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ABSTRACT.  The classical Hecke identity gives the Fourier transform of the product of a homogeneous

_I<"'>

harmonic polynomial h times the Gaussian e . A similar formula is valid when the Gaussian is replaced

by the tempered distribution ei<"‘>4 It is shown that there is a similar identity when the inner product is
replaced by an indefinite quadratic form q and h is a O-harmonic distribution, where O is the differential
operator canonically associated to q. Another generalization is obtained in the context of representations of
Jordan algebras, in the spirit of Herz's previous work on matrix spaces.

1. The Hecke Identity (Positive Definite Case)

Let E, <, > be a euclidean vector space of dimension N. Let d§ be the associated Lebesgue
measure.
Theorem 1.

Let p be a harmonic polynomial homogeneous of degree k. Then

| p@re it it gy = ot i ppe <
E

This is the classical Hecke identity. A variation of this identity can be easily obtained by

analytic continuation. First, let a be a strictly positive real number. An obvious change of variable
gives

[ p@retetiemiztrag = gm¥amtciftatpane b
E

Both sides make sense when a is replaced by a complex number z, %z > 0, and they define
holomorphic functions in the right half-plane. As they already coincide on ]0, +-00), they must

coincide everywhere. Now, let z tend to —i. Then the expression p(& )e"i’Z<€ 4> converges in
. N
S'(E) to the tempered distribution p(S)e%KE > On the other hand, the term a~ 7 (—i)*a—* tends

i 11 T _ L .
to eV, whereas p()e~7z<""> converges to the tempered distribution p(n)e™2' <77~ With a
little more care, one has the following result.

Math Subject Classifications. 42B, 46 F, 17 C.
Keywords and Phrases. Hecke identity, pseudo-harmonic distribution, representation of a Jordan algebra.

© 2000 Birkhiuser Boston. All rights reserved
ISSN 1069-5869



106 Jean-Louis Clerc

Theorem 2.
Let p be a harmonic polynomial. The Fourier transform of the tempered distribution
p(&)e%i<5‘5> is given by

f p(§)er <EE>¢i<En> g — (am) T N T p(e=ti<nn>
E

where the equality is to be interpreted in the sense of Fourier transform of tempered distributions.

It is remarkable that in this version of the Hecke formula, the degree of homogeneity of the
polynomial p (= the number k) disappears. In some sense, Theorem 2 seems more natural than
Theorem 1. This remark suggests a possible generalization of Theorem 2. Notice first that if q is any
non-degenerate quadratic form on E (not necessarily positive definite), then e%iq is still a tempered
distribution. Recalling moreover that in the positive-definite case, the harmonic polynomials are all
the harmonic tempered distributions, this suggests there could be a version of the Hecke identity,
where the inner product is replaced by the symmetric bilinear form associated to q and the harmonic
polynomials are replaced by tempered distributions p satisfying Op = 0, where O is the second
order differential operator with constant coefficients canonically associated to . This is indeed the
case, as we will show in the next section.

2. Hecke Formula for a General Non-Degenerate Quadratic
Form

Let E be a real vector space of dimension N, and let 8 be a symmetric, non-degenerate
bilinear form on E, of signature (p, q), so that N = p + ¢g. Denote by q the associated quadratic
form defined for £ € E by q(§) = B(§, §). Let d& be the Lebesgue measure on E, normalized so
that if {£(, &2, ..., En} is an orthogonal basis of (E, ) with q(§;) = +1forany j, 1 < j < N, then
the N-tope constructed on the basis {£, &, ..., £y} has measure 1.

The non-degenerate form B induces a canonical isomorphism between E and its dual E’; to any
vector £ € E is associated the linear formn — B(&, n). Denote the inverse map by E . To any element
£ in E is associated a first order differential operator V; defined by Ve f (n) = (%),=o f(n+1E). For
¢ any linear form on E, let 3(¢) = Vg, and extend 9 to an algebra isomorphism from the algebra
‘P(E) of polynomials on E to the algebra D(FE) of constant coefficients differential operators on E.
A special case is obtained by considering the quadratic form g, to get the “square” operator

0=23(q).

Functions f (or distributions) which satisfy O f = 0 are called O-harmonic.
For f any function in the Schwartz class S(E), define the (8-normalized) Fourier transform
Fp f by

Fo &) = f e BED F(ndn

By duality, one extends as usual the Fourier transform to tempered distributions.
Recall the Fourier transform of the distribution 29 :

Fp (e%‘l) = Qm) TP D19
Next observe that any partial derivative of e39 is a polynomial times the function e 74, Hence, if pisa

function in the Schwartz class S(E), then the function 29 also belongs to S(E), and the mapping
@ — @e?¥ is a continuous map from S(E) into itself. So, using the pairing between S(E) and
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S'(E), if T is any tempered distribution, the product €797 is a well-defined tempered distribution.
Transferring this result by the Fourier transform, it is clear thatif ¢ € S(E) (resp. T € S’ (E)), then
¢« e2%is in S(E) (resp. S'(E)).
For t > 0, define
k= (2m) T E 0D (59

As a tempered distribution, its Fourier transform is given by
Fp (k) = 119
Denote by K, the operator of convolution with k;. Equivalently,
K =F;'e 5195,

It is a continuous operator in S(E).

