schwartz theorem [37], y is a positive definite distribution [i.e., y (¥ * ¥) > 0
for all ¢ € S(R)] so it can be written as y = (1 — ‘%:)k u for some integer k and some continuous
positive definite function u. Now take U a primitive of order 2n of u that we can choose to be
symmetric [it suffices to set u;;1(x) = ’..7."1(f6t uj(de + fi)x uj(tydr) for j = 0,..2n — 1 with
up = u and U = uy,] and define r = (-1 — f—;)"U. Then r is a primitive of order 2n
of (—1)"*y and is symmetric [that is, r(@) = r(@) for all ¢ € S(R)], because the derivation
of even order preserves the parity. Moreover, r is by construction conditionally positive definite
on D"S(R) since r(D"¢ * D) = (—1Y"D¥r(¢p x ) = y(¢ * ¢) > 0. Let us derive some
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regularity properties of r. Let x € C{°(R) be a positive cut-off function such that x > 0 and
x =1lon[—1,+1] and denote t_ = xp and 4 = (1 — x)u. Then both p_ and £~y are
finite measures. Now let the distributions y_ and y4 be the Fourier transforms of u— and p4,
respectively, and r_ and r4 primitives of order 2n of (—1)"y- and (—1)"y4+, respectively, that is
D*ry = (—1)*y4. On one hand y_, being the Fourier transform of a finite positive measure, is
continuous and bounded and thus r_ is a continuous function of growth Jr_(x)] < 0(]x2" I). On the
other hand, 73 (§) = (—~1)*£ 2" i, (£) and thus r is the Fourier transform of a finite measure, and
hence continuous and bounded. Since D¥'r = (—=1)"y = (=1)"(y— + y4+), wehaver =r_ +r4
modulo a polynomial of degree 2n, which implies that r is continuous with r(x}| < O(1 + lxz" I).
Now define R(s, t) = r(s — t). Then for all ¢, ¥ € S(R) we have

DID}RG®Y) = R(D"$®D"y)=(-1yr(D*(¢7))
= y(¢x¥) = [du®FOTDH
= F@oy),

and thus, by density of S(R) ® S(R) in S(R?), D?D}R = F. To sum up, we have proven that
D{D}C(s,t) = DD/ R(s, 1),

in 8’(R?) for a distribution R with symmetric continuous kernel r(s — ¢). Integrating once with
respect each variable yields to

D IpriC(s, 1)y = DD IR(s, 1) = p() + 0 (s) ,

for some distributions p and ¢ in 8’(R). Since the left-hand side is a Hermitian distribution [i.e.,
=(t,s) = X(s, t)] we must have o = 7. Iterating this procedure, we obtain

n-1
Cs,D=r(s—-8+ Zsjrj(t) + tj?'}(s) ,
j=0

for some tempered distributions ;. The continuity of the functions r; follows from Lemma 6 in
Appendix A. The condition R ( ']';(1) tir § (r)) > 0 is forced by C(¢,1) > 0. This concludes the
proof of Theorem 3.

Example 1. A well-known non-trivial example of process with stationary increments is fractional
Brownian motion [23], fBm for short. For a given H € (0, 1) (Hurst parameter), this is the unique
zero-mean Gaussian process with covariance:

2
o
Cls.t) = (1sP# + 1122 — 1s = 2H) . 0

In this example clearly r (x) = —rg(x) = — -"2—2 1x|2H . Note that r is, as expected, conditionally
positive definite on DS(R) since for all ¢ € S(R):

r ((o *q?) = / FE)E2 [P®) P dE = —Can f 1§112H 156\ dk

with Co < 0 (see Appendix B).



412 Charles-Antoine Guérin

4. Processes with Stationary Fractional Increments

Wavelet Characterization. The results of Section 3 can be transferred to the fractional increments,
provided the wavelet is taken in the spaces of the corresponding fractional moments. Any wavelet
h in the space F54(R) is a C* function with the growth restriction:

1
[h)l < O (W) , 4.1)

for € > O arbitrarily small (this will be proven in Theorem 4). It follows that we will be able to
define the wavelet transform of a process X (¢) with respect to a wavelet in F>4(R), provided the
second moment satisfies

Hg: EX()X®) < 0 ({1 +Is1P) (1 + 111F))

for some 8 < «. But first, we have to determine under which assumption the fractionally differen-
tiated process is well defined.

