Functional Analysis and Its Applications, Vol. 30, No. 4, 1996

Extensions of the Virasoro Group and the Virasoro Algebra
by Modules of Tensor Densities on S!
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1. The Lie group Diff*(S') (of all orientation preserving diffeomorphisms of the circle) has a unique
(up to isomorphism) nontrivial central extension defined by the Thurston-Bott cocycle (1] B(®, ¥) =
J1 log((® o ¥)') dlog (¥'), where &, ¥ € Diff 7(S'), ¥ = d¥/dz, and z is the parameter on S!. The
resulting group is called the Bott-Virasoro group.

The corresponding Lie algebra is called the Virasoro algebra. It is defined by a unique (up to isomor-
phism) nontrivial central extension of the Lie algebra Vect(S!) (of all smooth vector fields on the circle)
by means of the Gelfand-Fuks cocycle (3] w(f,g) = fS, f'g" dz, where f = f(z)d/dz, g = g(z)d/dz.

2. Denote by #y the Diff *(5!)- and Vect(S!)-module of tensor densities of degree A of the form
a = a(z)(dz)*, a(z) € C=(SY).

In this paper we study extensions of the group Diff ¥(S!) and of the Lie algebra Vect(S!) by modules
of tensor densities on S'. The obtained Lie groups and Lie algebras are analogs of the Virasoro group
and the Virasoro algebra.

We calculate the group HZ(Diff t(S!); #)) of differentiable cohomology in the sense of Van-Est. This
means a classification of the extensions given by differentiable operators. We find four new infinite-

dimensional Lie groups and give explicit formulas for nontrivial cocycles on Diff ¥(S?).
R, 2=0,1,2,5,7

Th 1. HX}(Diff*(SY); &)\) = ’ o
corem 1. H:(DF™(5T); FN =14 " x40.1,25.7.

3. Let us describe explicitly 2-cocycles on Diff ¥(S') that define nontrivial cohomology classes. Recall
that the mappings

I(®) =log(®'),  di(®) = %:—da:, S(®) = [%”,' - g(%)z] (dz)?

define nontrivial 1-cocycles on Diff*(S!) with values in F,, &1, and F;, respectively. The cocycle S

is the so-called Schwarzian derivative, and d! is the logarithmic derivative. Define an operator D: &\ —
ZFa+1 by the formula D(a(z)(dz)*) = a'(z)(dz)**!.

Theorem 2. The nontrivial 2-cocycles

Bi(®,¥) = (I(8) o ¥)-di(¥),  Ba®,¥) = (I(2)T)-S(T),
Bs(®, ¥) = (S(®) o ¥) - DS(¥) — S(T) - D(S(®) - ),

_ S(®) ¥ S(¥) D(S(®)-¥) D(S(¥))
B7(®,¥) =2 Ds(S(Q)O‘I’) D3(5(\I/))l -9 D2(5(‘§)°‘I’) DZ(S(‘P))
32

—S(S(2) + 5(2 - ¥)) Bs(2, V),

together with Bo(®, V) = B(®, V) (the Thurston-Bott cocycle), define a basis of the cohomology group
H2(Diff *(SY); &), where A=0,1,2,5,7.

Here the last of these cocycles (the Thurston-Bott cocycle) means a constant function on S?*.
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4. A classification of nontrivial extensions of the Lie algebra Vect(S!) is given by the following Tsu-
jishita assertion [5] (cf. [2, p. 147 of the Russian edition]):
RZ, A=0,1,2,
H*(Vect (SY); £A)=¢{ R, X=35,7,
0, X#0,1,2,5,7.

Let us describe 2-cocycles on Vect(S') with values in #) that represent nontrivial cohomology classes.

Theorem 3. The following 8 nontrivial 2-cocycles: the Gelfand-Fuks cocycle co(f, g) = w(f,g) and
the cocycles

o(f 9)=fd-rfg9, alf,9)=(¢"-f"g)dz,
a(f,9)=(f¢" - f'g)dz,  co(f,9) = (f'g" — f"g")(dz)?,
a(f,9) = (fg" — f"9)dz)?,  cs(f,g) = (f"g"" — fIV)¢")(dz)*,
cr(f, 9) = (f"gVD — fVDg"y — 9 (s g) — fVIgUVD))(d)”

form a basis of the cohomology group H?*(Vect(S'); Fa), where A=0,1,2,5,7.

Remark. 1. The cocycles cg, ¢1, cz, c5, cr on the Lie algebra Vect(S!) correspond to the group
cocycles By, By, By, Bs, Bz. The algebra cocycles &, ¢;, ¢2 cannot be integrated to cocycles on the
group Diff ¥(§1).

2. The cocycle ¢5 was found in [4].

Denote by g; the Lie algebra given by a nontrivial cocycle ¢; and by §; the Lie algebra given by the
nontrivial cocycle ¢;.

5. We describe the central extensions of the Lie algebras g; and gi. Each of the Lie algebras g;, g2,
85, and g7 and Jo, 81, and gz has a nontrivial central extension given by the cocycle ¢((f, a), (g,b)) =

w(f,g)-

Proposition 1. There are ezactly two other nontrivial central extensions:
1) an eztension, of the Lie algebra §1, given by the cocycle c((f,a), (g,b)) = [ (fb — ga)dz;
2) an eztension, of the Lie algebra gy, given by the cocycle c((f,a), (g,0)) = [ (f'b—g'a)dzx.

Now we consider central extensions of the semi-direct product.
R}, A=0,1,
R, X#0,1.

For A = 0 and A = 1, there exist two nontrivial cocycles that are not equivalent to the extension
of the Gelfand-Fuks cocycle. These can be given in the form ¢((f,a), (g,b)) = [s(f"'b — g"a)dz and
c((f,a),(g,b)) = [s (adb — bda), respectively.

Proposition 2. H?*(Vect(S')»> £\; R) = {
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