Lemma 1.
Fors,t > 0, and ¢, ¥ € S(E),

K.\‘+t = K.r o Kt (l)
/X&mw=fwmw> (i)
E ) E .

#Kw=5K0p=10K0o (iii)

ast — 07, K, ¢ —> ¢ in the topology of S(E) .

The lemma is easily obtained by Fourier transform.

Lemma 2.
Let ¢ € S(E). Then

Fg ((pe%q) = Qm) T Era) 1K g,

In fact, by “completing the square,”

[egﬁ(s,ae-iﬂ@.n)(p(g)dge—gﬁ(n,n)f e2BEE1(5)dE
E E

and one recognizes the convolution (up to a constant) of ¢ with the kernel k;. The lemma follows.
By the standard arguments using the pairing between S(E) and S'(E), the operators K; can
be extended to tempered distributions, and the preceding results are still valid.

Lemma 3.
Let f € S'(E), such that O f = 0. Then

Kif=f.

Let ¢ € S(E), and consider the function 8(t) = (K; f, ¢) = (f, Ki¢) defined for ¢ > 0. Itis
a smooth function of ¢, and its derivative satisfies

) . .
¢m=(ﬁ5m@=%mumm=%mﬁmm=o

Hence, 6 is a constant function on J0, o). Ast — 0, 8(¢) tends 1o ( f, ). Hence, 6(t) = (f, ¢) for
any f > (. Making ¢ = 1 gives the result.
Combining Lemma 2 (extended to tempered distributions) and Lemma 3 gives the next result.
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Theorem 3 (Generalized Hecke Formula).
Let f be a tempered distribution satisfying O f = 0. Then

Fp (f e%q) = (2ﬂ)(§-)ei%(1)—q)f e 54 .

Remark. 1 wish to thank the referee who suggested the present proof. My original proof was
more complicated, and less general. In [7] the classical formula of Bochner (= Fourier transform
of a radial function times a spherical harmonic) is generalized to the context of indefinite quadratic
forms. It does not seem obvious, however, how to deduce our Theorem 3 from this result, even for
homogeneous distributions. [l

3. Hecke Identity in the Context of Representations of Jordan
Algebras

Most of the results (and definitions) needed in this section can be found in [1]. Let V be a
simple Jordan algebra over R, with identity element e. For any x € V,denote by L(x) : V — V
the endomorphism y > xy and recall that, by assumption B(x, y) = tr L(xy) is a non-degenerate
symmetric bilinear form, for which the operators L(x) and P (x) = 2L(x)? — L(x?) are symmetric.
The norm function is denoted by det (to avoid confusion, we then use Det for the determinant of an
endomorphism). The norm function is a polynomial, homogeneous of degree r equal to the rank of
the Jordan algebra V.

Let E areal vector space of dimension N, with a symmetric bilinear non-degenerate form B.
A representation of V on E isamap ® : V — End (E), satisfying the following assumptions:

p(xy) = F@XPG) +d(MP(x) (1)
ple) = Id 2
B@E D = BE (N, 3)

forallx,ye V,§,neE.
To such arepresentation one associates a bilinearmap H : E x E — V,definedfor&,n € E
by
Vx eV, B@x)E, n) = B(x, HE, ) .

As a consequence of property (3), H is symmetric. Let Q be the associated quadratic map, defined
by
Q¢)=H(E,8)

and for x € V, let §; be the symmetric bilinear form on E defined by
Bx(&,m)y=B(HE, n), x) = @), m,

and let q be the associated quadratic form, so that q,(§) = B(¢(x)&,&). Let Sym g be the Jordan

algebra of B-symmetric endomorphisms of E with the Jordan product S.7 = %(S T+ TS). Then ¢
is a Jordan algebra homomorphism from V into Sym g. This in particular implies the relation

Vx,yeV, ¢(P(x)y)=¢x)p(»¢(x),
and as a consequence
VxeV, VE € E, Q(P(x)€) = P(x)(Q(&)) .

Note the formula
Vx,y€V, qQy o (x) = qp()y -
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Denote by V* the set of invertible elements. If x is invertible, then ¢ (x) is invertible, and as a
consequence By is non-degenerate. Using notations from Section 2, we may introduce the mappings
Bx 1 E' —> E and 3, : P(E) —> S(E),and let 0, = 3,(qy,).

The following result will be needed later.

Lemma 4.
The dimension of E is a multiple of the rank of V and

VxeV  Deto(x) = (detx)r .