Proposition 1.
Let X(t) be a process on R satisfying Hg. Then for alla > g and allt € R, the series
oo
AZX(1):=) mIX(t - jr) “4.2)
j=0

is mean square convergent and the process A% X (t) satisfies again Hg.

Proof. Let us check the Cauchy criterium for quadratic convergence. By hypothesis we have
EIX¢t = jolt <0 (L+1t—je®) < o (a+1) (1+15%)) .

Hence, for all integers p < g,

q a N
E[Tl, 7iX( - j7)|

ljl'-k=p ”7”1':113 (X(t - joX@e - kr))

, 1/2
S T, remE| @16 - jPEXE—k0R)
. 1/2)2
= (T, || ®1xe - j0R)"7) 2
< o(1+1P) (X, el a+1inP)" .
Now Stirling’s formula I'(x) ~ v2mwe~*+t1(x — 1)*~1/2 as x — +o00, shows that ﬂ;?‘ ~ jra=l

as j — +oo and thus ¥ n;‘ (1 + |j)? < oo. It follows that the above partial sum vanishes as

p —> 00. This proves the mean square convergence of the series (4.2). Similarly, we obtain

E(A%X@ATX®) < 0 ((1+1s1F) (1 + 1))

and thus A% X satisfies again Hg. O
Next, we want to estimate the wavelet transform of A?X.

Lemma 2.
Let X be a process satisfying Hg. Then for « > B and all g € S(R) we have

(WeA2X) (b, @) = (z/@)* (Wi X) (b, 0) a5, @3)
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where the wavelet hir), defined by
o
hig(t) =% )_wlg(t — 1)),
j=0

satisfies

sup |hri()| <O} ————1} ,
1>I())| tz1( )l = (1+ma+1—e)
forall € > 0, and

hie(€) ~ |1 & To8®2), £ > 0.

Proof. First we state
m .
f gha(ASX(t)dt =) 7% f ga(t)BIX(t)dt as .
j=0

Indeed, by Fatou’s lemma and the majorizations of the previous lemma,

E |/ g5 AL (0dt = L5075 [ 85a(0)BIX ()t

= IEliminfp_,w'fgba(t)A‘;X(t)dt— P ome fg,,a(t)B{X(t)dtl

E lim inf p oo If 8balt) [A‘:X ) = o7y BIX (')] dt l

< liminfpooB|f goa(®) [AZX () — 7 oS BIX @) dt|
< liminfpooo [ |2 E [ASX (1) = XF_o 72 B] X(0)|t
< liminfposoo [ 1gea(® (1+ 111F)dt 52 4 221+ 1jDP = 0.

Since by a simple change of variables we have
(WgB{X) b, a) = We_jear X) 0, 9)

where g_j¢/q.1(t) = g(t + j/a), it follows that

(o]
(WeA2X) (b, a) = Y_ 7 (We_je1 X) (Br0) s
j=0

The form of the right-hand side suggests the introduction of the function

oo
his) = ¢ (Zn}xaﬁ) *g,
i=0

5 being the delta function centered at A. Its Fourier transform is given by

B =1 (Z n;-’e—"f'f) 36 .
j=0
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4.4)

(4.5)

4.6)

4.7
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Now consider the function of the complex variable z

(1=2)%:= exp(alog(l—2))if lz] <1, z #1,
) oifz=1,

where log z is the principal branch of the complex logarithm, i.e., log(pe®) = log p + i0, - <
6 < m, p # 0. This function is analytic in the disk |z] < 1 and for |z| < 1 one can show that

o0
(1-2)%= an’zi .
~

It follows that
A® = (1-¢) 3@ . 48

The factor (1 — e~#*¥)% is a continuous function (in fact C*® except at the points 27k/7, k € N,
where it is only Lipschitz of order o), with the following behavior at the origin:

7 (1= )" ~ g o FIWO), £ 0.

Moreover,
1
ili[()) Ih[t](t)l < 0\ W s 4.9)

for € arbitrarily small. This last estimation is technical and has been relegated to Appendix A
(Lemma 8). Note that, in spite of its asymptotics, k(7] is not in F>q (R) because of the singularities
of the function (1 — e~¥*§)?. To conclude the proof, we only need to show that

o0
378 (We_jejar X) (b,@) = (t/0)* Wiy X (b, @) as . (4.10)
j=0

The problem is to permute summation and wavelet transform. For this, let

oo
Ry =t ) wfg—jn),
j=p+1

for which

1

T 4.11)

00
p - a .
sup [AGIEE: “Z;n,- lg(t — jOI < Cec
. 2

with € arbitrarily small (see Lemma 8). Then by Fatou’s lemma we again have

E[Z52 78 WejrjarX) 4, @) = (¥/a) Whgya X (b, )|

= Eliminfpooo | Loy 78 (We. jujea X) 8,0) = (0/@) Wi g X (b, )|

jt/fa.l
T 1 s
(t/a)*Eliminf,_, o '(Whﬂ/a]X) (b, a)|

(t/@) liminfproo E [ L [Af, ) (52)| E1X )1 dr .

IA
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Now for fixed ¢, hf’r /a](t) — O as p = o00. On the other hand, the integrand is uniformly bounded
by an integrable function in view of (4.11) and Hg. Hence, the Lebesgue dominated convergence
theorem applies and the above limit is zero. Equation (4.3) follows by combining (4.7) and (4.10).
O

Now we can state the following result.

Theorem 4.
Let X be an m.s continuous process on R satisfying Hg and let @ > B. Then the wavelet
transform Wy X (-, a) iswell definedfor all wavelet h in F> (R) and we have the following properties:
i) If X has stationary ath increments, then the wavelet process Wy X (-, a) is stationary for all
wavelet h in F54(R) and for alla > 0.

ii) Conversely, if for some wavelet h in F—o(R), Wi X (-, a) is stationary for all a > 0, then
X has stationary ath increments.

iii) If furthermore ﬁ(&) # Ofor& # 0, then it is enough that Wy X (-, a) be stationary for some
a > 0, for X to have stationary ath increments.

Proof. i)Leth € F>4(R) be given by
7)) = TO g2 g (), 4.12)

for some g € S(R) and h[r] defined by (4.8). Then it is easy to verify that ";'\[r] - ﬁ" ;> Oas
T — 0, and hence || hjz) — A oo —> 0as 7 — 0. It follows from (4.9) that

k)i <0 ( (4.13)

1+ |t|a+1—e) ’

for € arbitrary small, and thus under condition Hg the wavelet transform is well defined. Now let

Ca(s,t) = EWWX(s,a)WhX(1,a) — EWyX(s, )EW, X (1, 3) ,
Cis,t) = EWpy,X(s, @)Wy, X (1, @) — EWp, X (s, )EWhy X2, a)

be the wavelet covariances computed w.rt & and hyy), respectively. Since sup,.q |k ()| <

o1+ |t|"’+1‘€)—l, we may apply Lebesgue dominated convergence theorem to prove that, for
all fixed s and ¢,

1— /s —s\1 v—t
. T = N 2 = I,t’ d Idtl
i =t 2R (220) g (e )
—(s -s\1 "—t
= /lh (s s) ~h (’ )C(s’,t')ds’dt'
a a a a
= Cus.1).