For the proof, recall that in a simple Jordan algebra, the inversion x > x~! is a rational
mapping. More precisely, there exists a V-valued polynomial R (of degree r — 1) such that the
identity x R(x) = det(x)e is satisfied on V. If x € V>, ¢(x) and ¢ (x~!) commute, hence the same
is true for ¢ (x) and ¢ (R(x)). Hence, ¢ (x)¢(R(x)) = detx Id. By continuity this is true for all
x € V. Take the determinant of each side, and notice that Det (¢ (R(x)) is a polynomial function of
x. This shows that Det (¢ (x)) is a divisor of (det x)V. But the simplicity of V implies the absolute
irreducibility of the “norm” function det (see [6]). Hence, Det (¢ (x)) is (up to a constant) a power
of det(x). Testing on elements x = te for ¢ € R gives the lemma. In the case where V is euclidean,
a different proof of this result is given in [1].

Letusrecall some facts about distributions. For any element D € D(E), and T any distribution,
recall that DT is the distribution defined by (DT, ¢) = (T, D*¢), where D* is the adjoint of D.
For p € P(E), the adjoint of 3(p) is d(p), where p is the polynomial defined by p(&) = p(—§).
If A is a linear isomorphism of E, then T o A is the distribution given by the rule (T o A, ¢) =
det(A)"N(T,p 0 A™Y) for ¢ € S(E). Finally, the mapping ¢ —> D(p o A 1) o A is a constant
coefficient differential operator, denoted by DA. For A a 8 symmetric invertible operator, note the

formulae
(p4) = ()" and 2t =3 (poa').

Lemma 5.
Let f be a distribution on E. Then the following properties are equivalent:

Vx e VX, fod¢(x) is Q harmonic (i)
VxeV, 0(q)f=0 (i)
Vxe VX, O,f=0. (iii)

Let x be an invertible element of V. Then ¢(x) is invertible, and hence we may apply the
previous formulato A = ¢(x)~! and p = q., to get
9 (qe) =0%7).

So, if f is a distribution on E, f o ¢(x) is D-harmonic if and only if f is 9(q,2)-harmonic. To
conclude, we need to remark that any element in V is a limit of invertible elements, and that on the
other hand, the linear combinations of squares generate V. This gives the equivalence between (i)
and (ii). ~ ~

For the other equivalence, let x € V*. Then, for any ¢ € E', B:(p) = (" H (B,
hence 3x(¢) = Vy(-1)5(- Now, for A a B-symmetric automorphism of E and & € E, Vae f =

Ve(foA)o A~} for all smooth functions f on E, and hence,

0:0)f = (3@ (Fos(x"))) o p00.

This formula can now be extended to any polynomial on E. In particular,

5 @0 f = (0@ (fop (x7!))) e dtr).
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Assume x = y?, with y € V*; then q; = q o ¢(¥), and hence

3 (q) F = (0@ (fod(y)odM)od(y ) od () =(O(fod(y™1)) oo
=3(qod(y ) f=08(a) f-

So, for any invertible square element x
O, =29 (qx—l) .

As already seen in the proof of Lemma 4, the inversion is a rational map, so that the right-hand side
depends rationally on x. For obvious reasons, this is also true for the left-hand side. As they coincide
on invertible square elements (which form an open set in E), they must coincide on V. This makes
the equivalence between (ii) and (iii) clear.

A distribution f on E, which satisfies the equivalent properties of Lemma 5, is called Q-
pseudo-harmonic.

Theorem 4.
Let f be a Q-pseudo-harmonic tempered distribution. Then, for any x € V*,

/ APOWED fg) (—iBEM g
E
= QM) P T@) |det(x) | F £ (¢ (x~1> ,,) e~ 1B@ D0

where the equality should be interpreted in terms of distributions.

Let x € V> and consider the non-degenerate form By, as introduced before. Let d,& denote
the normalization of the Lebesgue associated to 8, as explained in Section 2. Then clearly, d¢ =

| Det ¢p(x) l_%d &. Now, using in particular Lemma 4 the left-hand side can be written as
/‘;eéqx(f) e—iﬁx(E,tP(X’l)ﬂ) f(&) | det(x) r% d.E .

By Lemma 5, the distribution f is O,-harmonic. The result now follows from Theorem 3.

The result can be specialized to distributions which have some nice transformation law with
respect to the action of the representation (cf. [3]). Let v € C and € = 0 or 1. For ¢ a real number
define [¢t]¥ = (sgn (£))¢|t|". A distribution f is said to be ¢-homogeneous of degree (v, €) if

Ve VX, f@WE) = |detx |l £).

Such a distribution is homogeneous of degree v (choose x = te,t > 0), and if f is moreover
O-harmonic, then f is automatically Q-pseudo-harmonic.

Theorem 5.

Letv € C,and ¢ = OQor 1. Let f be a O-harmonic distribution, ¢-homogeneous of type (v, €).
Then,

i . _¥Y_N i
Fg (f qux) = (27;)% ¢ §58n(ax) | det(x) | " 3 fe 1%t

Except for the phase factor, this result was conjectured in [5]. The formula is the key step in
constructing explicit intertwining operators in order to decompose the unitary action of the conformal
group of a (real, simple) Jordan algebra V on L%(V) (cf. [4] where several examples are considered).
Details will appear elsewhere.
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