Now by Lemma 2, Wy, X (b, a) = 17*(W, A3, X)(b, a), which is stationary by Theorem 1. There-
fore, all the covariances C (s, ) are stationary. But then the limit C,4(s, ¢) must also be stationary.
The same reasoning applies to the mean, proving the first statement.

ii)+iii) Now suppose the function g in (4.12) is in Sp(R) (which is equivalent to & being in
F—o(®)). For the proof, we will need some auxiliary functions. Let x be a function in Sp(R) such
that X(§) # O for all £,0 < ¢ < 1 another function in C§°(R) such that ¢(&) = 1 for |§| < 1/2 and
@(&) =0for |E] > 1, and ¢* = A(1 — p) + . Finally, forall 0 < A < 1, and for some fixed t > 0
define

oa®) =77 [1- 0| 7). @.14)
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Note that the term [ ]% is well defined since |go"| < 1. Now let us rewrite

REERE) = Toni®) o1 ¢ FD [1 - M ep)e™™ | R(eh) = T ®B8) . @.15)
with

|&]* & Fsien® [1 -~ )™ 7(8), €] < 1/2,

S g i Fsign®) Mgy =ik | S orey
3@ = gl £ FBO[1 Py | “xer)=1" " L
g1 & 7580 [1-2e~#]7 3, &1 2 1.
For [£] > 1, the function $is clearly C*°, rapidly decreasing and npg}r-\_zanishing. For |§) < 1,
the only possible singularity might be at zero. Now using (i£)® = |£|* ¢/ 7 %i8°¢) we observe that

a

oo von el
(1 _ e—iE)“ |E]~ eifFsien®) - |1 4 Z _(_ﬂ ,
j=2 J!

which in the neighborhood of the origin is a smooth function bounded away from zero [since
v j—1
Z?":Z 5‘—'5%—-—1 < lexp|&él — 1| < 1 whenever |&| < 1/2]. Altogether this shows that ¢ is a well-

defined function in S(R) such that $ never vanishes. Now by Theorem 1 i), Wy X (-, a) = ha* X
stationary for all (some) a > 0 implies Wy ., X (-, @) = (X7)a * (hg * X) stationary for all (some)
a > 0, that is Wp, s ) X (-, a) is stationary for all (some) a > 0. Since ¢ never vanishes, this
entails (Theorem 1 iii) that Wy, ., X (-, @) is stationary for all (some) a > 0. Now we have the point-
wise convergence [ r)(§) = hiz)(§), A — 1 [because ||spn.c) — hpe| o, < 5071 — }T[,\]"l — 0]
and the sy, 7} are uniformly bounded (w.r.t A) by (2/7)* ligll,. Hence, we may apply the Lebesgue
dominated convergence theorem to conclude, as before, that the wavelet covariance computed w.r.t
the wavelet sp» ;) converge to the one computed w.r.t the wavelet k(7] as A — 1. The same holds
for the mean. Therefore, we have shown that Wy, X (, a) is stationary for all (some) a > 0, when-
ever Wi, X (-, a) is stationary for all (some) a > 0. Applying this to t/a rather than t, we obtain
(Lemma 2) that WgA%X is stationary for all (some) a > 0, which by Theorem 1 ii (iii if g # 0)
implies that A% X is stationary. This concludes the proof. O

Remark. A result analogous to the statement i) of Theorem 4 has already been given for the discrete
wavelet coefficients of a multiresolution analysis [20] and wavelet packets decomposition [30].

Application to Fractional Brownian Motion. The previous theorem leads to a direct proof of the
stationarity of the fractional increments of fBm (a result that was first proved in [29], [31]).

Theorem 5.
Fractional Brownian motion with Hurst exponent H has wa-stationary increments for any
a>H.

Proof. Recall that the covariance of fBm is given by
0.2
Cls 1) = 2 (IsPH + 162 — 15— 12H) .
The bi-dimensional Fourier transform of this equation is

2
& m = ~Z-Con (— 161712 800 — Inl™ =2 56) + 16172 86 + )
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where the definition of the distribution [£|~1=2# is recalled in Appendix B, and C>y is a negative
constant. Now let g be a wavelet in F_,(R) for some o > H. Then

Cale,) = Z@)g(=amCTi. )
2 D~
= —ZCanB@mgt-an) (- 16177 60 — Inl™ 7 8(6) + 161772 8¢ +m) -

Since |8(£)| ~ |§|*, £ — 0, the first two terms on the right-hand side vanish and it remains

o 2
Calt,m) = —%Czy B@E 117" 8 + ) =1 dpua(§)8¢E +1) .

Now [2(a&)|* 5171727 = ¢(£) 1£12*7'=2H with ¢(¢) = 8(a€)I* 1]™* € S(R) and 20 ~ 1 ~
2H > —1. Thus, the measure fi, is positive and finite. It follows from Lemma 4 that C, is a
stationary covariance. But in view of Theorem 4 this in turn implies that the process has stationary
a-increments. O

5. Locally Stationary Processes

In this section, we will abandon hypothesis H and instead require that the process X (¢) be
harmonizable. Recall that a process is strongly harmonizable or harmonizable in the sense of
Logve [21] if there is a random process Y (£) with a covariance of bounded variation such that

X(t) = [ €**dY (&) a.s., which is equivalent to the existence of a complex Borel measure M on R?
such that

C(s,t) = f e =M apME ) . (5.1

Such covariances are also said to be (strongly) harmonizable. To put it differently, a process is
strongly harmonizable if and only if its covariance is the Fourier transform of a measure of bounded
variations on R2. This implies in particular that the covariance is continuous and bounded. Hence,
the strong harmonizability condition supplements and strengthens condition H. Recall also that a
process is weakly harmonizable or harmonizable in the sense of Rozanov [36] if (5.1) holds only
for a complex bi-measure on RZ (ie., separately o-additive on the Cartesian product B(R) x B(R)
of the Borel algebras.) We refer to [18] for further details on the different notions of harmonizabil-
ity and other spectral properties. The wavelet transform is known to preserve weak- and strong-
harmonizability [5]. However, we will restrict ourselves to the latter property and harmonizability
will be understood throughout in the strong sense.
A covariance C(s, t) is locally stationary if it can be written

s+t s—t
Cs.ty=m (—-) (——) ,
72 )T\
for some positive function m and some covariance function y. As was shown in [27], a locally
stationary process is harmonizable if and only if y is the Fourier transform of a probability measure
and m is the Fourier transform of a finite complex measure. This can be seen as a generalization of

Khintchine theorem. Simple examples of harmonizable locally stationary covariances are given by
the following family of functions.

Example 2. Any function of the form C(s, 1) = exp(—a (s + 1)¥e(s —t) exp(—a(s — 1)%) where
o > 0and where ¢ is a stationary covariance is a harmonizable locally stationary covariance. O
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Proof. The locally stationary structure is plain. Moreover, C(s, t) is positive definite since for
all functions ¢ € S(R) we have

f C(s, DP()o(t)dsdt = f cs — P(s) exp (—20ts2) o(t) exp (—2az2) dsdt > 0.

Finally C(s, t) is harmonizable since m(t) = exp(—o:tz) is the Fourier transform of a Gaussian
function (hence a finite measure) while y(t) = c(¢) exp(—-atz) is the Fourier transform of the
positive finite measure u * x, where I = ¢ and x is a Gaussian function. O

The form of the covariance suggests the introduction of the following new notation. We define
the “square product” X of two functions in S(R) by

vapmo-o(5)0(F)

The square product is a bilinear operation from S(R) x S(R) to S(R?) possessing the following
elementary properties with respect to the Fourier transform and the tensor product:

IRy = $RY, (5.2)
s+t s—t
X —_— =] = R ¥)(s, 1) . 5.3
(¢ llf)(«/E ﬁ) (@@ Y)(s, 1) (5.3)
We define the square product of two tempered measures x and v of S'(R) by duality:

WR)(®) = / duE)dv(n)® (“" E'") .

V2 W2
In general, the wavelet transform of locally stationary processes is no longer locally stationary.
However, there exists a class of filters, namely the Gaussian filters, for which the local stationarity
is conserved. Indeed, any function of the form g(x) = we=P** has the property that

2)g() =g (%ﬁ) ¢ (%) . (5.4)

If X is a process with covariance C(s,t) = m(s + 1)y (s — t), then a straightforward calculation

using (5.4) shows that
.0 ( 2: ) ( 2t)
Cals, Baxm \/_ Sa*V \/_

and thus the wavelet process for the Gaussian wavelets is locally stationary as soon as the process
itself is locally stationary.
The converse is also true. To show it, we need the following lemma.

Lemma 3.

i) If C(s, t) is alocally stationary harmonizable covariance function, then its Fourier transform
has the form C= w B v for some finite complex, resp. positive, measures y. and v.

it) Conversely, if C(s,t) is a polynomially bounded continuous covariance function with a
Fourier transform of the above form, where p and v are a priori only tempered measures and v
positive, then C(s, t) is locally stationary.

Proof. i) Suppose C = m Xy is alocally stationary harmonizable covariance and let i and v be
the Fourier transforms of the functions m and y. By hypothesis, v is a finite positive measure and p
is a finite complex measure. Now if & is a test function in S(R?), then

Sm (‘—}f) Y (%2’) ®(—s, —t)dsdt
[ m@)y ()W (—u, —v)dudv
nev (¥),

C(®)
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where we have performed the bijective change of vanables u=(s+1)/ «/-2— v=_(s—1)/ V2, and
set W(s,t) = <I>(‘+’ = ) Now \II(S n) = <I>( ) and thus C(®) = (u ® v)(®), which
proves i).
i) Assume C has the form C = 4 B v with & and v a@ priori only tempered measures and v
positive and let the distributions m and y be their respective Fourier transforms. For any ¢, ¥ in
fdu(E)dv(n)¢ =y (22.2)

S(R) we have
e (55)
w@)v () =m@y©).

Now take an approximate identity ¢, in S’ (R). Then

lima0C (5 BY) = limanso S C(s, 1) ($ba B W) (=5, ~t)dsdr
limg—o f € (53, 5% ) bra(—s) (—N)dsdt

J (k. 2t) w(=nydr =: Co(w)

On the other hand, since C: (¢;-IZT1//) m(¢ba)y(1/f) this shows, first, that the limit A = lim,_,0
m(¢p,) exists and, second, that y (¥) = A, Cb(nlt), which implies that y is a continuous function.
We need only to verify that A, # O for at least one b. Now since m(¢ps) = m(b + -) in S'(R),
Ap = 0 for all b would imply m = 0 and C(s, t) = 0, in which case the lemma is trivially satisfied.
Exchanging the functions ¢, and ¥, we can show in the same way that m is a continuous function.
Now for any b, b’ we have

c (B, 5E) = limesofC (2, ) dra)dya) Odsdt
= ]1ma_)0fC(s,t) (¢ba®¢b’a) (S, t)det
= limgom (Ppa) 14 (Pp'a)
= m@by®),

which shows that C = m ® y. It remains to show that y is a stationary covariance. For this, it is
enough to show that v is a finite positive measure. Now take an approximate identity ¢, in S(R).
Then ¢a = ¢(a ) —> 1 uniformly on every compact. Since the limit limg_co fIEI< g dVv(§) exists,
be it finite or infinite, we have

[ v = limv @) = limy (3) = v©.

which shows that v is finite. This concludes the proof of the lemma. O

Now we can prove the following result.

Theorem 6.
Let X be anm.s continuous process satisfying Hand g(x) = a exp(— Bx?) a Gaussian function.
i) If X is locally stationary, then W, X (-, b) is locally stationary for all a > 0.
ii) Conversely, if Wg X (-, a) is locally stationary and harmonizable for some a > 0, then X is
locally stationary.

Proof. Only ii) is to be proved. If the wavelet process is locally stationary and harmonizable,
then
Ca(E, n) =2(aE)g(—an)C(§, ) = dpa(€ + mdva§ — 1),

for some finite complex, resp. positive, measures pi, and v,. Thus

Ce,n) = “ﬁemew B (6 + mdva(E — ) = dog( + n)d6a(E — ).
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The above equality holds a priori in D'(R%). However, the left-hand side is a tempered distribution
and thus the right-hand side is a tempered measure on R2. By Lemma § ii), this implies that g, and
6, are themselves tempered measures on R, with 8, positive. The conclusion follows from Lemma 3.

d

Remark: The family of Gaussian wavelets is in fact the only one which can characterize locally
stationary processes since it was shown in [28] that the only smooth filters on the spectral measure
preserving local stationarity are the Gaussian filters.

6. Conclusion

We have seen that the continuous wavelet transform is an appropriate tool to characterize
a large class of non-stationary processes, provided the analyzing wavelet is suitably chosen. Two
applications have been proposed: the derivation of the covariance structure of processes with station-
ary nth increments and the stationarity of the fractional increments of fractional Brownian motion.
However, some questions remain open, such as how to choose a priori the functions r and r; in (3.5)
to form a covariance function or if there is an analogous version of Theorem 3 for the stationary
fractional increments.
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7. Appendix A

Here we collect some technical lemma.

Lemma 4.
A function C(s, t) is a stationary covariance function if and only if its Fourier transform has
the form C(&, n) = 6(§ + n)d (&) for some finite positive measure d ..

Proof. This is a well-known result so we omit the proof. O

Lemma 5.
i) Let o be ameasure onR. Theno € S'(R) ifand only if (&, ) = do (§)5(€ +n) € S'(R?).
ii) Let u and v be measures on R. Then p and v are tempered on R if and only if u R v is
tempered on R?.

Proof. Standard exercise of functional analysis. O

Lemma 6.
Let T be a polynomially bounded continuous function on R? and p ;j be distributions in S'(R).

I

n—1

Ss,0=)_slpj®) +tp5(5) ,
j=0

then all the pj are continuous functions.



Wavelet Analysis and Covariance Structure of some Classes of Non-Stationary Processes 421

Proof. 1If ¢, is an approximate identity in S’(R) and ¥ a wavelet in S—, (R) we have

TO,)W) = limgs0Z (s ® ¥)
= limg0 X}20 f 57 dals)ds pj(¥)
= po(y) .

Every function in S—, (R) is the nth derivative of a function in Sp(R), which is dense in S(R). This
means that D" pg = D" £(0, -) and thus (0, -) and py differ only by a polynomial of order n, which
implies that pg is continuous. Now suppose ¢ € S=,—1(R). Then for all b,

(b, )W)

lilTla—>0 z (¢ba &® '/’)

= limgo0 Y128 [ 9 0pals)ds pj(¥) + [ "1y (6)d! pu—1 ($pa)

= YIZ5bipj() + [ "1y (0)dt Timaso Pt (Bba) -
Now pn—1(Pba) = Pn—1 * Pa(b) = pn_1(b) in S'(R) and thus we have the following identity in
S'(R):

n—1

S0, )W) - Y bl p;(¥) = f =Ly (1)t prr(B)
j=0
Since the Jeft-hand side is a continuous function of b, this shows that p,_] is continuous. To prove
the continuity of p,—2, we take a wavelet ¥ in S—,-2(R), and proceed as above. |
Lemma 7.

Let @ > Q and n the unique integer such thatn < « < n+ 1. Then for all integer 0 <k <n
we have

L
> gl < 0 (L7 P), L +oo, (7.1)
Jj=0

where the Jr;?’ are the generalized Binomial coefficients defined in (1.4).

First note that 372 7§ = 0. Since |7% j=2=1, it follows that
L 00
Y oxfl=| > <0 (L7%), L>+x. (7.2)
j=0 j=£+1

Now using the recurrence relation I'(x + 1) = xT"(x) for the Gamma function and the definition (1.4)
of the binomial coefficients, a straightforward computation gives

; Te—a) §
Y iG-1...G—k+ D} = T Z nok, (7.3)

for all 0 < k < n. Applying (7.2) to o — k, it follows that

<0 (L'(a_k)) , L > 400,

L
iU =D G—k+Dn?
=0

forall 0 < k < n. Now we can write j* = j(j —1)...(j —k + 1) + Px-1(j), where P, is a
polynomial of degree at most k — 1. By induction starting from k = 2, this proves (7.2).
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Lemma 8.

Let o > 0 and n the unique integer suchthatn < o < n+1. Let the function g be at leastn+1
times continuously differentiable and, together with its n + 1 first derivatives, rapidly decreasing at
infinity. Then for the function

pe(t) =17y mlgt — 7)),

j=0
we have the uniform estimation
sup | (t)|<0( 1 ) 7.4)
1:>% Pt - 1+ |t|a+1—e .
for € arbitrarily small. For the function
[o o]
PP @ =17 Y_ |n¥|lglt — T
j=0
we have only
1

s < c (15)

TET L Tatloc
14 It|a+l €
for some constant Cy ¢ depending on t and €.

Proof. Lete > 0. First consider t > 0. The above sum can be split into three terms:

pr(ty = 8 Y 4+ Y+ Y pater—1))

Tj<t—tt Jt—Tj|<t¢ Ti>t+1€

= A1+A+A;s.

Let us estimate each term separately. By Taylor’s formula with Lagrange remainder at order n we
have

v CU g D™ ey,
gt rJ)—g a8 O+ e (1))

where ¢, is some point in the interval [t — 7j, t] and 2® stands for the kth derivative of the function
g. Hence,

@y O k =0 I_a, (n+l
Ay = 17 Zg )(t)T Z j 71"';’ + i e Z jn+ n—;."g n+1) (t,;j)
k=0 o orj<t—te : Tj<t—t€

= A} +A].

In view of Lemma 7 we have ‘Z j"n}”l < O(@t/Tt)** for all 0 < k < n. Using the rapid

Tj<t—t¢

decay of g®, this implies

1
4

|41 < O(I)W .

To estimate the term A7, note that t;; lies in the interval [¢€, t] whenever 7j < t — t€. Since g®**+!

is rapidly decreasing, we have the uniform estimation lg("‘“)(tr j)| < O(ﬁ;) < 0(1—4_—}217) for
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some ! large enough. Using ~ j~*=1 it comes

o
mj

1
" +1-a n—a
|Al| = O(rn )1+t2+" Z-]
jst/t

1 t n+l-a

< 0( n+l—a) -
1

= OWr3e

For the second term A; we use simply the boundedness of g:

|42l < O(x7™) Z j!
t—tjl<t€
t —a—1
< O0(t™)| - j
< (r )<r) card { j Z
fe—tjl<ee |
< ol
1
< 0 -

For the last term we use again the rapid decay of g together with the asymptotic form of

1431 < == ) i lige -l

[»4
nj

Tj>t+te
1
< 0@ —0g Y i
a+ 1) Tj>t41€
1
< 01— —q—1
< 0™ X
Tj>t+1€
1 14+
< O )—r
- @ )1 +t ( T )
1
= O
Fort < 0, the method is analogous but one has to consider the cases tj < [¢|€ and tj > |¢|° instead.
The proof of (7.5) is in the same spirit and we omit it. O

8. AppendixB

Here we recall some properties of homogeneous distributions. For any real o, let

, K‘i(x):{ Ix|* ifx <0,

0 else
Clearly, for @ > —1, k% define tempered distributions. Whenever @ < —1 is not a negative integer,
% can still be extended to distributions in S'(R) (a complete study of these functions can be found
in [14]) by setting

x%ifx >0,
0 else

k$(x) = {

+00 1 x0-D 1
KS(p) = f 5| p(x) — p(0) — 2xg/ @) ... — &I 2 —o®=D(0) | dx
A =1
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where —n — 1 < R < —n. Their Fourier transform is given by

a = ir(a + 1) (eicm/ZK;a—l — e‘ia”/ZK;a—l) .
In particular, the Fourier transform of the function |x|* := «¥(x) + «¥%(x) is CqlE17*~1, with
« = —2I'(a + 1) sin(am/2).
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